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Abstract 

The article discusses the methods for classifying processes for testing and processing metals by plastic 
deformation, based on the characteristics of their stress-strain state. The basic methods for 
determining the stress and strain states using fundamental scalar quantities representing the stress 
and strain tensors are discussed. Equations have been derived for the quantitative determination of 
the type of stress-strain state through a combination of principal stresses, represented as the strain 
rigidity of the deformation mode. A classification of deformation processes for testing and processing 
metals by plastic deformation is proposed, using the stress triaxiality parameter and the strain 
rigidity coefficient. Some 2D and 3D diagrams have been created based on simulation modeling of 
plastic deformation processes using virtual tools, allowing the grouping of processes according to the 
measured principal stresses and their combinations, which represent the stress triaxiality and strain 
rigidity of the deformation mode. By determining the type of grouping in these diagrams and the 
change in the stress-strain state with increasing strain levels, the characteristic features of the 
deformation processes used in materials testing and in the processing metals by plastic deformation 
of metals/alloys have been confirmed. 

Keywords: plastic deformation processes; stress-strain state; deformation mode; stress triaxility; 
strain rigidity; Lode parameter; CAE simulation modeling 
 

1. Introduction 

The characterization of deformation processes used in mechanical testing and plastic 
deformation is performed by analyzing the stress-strain state that develops in the deformed solid 
body [1–3]. The spatial complexity and quantitative relationships within the respective tensors 
determine their nature and effects, often referred to as the behavior of materials [4]. Brittleness and 
ductility are usually regarded as properties of materials, but in fact they are characteristics of the 
deformation mode itself [5,6]. The main schemes used in the processes of mechanical testing and 
plastic deformation of materials are uniaxial, plane and triaxial. The yield criterion, for example, 
actually involves reducing the complex (three-dimensional or two-dimensional) stress state to a 
simple one-dimensional stress state and comparing the resulting numerical value with a material 
property (limits) obtained from a test under a uniaxial stress state [4]. 

The stress-strain state at a material point in a deformed solid is described by the stress tensor 
and the strain tensor, each of which, when a coordinate system is chosen, can be represented by six 
distinct components. However, tensors can be represented using only three principal stresses, or 
three principal strains, or simply by numerical values representing the effective stress and the 
effective strain [4,8]. However, to describe the type and effect of the deformation mode on the 
material’s behavior and the limit states it enters under the action of a mechanical force—such as under 
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the yield criteria and in theories of the strength of materials —certain numerical combinations of 
principal stresses are also used [1–5]. 

Among cartesian coordinate systems with their origin at a chosen material point, there is one in 
which the stress state can be represented simply—using only normal stresses in the so-called 
principal planes [1–5,9]. The normal stresses in this system are called principal normal stresses and 
are listed as algebraic values (taking into account their + or – sign), according to the inequality: 𝝈𝟏 ≥𝝈𝟐 ≥ 𝝈𝟑. In the principal axis coordinate system, the stress state at a point is determined by a stress 
tensor, which can be represented only by these principal normal stresses [9,10]. If the general stress 
tensor is reduced by subtracting the spherical stress tensor from it, a new tensor is obtained, called 
the deviatoric stress or reduced stress tensor [11]. The stress tensor can also be represented by scalar 
quantities, which constitute its so-called scalar invariants. The principal scalar invariants used to 
determine the stress state are constants and do not depend on the choice of the cartesian coordinate 
system. 

The mean (hydrostatic) stress 𝝈𝒎 is determined by the first linear invariant of the stress tensors, 
where the scalar can be positive or negative and is expressed in terms of the principal stresses as: 𝝈𝒎 = 𝝈𝟏ା𝝈𝟐ା𝝈𝟑𝟑 .          (1) 

The effective von Mises stress 𝝈𝒆𝒒 is a positive scalar value (number) proportional to the second 
invariant of the deviatoric stress tensor 𝑱𝟐, i.e., corresponds to the magnitude of the intensity of the 
shear stresses or the so-called equivalent or representative stress [2,9,11], which can be determined 
using the principal stresses according to the expression [11,12]: 𝝈𝒆𝒒 = 𝟏√𝟐ඥሺ𝝈𝟏 − 𝝈𝟐ሻ𝟐 + ሺ𝝈𝟐 − 𝝈𝟑ሻ𝟐 + ሺ𝝈𝟑 − 𝝈𝟏ሻ𝟐.      (2) 

Similarly, in a principal axis coordinate system, where the strain state is determined entirely by 
principal true strains 𝛜𝟏  ≥  𝛜𝟐  ≥  𝛜𝟑, the strain tensor can also be determined. In planes containing 
the principal linear strains, there is no slipping, but in planes inclined at 45° to these axes, the 
principal shear strains 𝛄𝟏𝟐, 𝛄𝟐𝟑 and 𝛄𝟏𝟑 occur. 

The effective strain (or equivalent strain) 𝝐𝒆𝒒 is a value representing the second invariant of the 
strain tensor, also known as the strain intensity [2] or effective strain [1,3], which can be expressed in 
terms of the principal logarithmic strains as: 𝝐𝒆𝒒 = √𝟐𝟑 ඥሺ𝝐𝟏 − 𝝐𝟐ሻ𝟐 + ሺ𝝐𝟐 − 𝝐𝟑ሻ𝟐 + ሺ𝝐𝟑 − 𝝐𝟏ሻ𝟐.       (3) 

The relationship between the stress state and the strain state under steady-state conditions can 
be expressed as the ratio of the differences in the principal normal stresses to the differences in the 
principal true strains, as follows [2]: ሺ𝝈భି𝝈𝟐ሻሺ𝝐భି𝝐𝟐ሻ = ሺ𝝈మି𝝈𝟑ሻሺ𝝐మି𝝐𝟑ሻ = ሺ𝝈భି𝝈𝟑ሻሺ𝝐భି𝝐𝟑ሻ = 2𝑮ᇱ,         (4) 

where: 𝑮ᇱ is conventionally referred to as the second-order modulus of plasticity. 
Equation (4) can also be expressed as a proportional relationship between the equivalent stress 𝝈𝒆𝒒 (2) and the equivalent strain 𝝐𝒆𝒒 (3) as - 𝝈𝒆𝒒 = 𝑮ᇱ 3ൗ . 𝝐𝒆𝒒 [2]. 
The purpose of this article is to classify the processes of mechanical testing and processing metals 

by plastic deformation based on their stress-strain state, quantitatively defined by the ratio of the 
mean stress to the effective stress, which determines the stress triaxiality parameter and the ratio 
between the maximum shear and maximum normal strains, determining the brittleness or ductility 
of a deformation mode. This is followed by the classification of plastic deformation processes using 
CAE software (Quantor Form) that determines these stresses for typical deformation processes in the 
testing and processing metals by plastic deformation. 

2. Methods for Characterization of the Deformation Processes 

2.1. Methods for Characterization of the Stress State 

The stress state of the deformation mode could be described by the principal normal stresses 𝝈𝟏, 𝝈𝟐 , 𝝈𝟑  or through coefficients that (like the effective stress) represent numerical combinations of 
them. 
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The Lode-Nadai parameter 𝝌𝝈  is a scalar quantity characterizes the nature of stress state 
describing the type of deformation mode (tension, compression, or shear) using combination of 
second invariant 𝑱𝟐 and third invariant 𝑱𝟑 of the deviatoric stress tensor and is given by [13,14]: 𝜻𝝈 = ሺଶ𝝈𝟐ି𝝈𝟏ି𝝈𝟑ሻሺ𝝈𝟏ି𝝈𝟑ሻ    или  𝜻𝝈 = ଶሺ𝝈𝟐ି𝝈𝟑ሻሺ𝝈𝟏ି𝝈𝟑ሻ − 1.     (5) 

The magnitude of the parameter 𝜻𝝈 determines the type of stress state, varying between -1 and 
+1 as follows: - when 𝜻𝝈 ≅ −1 – uniaxial tension; - when 𝜻𝝈 ≅ 0 - pure shear, or pure torsion; - when 𝜻𝝈 ≅ +1 - uniaxial compression. 

The state of the material during deformation and the type of expected failure (rupture, shearing, 
or slipping) according to the unified strength theory [6,7] is determined as the ratio of the maximum 
shear stress 𝝉𝒎𝒂𝒙 to the reduced normal stress 𝝈𝒓𝒆𝒅𝒏 . This ratio of the maximum shear stress 𝝉𝒎𝒂𝒙 
(which determines the potential for plastic deformation and shear failure) to the maximum reduced 
normal stress 𝝈𝒓𝒆𝒅𝒏  (corresponding to the maximum linear deformation and failure by rupture) can 
be defined as a rigidity coefficient for the deformation mode by using the expression [6,7]: 𝝉𝒎𝒂𝒙 𝝈𝒓𝒆𝒅𝒏ൗ = 𝟏𝟐 ሺ𝝈భି𝝈𝟑ሻሾ𝝈భି𝝂ሺ𝝈మା𝝈𝟑ሻሿ,       (6) 

where: 𝝂 is Poisson’s ratio, which for plastic deformation takes the value 0.5. 
The stress state at a point could also be characterized by a single number, so called effective 

stress 𝝈𝒆𝒒  (2), proportional to the magnitude of the second invariant 𝑱𝟐  of the deviatoric stress 
tensor. The relative contribution of the spherical stress tensor affects the deformation mode; for 
example, the larger the negative (compressive) stress tensor is, the lower the probability of brittle 
failure. The evaluation of the stress state pattern during plastic deformation with respect to the 
influence of the mean (hydrostatic) stress 𝝈𝒎  (1) on the behavior of the deformed material is 
performed using the so-called stress triaxiality parameter [15]: 𝜼𝝈 = 𝝈𝒎 𝝈𝒆𝒒ൗ .        (7) 

An increase in the mean hydrostatic stress results in greater plasticity of the deformed body and, 
consequently, enables higher degrees of plastic strain to be achieved without failure, which in turn 
allows for the implementation of so-called severe plastic deformation mode [16,17]. 

2.2. Methods for Characterization of the Strain State 

Similar to stresses, the type of deformation mode (rupture or slipping) can be described by the 
principal strains 𝝐𝟏 , 𝝐𝟐  и 𝝐𝟑  or, similarly to 𝝐𝒆𝒒  (3) - by coefficients that represent numerical 
combinations of these strains values. 

The Lode-Nadai strain parameter 𝜻𝝐 can also be determined from the principal strains [13,14] 
and is expressed as: 𝜻𝝐 = ሺଶ𝝐𝟐ି𝝐𝟏ି𝝐𝟑ሻሺ𝝐𝟏ି𝝐𝟑ሻ  или  𝜻𝝐 = ଶሺ𝝐𝟐ି𝝐𝟑ሻሺ𝝐𝟏ି𝝐𝟑ሻ − 1.      (8) 

The magnitude of the parameter 𝜻𝝐 also varies between -1 и +1, as follows: - when 𝜻𝝐 ≅ −1 - 
uniaxial tension; - when 𝜻𝝐 ≅ 0 - pure shear; - when 𝜻𝝐 ≅ +1 – uniaxial compression. 

The approach for determining the rigidity coefficient of the mode (6), which is the ratio of 
maximum shear stresses to normal stresses, can be used to determine the type of deformation process 
during plastic deformation. The strain rigidity of the pattern could be determined by comparing the 
maximum shear strain 𝜸𝒎𝒂𝒙 (i.e., the degree of deformation slipping) to the maximum linear strain 𝝐𝒎𝒂𝒙 (i.e., the degree of linear elongation), as represented by the expression: 𝜶𝒓𝒊𝒈 = 𝜸𝒎𝒂𝒙 𝝐𝒎𝒂𝒙ൗ  .       (9) 

The maximum shear strain 𝜸𝒎𝒂𝒙 = 𝜸𝟑𝟏 can be determined from the relationship (4) between 
strains and stresses in the plastic region, expressed as: ሺ𝝈𝟏 − 𝝈𝟑ሻ = 𝟐𝑮ᇱ. ሺ𝝐𝟏 − 𝝐𝟑ሻ.      (10) 

Because the maximum principal shear strain 𝛄𝟏𝟑 can be defined as: 𝜸𝟏𝟑 = ሺ𝝐𝟏 − 𝝐𝟑ሻ 2ൗ         (11) 
then, after substituting 𝜸𝟏𝟑 into expression (11), it is transformed to: 𝜸𝒎𝒂𝒙 = ሺ𝝈𝟑 − 𝝈𝟏ሻ 4𝑮ᇱൗ .       (12) 
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The maximum linear strain 𝝐𝒎𝒂𝒙, representing the maximum elongation in a triaxial stress state 
(i.e., the elongation in the direction of 𝝐𝟏) during plastic deformation, is obtained from flow rules 
(Lévi-Mises equations) [2,4] and can be expressed as: 𝝐𝒎𝒂𝒙 = 𝟏𝟑𝑮ᇲ ሾ𝝈𝟏 − ½ሺ𝝈𝟐 + 𝝈𝟑ሻሿ.     (13) 

After substituting (12) and (13) into expression (9), which defines the strain rigidity coefficient 𝜶𝒓𝒊𝒈, it takes the form: 𝜸𝒎𝒂𝒙 𝝐𝒎𝒂𝒙ൗ = ଷସ ሺ𝝈𝟏ି𝝈𝟑ሻሾ𝝈𝟏ି½ሺ𝝈𝟐ା𝝈𝟑ሻሿ.      (14) 

A direct comparison of expressions (6) and (14) reveals that they are directly proportional to one 
another; however, while strength theory employs the ratio of maximum shear and normal stresses, 
the derived expression for the strain rigidity 𝜶𝒓𝒊𝒈 uses the ratio of maximum shear and linear strains. 
Therefore, expression (6) is more suitable for calculating and determining the type of failure (brittle 
or ductile), while (14) could be used in cases where the material enters a ductile state and undergoes 
a certain amount of strain without evidence of failure. 

The value of the strain rigidity coefficient 𝜶𝒓𝒊𝒈  varies as follows: - when 𝜶𝒓𝒊𝒈 ≅ 0.75  - 
elongation (stretching); - when 𝜶𝒓𝒊𝒈 ≅ 1.00  - shear (twisting or sliding without friction); - when 𝜶𝒓𝒊𝒈 ≅ 1.50 – shortening (upsetting or sliding with friction). 

The proposed relationship represents a further development of the idea of classification of stress 
state [6] and the generalized strength theory (6), providing a more direct relationship between the 
maximum shear strain 𝜸𝒎𝒂𝒙  and the maximum linear strain 𝝐𝒎𝒂𝒙 , and can therefore be used to 
determine the type of strain state during plastic deformation. 

2.3. Simulation Modeling of Plastic Deformation Processes 

All software products capable of evaluating the stress state at a point, i.e., those capable of 
determining the parameters of the stress tensor — can be used to determine the mechanical 
deformation mode as described in the preceding points. The principal stresses and strains, as well as 
the principal scalar invariants of the stress tensor and deviator, were determined through simulation 
modeling using the Quantor Form software, including examples from testing and plastic deformation 
of metals and alloys. 

The virtual tools and corresponding software simulations for plastic deformation were 
developed in in the environment of a CAE-CAD software product for virtual engineering - Quantor 
Form 8.2.4. 

The first part covers simulation modeling of basic test patterns for static and dynamic material 
testing, as follows: uniaxial tension, uniaxial compression, biaxial tension, three-point bending, pure 
and combined torsion, shear, impact toughness, and indentation testing. The examples of uniaxial 
tension, compression, and torsion use 2D axisymmetric problem type and deformable specimens 
with a circular cross-section ø10 mm, and those for shear, bending, and impact toughness 2D plane 
problem type for specimens with a rectangular cross-Section 8x10 mm. 

The second part covers simulation modeling of examples of metal processing by plastic 
deformation, as follows: upsetting, impression-die and closed-die forging, impact extrusion, flat 
rolling, deep drawing, rod/wire drawing, die cutting, shearing, direct extrusion and equal-channel 
angular extrusion. Examples of die forging, die cutting, direct extrusion, equal-channel angular 
extrusion, rod/wire drawing, deep drawing and two-dimensional tension use 2D axisymmetric 
problem type, and the examples of flat rolling and shearing - 3D problem type. 

In order to compare and classify plastic deformation processes, the same deformable work-
hardening alloy from the database (aluminum alloy AA7075) is used, deformed at room temperature 
with an analysis of elastic-plastic deformations, as well as the same version of the software (Quantor 
Form 8.2.4). 

The following scalar values were used in the classification: - principal normal stresses 𝝈𝟏 ≥ 𝝈𝟐 ≥𝝈𝟑, equivalent stress 𝝈𝒆𝒒 and mean stress 𝝈𝒎, that are included in the expressions (7) and (14). The 
degree of deformations, i.e., the equivalent strain 𝝐𝒆𝒒 is determined either directly by the software 
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or after generating the true stress-strain diagram (effective stress 𝝈𝒆𝒒 versus plastic strain 𝝐𝒆𝒒) for 
the selected material point in the deformed workpiece. 

A complete characterization of the process is performed by analyzing several moments from the 
indicator diagram and the true stress-strain diagram generated by the software, i.e., at different stages 
of deformation, namely: - at the end of the yield stage; - in the middle of the work hardening stage; - 
at the beginning of the stage of localized deformation and/or when the plasticity limit is reached. The 
specified mechanical deformation mode apply only to the stages of plastic deformation prior to the 
occurrence of stress concentration or loss of stability, since at these moments the stress-strain state 
may undergo significant changes [6]. An exception is represented by impact toughness tests, as these 
evaluate the stress-strain state at the notch of the specimen. Although the determination of the strain 
rigidity also determines the type of fracture, it is generally accepted that its determination is not 
related to the process of crack initiation and propagation. 

3. Results and Discussion 

3.1. Classification of Processes According to the Plastic Strain 

All of the approaches described can be used to organize the processes, as they will be 
distinguished from one another; however, it is more important that they be grouped in such a way 
as to preserve the physical meaning of the stress-strain state. The classical approach to determining 
the efficiency of plastic deformation processes involves the use of the stress triaxiality parameter 𝜼𝝈, 
assessing the ratio of the hydrostatic stress 𝝈𝒎  to the equivalent stress 𝝈𝒆𝒒  (7). In simulation 
modeling software, the values of these two scalar quantities are presented as the primary parameters 
for characterizing the stress state, while the other components of the stress tensor (such as the 
principal stresses) are obtained after the additional introduction of a material point into the deformed 
body. 

The results of the simulation modeling were plotted in the presented diagrams using Graphing 
Calculator 3D. 

 
Figure 1. Graphical 2D representation of plastic deformation processes as a function of the stress triaxiality 
parameter 𝜼𝝈 and the equivalent strain 𝝐𝒆𝒒 (QForm 8.2.4 - alloy AA7075). 
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In plastic deformation processes, the stress-strain state is also influenced by the degree of 
deformation, as measured by the equivalent strain 𝝐𝒆𝒒, which is a key parameter for describing the 
strain state in simulation modeling. In addition to the process’s ability to achieve certain degrees of 
strain without fracture, adding an abscissa axis with the values of 𝝐𝒆𝒒 to a plot with the ordinate of 𝜼𝝈  (Figure 1.) shows whether the deformation process is stationary or whether the stress state 
changes during plastic deformation. 

The typical values of the stress triaxiality parameter, which distinguish the type of deformation 
processes based on the stress state, are as follows (Figure 1.): - 𝜼𝝈 ≅ 0 - for heterogeneous plane 
stress state of shear/cutting and for twisting test, but when die-cutting values of -0.24 are reached; - 𝜼𝒊𝒏𝒕𝝈 ≅ +0.35 – for uniaxial tension; and - 𝜼𝝈 ≅ −0.33 – for uniaxial compression, but is reached at 
-0.38 during upsetting. 

The plane stress states are located immediately above/below the uniaxial ones (Figure 1.), 
namely: - 𝜼𝝈 ≅ 0.65 for biaxial tension; - 𝜼𝝈 ≅ −0.65 for biaxial compression. 

The triaxial stress states originate from the plane stress state region and are not limited by the 
top or bottom of the graph (Figure 1.), as follows: - 𝜼𝝈 ≥ 1.00 for triaxial tension, for example, in an 
impact test, it has a value of 1,15; - 𝜼𝝈 ≤ −1.00  for triaxial compression, for example, in direct 
extrusion, it reaches up to -2.00. 

The application of stress triaxility 𝜼𝝈  – equivalent plastic strain 𝝐𝒆𝒒  groups deformation 
processes along lines of dots (Figure 1.), which depend on the increasing degree of actual strain and 
are arranged one above the other depending on the type of stress state 𝜼𝝈. The lines characterizing 
the deformation processes are parallel or inclined lines, depending on the change in the stress state 
at different equivalent strain 𝝐𝒆𝒒. 

3.2. Classification of Processes Based on Stress-Strain State 

Using the equivalent strain 𝝐𝒆𝒒, as the axis in the 𝜼𝝈 - 𝝐𝒆𝒒 diagram does not clearly distinguish 
the deformation processes, which are represented as overlapping lines (Figure 1). The classification 
of processes based on the stress-strain state must include a parameter that determines not only the 
type of stresses but also the type of strain state. 

The inclusion of the strain rigidity coefficient 𝜶𝒓𝒊𝒈 (14) of the mode finalizes the classification of 
deformation processes for testing and pressure processing, allowing individual processes to be 
classified not only by the type of stress state but also by the type of strain state. An example of a 
classification of typical deformation processes in materials testing and metal forming under pressure 
is presented in Table 1. 

Table 1. Classification of plastic deformation processes based on the stress triaxiality parameter 𝜼𝝈 and the 
strain rigidity coefficient 𝜶𝒓𝒊𝒈. (QForm 8.2.4 - alloy AA7075). 

The stress state 
mode 

Example of a deformation 
process 

Stress triaxiality 
parameter 𝜼𝝈 

Strain rigidity 
coefficient 𝜶𝒓𝒊𝒈 

triaxial tension 
impact test (Izod) 1.00 ÷ 1.15 0.97 

impact test (Charpy) 0.70 ÷ 0.93 1.00 

biaxial tension 

tension zone in bending 0.65 ÷ 0.69 1.00 
biaxial tension test 

(Erichsen) 0.63 ÷ 0.65 1.24 

biaxial tension test (Swift) 0.48 ÷ 0.61 1.46 
uniaxial tension tension test 0.33 0.75 

heterogeneous plane 
state 

pure twisting test 0.01 ÷ 0.05 0.99 
shear/cutting test -0.22 ÷ -0.27 1.00 

die-cutting -0.11 ÷ -0.33 0.99 

uniaxial compression 
compression test -0.33 1.50 

upsetting -0.36 ÷ -0.42 1.48 
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biaxial compression 
compression zone in 

bending -0.83 ÷ -0.90 0.98 

flat rolling -0.72 ÷ -0.97 1.02 

triaxial compression 
direct extrusion -1.34 ÷ -2.01 1.00 

equal-channel angular 
extrusion -1.37÷ -2.62 1.00 

In addition to the graphical determination using the stress triaxiality parameter 𝜼𝝈  and the 
equivalent strain 𝝐𝒆𝒒, the ratio between the maximum shear and linear strains, which represents the 
strain rigidity coefficient 𝜶𝒓𝒊𝒈 of the mode can also be included. The equivalent strain 𝝐𝒆𝒒 can be 
represented as a third axis in a 3D representation of the stress-strain state (Figure 2.), or as depth in a 
2D representation of the diagram 𝜼𝝈 – 𝜶𝒓𝒊𝒈 (Figure 3). The addition of a third axis adds depth to the 
2D image, but does not allow for clear differentiation and grouping of the individual deformation 
processes in the 3D diagram (Figure 2). 

 
Figure 2. Graphical 3D representation of plastic deformation processes as a function of the stress triaxiality 
parameter 𝜼𝝈, the equivalent strain 𝝐𝒆𝒒 and the strain rigidity coefficient 𝜶𝒓𝒊𝒈 (QForm 8.2.4 – alloy AA7075). 

Creating a 2D diagram with the ordinate axis representing the stress triaxiality parameter 𝜼𝝈 
and the abscissa axis representing the strain rigidity coefficient 𝜶𝒓𝒊𝒈 , allows for the visual 
differentiation of distinct zones that group various testing and pressure processing processes (Figure 
3.). The graphical 2D representation of the values in Table 1. allows for the identification of individual 
deformation processes in terms of their stress-strain state. 

The ratio of maximum shear to maximum linear strains, defined by 𝜶𝒓𝒊𝒈 , also groups 
deformation processes according to the type of strain state, i.e., according to the type of fracture 
(Table 2.), as follows: - 𝜶𝒓𝒊𝒈 ≅ 0.75 - stretching, causing brittle fracture by rupture; - 𝜶𝒓𝒊𝒈 ≅ 1.00 – 
deformation by shearing/cutting; - 𝜶𝒓𝒊𝒈 ≅ 1.50  – contraction, causing plastic fracture by slipping. 
While 𝜻𝝐 varies between -1 (elongation) и +1 (contraction), and takes on values 𝜻𝝐 ≅ 0 during shear 
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(twisting), then 𝜶𝒓𝒊𝒈 ranges between 0.75 (stretching) и 1.5 (contraction), taking on values close to 
one during deformation shearing. However, the use of the strain rigidity 𝜶𝒓𝒊𝒈 to determine the strain 
state makes clear physical sense when determining strain shearing, since the maximum shear strain 𝜸𝒎𝒂𝒙 is equal to the maximum linear strain 𝝐𝒎𝒂𝒙. 

The third axis, or the magnitude of the equivalent strain 𝝐𝒆𝒒 can be represented implicitly as an 
increasing size of the spheres/balls. Adding new spheres that represent the degree of strain as quasi-
depth in the 2D plot indicates whether the deformation process is stationary (i.e., whether the circles 
overlap) or whether the stress state changes during the deformation process (i.e., whether the circles 
are separated from each other) (Figure 3.). 

 
Figure 3. Graphical representation of the stress-strain state of deformation processes, defined by the stress 
triaxiality parameter 𝜼𝝈 and the strain rigidity coefficient 𝜶𝒓𝒊𝒈 (QForm 8.2.4 - alloy AA7075). 

When the degree of strain is implicitly accounted for, the static grouping of strain processes in 
the 2D plot of circles transforms into ellipsoidal zones with varying lengths and inclinations of the 
major axes (Figure 3.). It is clear that stationary processes form circles with a relatively small radius, 
whereas processes with a varying stress-strain state form ellipses as the degree of plastic strain 
increases (Figure 1.). 

3.3. Separation of the Testing and Processing by Plastic Deformation Processes 

The distinction between mechanical mode of deformation processes—such as those used for 
materials testing and those for processing by plastic deformation—is purely arbitrary; however, the 
chosen classification method allows their specific characteristics to be highlighted. 

Deformation processes in materials testing involving uniaxial or plane deformation modes are 
located in the middle and upper parts of the diagram (with the exception of indentation testing) 
(Figure 4.). The static test modes for uniaxial tension and compression, as well as the biaxial mode 
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for pure torsion and shear, are arranged such that their stress-strain state does not depend on the 
degree of strain; that is, they form circles with a small radius. This static behavior persists even under 
combined deformation mode (tension + torsion and compression + torsion). 

The static biaxial tension tests (Erichsen and Swift) are performed with a gradual change in the 
strain rigidity, and the thiaxial tension in impact test (Charpy and Izod impact bending) – by 
changing the stress triaxility in the notch (Figure 4.). 

 
Figure 4. Graphical representation of the stress-strain state of materials testing processes, determined by the 
stress triaxiality parameter 𝜼𝝈 and the strain rigidity coefficient 𝜶𝒓𝒊𝒈 (QForm 8.2.4 - alloy AA7075). 

Processes for processing metals/alloys through plastic deformation are characterized by a 
variable stress-strain state that depends on the stage of deformation, i.e., on the degree of strain 
realized. With the exception of the sheet metal shearing operations and the deep drawing, they are 
concentrated mainly in the lower and middle parts of the diagram at negative values of the stress 
triaxiality parameter (Figure 5). 

Figure 5 illustrates just one of the many processes involving severe plastic deformation (equal 
channel angular extrusion) to indicate the location of the mechanical mode with a distinctly negative 
spherical stress tensor. The classification of the remaining SPD processes would occupy the lower 
part of the graph, but their arrangement has been omitted in order to focus solely on classical 
processing by plastic deformation processes and to preserve the concept of verifying the graph itself. 

All metalworking processes involving plastic deformation exhibit a progression through the 
various stages of deformation, as evidenced by the elongation of their elliptical zones. Unlike the 
testing, some of these processes inherently include and/or fully encompass other processes; that is, at 
a certain stage, they represent a variation of those processes in terms of their stress-strain state. These 
include processes for bulk deformation, such as direct and equal-channel angular extrusion, as well 
as various types of die forging (Figure 4.). Similar grouping also includes cutting operations in sheet 
metal forming processes, such as shearing and die cutting, and for higher degrees of strain, the deep 
drawing process partially overlaps with this group (Figure 4.). 
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Figure 5. Graphical representation of the stress-strain state of processing operations by plastic deformation, 
determined the stress triaxiality parameter 𝜼𝝈  and the strain rigidity coefficient 𝜶𝒓𝒊𝒈  (QForm 8.2.4 – alloy 
AA7075). 

As shown in the graphical representation using a plot with the ordinate axis representing the 
stress triaxility parameter 𝜼𝝈 and the abscissa axis representing the strain rigidity coefficien 𝜶𝒓𝒊𝒈, 
supplemented (in depth) by accounting for the degree of strain 𝝐𝒆𝒒 , there is a distinct difference 
between the types of zones of the materials testing processes groups (Figure 4.) and those for 
processing by plastic deformation (Figure 5.). These differences only emphasize the characteristic 
features of the structure and purpose of the two types of deformation processes, which at first glance 
appear to be identical. 

5. Conclusions 

1. A relationship has been obtained that determines the value of the strain rigidity coefficient 𝜶𝒓𝒊𝒈, which represents a further development of the idea of classifying strain state by supplementing 
the strength theory, of the form: 𝜸𝒎𝒂𝒙 𝝐𝒎𝒂𝒙ൗ = ଷସ ሺ𝝈𝟏ି𝝈𝟑ሻሾ𝝈𝟏ି½ሺ𝝈𝟐ା𝝈𝟑ሻሿ, 
providing a more direct relationship between the maximum shear strain 𝜸𝒎𝒂𝒙 and the maximum 
linear strain 𝝐𝒎𝒂𝒙, grouping the deformation processes according to the type of fracture caused. 

2. Virtual solutions have been developed for the main deformation processes involved in 
processes for testing and processing by plastic deformation of metals and alloys, which have been 
implemented through simulation modeling within the software platform Quantor Form 8.2.4. 

3. A classification of typical deformation processes is proposed through the quantitative 
determination of the stress triaxiality parameter 𝜼𝒊𝒏𝒕𝝈 and the strain rigidity coefficient 𝜶𝒓𝒊𝒈, taking 
into account the degree of equivalent strain 𝝐𝒆𝒒 achieved. 
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4. It has been established that the graphical representation of diagrams 𝜼𝝈 - 𝜶𝒓𝒊𝒈 allows for the 
classification of deformation processes by determining the type of stress-strain state of the 
corresponding mechanical mode. 

5. It has been confirmed that the deformation processes during the testing of metals and alloys 
(using uniaxial or plane strain mode) are located in the middle and upper regions of the 𝜼𝝈 - 𝜶𝒓𝒊𝒈 
diagrams and are organized in such a way that their stress-strain state remains unchanged under 
various degree of equivalent strain 𝝐𝒆𝒒 before they lose stability. 

6. It has been confirmed that the fundamental processes of processing by plastic deformation of 
metals and alloys are characterized by a variable stress-strain state, which depends on the degree of 
strain, as they encompass and/or fully cover other processes, i.e., at a certain stage, they represent a 
variant of those processes. 
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