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Abstract

This research presents a novel approach for enhancing retinal fundus images to detect anomalies
better and diagnose retinal diseases. The work is divided into two stages: image representation and
enhancement. Fundus images are represented in a Clifford color space, a 3D color model based on
the RGB system, where colors are stored as multivectors that preserve color information and
luminance. A rotation operation is applied to correct the image’s illumination by adjusting brightness
and color deviations, with the rotation angle and axis being critical for accurate enhancement. The
gray-level axis serves as the rotational plane and the rotational angle of 4anith a grayscale bivector

axis, determined via discrete entropy (DE), optimally corrects image illumination. Following this, the
green channel is extracted and enhanced using the CLAHE technique before being recombined with
the other channels, and the image is reverse-rotated to its original color space. The effectiveness of
the proposed method is evaluated using PSNR, DE, and SSIM on the MESSIDOR and DRIVE
datasets, showing superior image quality and information preservation compared to existing
methods. This enhanced technique is particularly beneficial for retinal landmark and lesion detection,
improving diagnostic accuracy in retinal imaging.

Keywords: Clifford Algebra; retinal fundus images; multivector; bivector; RGB color model; gray
level axis; enhancement

1. Introduction

The human eye collects most information to lead a healthy everyday life. The human brain is
most often engaged in analyzing information received and its correct application. This information
is mainly directed to the human body for physical and mental performance. Any eye problem is
critical in that case, reducing various bodily functions. Eye-related diseases can be resolved promptly
with appropriate monitoring and medical procedures. The first step in determining these diseases is
observing the interstitial formation of the eye. This observation is directly dependent on the
computer-generated retinal image. The features of various eye-related diseases are captured using
standard imaging techniques like the Fundus camera and OCT.

Many critical disorders appear in the retina; retinal fundus imaging has been widely used in
traditional diagnostics. Ophthalmologists commonly use retinal fundus images to diagnose certain
retinal disorders. The images reveal pathological changes that could indicate disorders of the eye or
cardiovascular system, such as diabetic retinopathy, age-related macular degeneration,
arteriosclerosis, and so on. A color retinal fundus image at the early stage of disease may prevent the
visual disorder of a patient by its powerful imaging expression. The image expresses the existing
state of some essential features of the retina, like the optic disc, optic cup, fovea, exudates, and blood
vessels. These features are likely to be tormented by abnormalities. Poor handling of complicated
imaging environments, pupil dilation, and unanticipated eye movements are observed in many
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retinal images of clinically disappointing quality. Two of the most significant issues obstructing
clinical diagnosis using fundus images are uneven illumination and low contrast. Excellent quality
of fundus images is crucial for further image processing steps such as vascular segmentation, optic
disc localization, and color lesion detection.

Quality retinal fundus images are widely used manually or without human intervention to
identify and analyze various diseases depicted in Figure 1(a). Several issues can arise with retinal
fundus images, reducing their quality and interpretability. These difficulties include poor contrast,
low resolution, noise from numerous sources such as sensor artifacts or speckle noise, uneven
illumination, distortions caused by eye movements or lens flaws, and the presence of occlusions such
as eyelashes or dust particles shown in Figure 1(b) — (f). Variations in imaging settings and equipment
can also cause color balance and intensity variances among images, making accurate analysis and
diagnosis complex. These difficulties highlight the significance of preprocessing approaches in
addressing these concerns and improving the usability of retinal fundus pictures for clinical
assessment and research reasons.

(a) (b) © ) @ G

Figure 1. Retinal image instances. (a) High-quality image. (b) Blur. (c) Low illumination. (d) High illumination.

(e) Uneven illumination. (f) Color distortion.

Preprocessing is indispensable in retinal fundus image analysis as it is a foundational step to
enhance image quality and ensure accurate interpretation. Preprocessing techniques modify the raw
images by addressing noise reduction, contrast enhancement, normalization, artifact removal, image
registration, and segmentation, allowing subtle details such as blood vessels, optic discs, and lesions
to become more visible and detectable. This refinement helps clinicians make a better diagnosis and
helps automated analytic systems find and quantify problems. Furthermore, preprocessing
standardizes image appearance across datasets, allowing for uniform analysis and comparison,
longitudinal studies, and multimodal image fusion to provide a more complete assessment of retinal
pathology. Thus, preprocessing is an essential preliminary step in improving retinal fundus images
for future clinical evaluation.

The quality of retinal fundus images significantly impacts the accuracy of subsequent analysis.
Managing variables like lighting, focus, and resolution when taking images is essential to guarantee
clear and detailed images. Therefore, RFI representation with a suitable color model is crucial before
proceeding to the enhancement steps. Many literatures adopted existing color models such as RGB
[1], HSI [2], and Lab [3] to establish their procedural approaches for accurate image analysis.

Several types of enhancement techniques are applied for retinal fundus image analysis. The
procedures can be classified into several categories: transform-based functions, color space
conversion and normalization, filter-based, statistical histogram-based, learning-based, and vector-
based image enhancement, which will be discussed in the literature review section. In contrast, these
techniques have shown effectiveness for specific tasks such as retinal landmark detection and lesion
segmentation for disease screening. However, they lack a unified representation and enhancement
tool capable of streamlining subsequent computational steps into a single pass for more efficient
processing.

Clifford Algebra (CA), also known as Geometric Algebra, emerged as a robust mathematical
framework in computer vision, computer graphics, medical image processing, etc. [4]. It is popular
as a unified geometric framework due to its recognized brilliance of operator’s application,
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comprehensive representation, and the solution to geometric hassle [5]. It can represent an RGB
image using a powerful tool called a multivector. The RGB color channel against each pixel is defined
as a single entity or multivector. This algebra is enriched with a set of geometric operators that have
the skill to perform various image-processing procedures with lesser computational overheads [6].
With the aid of CA, the fundus image is represented as a color multivector image in place of an RGB
image.

Every color pixel in RFI is expressed as an intersection of three primary color planes in 3D RGB
color space. CA plots the whole color space into 3D Clifford space (€l3) instead of Euclidean vector
space [5]. Each of the color planes is the 2D oriented subspace known as the bivector. Hence, the
colors are described in terms of bivector in Cl;space. The two characteristics are the colors’
chromaticity or hue and the intensity or brightness. Notably, the chromaticity and intensity of a color
are defined respectively by the direction and magnitude of a color vector. CA is well equipped by its
operators to express both color features. The rotor operator is beneficial for rotating a multivector in
any dimension of the Clifford space. The color bivector (Grade — 2 multivector) is rotated using a
rotor operator in the space to generate a new nature of the color. The angle of rotation and rotation
axis spanned by the bivector basis determines the color features. The change in the intensity feature
of a color due to rotation affects the brightness. Similarly, the purity of a color is changed by rotation,
which influences the color representation of an image. Reverse rotor operation is the rotation of the
color bivector to the reverse angle to preserve chromatic or color features.

In RF]J, the color is the best descriptor of different lesions such as Microaneurysm (small red dot),
Hard exudate (solid yellow pigment), Haemorrhage (dark red patch), soft exudate (light yellow dot)
according to the ophthalmologists. An exact segmentation of these lesions is reliant on the contrast
adjustment. The color brightness difference between the retinal background and anatomical structure
is required to be more consistent. Every pixel in RFI is consistently improved to enable accurate
medical detection of various eye-related diseases.

With the aid of CA, the fundus image is represented as a color multivector image in place of an
RGB image. The change in Grade — 2 color multivector for a certain angle of rotation in Clzspace
has a resemblance with the Hue-Saturation feature in HSI space. The rotation angle along the
rotational axis determines color intensity, similar to a pixel’s brightness value. The primary colors in
HSI space are situated 120° apart from each other. Any rotation lesser than 45° will reduce the
brightness of the color is theoretically proved and experimented. The relationship between the angle
of rotation and color brightness is established by CA, and an increase in rotating angle larger than
45° causes a growth in brightness. The rotating axis is another factor determining the intensity to be
increased. The bivector basis has been selected among numerous grades of multivector as the
rotational axis in color multivector rotor operation [7]. This basis behaves similarly to the grey level
axis in HSI space. A measurement of the improved color brightness multivector is made after
rotation. The contrast adjustment is managed using the CLAHE algorithm, which receives the
quantized luminous value of each pixel represented as vectors (Grade — 2 multivector). The reverse
rotation in Clifford space preserves the chromaticity feature of the color with enhanced intensity and
contrast behavior. The fundus image is enhanced to avoid the loss of retinal features and preserve
the original colorfulness. It displays CA’s capacity to represent RFI utilizing a color multivector while
enhancing and guaranteeing that the challenges posed by anatomical colorfulness and varied color
model conversion are successfully disabled.

This literature introduces an alternative representation of RFI using the CA multivector
operator. It illustrates the variety of rotational impacts on the retinal image using a rotor operator.
The proposed image enhancement technique is designed to maintain the fundamental characteristics
of the retinal anatomy. It ensures that no crucial information is lost or distorted during preprocessing.
Moreover, the method avoids introducing artificial elements or noise, which can compromise the
accuracy of subsequent image analysis. Significantly, this approach operates independently of prior
knowledge about specific retinal structures, making it adaptable to various image conditions. By
establishing a solid foundation through effective preprocessing, the subsequent stages of image
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analysis, such as anatomical structure segmentation and feature extraction, can be performed with
better reliability.

A novel method is proposed in this literature for enhancement of the retinal fundus image using
Clifford Algebra. It describes the enhancement in two steps, in which color multivectors are rotated
for luminosity improvement first. In the second step, the contrast of the color multivectors is corrected
using conventional CLAHE. The proposal works on the MESSIDOR and DRIVE datasets available
online. The rest of the paper is organized as follows. Section 2 discusses the various types of research
on RFI enhancement using multiple color models in conventional frameworks and learning-based
approaches in recent years. Retinal fundus image representation using Clifford Algebra & its
operators are introduced in section 3. Section 4 discusses the mathematics behind the Clifford color
space for the foundation of the fundus image. Section 5 explains the newly introduced Clifford color
space-based retinal fundus image representation. Section 6 explores the enhancement method by the
rotor operator of CA applied on a retinal image. The experimental results for two datasets and
performance evaluations compared to existing methods are extensively discussed in sections 7 and
8, respectively. Conclusion and future scope discoveries round-up in section 9 finish this work.

2. Related Work

The quality of retinal fundus images profoundly influences the precision of subsequent analyses.
These images must be clear and detailed to provide accurate information for further examination.
Achieving such clarity and detail depends on effectively controlling various factors during the image
capture, such as lighting conditions, focus sharpness, and image resolution. Representing retinal
fundus images using an appropriate color model for detail analysis is crucial. This step is essential
before any preprocessing, as the color model affects how image data is interpreted and processed.
Many researchers have recognized the importance of this initial step and adopted existing color
models in their studies. Doing so establishes a robust foundation for their analytical procedures,
ensuring the images are accurately represented and ready for further examination. These color
models help to maintain consistency and accuracy across different stages of image analysis,
ultimately leading to more reliable results.

The author of [1] emphasized that a suitable color model must represent retinal fundus images
before preprocessing can be performed. It should be mentioned that several academics have used
pre-existing color models in their work to create reliable procedures for precise image analysis. The
significance of utilizing the RGB color model among various color models in image enhancements to
preserve consistency and reliability in image analysis is covered in the literature [8]. Their approach
offers a foundation for improving retinal images, which can be useful for precise research and
diagnosis. This enhancement framework [9] for Diabetic Retinopathy detection is designed to ensure
that the images are clear and detailed, essential for accurate analysis and diagnosis. The authors
suggest that choosing an RGB color model that appropriately depicts retinal images is necessary
before initiating any preprocessing procedures. By guaranteeing the reliability and uniformity of
image processing, this technique helps produce more accurate diagnoses. Alwazzan et al. [10]
proposed a hybrid approach to enhance the quality of color retinal fundus images. The method
considers the RGB color model and separates each color channel. Green channels are targeted for
enhancement, which suffers from noise and low contrast. This approach applied CLAHE on the green
color channel for contrast improvement. This literature focused on improved visualization of blood
vessels and other significant features for retinal disease diagnosis. This literature [11] proposed the
importance of image quality in precise color lesion detection. It focused on selecting the HSI color
model among several models for proper retinal image enhancement to improve the clarity and
detailing of the diseased and non-diseased images. In [12], the authors focused on appropriate image
representation and preprocessing for detecting vascular intersection in retinal fundus images. The
HSI model ensures the proper management of factors while achieving reliable vascular intersection
and analysis. HSV-based characteristics have been studied for applications such as optic disc and cup
segmentation, where color and intensity differences are essential for differentiating between
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anatomical parts [8]. Due to its perceptual homogeneity, HSV is favored for tasks that call for color-
based segmentation and analysis in retinal fundus images. This literature [13] introduced a novel
image enhancement technique to improve the luminosity and contrast of the color retinal image. The
algorithm is proposed in two stages comprising luminosity enhancement and contrast. The gamma
correction method is applied to the value channel of the HSV color model, generating a luminosity
gain matrix that enhances the illumination of the entire image. It results in improved visibility of
retinal vessel details. In [14], the authors introduced a hybrid enhancement method that enhanced
the whole image brightness on HSV color space but contrast correction locally. The final enhanced
image is formed in the Lab* color space using CLAHE. Visual and quantitative evaluations establish
the method’s usefulness, improving image quality while preserving essential details. In [15], the
proposed algorithm segments the retinal region from the rest of the image. The identified region
undergoes enhancement within the Lab color space. The brightness component (L) is enhanced using
adaptive histogram equalization while preserving the color information represented by the a and b
channels. This research [16] focused on creating realistic retinal fundus images for analysis and
testing. The method involves enhancing image contrast and color balance. The CLAHE technique is
applied within the CIE Lab* color space, designed explicitly for perceptual color calculations to
improve the contrast locally in the image. The authors aim to generate pictures that closely resemble
real-world retinal images, facilitating the development and evaluation of image analysis algorithms.

The basic information of the fundus image background is obtained with the help of normalized
convolution with domain transform function [17]. The enhanced image is retrieved after fusing the
original image and acquired information. Curvelet transformation and adaptive sigmoid mapping of
histogram equalization are used in a proposed hybrid approach to enhance and denoise retinal
fundus images [18]. Modified sigmoid transformation is introduced to improve retinal fundus
images’ brightness in peripheral regions [19]. Many works of literature have found color space
conversion as an inevitable step for preprocessing retinal fundus images. Instead of processing the
pixels” perceived relative color values, the transformed color spaces merely process the pixels’
intensity [20]. Similarly, in another literature [8,21], both the color spaces are deployed as
preprocessing steps for the segmentation of retinal features. The 2D Gabor kernel function improves
retinal vessels [22]. This Filter increases the contrast between vessel pixels and foundation pixels [23].
Morphological filters are also well-known techniques used for vessel enhancement [24]. In [25], Edge-
based Texture Histogram Equalization (ETHE) was introduced to correct uneven illumination and
poor contrast of the retinal fundus image. Pixel color amplification [26] improved retinal fundus
images using amplification theory and enhancement methods to aid in fundus image segmentation.
Gupta et al. [3] presented an algorithm for enhancing retinal fundus images in which contrast
enhancement is carried out by quantile-based histogram equalization and the Adaptive Gamma
Correction (AGC) process for brightness improvement.

Over the past few years, learning-based methods have gained significant popularity in medical
image processing. These methods have been widely applied in tasks like image classification, image
segmentation, object detection, and localization [27]. The authors proposed a method that combines
support vector machine and mathematical morphology to achieve satisfactory classification accuracy
in the filtered retinal image dataset [28]. The literature [29] employed a combination of vascular
extraction and arteriovenous identification, utilizing the U-Net semantic segmentation structure to
achieve arteriovenous segmentation in fundus images. Meanwhile, [30] used the support vector
machine to detect the optic disc, facilitating further diagnosis of Glaucoma. These studies in retinal
image processing are most effective when dealing with clear, high-contrast images that can be
processed automatically, particularly on high-quality retinal image datasets. In contrast, [31]
introduced a data-driven approach to enhance blurry retinal images. However, general datasets often
contain various other causes of low-quality images beyond just blur, which hampers the feasibility
of processing retinal images. In a previous study [32], low-quality images with artificial noise were
improved without differentiating between different quality categories. Convolutional neural
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networks can quickly learn this synthetic noise, but it fundamentally differs from the low-quality
images captured by the fundus camera.

A new approach to retinal vascular segmentation is established in [33], which uses vector-based
methods to improve vessel properties and accomplish accurate segmentation through local vessel
structures. Researchers present a method in [34] for improving retinal vasculature by combining
vector-based filters with local binary patterns. This helps with segmentation and analysis tasks by
successfully emphasizing vascular architecture. In [35], a novel technique for optic disc detection in
retinal pictures is reviewed. It uses vector-based procedures to enhance optic disc visibility and
guarantee precise detection. A retinal vascular segmentation approach based on L1 regularized deep
sparse filtering is presented in [36], which integrates vector-based filtering to improve vessel
structures and provide robust segmentation results by efficiently suppressing background elements
and noise. The combination of optic disc identification with vector-based enhancement approaches
and machine learning algorithms accurately locate the optic disc in retinal images is investigated in
[37]. The studies above highlight the significance of utilizing image representation and enhancement
techniques in different areas of retinal image analysis, such as optic disc detection, vessel
segmentation, and feature enhancement.

3. Clifford Algebra and Its Operators

Clifford Algebra was invented by William K. Clifford in 1876 as a method of quaternion
generalization to higher dimensions. CA offers an invertible, associative product called a Geometric
Product (GP), which combines a dot product and an outer product. This algebra is a robust
framework with integrated features like complex numbers, projective geometry, coordinate
geometry, and linear algebra. Quaternion algebra is another wing of CA that incorporates the concept
of subspaces. The conventional concept of linear algebra is extended towards CA, considering a set
of subspaces and operators [7]. CA is a coordinate-free tool, and it is easier to model geometric objects
and their transformations. Compared to linear algebra, it treats vectors as 1D subspaces and scalars
as 0D (zero) subspaces. CA replaces the dot and cross products with inner & outer (or wedge)
products. The subspaces of any dimension are called blades. A blade representing a certain
k —dimensional subspace with k number of basis vectors describing it is called Grade — Kk (Gy)
vectors. A blade of 2D subspaces is Grade —2 (G,) vectors or bivector. Similarly, a blade of
3D subspaces is a Grade — 3 (G3) vectors or trivectors. The blades are defined as a new type of
product known as outer product or wedge product. A bivector represents the oriented area spanned
by two vectors as a wedge product. Similarly, a trivector represents volume spanned by three vectors.

A. Fundamental Theory

A Euclidean vector space V" of n dimension is considered where its orthonormal basis vectors
are €g,€q,€y,....e,_1 . The subspaces are derived from the vector space V" by using CA. A
corresponding n-dimensional Clifford space Cl,, is formed where subspaces are basis elements. It is
composed of 2" blades or subspaces. For example, Cl, space has four basis blades {1, e4,e;, e; A e,}
and similarly €l; space is composed of eight basis blades {1,e,,e,,e3,e; Ae,, e, Aez, e; Aes, e A
e, A e3}. The highest dimension basis blades are bivector and trivectorin 2D and 3D, respectively.
These basis blades are known as pseudoscalar and are denoted with I in CA.

The geometric product of a basis blade to itself results in +1, -1, 0. It suggests that there are
nonnegative integers p, q & r suchthat n=p+q+r and

+1fori=1,2,.....p—1,p

=<—1fori=p+1,.... ,P+q (1)
0 fori=p+q+r,.......,n

eje; = e

The above-mentioned formulation proves the associativity of linear algebra with identity to
define Clifford space Cl, of dimension n =p+q+r generated by the vector space V™.
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The basis blades combine to form a generic element called a multivector in CA. It is generated as
an entity containing several grades of 2" subspaces in Cl,,. Such as, A = (Ag) + (A1) + (Az) +
«+....+(A,) where the multivector A € Cl,,.
The geometric product is expressed for two vectors a and b as a combination of the inner and
outer products mentioned earlier in this section.
ab=a-b +a Ab (2)

B. Two-Dimensional Theory

The elements of the n dimensional vector space V" are vectors. The higher dimensional
oriented subspaces are the basic elements of computation in Clifford Algebra [38]. An extension of
the n dimensional Euclidean vector space R is represented as Cl,. Considering n =2, the bounded
space exists in a plane R x R into linear space R?. Considering an orthonormal basis (e,,e,) of R?
having the characteristics of these basis are e;% = e,2 =1and e;,=-€,;.

Two generic vectors assumed a and b of R? are stated as linear combinations of the basis
elements: a = aje; + a;e, and b= b;e; + bye,. After multiplication of a and b, the Clifford
product will be

ab =(a;e; + aye;)(bjeq + bye,)

=(a;b; + azb,) + (a;b, — a;bq) eq; 3)

The product consists of the combination of a scalar and a bivector. A bivector denotes the
oriented plane generated by two vectors a and b. The Clifford product of two vectors of R? is
expressed as the combination of scalar product (dot product) and wedge product defined in Eq. (2).

It can be concluded by comparing Eq. (2) and Eq. (3).

a.b = a;b; + a;b,

a; b
aAb= | 1 1|612
a; b,

The wedge product is known as the outer product, and it is anticommutative, aAb = —b Aa.
The scalar product is characterized by commutativity, a.b = b.a. In another form (3) can be written
as, ab = (ab + ba) + 3 (ab — ba). So,a.b = Z(ab + ba) and aAb = 2 (ab - ba).

If a | b then ab = ba, that suggests a Ab=0, and when a L b then ab = —ba, suggesting
a.b=0.

C. Three-Dimensional Theory

For n = 3, The Euclidean vector space is confined within a linear space R3 . It consists of
orthonormal basis of three orthogonal unit vectors (e;,e;, e3). Considering two generic vectors a and
b of R? is stated as the linear combinations of the basis elements: a = a;e; + aye, + aze; and b=
bie; + bye; + bzez. For Cl3, the Clifford product between these two vectors a and b is,

3
_ oo | b1| |a1 b1| |a2 b2|
N Za'bl-l_ |az b, €1z ¥ az bs €13 ¥ az bs €23
i=1
= (a;e, + aze, + aze;z)(bseq + bye, + bse;) 4)

It possesses the same properties as the orthonormal basis, e;? = e,2 = €32 =1 and e;,= -
e,1,€13=-€31, €,3= -€3;. If three generic vectors a, b, ¢ are considered, they produce an entry into a
new subspace as a trivector element in the Clifford product. A CA space (Cl3) includes all the
subspaces: scalar, vector, bivector, and trivector. Typically, e;,3 denotes the oriented volume
element in R3 referred to as a trivector.
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D. Multivector Approach in 2D and 31D

A multivector is defined as the collection of heterogeneous elements over CA space Cl,,. Scalar,
vector, bivector and trivector are the oriented subspaces as elements of a multivector in Cl; space.
The general concept is 2" number of elements or subspaces are possible for n-dimensional space.
The generic element or multivector is a linear combination of the 2" basis elements with real
coefficients. In case of n =3, C€l; space consists of 23 elements.

A multivector consists of various subspaces within it. Each of these subspaces is referred to as a
blade. A Euclidean vector space R? contains the orthonormal basis is (e4,e,). The elements are 1
(scalar), eq,e, (vector), eq, (bivector) form a basis (1, eq, e, e1,) for the Clifford Algebra space Cl,
of RZ. Therefore, the basic multivector for €l, is,

a= ap+ aje; + aze; + ajzeq; ®)

The pseudoscalar component I in €l, is the bivector subspace. The subspace e,, issquared to
giveI? = —1 according to the identity mentioned above. This characteristic is derived from complex
numbers where an imaginary plane is present to find v—1 [39]. The multivector in Eq. (5) is rewritten

as
a= ag+ a;eq; + aze, + alzl (6)
According to the theory of multivector, the above-said Eq. (5) can be written as
a = (ap) + (ag) + (az) @)
Eq. (7) describes a component acquired by including basis vectors of R? and it is a multivector
in clz
Similarly, for Clifford’s Algebra space Cls, the general form of multivector is written as
a= ap+ Yijaie + asz€1; +a13€13 + Az3€s3 + a1z3€133 ®)

For Cl;, the multivector is now expressed as
a= (ag) + (a1) + (az) + (az) )

E. Reflection in Clifford Space

The rationale for CA’s acceptance is the representational capability of its operators. Geometric

transformations such as reflection and rotation in CA space can be formulated as algebraic operators.

-1

The reflected part of vector x concerning a fixed vector a is axa™" illustrated in Figure 2.

When a plane is perpendicular to a then the reflected component will be —axa™!. In simpler term,
ablade X is mirrored concerning the vector a. It formsa vector X' by using a formula X' - aXa™.

X' is the reflection of X in vector a.

—-axa”

Figure 2. Reflection of a vector.

F. Rotation in Clifford Space
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Rotation is denoted by a pair of reflections. Two consecutive reflections of a vector cause that
vector to rotate by a specific angle. In Figure 3, a and b are the unit vectors that are angled at ¢. It
aims to rotate a vector x to x”. The vector x makes an angle 0;with a where 6; < @. After
reflection through angle 6, x becomes x'.

The angle between vector x’ to vector b is (¢ + 6,) for the second reflection. Therefore, after
reflection through (¢ + 6,), the vector x’ becomes the rotated vector x”.

1

Mathematically, the two reflections are described by, x' = axa™! and x” = bx'b™1. In simpler

form, the rotated vector
x" = b(axa ') b1

= b(a 'xa)b™! = (ba Vx(ab™?)

= RxR™! where RR™! = 1.

Figure 3. Rotation of a vector.

Here R indicates a multivector, which is also referred to as a Rotational operator or Rotor. If a
rotation operation is occured by an angle ¢ around the origin, then R = cos ¢ + Isin @ . I is the
pseudoscalar for the corresponding CA space. It can be written as R = e'® and R™' = e7'¢.

In the standard representation of rotation in higher dimensional subspaces, a rotor is employed
for an arbitrary blade through this equation is

X — RXR™! (10)

The reflection and rotation functions in CA enhance its ability to represent any geometric shapes.
These two functions are utilized for geometric transformations of any subspace within Clifford space.
Generally, a Grade — Kk (Gy) vector X in €l is reflected in a plane perpendicular to a Gy vector n
is —(—=1)knXn™! as transformed G vector X' where 0 < k < 3. A rotation is characterized as two
sequential reflections. The reflection -nXn~! followed by another reflection in a plane perpendicular
to a Gq vector m results in another G, vector in the form of (mn)B(nm). The product mn
characterizes a multivector and is considered a rotational component or Rotor R. The revised form of
rotation is formulated as RXR where RR = 1 and R represents the reverse of the Rotor R.

4. Clifford Color Space

The RGB color model corresponds to a 3D Euclidean space. Each pixel in an image is
characterized by a triplet consisting of red, green, and blue components. Each color functions as a
vector, with the x-axis representing the red component, the y-axis indicating green, and the z-axis
delineating blue, respectively. It is noted that eight distinct colors can be rendered based on the RGB
components illustrated below in Figure 4.
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Figure 4. RGB Color Model.

According to the Venn diagram in Figure 5 of the RGB color model, the colors include Black,
Red, Green, Blue, Yellow, Magenta, Cyan, and White. The intersection of R, G, and B produces Cyan,
Magenta, and Yellow, respectively. The center of all intersections represents white. The area outside
the red, green, and blue set is regarded as Black.

Figure 5. Venn Diagram representation of RGB Color Model.

Every pixel of an image is depicted by a 3D Euclidean color space. In R3 the orthonormal basis
is ey, e; and e3 symbolizing red, green, and blue components, respectively. So, the real value of
RGB will be related with this orthonormal basis to produce a homogeneous vector. Assume, for a
pixel. (x,y) the vector

col(x,y) = r(x,y)e; + g(x,y)e; + b(x,y)e; (11)

where r(x,y), g(x,y) and b(x,y) are RGB real values at pixel (x,y). Therefore, for an image having
M x N pixels, the function will be,

col"™N() = RSN r(x, y)e; + g(x,y)e; + b(x,y)e; (12)

According to Eq. (11), there willbe M X N number of homogenous vectors for each of the pixels
in an image.
The bivector basis is utlized to depict a color for R? in relation to a pixel [7]. The color vector is
written as
colyn = Tmn€23 + 8mn€31 + bmneiz (13)

It has been noted that a pixel’s color is depicted by a pure quaternion [40]. The above function
follows the quaternionic concept because each of the e;* = —1.
A. Color Image

The color model offers a 3D Euclidean space is mentioned in earlier section. RGB color spaces
are the oriented subspaces in 3D CA (Cl;). For Cl; space there would be 23(eight) numbers of
subspaces possible. Therefore, it identifies Black as the scalar, (Red, Green, Blue) as the vector, (Cyan,
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Magenta, Yellow) as the bivector, and White as the trivector. The bivector arises from Cyan being
produced by the blue and green components at their peak magnitude. This signifies that Cyan exists
within the plane formed by the blue and green vectors. In Cl3, any plane formed by the vectors is a
bivector. Likewise, Magenta and Yellow are the bivectors corresponding to Red-Blue and Red-Green.
Black does not contain any of the RGB components considered as a scalar. White serves as the volume
element in Clj; since each vector has its maximum magnitude, white is regarded as the trivector. As
CA possesses coordinate-free properties, it is utilized to represent each color with a multivector. One
of the subspaces within the multivector is responsible for defining a color. In this proposal, the RGB
color model is substituted with Clz space because it includes scalar, vector, bivector, and trivector
rather than a homogeneous vector. A multivector is introduced to represent a single pixel,
incorporating all potential dimensional grades. Say, at pixel (x,y) the multivector:

col(x,y) = P+r(x,y)e, + gx,y)e; + b(x,y)e, + ae, + Beg, + ve, + Qe (14)

where P as Black where no RGB component exists, i.e., no vector component is present in this color
definition. Q acts as white consisting the maximum magnitude of Red, Green, and Blue, defined as
the volume element e,g,. And «, B, v are the real values linked with the bivectors. e,q, €5, & €y,
bivectors represent the plane Red-Green, Green-Blue, and Red-Blue, respectively. Therefore the
wedge product is the representation of color. Color blade is a Grade — 1 multivector when e,, e,
& ey, is not null, and the real values are less than maximum values but not zero. However, it is also
accurate that the bivector signifies a color when one component is absent. Assuming for a pixel (x,y)
there is no blue component, ae,, = r(x,y)e, A g(x,y)e,. If a pixel (x,y) gives (255,255,0) then a
reflects yellow color and e, suggests the subspace in which yellow color belongs. Cyan & Magenta
colors are generated in similar way. To depict white color, a trivector is required as it comprises RGB
elements at their maximum intensity at pixel (x,y), thus

Qergb = r(x, Y)er A g(X, y)eg A b(X, Y)eb (15)

This function proposed in Eq. (14) is applicable for all the 22 colors possible for this color model.
Therefore, for an image having M x N pixels, the function will be

COIMN(X; Y) = Z)Ild:_ol Z;\rlz_(} P+ I‘(X, Y)er + g(x, Y)eg + b(X, Y)eb + aerg + Begb + Y€rpb + Qergb (16)

It indicates the typical structure of a function represented as a multivector in Cl; space. The
preceding Eq. (16) illustrates a multivector that serves to represent an image on a pixel-by-pixel basis.
Various shades of red, green, and blue are utilized in an image. Within those shades it is feasible that
at any pixel (X,y), one or more RGB components may be absent. For no RGB components, the
function is col(x,y) = P, i.e., the color is black. Another case may occur where no Red component is
present, then col(x,y) = Beg,. It is observed that Eq. (14) can be signified as minimum by one term
and maximum by three terms. The multivector behaves like any of the Grade — k vector from CA
perception. In €l; space, say for Black Grade — 0 (scalar), for Yellow Grade — 2 (bivector) is the
behavior of multivector. So, based on the proposal the color blades are created in Cl3 space. These
color blades serve to signify a color.

B. Grayscale Image

The gray value of a pixel in a color image is computed by a function known as the intensity
function, shown in Figure 6 below. The gray value determines the pixel’s intensity. The function is
dependent on the RGB component at a pixel (x,y) of an image. It is defined as

G(xy) = r(xy) +gxy) +bxy) (17)

The gray value for a certain pixel in an image is expressed as a vector. The color vector stated in
Eq. (11) is combined with the intensity function described in Eq. (17) to derive a grayscale vector. It
is defined as G(x,y) at a pixel (x,y) and is shown in Eq. (18).
G(x,y) =0.3r(x,y)e; +0.59g(x,y)e; + 0.11b(x,y)e; (18)
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Figure 6. RGB Color Model with Grayscale Labelling.

The gray value of a pixel is computed with the help of an RGB component in €l; space. Though
this value reflects the intensity or scalar value, it is represented in terms of homogeneous vectors
according to Eq. (18). A grayscale image is represented as a particular form of vectors in Clz space.
A grayscale vector is defined as the segment of a volume element e, in Cl; space. Therefore, Eq.
(18) is rewritten as;

G(x,y) = (O. 3ae.(x,y) + 0.59e,(x,y) + 0.11ye, (X, y)) erep(X,Y) (19)

It describes the nature of the grayscale vector as a segment. The segmented vector in Eq. (20) is
transformed into a bivector.

G(x,y) = 0.3ae,,(x,y) + 0.598e,.(x,y) + 0. 11ye, (X, y) (20)

A combination of three-color planes in €l space as a summation of a bivector represents a gray
value for a certain pixel (x,y). Therefore, for a grayscale image having M X N pixels, the function
will be

G"N(x,y) = SV ENC0 0.3aeg, (x,y) + 0.59Bep, (x,y) + 0. 11ye, (x,y) (1)

The general form of multivector for gray value at a certain pixel is derived as,
ggray = aeg, + Bep, + Y€qr (22)

A vector v is the grayscale vector pointing towards the volume element in RGB color space. The
segmented part v is perpendicular to the three planes holding RGB values of (a,f, y). Every
perpendicular to the respective plane is generating a bivector with respect to v shown in Figure 7.

4
)

ar,
gb a R

T,

b

Figure 7. Representation of the grayscale multivector.

5. Retinal Fundus Image Representation
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The RGB color cube forms a 3D Euclidean space. Any color in this space is defined as a vector.
Clifford Algebra defines each color as a color multivector, as discussed in [4]. The colors of each pixel
are mapped from Clifford’s color space, which is mentioned in the earlier section. Any color in the
retinal fundus image is defined as a multivector or Grade — k vector, and after rotation of that
vector, a new color is formed. The substitute color may contain new features to help further
preprocess the image. Therefore, a retinal fundus image having M X N pixels following Eq. (16) is

M-1N-1

RFI"(xy) = ) > P+r(xye, + g y)eg + bR y)e, + ey +Beg, +Yew + Qergy, (23)
x=0 y=0

A color blade is the subspace or Grade — Kk vector in Clz . The function in Eq. (23) shows how
the multivectors completely define a retinal image. In contrast with the quaternion approach [7], this
proposal does not limit the colors among the bivector basis. Every subspace will be responsible for
defining a color, not only the bivectors. Each color against each pixel in the images must have
different bivector definitions.

In many cases, the colors are defined by vectors indicating avoidance to represent the colors by
bivector. Higher dimensional subspace rotations are always complicated and computationally costly
when considering the fundus images. To avoid that complication and reduce the computational time,
minimizing the number of bivectors with a generalized multivector representing the images is
necessary. This is the real cause for representing the retinal fundus images by Grade - k vectors of
multivectors.

The methodology is discussed in two steps procedure. Initially, the image pixels are converted
to Clifford color space. In the next step, the rotor operator is applied to realize the multivector
representation of the fundus image shown in Figures 8 and 9, respectively.

Inputted Retinal Fundus Image

S

Storing of image pixels in two dimensional
array

NS

Applying CA to convert each image pixel
into Grade — Kk color vector

AN

Normalizing RGB components of each
color vector

Figure 8. Conversion to Clifford color space.
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Defining the ROTOR function that accepts rotating angle and rotational
plane

NS

Applying function to each Grade — 1 color vector

S

Returns multivector with all possible grades in 3D space

A4

Extracting Grade — 1 vector from multivector as new color vector

S

Reassigning the new color vector to the respectective retinal fundus
image pixel

Figure 9. Impact of rotation operation in Clifford space.

A. Conversion to Clifford Color Space

The process begins with the input of a raw retinal fundus image. While considering the image
data structure, the image is converted into a two-dimensional array format for computational
efficiency and manipulation. An element in the array represents each pixel in the image. Each pixel
in the image is transformed into a Grade — Kk vector using CA.

The process begins with the input of a raw retinal fundus image. While considering the image
data structure, the image is converted into a two-dimensional array format for computational
efficiency and manipulation. An element in the array represents each pixel in the image. Each pixel
in the image is transformed into a Grade — k vector using CA. This allows the fundus image to be
mapped into €l Clifford color space. This representation aims to capture more complex color and
spatial information than traditional RGB representation. The RGB components of each color vector
transformed into multivector elements are normalized to ensure data consistency and improve
subsequent processing steps. This preprocessing pipeline prepares the retinal fundus image for
further CA operation.

B. Impact of Rotational Operation on Clifford Color Space

CA framework operated on individual color vectors as multivectors, allowing the technique to
control color transformations precisely. A new function has been proposed based on the rotor
operator. This function serves as the core of the color manipulation process. Defining the
transformation requires a rotation angle and a subspace as input. The rotor is applied to each color
Grade — K vector, resulting in a multivector and encapsulating the rotated color data in a higher-
dimensional space. The desire Grade — 1 color vector is fetched from the multivector. Preserving
the required color features is essential while introducing the desired modifications. The modified
color Grade — k vectors are reinstated into the image, creating an alternative version of the original
retinal fundus image. The rotating angle and subspace have a pivotal role in these changes. This
approach provides flexibility in adjusting color and brightness characteristics while maintaining the
underlying retinal image structure. It is possible to optimize image quality by carefully selecting the
rotation angle and plane.

The rotor as function R, which accepts the angle of rotation rot, and rotational subspace rotp
is defined in Eq. (24). The rotational subspace is the axis that helps to rotate the whole Clifford color
space for the entire image.

R(rotg, rotp) = e P9/2 (24)

The rotor operator considers Grade — Kk vector as a plane. The function, as mentioned earlier,
defines the rotation operation of any Grade — k vector along any P plane with 6 angle. CA
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permits straightforward generalization to the rotation of 3D subspaces. A rotor can be applied
immediately to an arbitrary Grade — k vector X through the Eq. (25) mentioned in [4].
Xpot » RXRT (25)

The depiction of the input and outputs are carried out pictorially in Figures 10, 11, 12 & 13.
Human interpretable retinal fundus image figures will play a key role in perceptual observation. The
color layer in both input and output images helps to differentiate the before-after effect. However,
representing similar input-output cases (which may occur in a few) may require an RGB plot showing
multivector orientation in Clifford space and an RGB histogram version. The pattern or structure of
the Grade — Kk scatter plot facilitates the discrimination of the orientation changes. From the view of
the machine, the depiction of the plot is the best way of understanding the entire image for the color
element. Another representation technique is the histogram of RGB components, which checks the
argument prepared in the procedure. It also assists in making a correct and rational conclusion that
further improves the decision-making process for subsequent analysis.

Histogram for color scale picture
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Figure 10. (a) Inputted fundus image (b) RGB scatter plot (c) RGB color Histogram.
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Figure 11. Rotored retinal fundus image in different plane & rotating angle.
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Figure 12. Rotored image RGB scatter plot in different planes and rotation.
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Figure 13. Rotored image color histogram in different planes and rotation.
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C. Post Rotation Effects in Image Representation

nmm
2’3’4
bivector planes (rotp) - €13, €33, €13 , to realize the multivector color orientation in Clifford’s color

Initially, three types of rotational angle (roty) — is considered along with three different

space. The changes after applying the rotor function are depicted in Figures 11, 12 & 13 below.

The pseudoscalar plane (e;,3) generally represents the whole 3D space of RGB component
vectors. It is defined as a volume rather than a plane due to its highest grade as a vector in a
multivector. Any vector is expected to rotate in a volume, interpreting the rotation of the whole space
or volume. That doesn’t help to create any rotational movement of the individual vector with respect
to the space. The main schema of the rotation of vectors with the help of the rotor operator is the
alteration of colors in the retinal fundus image. It is observed that no such minor changes occurred
in the color representation of the fundus images. The rotation on pseudoscalar eq,3 is actually the
rotation of the whole Clifford space. This is the highest dimension of the space carrying all Grade —
k vectors except itself. This establishes the claim of rotation of the color space or volume for
3D space. Hence, no changes had been observed for any rotational angle under these circumstances.
The rotor function mentioned above has no impact on this pseudoscalar axis.

D. Analysis of Image Representation

This study focuses on a specific rotation angle, g, for color analysis in retinal images.

Ophthalmologists found that this angle significantly impacts color vector transformations, leading to
a more uniform color distribution across the image. In contrast, other rotation angles caused color

. . . . . . . . . T
variations, particularly in brighter image regions. The study emphasizes the importance of angle. >
, in redirecting all original image colors towards specific color channels for different bivector axes,
suggesting its potential for enhancing image contrast and color representation.

Figure 14 illustrates the transformation of the retinal fundus images in three suggested planes
with respect to 3D Clifford color space. The components are treated as unit vectors in the space. The
vectors eq,e;,e3 are Red, Green, and Blue components, respectively. The input fundus image is
transformed into the corresponding Magenta channel image when each color vector is rotated at e;,
- plane for g Similarly, a Yellow mix green channel image is generated for g rotation at e,3 - plane.

In the third development, a Cyan-based image is formed for g rotation at e;3 - plane.

Figure 14. Ophthalmologist interpretable figure for 90° rotation.

The above points apply to combinations of dominant color channels. There will always be a color
modification or distortion probability if the other rotating angles are monitored on the color vectors.
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Often, the RFI gets skewed when working with a rotation of 45° or 60°. The proper rotational angle
provides the correct phase toward preprocessing, such as enhancement and denoising.
While considering the color multivector orientation, a scatter plot is an excellent tool for

comparing pairs of values to see if they are related. Researchers frequently use scatter plots. It is
deducing the magnitude of the vector components for a color in the 3D Clifford space. The color
Grade — Kk vector at the plot determines the pixel’s color. The plot describes the orientation of the
color component in the retinal fundus image. It also helps to simplify the changes made after the
rotation compared to the original one. The distribution of the colors in the space also helps to make
learnability for the segmentation. Figure 15 depicts that the orientation of the color vector in the plot

differs in every case of perpendicular rotation over three planes in the space.

Figure 15. Plot-wise comparison for 90° rotation.

A color histogram is a statistical representation of the distribution of colors within an image. It
essentially counts the occurrence of each color value, displaying the results as a bar graph where the
height of each bar corresponds to the frequency of that color. Unlike traditional bar graphs, the bars
in a color histogram are adjacent, visually representing the color distribution’s continuity. This
visualization often reveals patterns resembling a normal distribution, indicating how colors are
clustered and distributed throughout the image. This representation helps to realize the changeability
of color features in the retinal fundus image. After rotation in ey, - plane, the red-green channel is
swapped, forming a Magenta channel image. Green - Blue channel is swapped after rotation in e,3
plane. It is represented as a yellow-green channel of the image. e;3 - plane helps to represent the
Cyan channeled image after the rotation and swapping of Red - Blue. Figure 16 below concludes the
three scenarios discussed below.
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Histogram for color scale picture
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Figure 16. Histogram-wise comparison for 90° rotation.

E. Observations on Image Representation

Extensive mathematical and experimental analysis has been conducted to investigate the impact
of different rotation angles and axes on Clifford’s color space representation of retinal fundus images.
The results indicate that specific rotation angles can enhance image quality by optimizing color
distribution. However, the optimal angle may vary depending on the specific image characteristics.
Further research is needed to establish a robust methodology for determining the optimal rotation
parameters for different image types and clinical applications.

1. After g rotation, the retinal fundus image is transformed into a Cyan - Magenta - Yellow color

model from the human preceptor’s view.
2. The histogram bins are swapped after g rotation on each plane. The Red - Green & Blue axes

are exchanged while considering the bivector pairs.

3. Therotation on trivector or pseudoscalar doesn’t make any impact as the whole space is spanned
into 3D space.

4. The rotation at g and E are impacting all the representations, and color multivectors are not

uniformly distributed. It is observed that the brightness property of the image is affected by
different color expressions.

5. The selection of an accurate rotating axis and rotating angle may properly impact the image
enhancement technique for subsequent retinal analysis.

The experiment is done on a novel color representation model tailored explicitly for retinal
fundus images. By leveraging CA and the concept of color vector rotation, the method aims to
improve image quality through effective color enhancement. The proposed model builds upon the
existing HSI color space by incorporating angular information from the CA framework. This allows
for detailed color manipulation and optimization, addressing the limitations of traditional color
enhancement techniques. By treating color as a Grade — k vector in a hexagonal plane defined by
RGB and CMY color models, the method offers a flexible approach to image enhancement.
The roty, rotp do not generalize a color image. These two factors categorically influence different
applied areas of images for the betterment of image preprocessing.

6. Image Enhancement Using Clifford Color Rotor Mechanism

Color retinal images are the most frequent imaging data for screening and diagnosing eye
illnesses, and they are often taken with fundus cameras. Exposure discomfort, machine parameter
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setting problems, poor operations, and diverse medical staff experiences contribute to image
acquisition. The present retinal image database contains several low-quality retinal images. Retinal
image enhancement can improve the quality of retinal images, but it is necessary to process images
representing color models and accurate mathematical idioms. The enhancement methodology is
deployed to increase the quality of retinal images in ophthalmology clinics for consequent image
processing steps and exact clinical diagnosis.

The proposed Clifford color rotor technique for retinal fundus image enhancement comprises
six steps, excluding the inputted and finally enhanced image step, as depicted in Figure 17. The initial
step of representation is discussed in the earlier section, which provides the foundation for this
approach.

The input image is initially transformed into a Clifford color space, a mathematical
representation that captures color and spatial information more comprehensively than traditional
RGB color models. A suitable rotation angle 1oty is determined for subsequent image manipulation.
This angle is crucial for optimizing the enhancement process. The image undergoes a bivector axis
rotation by the determined angle, roty. Several bivectors exist in Clifford’s space. The most suitable
plane for rotation rotp is desired to be identified both mathematically and experimentally. This
transformation aims to redistribute color information within the image. The rotated image is
decomposed into its luminance and chrominance components. Luminance represents the overall
brightness, while chrominance carries color information. The green channel of the luminance
component is extracted and enhanced to improve contrast and detail [41]. The enhanced green
channel is merged with the chrominance components, and the resulting image is reverse-rotated
using the original angle (@) to restore the original spatial orientation.

Inputted image represented in Clifford color space

v

Determination of rotating angle 8°

v

0° rotation of bivector axis in whole image

v

Splitting of luminance and chrominance component

v

Green channel extraction from enhanced luminance rotored RFI

v

CLAHE applied on the extracted channel

v

Merging of channel and 6° reverse rotation (reverse rotor)

v

Enhanced Retinal fundus image

Figure 17. Retinal fundus image enhancement steps.

The optimal rotation plane and angle for enhancing retinal fundus images are determined
through theoretical analysis and experimental evaluation. Discrete Entropy (DE), a measure of image
information content, is employed to assess the effectiveness of different rotation parameters in
restoring image details. By systematically varying the rotation plane and angle, the method seeks to
identify the transformation that maximizes information preservation while enhancing visual clarity.

A. Impact of Angle of Rotation and Rotational Axis
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The observations discussed in the earlier section about various degrees of rotation for multiple
planes ensure the multivector representation of the retinal fundus image. It is perceived that the rotor
function is responsible for the new color demonstration of the fundus and affects the image’s
intensity. An image’s intensity change always refers to the alteration of illumination. The rotating
angle plays a key role in increasing or decreasing intensity depending on the purpose or requirement.

. . . . . . 27 L
The following Figure 18 depicts the change of intensity for two different angles, == and 7 in the same

bivector axis.

(b) (0) (d)

Histogram for Intensity channel of RFI Histogram for Intensity channel of RFI

Histogram for Intensity channel of RFI

40000

60000
35000

40000

30000 50000

2000 25000 30000
20000
30000
20000 15000

20000

10000
10000 10000
5000 i
0 i o

0 5 1 50 0 50 100 150 200 250
0 50 100 150 200 250 g = 0 1 @ & ’

(®) () (8)

Figure 18. (a) Original RFI (b) Intensity image of original (c) Z?ﬂ rotored intensity (d) E rotored intensity (e)

2
Histogram of the original image (f) ?" rotored intensity histogram (g) E rotored intensity histogram.

B. Rotational Plane Generation

Based on the RGB color model with rotor operations, the Clifford color space shares similarities
with the HSI color model. Both models aim to represent colors human-intuitively, separating
intensity from color information. However, Clifford’s color space offers a more geometric
interpretation, utilizing CA for advanced color manipulations. While both models can be effective in
image processing, their choice depends on specific application requirements and computational
considerations.

In the observations stated earlier, it is said that Clifford’s color space with the rotor mechanism
is similar in that brightness is affected while the color multivectors are being rotated. Hence, if
angular rotation is similar to Hue in the HSI model, then the intensity axis may work as a rotational
plane. This plane is the gray-level axis spanned from scalar to pseudoscalar in Clifford color space
shown in Figure 6. Hue represents the color itself, measured in degrees from 0 to 2m degreesis Red,
2?" degrees is Green, and 4?" degrees is Blue. Cyan, Magenta, and Yellow are separated at 2?" degree
among each other. HSI is a hexagonal color model where the primary colors are separated at g
degree to each other. The rotor operator helps to rotate each color multivector maximum 2m degree

on the gray level axis. The primary colors, Red, Green, and Blue, are separated at 2?" degree. It is
expected a rotation about 2?" degree from Red at 0° degree in the anticlockwise direction will
generate a Green component. Similarly, Blue can be formed for another %ﬂ degree of rotation.

Clifford’s contribution is the bivector plane spanned between these color axes. The rotation of the
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various Grade - k color vectors with respect to this bivector plane for the above-said angle defines
the new color and changes in illumination.

Figure 19 shows two Grade - 1 vectors p and g forming a bivector p A q spanned between
the color axes, e, ey & ey,. The angle of rotation is Z?T[ degree, which means that the vector a = e, +
eg will be rotated to a’ = e, + ey, , as shown in the figure below.

Hence, the rotor function R is rewritten as,

R = cos g+ Isin g (26)

. . 2 .
Figure 19. Rotor operation of a vector for ?n degree rotation.

Similarly, the reverse of a rotor is R,

R1= cos 2 —Isin 2 (27)
2 2
Using Eq. (25), it is obtained,
Xyor % +1sin Y (e, + % _1sin 2 28
rot (cos 5 T Isin E)(er eg)(cos 5~ Isin E) (28)
According to Figure 19, a’ = X4, and I has the role of unit bivector plane u .
Hence,
a' = (cos §+ psin g)(er + eg)(cos g— psin g) (29)
1 V3 1 V3
= Gtuy)(et e))G+u)
a' = ;(1+puV3)(e, + ex)(1 - uv3) (30)

Following Figure 19, it is specified that p = e, — e, and q = e, — e;. Therefore, evaluating
the outer product, the bivector p A q spanned between the color axes e, e, & e, is,
PAQ= egz+ eg+ €y (31)

A unit bivector p as the rotating axis, which requires to rotate along 2?“ degree from a to a’ is
determined as,

_ ergt eght pr
= e (32)
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Mathematically, it is obtained that for every 2?“ degree rotation, the rotational axis is g shown

in Eq. (32). The Red, Green, and Blue colors are separated at the above-mentioned polar distance
according to Clifford color space plotting on the HSI color model.

Following Figure 18, the observation that increasing the rotation angle in the Clifford color space
leads to brighter retinal fundus images is consistent with the relationship between the rotation and
the intensity component. By rotating the color vectors within the grayscale bivector axis, the
technique effectively shifts the color distribution towards brighter regions of the color space, resulting
in an overall increase in image illumination. This highlights the impact of color space transformations
on image brightness and contrast. The general form of the multivector for gray value described in Eq.
(20) is rewritten as a bivector axis component.

G = ae.; + Begb + Yep (33)

For a = B = vy, the pixel is achromatic and is represented as a gray bivector axis. The Clifford
color space is rotating on a bivector axis, representing a gray component. It resembles the HSI color
model where the achromatic axis rotates 2m, its vector component, to generate luminance and
chrominance properties. Hence, with the change in angle of rotation with the rotation axis e,z +
egp + ey , which is a gray-level bivector that determines luminance and chrominance properties in
the Clifford color space.

C. Determination of Angle of Rotation

The experiment seeks to evaluate the impact of different rotation angles and axes on the
information content of retinal fundus images. By systematically varying these parameters, this study
aims to identify the optimal combination for achieving the desired level of image enhancement. The
focus on the grayscale bivector axis suggests that this particular axis is believed to be crucial for
effectively manipulating color and brightness within the Clifford color space.

Entropy is a valuable metric for assessing image quality. It quantifies the amount of information
or uncertainty present within an image. A higher entropy value generally indicates a more complex
and detailed image, as more bits are required to represent its content accurately.

In image processing, discrete entropy is used to evaluate the information content of digital
images. The complexity-details and quality can be assessed by measuring the entropy of an image. A
higher entropy value suggests a more diverse and informative image, while a lower entropy value
may indicate a simpler or noisier image.

The entropy is defined as,

E(D) = — Xi=1p(k) logz (p(K)) (34)

where I is the original image, p(k) is the probability of occurrence of the value k in the image I,
and L = 29 indicates the number of different gray levels.

The information of the retinal fundus image after rotation with seven different angles in eight
different subspaces is measured by entropy and depicted in Figure 20.
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Figure 20. Image information performance on various rotating angles and subspaces.

The graph likely illustrates the entropy values of retinal fundus images after applying rotation
operations at different angles with respect to other axes. The X-axis represents the different rotation
angles used. The Y - axis displays the entropy values calculated for each image after rotation. All
types of Grade - k vectors except Grade - 0 scalar components are considered here. Higher

entropy values indicate greater information content and potentially better image quality, which is
e12te23+ ez

V3
graph are highlighting %" degree rotation angles that enhance image detail or reduce noise. It is also

shown for the bivector axis with 4?" degree rotation in Figure 20 above. The peaks in the
experimented with pseudoscalar vectors (eg,) the image shows no change of information despite
various degrees of rotation, including 4?".
. . . . 4Am .

The comparison graph of discrete entropy suggests the angle of rotation is —- degree. While
analyzing the value of the angle, it establishes that RGB colors are separated at 2?“ polar distance. The
angle of rotation is considered 4?“ as the maximum span from Red to Blue according to Clifford color
space based on the HSI color model. These basic colors are distributed at a distance of angle. 2?" ,

which is half of the determined angle, best fitted according to the rotor function for double reflection.

Finally, the rotational axis is the bivector axis for optimal retinal fundus image enhancement.
€12+ez3+ €31

. . . 4m
73 of Clifford color space and rotating angle is —~ degree.

D. Rotation Along the Bivector Axis
The rotation axis in Eq. (32) helps to express the rotation vector as,

1 eqz+ez3+e31

R = cos@ + 7 usind = cos + 73 sin@ (35)
The reverse of the rotation vector is,
R = — 1L ysing = _ ewztextes
R = cos6 ﬁusme = cosf 7a sinf (36)

The rotation of a color element X is expressed in Eq. (12) is rewritten, where X = re; + ge; +
be;. The rotation obtained,
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ejztezz+es;

V3

ejztezzt+es;

RXR = (cos@ + 73

sin@)X(cosO — sin@) (37)

The above equation Eq. (37) is derived into three segments expressed below,

RXR = cos20(re; + ge, + bes) + gsinzeelﬁej#(r +g+b)+ ‘%sinze[(b —geys +

(r—b)es; + (g —reql (38)

The first term cos20(re; + ge, + bes) is the Clifford color space component, second-term

e”ﬂj# (r + g +b) is the intensity component, and the final term %sinze[(b —g)eys +

(r —b)ez; + (g — r)e;,] is the vector’s color difference or chromaticity (hue and saturation). Eq. (38)

2,
gsmze

demonstrates the general form of rotation using a gray-level bivector as the rotation axis. It also
suggests that the rotation angle 8 is a crucial parameter in the proposed retinal image enhancement
method. The choice of rotation angle significantly impacts the resulting image quality and the degree
of color and brightness adjustments. It is possible to optimize image enhancement for specific tasks
and desired outcomes by carefully selecting the appropriate rotation angle. Figure21 illustrates the
change in color after the rotation operation.

(a) (b)

Figure 21. (a) Inputted image in Clifford color space (b) Rotored image.

E. Splitting of Luminance and Chrominance Component

In the mathematical observation, for the angle of rotation 6 = %, the first component

cos20(re, + ge; + bes) of color is diminished to zero and Clifford color space is mapped directly
to HSI color space.

RXR = Ju(r+g+b)+ Z[(b—glers + (r—bes; + (g~ Dexy] (39)

The above equation Eq. (39) is reduced into two parts, where iu(r + g+ b) is luminance and
%[(b —gleyz + (r—Db)es; + (g —r)eqy] suggests the chrominance property of the color after
rotation. Hence, it is established that any change of chromaticity is the shift of hue for an angle greater
than E. The angle of rotation 6° = 4?" is considered and applied on each color pixel of the retinal
fundus image. The blue representation of the retinal fundus image is depicted in Figure 21(b),
suggesting the rotation’s correctness. The blue component is separated at a distance of 4?" degree in
the HSI model. The luminance component of the retinal fundus images increased after rotation along
the bivector axis. It suggests that this transformation effectively enhanced the overall brightness or
intensity of the images. This could be beneficial for improving the visibility of delicate details or
features within the retinal structures. Figure 22 demonstrates the changes made in the luminance and
chrominance components of the rotored image.
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(a) (b) (©

Figure 22. (a) Original intensity (b) Luminance component (c) Chrominance component.

F. Luminance Correction

The enhanced luminance component illuminated the whole image after rotation, and Contras
Limited Adaptive Histogram Equalization (CLAHE) was applied to the green channel component to
illuminate the whole image uniformly. It is a powerful image enhancement technique that can
significantly improve the visibility of details in retinal fundus images. The green channel is often
preferred for image enhancement due to its higher information content and reduced noise than the
red and blue channels [1]. The green channel is merged with red and blue components. Figure 23 (a)
depicts the uniformly illuminated rotored retinal fundus image.

(a) (b)

Figure 23. (a) Enhanced rotored retinal fundus image (b) Enhanced retinal fundus image.

In the final step, the rotored image is reversed back to its original colored description with
enhancement. The reverse rotation is expressed as the equation given below.

= 1. 1.
RXR = (cos6 — \/—Eusme)X(cose + \/—gusme) (40)
For, 6 = %, the reverse rotor equation is reduced to two terms, as regular rotation operation is
shown in Eq. (41).
1 1
gﬂ(r +g+b)— A [(b—g)e,s + (r—bles; + (g —r)eq,] (41)

The nature of luminance and chrominance is preserved for 6° (= 4?" ) rotation and the bivector

axis in the actual retinal fundus image result. Figure 23 (b) shows that the method proposed in this
literature successfully enhances retinal fundus images by combining Clifford color space
transformations and enhancement.

7. Experimental Results
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The proposed enhancement technique is implemented on the DRIVE [42] and MESSIDOR [43]
data sets. Table 1 specifies the datasets of retinal images employed for representation and

enhancement.
Table 1. Specification for DRIVE and MESSIDOR datasets.
Dataset Dataset Image Size Images
FOV Ground Truth
Name Size (pixels) Format
40
DRIVE images
45° 565 x 584 (both sets) TIFF Blood Vessels
(2004) (two
sets)
1200 Retinopathy Grading
Set(1): 1440 x 960
MESSIDOR | images and
45° Set(2): 2240 = 1488 TIFF
(2004) (three Macular Edema (Hard
Set(3): 2304 x 1536
sets) Exudates)

Figures 24 & 25 compare the original input image in Clifford color space, rotored image,
enhanced rotored image, and final enhanced image, along with a comparison between the intensity
of the input image and the rotored intensity image, respectively.
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Figure 24. (a), (e), (i) Input image in Clifford color space (b), (f), (j) Rotored image (c), (g), (k) Enhanced rotored
image (d), (h), (I) Final enhanced image.

(e) ()

Figure 25. (a), (c), (e) Input image intensity (b), (d), (f) Rotored image intensity.

8. Performance Evaluation

The program code for the proposed method was developed in Python 3 Google’s compute
engine backend, which has 16 GB RAM and 500 GB disk with Intel(R) Xeon(R) CPU at 2.20GHz (two
virtual CPUs). Table 2 tabulates the performance comparison of retinal image enhancement
techniques in the DRIVE and MESSIDOR datasets. The performance of the existing techniques with
the proposed methodology is evaluated on the datasets mentioned above in terms of the following
metrics - Peak-to-signal noise ratio (PSNR) and Discrete Entropy (DE). The similarity of the original
input image and enhanced images’ similarity is evaluated using the Structural Similarity Index
measure (SSIM). Peak Signal-to-Noise Ratio (PSNR) measures image quality based on pixel-wise
differences between the original and enhanced images. Higher PSNR values indicate better image
quality with less noise. Discrete entropy (DE) is discussed earlier in this paper when determining the
rotating angle and axis. It is also used as a metric for quantifying information content or randomness
in an enhanced retinal fundus image. Higher DE values suggest a more complex and detailed image.
The SSIM is a perceptual metric that considers factors like luminance, contrast, and structure.

The considered metrics are calculated using Eqs. (42) — (44) for Clifford color space-based image
representation and enhancement. PSNR is a logarithmic transformation of the reciprocal of the Mean
Square Error (MSE) metric. A lower MSE (indicating a more minor difference between the images)
leads to a higher PSNR, suggesting better image quality. MSE is a commonly used metric to quantify
the difference between two images. It calculates the average squared difference between
corresponding pixels in the original and resulting images.

1 om-1vn-1ry(s i -

MSE = —¥i! B [Y(L ) — X, ]2 (42)
where X and Y represent enhanced and input images, respectively; m and n represent the number
of rows and columns in the images.

PSNR is considered in this literature as it provides a more intuitive and interpretable measure
of image quality than MSE and is expressed in decibels (dB).

2
PSNR = 101log, (M“—SE) (43)

where R represents the maximum fluctuation present in the inputted retinal fundus image.
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SSIM(x,y) = 1(x,y) * c(x,y) * s(x,y) (44)

where 1(x,y), c(x,y), s(x,y) represents luminance, contrast, and structure comparison between
input (x) and enhanced (y) images.

Discrete Entropy (DE) is defined in Eq. (34) as E(I), where I is the inputted image.

The performance of the proposed enhancement technique is evaluated using performance
measures such as PSNR, DE, and SSIM. The proposed methodology achieved 29.83 dB and 7.13 while
measuring the PSNR and DE metrics. The proposed image enhancement technique demonstrates
superior performance compared to existing methods in terms of PSNR and DE, indicating improved
image quality and information preservation.

However, it falls slightly behind in SSIM, suggesting potential limitations in preserving
structural similarity compared to the existing quantile-based techniques (for q =5) proposed by Gupta
et al. [3]. Overall, the method is valuable for retinal image representation and enhancement.

Table 2. Comparison of enhancement performance with existing literature for MESSIDOR and DRIVE

datasets.
Methods PSNR SSIM DE
Zhou et al. [8] 23.11 0.58 5.67
Gupta et al. [3] (for g=3) 27.67 0.66 5.68
Gupta et al. [3] (for g=5) 28.40 0.69 5.66
Priyadarshini et al. [1] 27.79 0.63 7.07
Proposed method 29.83 0.68 7.13

The following chart depicted in Figure 26 exhibits the performance of this research with recent
literature only for the DRIVE dataset. The results show that the proposed enhancement technique
outperforms the three considered methods by achieving higher PSNR & DE values.

35

2933 29.83
30

25 24.42 23.78

20

5.63 571 46 7.13

5 . .
0
PSNR DE

B Mohammed et al. [15] = Navdeep et al. [41] = Qureshi et al. [9] = Proposed method

Figure 26. PSNR and Entropy measure comparison of DRIVE dataset.

9. Conclusion
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Retinal image enhancement is an essential step under the preprocessing stage to view the retinal
anomalies better and identify the type of disease a patient suffers. This research work is divided into
two parts - image representation and enhancement. The representation of the fundus image is made
in a Clifford color space. It is a unique 3D color space based on the RGB color model. This color
space stores each color in the form of an individual multivector. The multivectors are the geometric
entities of CA. They hold the color information and also preserve the luminance feature. The rotation
operation is applied to these color multivectors to correct the illumination of the fundus images. The
deviations occurred in the image’s brightness and color data. The rotating angle and the rotational
axis are decisive parameters for the accurate enhanced image. The gray level axis is considered the
rotational plane where all the multivectors are being rotated at a certain angle for the color and
brightness correction in the images. The choice of the rotational angle plays a significant role where
the brightness or contrast properties may face impact like over-illuminated or under-illuminated. The
angle 4?" and grayscale bivector as the rotational axis is determined mathematically and

experimentally using discrete entropy (DE). The green channel is extracted from the rotored
luminance component. The CLAHE technique is applied to enhance the selected channel. Finally, the
channel is merged back to the other two color channels. The enhanced rotored fundus images are
reversely rotated to the original color representation and uniformly illuminated.

The proposed image enhancement technique’s effectiveness is evaluated using standard metrics:
peak signal-to-noise ratio (PSNR), discrete entropy (DE), and structural similarity index measure
(SSIM). These metrics are applied to the MESSIDOR and DRIVE datasets. The results demonstrate
that the proposed approach significantly outperforms existing methods by achieving higher PSNR
and DE values, indicating improved image quality and information preservation. The proposed
method for enhancing images is particularly effective for retinal landmark and lesion detection,
which involves analyzing fundus images in terms of physical and mechanical properties.
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