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Abstract

Pure states of two-qubit quantum systems are described by a four-dimensional vector of complex
numbers, and unitary operators transferring a two-qubit quantum system from one state to another
have the form of a4 x 4 matrix with complex elements. This fact brings to mind the idea of studying
the spaces of four-dimensional numbers with complex components. Moreover, the results obtained
by the authors for four-dimensional numbers with real components inspire some optimism. In this
paper we construct four-dimensional spaces of complex numbers by analogy with four-dimensional
spaces of real numbers. Each four-dimensional number is mapped to a matrix formed from its
components and it is proved that the constructed mapping is a bijection and a homomorphism. In
the space of four-dimensional numbers, of the eight basis elements, half are real and half are
imaginary. The presence of such symmetry distinguish these spaces from the space of quaternions,
in which one basis element is real and the rest are imaginary. The symmetry of the basis numbers
makes these spaces a natural generalization of one-dimensional and two-dimensional (complex)
algebra. The conditions under which the corresponding matrices are gates for two-qubit quantum
systems are defined. The notion of unitary state of a two-qubit quantum system is introduced, to
which various gates from commutative groups of gates correspond. It is shown that any gate of a
unitary state transforms a unitary state into a unitary state and a non-unitary state into a non-unitary
state. Almost all gates used in the construction of quantum circuits, in particular H, SWAP, CX, CY,
CZ, have the same properties. The problem of searching for a gate that transfers a quantum system
from one unitary state to another unitary state has been solved. Thus, with the help of four-
dimensional spaces of complex numbers it was possible to construct whole classes of two-qubit gates,
which opens new possibilities for the construction of quantum algorithms. The results obtained have
important theoretical and practical implications for quantum computing.

Keywords: four-dimensional mathematics; four-dimensional numbers; four-dimensional complex
numbers; two-qubit quantum systems; quantum states; two-qubit gates; quantum computing;
abstract algebra

1. Introduction

The pure states of two-qubit quantum systems are described by a four-dimensional vector of
complex numbers, and the unitary operators that transfer a two-qubit quantum system from one state
to another have the form of a 4 X 4 matrix with complex elements. This fact brings to mind the idea
of studying the spaces of four-dimensional numbers with complex components. Moreover, the
results, obtained by the authors for four-dimensional numbers with real components [1], inspire some
optimism.
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In this paper quantum states of two-qubit quantum systems and corresponding gates, which
transfer a two-qubit quantum system from one state to another, are considered. In this paper the
theory of anisotropic spaces of four-dimensional numbers with complex components is developed to
describe the states of two-qubit quantum systems, and the theory of matrix spaces for four-
dimensional numbers is developed to describe two-qubit gates. 64 commutative groups of gates for
two-qubit quantum systems are obtained and their explicit descriptions are given. The notion of
unitary state of a two-qubit quantum system is introduced, to which different gates from
commutative groups of gates correspond. It is shown that any gate of a unitary state transforms a
unitary state into a unitary state and a non-unitary state into a non-unitary state. Almost all gates
used in the construction of quantum circuits, in particular H, SWAP, CX, CY, CZ, have the same
properties. We give an algorithm for transferring a two-qubit quantum system from one unitary state
to another unitary state in one step.

A two-qubit quantum system consists of two qubits and has four basis states in the form of the
following ket vectors:

[00) = (1,0,0,0)", 101) = (0,1,0,0)7, |10) = (0,0,1,0)7, |11) = (0,0,0,1)7,
where the index T stands for the transpose sign. Then an arbitrary state of the two-qubit quantum
system can be written in the form [2,3]
lp) = x,100) + x2|01) + x3]10) + x,]11),
where x;, = BEx;, + iBBx, = x;° + ix,i(m €l k=1234, are complex numbers satisfying the
condition Yji_;|x|* = 1. In other notations the arbitrary state of a two-qubit quantum system can be
represented as

1 0 0 0
lp) = x, 8 + X (1) + X3 (1) + Xy 8 ,
0 0 0 1

that is, any state of the two-qubit quantum system is uniquely determined by complex amplitudes
X1, X2, X3, X4. Thus, an arbitrary state of a two-qubit quantum system is a four-dimensional number
with complex components. In this paper we consider only pure states of two-qubit quantum systems.

A two-qubit quantum system is a minimal system in which such quantum mechanical effects as
entanglement, separability, coherence, quantum teleportation, etc. begin to appear. Modern studies
of two-qubit quantum systems are devoted precisely to the study of these quantum effects [4-9]. One
of the important aspects is the visualization of two-qubit quantum systems on Bloch spheres [10,11].
Let us note the book by Nikitin et al [12], in which the axiomatics of quantum mechanics is stated.
Works devoted to the development of new classes of gates for two-qubit quantum systems are
practically absent. It is not surprising, as for this purpose it is necessary to develop a new
mathematical apparatus, which was the apparatus of multidimensional mathematics, the
foundations of which were laid by the famous Kazakh mathematician Abenov M.M. [13,14].

In the recent work of the authors [1] the anisotropic spaces of four-dimensional numbers with
real components and corresponding to them spaces of matrices of size 4 X 4, the elements of which
are formed from the coordinates of four-dimensional numbers are considered. All spaces of four-
dimensional numbers with associative and commutative addition and multiplication are obtained.
Such spaces turned out to be eight, and in six spaces the spectral norm is defined, i.e. these spaces are
normalized spaces. A natural generalization of these results is the study of anisotropic four-
dimensional spaces with complex components with associative and commutative multiplication and
the corresponding matrix spaces. The interest in this generalization is also supported by the fact that
the states of a two-qubit quantum system are described by a vector of four complex numbers, and
the gates for two-qubit quantum systems are a 4 X 4 matrix with complex elements.

The paper has the following structure. Section 2 constructs spaces of four-dimensional numbers
with complex components in general form. The operations of addition, subtraction, multiplication
and division are introduced, the operations of addition and multiplication being associative and
commutative In Section 3, the basis spaces of four-dimensional numbers with associative and
commutative multiplication are distinguished. In Section 4, we construct matrix spaces
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corresponding to the spaces of four-dimensional numbers and construct bijective mappings between
these spaces, which are homomorphisms by addition and multiplication. In Section 5 we define the
conditions under which the constructed matrices are gates of two-qubit quantum systems. Section 6
introduces the concept of a unitary state of a two-qubit quantum system and studies its properties.
Section 7 discusses further development prospects of the proposed theory. The last section provides
a proof of Lemma 1.

2. Spaces of Four-Dimensional Numbers with Complex Components

We will write any complex number x in the form x = x"® + x™i, where x"® and x'™ are the
real and imaginary parts of the complex number x, i? = —1. Non-standard notation for the real and
imaginary parts of a complex number is adopted to avoid cumbersome expressions, to save space.

Let us denote by X = (x1,x3,%3,%,), Y = (¥1,¥2 ¥3,¥s) four-dimensional numbers with
complex components. Then the sum X+Y of four-dimensional numbers X and Y is called a four-
dimensional number

X+Y = +y1,% + Y2, X3+ Y3, X4 + ya).

The introduced addition operation is, as is easy to see, an associative and commutative
operation. The difference of two four-dimensional numbers X and Y is called a four-dimensional
number

X =Y = (%1 = Y1, X2 = Y2, X3 = Y3, X4 — Ya).

Now we will define the general form of multiplication, which will be an associative and
commutative operation.

Associative and commutative multiplication of four-dimensional numbers with real
components was first introduced in the work of M. Abenov [13] for one of the four-dimensional
spaces. Further, the general form of associative and commutative multiplication of four-dimensional
numbers with real components is described in [1,14]. Particular spaces of four-dimensional numbers
with real components are studied in [15,16]. Associative and commutative multiplication of four-
dimensional numbers with complex components is considered for the first time.

Our further goal is to define a multiplication operation of four-dimensional numbers with
complex components which will be associative and commutative. To this end, for given four-
dimensional numbers with complex components X and Y, we write the general definition of the

multiplication Z = XY as
Z; = A11X1Y1 + Q12X + A13X3Y3 + A14X4Y,
Zy = A1X2Y1 T A2X1Y2 + A23X4Y3 + A24X3Y4
Z3 = A31X3Y1 T A32X4Y2 + A33X1Y3 + A34 XY
Zy = Aq1X4Y1 T Ag2X3Y2 + Ay3X2Y3 + Age X1V
Where z, = z;° + Z};mi € B,k =1,2,3,4 and the complex elements a;; = ai; + a,i(’{‘i, k,l=1,23,4 of
the matrix A = (ay)%,;-; must be defined so that the multiplication (1) becomes associative and

)

commutative. The associativity and commutativity conditions impose certain restrictions on the
elements of the matrix A.

Lemma 1. The multiplication operation defined in (1) is associative and commutative if and only if

A11 = Qz1 = Ay = 431 = Q33 = Q41 = Ayq = Q, (2)
A3 = A4 =P, Q32 = Q34 =Y, Qgp = Ay3 =0, 3)
_vé _ B8 _ By
Az =75 i3 =7 Qe = 75 4

a

where a=a; +ayi, f=p1+Fi, y=VY1+V2i, 6 =08, + 6,0 are arbitrary non-zero complex
numbers.

The proof of the lemma is given in Appendix 1.

According to this lemma, the general form of associative and commutative multiplication of
four-dimensional numbers with complex components has the form (35).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202510.0468.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 7 October 2025 d0i:10.20944/preprints202510.0468.v1

4 of 22

Let us call the number X" = (x]¢ + x{™i,0 + 0i,0 + 0i,0 + 0i) a quasi-real number. If x/™ =0,
then the quasi-real number is called a real number. Multiply an arbitrary four-dimensional number
Y = (1€ + yi™i, y3¢ + yimi, yi¢ + yi™i, yi¢ + yi™i) by a quasi-real number X7¢:

XY = (a; + ayi)(x7® + xI™i)Y.

Let us take a real number (-1,0,0,0,0) as X™. Then (—1,0,0,0)Y = —(a; + a,i)Y. For consistency
of addition and multiplication operations, we must require X —Y = X 4+ (—1,0,0,0)Y, whence it
follows that a; + a,i =1+ 0i, or a; = 1,a, = 0. Thus, according to formula (35), the final form of
associative and commutative multiplication of four-dimensional numbers with complex components
is written as Z = (ere + zI™i, 75 + zi™i, z5€ + ZEMi, Z0¢ + Zimi) = (24, 2,,23,24) = XY, where

2y = Xx1y1 +¥0x,y, + BOx3ys + fYxsy,
Z =X + X1 Y2 + BXuys + fxsy, )
Z3 = X3Y1 T VXaY2 + X1Y3 +VX2Ya
Zy = X4Y1 + 83y, + 8x5)3 + X1,

As can be seen from the course of our reasoning other associative and commutative products of
four-dimensional numbers with complex components do not exist. Thus, each point
(By, B2, Y1, Y2, 61, 82) € R® of the six-dimensional space defines a particular multiplication that has the
property of associativity and commutativity, as well as being consistent with the operation of
addition. The obtained definition of multiplication (5) is exactly the same as the definition of
multiplication of four-dimensional numbers with real components obtained in [1,5].

The following eight numbers are called basis numbers: J{ = (1,0,0,0), J = (i,0,0,0), J3 =
(0,1,0,0), J2 = (0,i,0,0), J} = (0,0,1,0), JZ = (0,0,i,0), J} = (0,0,0,1), JZ = (0,0,0,i). Then any four-
dimensional number with complex components can be represented as an expansion over the basis
numbers

X =)} +x{™JF + x5 + x3"F + 1305 + x5 + x0T + 152 (6)

Let us construct the table of multiplication of basis numbers (Table 1).

Table 1. Multiplications of basis numbers.

Ji J3 I 3 J3 J3 Ji J3
i I I3 )E; J3 Ji J3 i Jz
f I3 -J1 I3 —J; J3 —J3 i —Ji
2 I J3 Ik Ik 8J4 8J3 I3 E
7 E -J; y8J3 ~ySJt )3 —6J; VI3 ~vi
3 13 J3 8J; A Bt BéJ? BJ3 BJ3
3 J3 —J3 A —8/1 BSJ? —BéJ1 BJ3 —BJ;
i i Iz I3 I3 Bl; BJ3 ByIt ByJ?
i i —Ji VI3 —vJ3 BJ3 —Bl3 ByJt —Byli

Let x = (x4, %5, x3,%,) be a four-dimensional number with complex components. Consider
together with it the following numbers:

k ,
x® = (x4, X2, —X3, —x4) = Z$=1(—1)[5](x1§e];% + xi" 1%),

x® = (ry, =%z, X3, =%4) = Tkt GO (T + 7,

x® = (X1, =X, —X3,%4) = Z§=1(_1)[§](xl:e]; + x}i{m 1%),

where square brackets mean the integer part of the number. Let's calculate the product of x - x(® -
x3) . @

xx® = (x2 + y6x2 — B6x2 — ByxZ, 2x,x, — 2Bx3x,, 0, 0) ,

x-x@ - x® = (xF — ySx,x3 — BSx,x2 — Byx,xF + 2BYSx,x3%4, XPxXy — VOX3 + BEX,XE + Lyx,xE —
2P%,x3%4, X2X3 + y6x2x5 — BOX3 + Byxsxi — 2Yx1XX4, 28X1X,%3 — BExZxs — X2x, — yOx2x, +

Byx3),

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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x - x@ x® - x® = (xf +y26%x5 + 28%x5 + By xd — 2ySxPx? — 2B6xZx; — 2Py xixi —
20y82%x2x2 — 2Py 6xix? — 2B%ySxix: + 8BySx x,x3%,4, 0, 0, 0).

Thus, x-x@ -x® - x® is a quasi-real number.
Definition. The number x* = x® - x® . x® is called the conjugate number to the number x.

Then x-x* = A™(X)Ji + A™(X)j? ,

where
AX) = xt +v26%x] + B?6%x% + BPy2xf — 2y8x?x2 — 2B6x2x2 — 2Byxix? — 2By d%xix? —
2By26x2x? — 2B%ySx3x: + 8LYSx1XX3%, . @)

The real part of the number A consists of 352 summands, and the imaginary part consists of 348
summands, so we do not give them here. Let us call the modulus of the number A = A™ + A™| the
symplectic modulus of the number X = (xq, x;, x3,x4).

By direct calculation we find the conjugate number x* = (x7, x5, x3,x3) to the four-dimensional
number x = (X, X3, X3,X4)

x) = x;(xf —yOx — BEx5 — Pyxi) + 2BySx;xsxs,

x5 = x,(=xf +yOx — BSxF — Pyx) + 2Bx1x3%,4,
x5 = x3(=xf —y6x3 + BExF — Pyxi) + 2yx1 XX,
x5 = x,(—x2 —y6x% — B6x2 + Byx2) + 25x,x,%5.

Accordingly, the conjugate numbers to the basis numbers are of the form:

U =T =S = 8055 = oI U = o3 I3 = =B85 i = Byla )i = —Bvii.

Let the symplectic modulus of the four-dimensional number X = (x4, x,,x3,x,) be different
~1, called the inverse of x, such that x-x™ 1 =x"1-x = Ji.
Multiplying both parts of this equality by x* yields x™'-x-x*=x" or (4,00, O)x‘1 =x".

from zero. Then there is a single number x

Multiplying both parts of this equality by the number ( |2,0 0 0) then, given that ( |2,0 0 0)
(4,0,0,0) =J ,weget x P =x"- (IAIZ ,0,0 0) , where A is a conjugate number to A. That is
_ i i i i .
X = (|A|2x1'|A|2x2'|A|2x3' ) ®)
Then we define the operation of division of four-dimensional numbers as % =y-x7'= IA_IZ x*y,

if the symplectic modulus of a four-dimensional number x is different from zero.

Thus, we have defined the operations of addition, subtraction, multiplication and division of
four-dimensional numbers with complex components. Moreover, the number of multiplications is
infinitely many for each value of the triple (8,y,8) € B3. Next, let us construct basis spaces of four-
dimensional numbers in which the multiplication operation is defined concretely and all possible
multiplications can be obtained from these basis multiplications. In this way, we will construct some
number of basis spaces of four-dimensional numbers with specific addition and multiplication
operations that have the associativity and commutativity properties.

3. Basis Spaces of Four-Dimensional Numbers

We want to obtain some finite basis on which all possible products of the form (5) are
decomposed. For this purpose, similarly to the case of four-dimensional numbers with real
components, we simplify this definition by getting rid of arbitrary numbers S, £,,¥1,¥2, 81, 8,. Let us
make the following substitution of variables:

XTe + ximi = xI® + ximi
3¢+ 7 =\ (1 + 720 (8; + 8D (x3° + x™0)
X5e + 2 = \[(By + Boi) (87 + S,0) (xFe + ximi)
DA fiml = \/(31 + B D)y, + Vzl)(x + xzitmi)

€))

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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The inverse transformation has the form

re + xi™i = & + xmi

re 4 ylmi — xre ~Lm
T2 x/(Y1+Y2i)-(51+5zl( + )
re +ximi — 1 ( re L ¥ ~lm )
3 V(B1+B20)(81+821)
re 4 yimj — 1 re 4 5 ~tm
4 4 JB1+B2D (1 +v2D) (% i)

Let us take the product of z = x -y and go to the transformed space with a wave. Then

(y7e + yimi, y3e + yi™i, yie + yim, yi® + yimti) =

~re 'm- 1 sre | Sim; 1 sre | Sim;
(3“ " e U5 ) e U5 ). gt O + A l)>’

(2]® + zi™i, z° + zi™i, 25° + zi™, 23 + Z™M) =

75¢ +Z3 L)

sre 4 zim; , re m 7’ im- :
(Zl a Wm (22 + 27, s (B1+le)(51+5zl ( (B1+le)(h+yzl ( l))

Substituting this into formula (5) we have
1ot mi = (77 + 2 (57 + 5m0) + (B0 + B0 (50 + 74 +
+(x3¢ + 2 (75 + ”mz) + (x5¢ + xi™i) (95¢ + yim™i)
18+ 2 = (232 + &) (978 + i) + (&7C + 2™ (53¢ + yimi) +
e 370+ (5401 450
Z5mi = (R3¢ + 2" (F1° + yimi) + (x4 x5 l)()’z yimi) +
+(x1 X l)(i§e4—??“i)4-(x564-x§“i)(ire yi"i)
Z5e + 2" = (%5 + 7M) (91 + 3im) + (35 + 1) (55 + 547) +
L +(x8 + xdmi) (93¢ + yimi) + (x]€ + xim L)(y4 + yiml)
or passing to the original notations without the wave

Zy = X1 Y1 + X3z + X3Y3 + XaYa
Zy = X2Y1 T X1Y2 + X4Y3 + X3V (10)
Z3 = X3Y1 T XaY2 T X1Y3 + X2Ys
Zy = X4Y1 T X3Y2 + XYz + X1V
Equation (10) defines the canonical multiplication of four-dimensional numbers with complex

A

components.
The given substitution of variables (9) is not the only possible substitution. Since the square root
of a complex number has two roots we can define the following substitution of variables:
X7e + xMi = xJ + xi™i
%€+ 75 = = (r1 + v20) (6, + 6,0) (%3¢ + xJ™0)
T3¢+ 2 = By + Boi) (81 + 8,0) (%3¢ + x™i)
23+ 2= (B + By +v20) (x5 + xf™)

Carrying out similar transformations as in (10) we obtain another canonical form of

(1)

multiplication of four-dimensional numbers with complex components
Zy =X XY, H X3Y3 + XaYs
Zy = XY1 T X1Y2 — X4Y3 — X3V (12)
Z3 = X3Y1 — X4Y2 T X1Y3 — X2V4’
Zy = X4Y1 — X3Y2 — X2YV3 T X1V

Now we make the following substitution of variables
£ + T = xf° + 6™

~re + féml = \/(yl + yZi)(61 + Szi)(xre lmi)
x5+ féml = \/(.311 = B2)(6; + 521)(x émi) .
X+ ﬁml = \/(311 - B)(y1 + Yzl)(x imi)

Then the inverse transformation has the form

(13)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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x7¢ + ximi = X7 + ximi
X3¢ g = x/(Y1+Y2i§(51+5zi) (77 +2™0)
im - 1
x5+ 2= s (
im - 1
X X = s

Let us rewrite the product (5) in variables with waves %, %,, X3, ¥,. Substituting

XL+ %mi) -

x5 + ximi)

N 1 - 1 - 1 - _
Oy, y378) = (yl'\/(}’1+]/2i)(51+52i) yz'J(ﬁli—Bz)(61+62i) y3'J(Bli—Bz)(y1+y2i) }’4) ’ (21,7223, 24) =

~ 1 ~ 1 ~ 1 ~
(Zl’ T 120014620 22 JBri-B(61+5,0 -3 JBri-B)rtraD) 4
Zy = XYy + XY, — IX3Y3 — IX, Y,
72 = M1t e T aYs T e (14)
Z3 = X3V + XY + X V3 + XoYs
Zy = X4§1 + X3, + X3 + X1,
The above transformations suggest that the basis multiplications are the multiplications in which
the coefficients of B,y,d take the values [1,—1,i, —i]. There are only 64 such multiplications, which
are summarized in Table 2. Each cell in Table 2 contains a triple (a, b, c), where a is the value of 8 ,

) into (5) we obtain

b is the value of y, c is the value of §.

Table 2. All possible basis multiplications of four-dimensional numbers.

= =-n = =-n
y=1 (1,1,1) (1,1,-1) (1,1,0) (1,1, —0)
_ y=-1 (1-,1,1) (1,-1,-1) (1,-1,1) (1-1,-i)
y =i (1,i,1) (1,i,—1) (1,i,0) (1,i,—i)
=— (1,—i,1) (1,—i,—1) (1,—i,i) (1, —i,—i)
y= (-1,1,1) (-1,1,-1) (-1,1,0) (-1,1,—0)
_ y=-1 (-1,-1,1) (-1,-1,-1) (-1,—1,1) (=1,—1,—0)
y =i (-1,i,1) (-1,i,—1) (—=1,i,i) (—=1,i,—0)
y =—i (=1,—i,1) (-1,—i,—1) (-1, —i,i) (-1, —i,—0)
y= Gi,1,1) (i,1,-1) (i,1,0) G,1,—i)
. y=-1 G,-1,1) G,—1,—1) Gi,—1,0) (i, —1,—i)
h y=i (i,i,1) (i,i,—1) (i,i,0) (i,i,—0)
=i G,—i,1) (i, —i,—1) G, —i,0) (i, —i,—i)
y= (—i,1,1) (—i,1,-1) (=i, 1,0) (=i, 1,—0)
. y=-1 (—i,—1,1) (—i,—1,-1) (—i,—1,) (—i,—1,—0)
=0 y=i (—i,i,1) (—i,i,—1) (—i,i,0) (=i, i, —i)
y=—i (—i,—i,1) (—i,—i,—1) (=i, —i,i) (=i, —i, —i)

For each cell of this Table 2, substituting the corresponding values of f,y,§ into formula (5) we
obtain some basis multiplication of four-dimensional numbers with complex components. Let us
consider as an example the cells of the first row of the table for which f =y = 1. For cell (1,1,1) the
multiplication is defined by formula (10), for cell (1,1,—1) by formula

Z) = X1Y1 — X2Y2 — X3Y3 t+ X4V
Zy = XY1 T X1Y2 T X4Y3 X3V, (15)
Z3 = X3Y1 T X4Y2 + X1Y3 T X2Y4’
Zy = X4Y1 — X3YV2 — X2Y3 T X1V
for cell (1,1,i) the multiplication is defined by formula
Z1 = X Y1 T XY, + iX3y3 + X4,
Zy = XY1 T X1V + X4Y3 t X3V, (16)
Z3 = X3Y1 T X4Yy + X1Y3 + X2V’
Zy = X4Y1 F X3V, +iX2Y3 + X1V,
and for the cell (1,1, —i) the multiplication is defined by formula
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Zy = X1Y1 — XY — IX3Y3 + X4V
Zy = XY TX1Y2 + XaY3 + X3V (17
Z3 = X3Y1 T X4Y2 + X1 Y3+ X2Ys
Zy = XgY1 — X3y, — 1X2Y5 + X1)s

The definition of multiplication (12) corresponds to the cell (—1,—1,—1), and the definition (14)
corresponds to the cell (—i,1,1). The other definitions of base multiplications can be written out
similarly. Obviously, any other definition of multiplication can be reduced through a substitution of
variables analogous to (9), (11) or (13) to one of the basis multiplications. Thus, for four-dimensional
numbers with complex components, 64 different multiplications can be defined which are associative
and commutative, and consistent with the addition operation. As it is known [1] in the case of four-
dimensional numbers with real components, there are 8 different multiplication operations, for six of
which a pre-norm can be defined. These definitions correspond to the cells
(1,1,1),(1,1,-1), (1,-1,1),(1,—-1,-1),(-1,1,1),(-1,1,-1), (-1, -1,1), (-1,—1, —1) of Table 2.

Each basis multiplication defines some linear vector space of four-dimensional numbers with
complex components over the field of complex numbers. For further convenience, we introduce
notation for these spaces. The most natural notation for them, by analogy with the case with real
components, is M;, where j varies from 1 to 64. Thus we will number the spaces in Table 2 by rows,
and within rows by columns. The corresponding notations are given in Table 3. It may be more
convenient to use designations of the form M(B,y,d), where f,y,d takes the values [1,—1,i,—i],
especially for multidimensional numbers with the number of components more than four, for
example, for eight-dimensional, sixteen-dimensional, etc. With these notations, the space M, for
the case of four-dimensional numbers with real components [1] corresponds to the space M(—1,1,1)
, the space M; corresponds to the space M(1,—1,1), etc., the space M, corresponds to the space
M(1,—1,—1). These notations of spaces of four-dimensional numbers with complex components are
also given in Table 3. Each cell of Table 3 contains two designations of the corresponding basis space
of four-dimensional numbers with complex components.

Table 3. Denotations of basis spaces of four-dimensional numbers.

B =0 B=—0 B=0 B=-0
1 M, = M(1,1,1) M, =M(1,1,-1) M, = M(1L,1,0) M, = M(1,1,—0)
—1 M = M(1,-1,1) Mg =M(1,-1,-1) M, = M(1,-1,i) Mg =M(1,-1,-0)
i Mo = M(1,i,1) My = M(1,i,—1) My, = M(1,i,0) My, = M(1,i,—i)
—i Mys = M(1,—i,1) My, = M(1,—i,—1) Mys = M(1,—i, i) My = M(1,—i, —i)
1 My, = M(-1,1,1) Mg = M(—1,1,-1) Mg = M(=1,1,) My = M(=1,1,—0)
g L My, = M(—1,—1,1) My, = M(=1,—1,—-1) My, = M(—1,—1,0) My, = M(—1,—1,—0)
i My = M(—1,i,1) My = M(=1,i,—1) My, = M(=1,i,0) Myg = M(=1,i,—)
—i My = M(—1,—i,1) Mao = M(=1,—i,—1) Msy = M(=1,—i,1) M, = M(=1,—i,—i)
1 Mas = M(i,1,1) My = M(3i,1,-1) Mas = M(i,1,0) Mae = M(i,1,—0)
—1 Ms, = M(i,—1,1) Mag = M(i,—1,—1) Mao = M(i,—1,0) My = M(i,—1,—0)
i My = M@,i,1) M, = M(i,i,—1) My = M(i,i,0) My, = M(i,i,—i0)
—i My = M(i,—i,1) My = M(i,—i,—1) My, = M(i,—i,0) Mg = M(i, —i,—0)
1 My = M(—i,1,1) Mso = M(=i,1,—1) Mg, = M(=i,1,0) Mg, = M(—i,1,—0)
—1 Mss = M(—i,—1,1) Mg, = M(—i,—1,—1) Mgs = M(—i,—1,1) Mse = M(—i,—1,—0)

My, = M(—i,i,1)

Mg = M(—i,i,—1)

Msq = M(—i,i,1)

M60 = M(_l, i, _l)

M61 = M(_l, _i, 1)

M62 = M(_i, _i, _1)

M63 = M(_i, _i, i)

M64— = M(_l, _i, _i)

Thus, we obtained the basis spaces of four-dimensional numbers with complex components, in
which the associative and commutative operations of addition and multiplication are defined. In each
space, the multiplication table of basis numbers is easily written out by substituting into Table 1 the
corresponding values of (8,y, ). For example, for the space M(1,—i,—1) or My,, the multiplication
table of basis numbers is given in Table 4.
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Table 4. Multiplications of basis numbers in the space M.
Ji J? J3 J3 Ji J? Ji ?
J} -Ji J? —J} J3 —J} J? —Ji
J3 J? J} —Ji —Ji -J? —J? 3
J2 —J3 —Ji —J? —J? Ji Ji Z
Ji J? —Ji —J} —Ji —J? J3 Z
J? -J3 —J? h —J? 1 2 -J3
Ji J2 —J} 1 J3 2 —J? 1
J2 —Ji 13 J? J3 -J3 I z

The constructed basis spaces have a remarkable symmetry. Indeed, as can be seen from the
diagonal elements of Table 4, in the space M,,, of the eight basis numbers, four are real and four
numbers are imaginary. It is easy to realize that a similar property is possessed by the basis numbers
of any space M;, where j € [1,64]. The presence of such symmetry distinguish these spaces from the
space of quaternions, in which one basis element is real and the rest are imaginary. The symmetry of
the basis numbers makes these spaces a natural generalization of one-dimensional and two-

dimensional (complex) algebra.

4. Matrix Spaces for Four-Dimensional Numbers

Let us introduce the operator F:X — F(X), which maps a matrix X = (x;, %, x3,%,) € B* to
each four-dimensional number.
x1 Y6x; Péxs Pyx,

N X1 Bxs  Bx3
F&X) = X3 VX4 Xy ¥YxXz [ (18)
X, O3 6x, X1

Where § = f; + i,y = y;1 +¥2i,6 = 8; + 6,1 are the coefficients in the definition of multiplication
(5). All elements of the matrix F(X) are formed from the coordinates of the number X.

The mapping F:X — F(X) is one-to-one and on. Indeed, two different numbers x and y
correspond to different matrices and for any matrix of the above kind we can find the corresponding
four-dimensional number with complex components.

Theorem 1. The set of all matrices of the form (18) is closed with respect to the operations of addition,
subtraction and multiplication of matrices, as well as multiplication of a matrix by a scalar. The
inverse matrix to a nondegenerate matrix has the same form (18).

Proof. It is proved by direct inspection.

The multiplication of two four-dimensional numbers X = (xi,x;,x3,x,) and Y =
(V1,¥2,¥3,¥4) with complex components can be represented as XY = F(X) - Y, where the sign of
the multiplication in the left-hand side is understood in the sense of (5), and the sign of the
multiplication in the right-hand side is understood as the multiplication of a matrix by a vector. Thus,
we have defined an alternative definition of multiplication of four-dimensional numbers using matrix
(18).

Considering as (B,y,6) their possible values for the basis spaces of four-dimensional numbers
we obtain 64 different mappings F:X — F(X). Let us denote these mappings by Fj,j = 1,2, ...,64, or
F[B,v,8], where B,y and & take the values [1,—1,i,—i]. For example, for the space M(1,—i,—1) or
M,,, the mapping F is as follows:

x1 ixZ —X3 _ix4
X X X. X
F,(X) = z iy * 3 > (19)
X3 _lx4, x1 _le
Xg TX3 Xz 00X
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Similarly for four-dimensional number spaces with real components, the mapping F has unique
properties, as given in the following theorem.

Theorem 2. Every mapping F; (j = 1,2,...,64) for arbitrary four-dimensional numbers X,Y € B*
has the following properties:

) KX +Y)=FX) +F(Y);

2) Fj(cX) = cF;(X) forany c € 0;

3) F&Y) =F@F®Y);

4 KX =FX0;

5) det (Fj(X)) = A(X), where A(X) is defined in (7);
6) det (F,- X) + F(Y)) = A(X £ Y), where A(X+ Y) is defined in (7);

7) det (F,- (X)F]-(Y)) = A(XY), where A(XY) is defined in (7);
8) det (F}-_l(X )) = A(X™1), if the symplectic module of X is different from zero.
Proof. Let us prove the theorem for the space of numbers My,, for the other spaces it is proved

analogously. Properties 1) and 2) are obvious. Let us prove property 3). In the basis space M, the
multiplication operation has the form

zy = X117 XY — X33 — 1X4 Y,

Zy = XY1 T X1YV2 + X4Y3 + X3V,

Z3 = X3Y1 — XY + X1 Y3 — IX),

Zy = X4Y1 — X3Y2 — X2Y3 T X1Yy
in which (zy,z,,23,2,) = XY.

(20)

Xy Xy —X3 —ixg Yi W2 —YV3 —iYa
_| X2 X* X4 X3 Y2 W1 Ya Y3 _
P () = X3 —ixg X —ix Y3 —Wa Y~y =5
Xyp —X3 X X1 Yo —Y3 Y2 V1

where B is the resulting matrix. Let us calculate the elements of the matrix B.
b1y = x1y1 + %Y, — X33 — IXaVa = 24,

b1y = ix1y, + ix,y1 + iX3y, + iX4y3 = iz,

b3 = —x1y3 + iX2yy — X3y1 + x4y, = —23,

b1y = —ix1ys + X3 + X3y, — iXgy1 = —izy,

by = X2y1 + X1Y2 + XaY3 + X3Ys = 25,

byy = x5y, + X1 Y1 — IX4Ys — X33 = Zq,

bz = —X3Y3 + X1 Y4 + X4Y1 — X3Y2 = Z4,

byy = —iX2Ys + X1 Y3 — IX4Yp + X3Y1 = 23,

b3y = x3y1 — ix4Y, + X1Y3 — iXpYy = Z3,

by = ix3y, — X4y — IX1Yy + 1X2Y3 = —iZy,
bss = —x3y3 — ixsys + x1y1 + XY, = 24,

b3y = —ix3y, — ix,y3 — ix1Y, — iXpyy = —izy,
byy = X4Y1 — X3Y2 — X2Y3 + X1Y4 = 24,

by = x4y, — X3Y1 + XYy — X1 Y3 = —Z3,

by = —X4y3 — X3Y4 — X3Y1 — X1V = —Z3,
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byy = —iX4ys = X3y3 +iX,), + X1y1 = 23
Thus, the matrix B coincides with the matrix (19) in which x is replaced by z. Let us prove
property 4). By formula (8) X~ = ( - - 2 ) and by formula (7)

142 1'|A|2 2'|A|2 3'|A|Z

AX) = xt — x5 + x5 — xF — 2ix2x2 + 2x2x2 + 2ix2x2 + 2ix2x2 — 2x2x2 — 2ix2x2 + 8ix; X, X3X,,

2D
hence
x 1, = A(X) ——x;(x? —ix2 + x2 + ix%) +— 21x2x3x4,
X1, = A(X) X (=xf + ixd + xF +ixd) + — 2x1x3x4,
_ 1
x 1)3 m x3(— x1 lxz —x3 + lx4) - 2lx1x2x49
XN, = A(X) ——x,(—x —ixF + x% —ixZ) — A(X) —— 2% X, X3.

Then we have the matrix

( @, i, —(X —i(x-1)4\‘
| &Y Y XD X3
A= ey, S, o, e, |
XM, & —-(x™h, &Y /
Multiplying the matrices Fi,(X™ %) and F;,(X) by each other we obtain Fy,(X 1)F,(X) =E

where E is a unit matrix, which proves the required.
Let us prove property 5). Let us calculate the determinant of the matrix F;,(X).

X1 X4 X3 X2 Xy X3 X2 X X3
detFi,(X) = x, [—ixa  x1  —ixp| —ix, X3 X1 —ixp|—x5|%s —ixs —ixy|+
—X3 _xZ x1 X4_ _xz x1 x4_ _x3 x1
X2 X X4
ixg |Xs —ixa X1 | =x2(x? —ix? + x2 + ix2) + 2ix;X,03%, — ix2(x? — ix2 —x% —ix2) +
X4 _x3 —x2

20X XyX3%y — X5 (—x% — ix2 — x2 + ix3) + 2ix,x,%3%, + ix7(x? + ix2 — x2 + ix2) + 2ix,x,X3%, =
A(X), according to (21).

Property 6) follows automatically from properties 1) and 5). Property7 follows from properties
3) and 5), and property 8) follows from 4) and 5).

Thus, between the space of four-dimensional numbers with complex components and the space
of (4 X 4)-matrices of the form (18) there exist bijections F; (j = 1,2, ...,64), which preserve arithmetic
operations, that is, the existing bijections are homomorphisms by both addition and multiplication.
That is, we have constructed 64 matrix spaces, each of which is isomorphic and homomorphic to the
space of four-dimensional numbers with complex components. The elements of each matrix space
form an abelian group by multiplication and by addition. In [1] it is shown that to each four-
dimensional number with real components correspond 8 matrix spaces. To illustrate the results of
Theorems 1 and 2, we give the following example.

Example. Take two four-dimensional numbers X = (1,i,0 — 1) and Y = (—1,0,0,i) in the space
M;, = M(1,—i,—1). The product of these numbers, according to formula (5), is equal to Z = XY =
(=2,—1i,i,1 +i). The corresponding matrices F;4(X), Fi,(Y) and Fy,(Z), according to formula (19),
have the form respectively

1 -1 0 -1 0 01 -2 1 - 1-i
i 1 -1 0 0 -1 i 0 —-i =2 1+ i
o i 1 1p 0 1 -1 0/ i 1-1 -2 -1
-1 0 —-i 1 i 0 0 -1 1+i =i i -2

Hence it is easy to verify that Fy,(X)Fi,(Y) = F14(Z). The matrix inverse of F;,(Y) has the form
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100 1
_ +il 0 1 0
FiM=-Tlo 1 1 o

i 00 1

Comparing this matrix with the matrix (19) we notice that in the space M, it is the matrix of
the four-dimensional number ¥ = (— %, 0,0, %). Multiplying the numbers Y and Y by each other
we see that ¥ = Y~ Hence, Fj,}(Y) = F,(Y™Y) .

5. Commutative Gate Groups for Two-Qubit Quantum Systems

Quantum computation consists in successively applying unitary operators U to the quantum
state of a quantum system, which are called gates. The unitary operators or gates applied to a n-qubit
quantum system are represented as a matrix of size 2™ x 2". For example, unitary operators for a
two-qubit system take the form of a matrix of size 4 X 4:

xI¢ o xS+l xS+l Xl + x{p

x5+ odT xbS i x5S+ i x5S+ xS

x5 4ok b okl xfS ol x3E + x|
\xﬁ +xmi xS+ xS+ X xgs + xi’fi/

e2y)

Where x/f and xl‘]m are real and imaginary parts of the elements of the matrix U. It is known that

if the matrix (21) is a gate, then the Hermite conjugate matrix U* is also a gate, i.e. the matrix
re im; re im; re im: re im;
X11 — X131l X1 — X1l X31 — X3pl Xgg — Xaql
re im; re im: re im; re im:
Ut = X12 — X120l Xz — Xl X3z — X3l Xpp — Xpol (22)
re im; re im re im: re im;
X13 — X131 X3 — X33l X33 — X33zl Xg3 — Xu3l
re im: re im; re im; re im;
X14 — X141l Xpq — X4l X34 — X34l Xgg — Xgg'l
is a gate for a two-qubit quantum system. By definition U - U* = E, where E is a unit matrix of size 4 X 4.

The main two-qubit gates used in the construction of quantum circuits are the Hadamard gate
H, with unitary matrix

1 1 1 1
_1f1 -1 1 -1
H = 1 1 -1 -1/
1 -1 -1 1
SWAP gate with matrix
1 0 0 O
_[{0 0 1 0
SWAP = 010 0
0 0 0 1
CNOT or CX gate, with matrix
1 0 0 O
_[({0 1 0 O
X=1o 00 1)
0 0 1 0
as well as gates CY, CZ, with matrices
1 0 0 O 1 0 0 0
[0 1 0 0 [0 1 0 0
=10 00 i) ““=loo1 o
0 0 i O 0 0 0 -1

In practice, quantum circuits for quantum computations are built from existing gates. A
quantum circuit is a sequence of gates applied to one or more qubits in a quantum register. A
quantum register is a collection of qubits that we use for computation [8]. At the hardware level,
experimental physicists and engineers are working on optimizing the main gates. In addition, other
physicists and computer scientists are trying to create the most efficient high-level gates [17]. Our
goal is to create new groups of two-qubit gates. In the previous section, we constructed 64 abelian
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groups of matrices, with elements formed from the components of a four-dimensional number.
Under some additional conditions, the constructed matrices turn into unitary operators.
Let the four-dimensional number X = (x;,x, X3, %,) € B* be the quantum state |p) of a two-
qubit quantum circuit, i.e.
lp) = x1100) + x,|01) + x3]10) + x,|11). (23)
Then to each such state we can map 64 matrices F;(X),j = 1,2,...,64, of size 4 X 4 to each such
state:

x[€ +xi™i y;6(x5e + i) Bio; (3 + xi™0) By (xke 4 xi™i)

Fi(X) = x3€ + ximi x7€ + ximi B (x4 + xi™i)  Bi(xke + xi™i) 24
J x3¢ + xi"i yj(xze + x0) x1¢ + xi™i y]-(x;e + x3™0) ’
X3¢ + ximi 0 (x3° + ximi) 0j(x3° + M) x4 ximi

where B},y;,6; takes one of the values of {+1,—1,+i,—i} depending on the value of j according to
Table 3. Note that since X = (xy, x,, x3,%,) € B* is a state of a two-qubit quantum system, it is true
that

Shalyl” = 2ha () + (™)) = 1 (25)

Theorem 3. Let X = (x1,,,%3,%,) € B* be the state of the two-qubit quantum system and F;(X) be
the matrix (24) corresponding to X, for some j. Let the elements of the matrix F;(X) satisfy the
conditions:

p1(X) = x1%; + y8x1x; + 8x3%, + ¥ Xzx, =0
p2(X) = x5 + 6x,%4 + BEX1x3 + BXyx, = 0, (26)
p3(X) = %, + yx,X3 + fXox3 + PyXix, =0

Where X, means complex conjugate to x;. Then the matrix F;(X) is a two-qubit gate.
Proof. Consider the Hermite conjugate matrix F;'(X) to the matrix F;(X)

im

im; X3¢ — xi

i x3¢ — x4
7,6,0° —x3"0) X —xM y(® = w8 — xd™)

B8Ot = xim) Bt —xm) gt —xdm 80 — Xm0

Bivi(xs® = xi™)  Bi(x3® — x3™1)  y; (0 — M) X1 —xq™

Multiply the matrices Fj'(X) and F;(X) by each other:

x1¢ — x™i x3¢ — x5™ i

Ff(X) =

Po  P1 P2 P3
78p1 b0 VPs Sp:
Bép. Bps po 6p,
Bvps Bp, 7Pz  Po

F(OF (X) =

Where p, = X4 |x; |2, here we took advantage of the fact that ? = y* = §2 = 1. Using relations (25)
and (26) we have F;(X)F;(X) = E, where E is a unit matrix, which proves the theorem.

Remark. The conditions (26) in the notation of matrix (24) can be written in the form of the following
six equations:

re..re im,.im re gre im gim re.re im,.im imsre re gim im.,.re re..im
x18x5¢ + ximx™ + (Y8 — y'ms )(x1 x3€ + xM x5 )+(y 6" +yres )(x1 X3¢ — x{°x} )+
re(,re..re im.,.im im(,im.,re re.,.im re(.re.re im,.im im(,im,.re re.,im) —
é (x3 X3¢ + x3 x4)—6 (x3 X4° — X3 x4)+y (x3 X3¢ + x5 x4)+y (x3 X35 — X3 x4)—0.
im,.re re,.im im gre re sim re,.re im.,.im re gsre im sim im,.re re,.im

X" x5 — x1¢x™ 4+ (Y8 +y"eS )(x1 x3¢ + xMx™) — (Y8 — y'™S )(x1 x3¢ — x1°x} )+

re(.im,re re,.im im(,re,re im.,.im re(,im.,.re re..im im(,re,re im,.imY —
é (x3 X4 — x3°%x4 )+6 (x3 X3° + x5 %y )—y (x3 X3° — x3°x4 )+y (x3 X3¢ +x3"xg) = 0.
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x{“exge + xi’mxém + Sre(xzrexze + xé'mxim) _ 6im(xé'mx£e _ x;exim) + (‘Breare _ ﬁim(gim)(xlrexge +
xlimx:i‘m) 4 (ﬁim(gre + ‘Breé-im)(xi'mxge _ x{exém) + Bre(x;exze + xé’mxim) + 'Bim(xé'mxz;e _ x;exim =0.
xlimxge _ x{exém + 6im(x£ex‘1;e + xé’mxim) + 6re(xé'mx‘1;e _ x;exim) + ('Biere + BreSim)(xIexge +
xlimx:i‘m) _ (ﬁre(gre _ ﬁimé-im)(xi'mxge _ x{exém) + ﬁim(x;exze + xé’mxim) _ 'Bre(xé'mxz;e _ x;exim) =0.
x1¢x3¢ + x{'mxf'{" + yre(x;exge + xé'mxém) - yim(xémxge - xzrexém) + ﬁ“’(xgexge + xﬁ'mxém) +
ﬁim(xé'mxge _ x;exém) + (ﬁreyre _ ﬁimyim)(xfexze + xlimxim) + (ﬁimyre + ﬁreyim) (xi'mxze _
x[exi™) = 0.
xlimxze _ x{exim + yre(xzimxge _ x;exém) + yim(x;exge + xémxsigm) _ Bre(xé'mxge _ x;exém) +
Bim(xgexge + xé'mxém) 4 (ﬁimyre + ﬁreyim)(x{exze + xi’mxim _ (ﬁreyre _ 'Bimyim)(xlimxz;e _
x[exim) = 0.

Thus, we have found 64 commutative groups of gates, when conditions (25), (26) are satisfied.

For example, for the space of matrices F;,(X), conditions (26) have the form

P1 = XX + XXy — X3X, — iX3X4 =0
P2 = X1X3 — XpXg — X1 X3 + X%, = 0, (27)
P3 = X1X, — IXX3 + Xpx3 — iX1X, = 0
and in the matrix notation (24), the above six equations turn into the following three equations:
xiMxre — xTexi™ — xTexh® — ximaim + xTexi® + ximai™ + ximxie — xiexi™ = 0.
xiMxre — xTexi™ + x7€xh + ximai™ + x7€xte + ximaim — ximxre + xiéxi™ = 0.
ximxle — xTexi™ — ximxle + xJexim = 0.
Similarly it is possible to write conditions (26) for all other groups, substituting instead of f,y, 6
the corresponding values.
If the quantum state consists of real components, the conditions (26) take the form

P1= A +yd)xx, + (6 +Y)x3x, =0

P2 = (1 + B8)x1x3 + (8 + B)xyx, =0, (28)
p3 = (1 +By)xixs + (¥ + Bxx3 =0
As can be seen from these equalities, if f =y = 1,6 = —1, then the first two equalities are

fulfilled automatically and the conditions (28) turn into one condition x;x, + x,x; = 0. Indeed, this

case corresponds to the matrix

Xy —X; —X3 Xy
X2 X1 X4 X3
X3 X4 X1 X2
Xy —X3 Xz X

F,(X)=F(1,1,-1) =

Multiplying this matrix by its transpose we verify that it is a two-qubit gate if conditions (25)
and xyx4 + x,x3 = 0 . are satisfied. In other cases, for example, when f =y =6 = —1, which
corresponds to the matrix F,,(X), condition (28) consists of three equalities. Similarly, we can
investigate different variants of quantum gates for quantum states with purely imaginary
components.

So, we have constructed an infinite number of different two-qubit gates that lie in 64
commutative groups of gates. Furthermore, multiplication of two gates from two different
commutative groups is also a gate. It is easy to see that a gate obtained by multiplying two gates from
two different groups is, in general, not an element of any commutative group F;(X). As for the gates
H, SWAP, CX, CY, CZ, which are often used in practice, they are also not elements of F;(X). But note

that
H-SWAP = Fy,(X1) or Fy, ()Q) SWAP = H, (29)
2 2
111 1\T
where X1 = (5,3,3.3)
2
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The quantum algorithm assumes sequential application of different gates to qubits in the
quantum circuit. It follows from the obtained results that if in a quantum algorithm there are gates
belonging to one of 64 groups, this sequence can be replaced by one gate from the same group, since
sequential application of gates from one group does not lead out of this group. Hence an optimal
quantum algorithm should consist of gates which belong to different groups F;(X), where j € [1,64]

6. Unitary States of two-Qubit Quantum Systems

The ultimate meaning of any quantum algorithm is to translate the state of a quantum system
into the desired state for solving the problem. Therefore, finding a fan that translates a quantum
system from one given state to another given state is an important practical problem. Let us consider
this problem for a two-qubit quantum system. The proposed approach can be generalized to n-qubit
system

Definition. A state of a two-qubit quantum system X = (x, X, x3,%,) € B* is called a unitary state if
there exists a triple (B8,y,8) € @3, such that B,y,8 € {+1,—1,+i,—i} and the components X satisfy
(26).

In other words, a state of a two-qubit quantum system is unitary if it is defined by the space M;,
where j € [1,64], in which the matrix F;(X), corresponding to this state is a two-qubit gate.

Remark. The conditions B,y,d € {+1,—1,+i,—i} in the definition of a unitary state are imposed only
to consider states only from basis spaces. They are not mandatory.

Note that all basis states of a quantum system are unitary states in all 64 basis spaces.

Definition. Quantum states having one of the following X; = (x1,0,0,0)”, X, = (0,x,,0,0)7, X5 =
(0,0,x3,0)7, X, = (0,0,0,x,)", where x; € B, |x}-| =1,j = 1,2,3,4, are called quasi-basic states.

Obviously, all quasi-basic states satisfy (26) for any j € [1,64], that is, they are unitary states.

Lemma 2. A quasi-basic state X; corresponds to a single gate in all spaces M;,j = 1,2, ...,64. Each of
the quasi-basic states X,,X3,X, corresponds to 16 different gates in all spaces M;,j = 1,2, ...,64.

Proof. The first statement concerning X; is obvious. Consider the quasi-basic state X,. The
corresponding matrix has the form

0 yéx,
Xy 0
0 0 0 yx;
0 0 6x, O
Since y and & take values from the set {1,—1,i,—i} , there are only 16 different choices.

0 0
0 0
Fj(Xz) =

Similarly, consider the states X; and X,.

Each unitary state X from M; defines a unitary operator (gate) from F;(X), which we will call a
gate of the unitary state X. Let Y be an arbitrary state of a two-qubit quantum system. We apply the
gate F;(X) to the state Y: F;(X)Y = X -V, that is, applying the gate F;(X) is equivalent to a four-
dimensional multiplication of the unitary state X by the state Y in the space M;. If Y is also a unitary
state from the same space, then we will get a unitary state from the same space. To what state will
the state Y go if it is not unitary? The following theorem gives the answer to this question.

Theorem 4. A unitary state gate from the space M;(f,y,8) translates any unitary (non-unitary) state
into a unitary (non-unitary) state.
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Proof. For simplicity we prove the theorem for the space M;,, for other spaces it is proved
analogously. Let X = (x1,x,,x3,%,) € @* be a unitary state from the space M;, and F;,(X), the
corresponding gate of a unitary state X, which has the form (19), and the components of the vector X
satisfy (27). Let Y be an arbitrary state of a two-qubit quantum system. Then the gate F;,(X) moves
the quantum system from the state Y to the state of

X Iy —x3 —ixg\ N X1 Y1 Fix2Yo — X3Y3 — iX4Ya
Fi (X)Y = X2 x'1 X4 x'3 Y2 | _ | %2 +.x1y2 +x4y3 + 3.53}’4
X3 —ixy X% —ixy [\ V3 X3Y1 — 1X4Y2 + X1Y3 — LX)V,
Xyg —X3 —Xz X Ya X4Y1 — X3Y2 — X2Y3 + X1Vs

Let us compute p;(F14(X)Y), where p; is defined in (27).
P1(F1a(X)Y) = (eay1 + ix2y — X3¥3 — iX4Ya) (01 + XY + X4Y3 + X3¥s) + ((X1Y1 + X5Y; — X335 —
XaVa) (oY1 + 1Yz + X4Y3 + X3Ya) — (X3y1 — ix4Y2 + X1Y3 — ix2Y4) (XgY1 — X3V — X2V3 + X1 V) —
(0063Y1 — XgYz + X073 — X%298) (Xay1 — X3Y2 — X2¥3 + X1 Ya) = (0,3 + X%, — X3% — i3204) ([y1* +
[y21? + 1ys1? + yal®) + 0172 + 1Yz — ¥3Va — 3y (2|2 + 12217 + lxs | + [xa]?) + (% — ix,%5 +
Xyx3 = iX1%4) V1 V3 — Y2Va — V1¥3 + ¥2Va) + (01 X5 — x5 — X1 X3 + X%0) (V17a — 1Y2Y3 + V2V3 —

Y1Ys).
Passing to the notation p, from (27) we obtain
P1(Fra(X)Y) = p1(X)po (V) + p1(Y) po(X) + p3(X)p, (Y) + p3 (V) po(X),
where po(Y) = [y; % + [y21* + [y31* + 1yal> = 1, po(X) = [x11* + |x,|* + 231> + |x4]* = 1. Since X is a
unitary state in the space My,, by virtue of, (27) p;(X) = p,(X) = p3(X) = 0. Hence, p; (F1,(X)Y) =
p1(Y). Performing similar calculations we obtain p,(F1,(X)Y) = p,(Y) and p3(F1,(X)Y) = p3(Y). It
follows from these equalities that if Y is a unitary state in My,, then F;,(X)Y) is also a unitary state

in My,, and conversely, if Y is a non-unitary state in My,, then F;,(X)Y is also a non-unitary state in
M14-

Thus, the unitary state gate translates unitary states into unitary states, and non-unitary states
into non-unitary states. All the above gates H, SWAP, CX, CY, CZ have similar properties.

Lemma 3. The gates H, SWAP, CX, CY, CZ convert a unitary (non-unitary) state of a two-qubit
quantum system into a unitary (non-unitary) state.

Proof. Let us prove the lemma first for the SWAP fan. Let X = (xy, x5, %3,%4) € 2* bea unitary state
of a two-qubit quantum system from the space M(B,y,d). Let us apply the SWAP gate to the state X:
Y = SWAP - X = (x1,x3,%,,%,). Since X is a unitary state, its components satisfy (26). Consequently,
the components of the state Y satisfy equations

X1X3 + Y8X1x3 + 8x,%, +¥Xpx, = 0
X1%5 + 0x3%, + 6X1x, + Bxzx, = 0. (30)
X1%4 + Yx3X; + BX3x; + fyXix, =0

But these equations represent equations (26) for the space M(y,f,5). Thus the SWAP gate
translates a state from the space M(f,y,8) to a state from the space M(y, f,§). Suppose now that X
is a non-unitary state of a two-qubit quantum system. Suppose that ¥ = SWAP - X is a unitary state.
But then, as just proved, the state X = S WAP!-Y is a unitary state, which contradicts the original
assumption.

For the gates CX, CY, CZ the proof is completely analogous. Let us prove for the Hadamard gate
H. For this purpose, let us use the equality (29). Since the statements of the lemma are true for the

SWAP and F,, (X 1) gates, they are true for H as well.
2

Unitary states play an important role at construction of quantum algorithms, since for them we
can explicitly specify a gate, which transfers a quantum system from one given state to another.
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Theorem 5. Let X € M; be a unitary state of a two-qubit quantum system, where 1 < j < 64. Then
for any quasi-basic state X,k = 1,2,3,4, there exists a gate F;(Y), such that F;(Y)X = X, for some
state Y.

Proof. Take as Y = X, X~ L. Since X € M;, then X te M;. X also belongs to M;, hence Y € M;. Let
us multiply both parts of the equation by X: YX = X;. As we saw above YX = F;(Y)X. Whence
F;(Y)X = Xj. The gate we are looking for is Fj(XkX‘l).

This theorem states that from any unitary state one can go from any unitary state to any quasi-
basic state, including any basis state, in one step.

Corollary. Let X,Y be two unitary states lying in the same space M;, where 1 < j < 64. Then there
exists a gate Fj(Z), which transfers a two-qubit quantum system from state X to state Y.

Proof. According to Theorem 4, there exist gates F;(X) and F;(¥), translating X and Y to X, for
some k. Then the gate F,”"(Y)F;(X) translates state X into state Y.

Theorem 6. Let X,Y be two unitary states of a two-qubit quantum system. Then there exists a gate
translating the two-qubit quantum system from state X to state Y.

Proof. Let state X lies in the space M;;, and state Y lies in the space Mj,. The base state X; =
(1,0,0,0)7, according to lemma 2, lies in both spaces. Hence, by Theorem 5, there exists a gate F;1(Zy),
which translates X into X; and a gate Fj;(Z;), which translates Y into X;. Then the gate
F;;7'(Z,)F;1(Z,) is the desired gate translating the quantum system from state X to state Y.

Thus, we have divided all possible states of a two-qubit quantum system into two classes:
unitary and non-unitary. Unitary states include all quasi-basic states (hence all basis states) and play
an important role in the construction of quantum algorithms. Theorem 6 makes it possible to go from
any unitary state to any other unitary state in one step, and the gate of this transition can be explicitly
described and there are infinitely many such gates (since there are infinitely many quasi-basic states).

7. Discussions

In this paper, we construct four-dimensional spaces of complex numbers by analogy with four-
dimensional spaces of real numbers [1]. Each four-dimensional number is mapped to a matrix formed
from its components and it is proved that the constructed mapping is bijection and homomorphism.
The conditions under which the corresponding matrices are gates for two-qubit quantum systems
are defined. The notion of unitary state of a two-qubit quantum system is introduced. It is shown that
any gate of a unitary state transforms a unitary state into a unitary state and a non-unitary state into
anon-unitary state. Almost all gates used in the construction of uvant circuits, in particular H, SWAP,
CX, CY, CZ, have the same properties. The question of existence of a gate of a two-qubit quantum
system, which translates a unitary state into a non-unitary state or vice versa, is of interest.

The problem of finding a gate that transfers a quantum system from one unitary state to another
unitary state is solved. Thus, with the help of four-dimensional spaces of complex numbers it was
possible to construct whole classes of two-qubit gates, which opens new possibilities for the
construction of quantum algorithms. The results obtained have important theoretical and practical
implications for quantum computing.

In this paper, we have only concerned ourselves with the four-dimensional algebra of complex
numbers. It is possible to develop a four-dimensional mathematical analysis of complex numbers by
analogy with the four-dimensional mathematical analysis of real numbers [13-16]. The papers [18,19]
give applications of the four-dimensional analysis of real numbers to the solution of problems of
mathematical physics.

Another direction of development of the proposed theory consists in development of eight-
dimensional algebra of real and complex numbers. As we have seen the four-dimensional algebra of

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202510.0468.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 7 October 2025 d0i:10.20944/preprints202510.0468.v1

18 of 22

complex numbers is an ideal model for two-qubit quantum systems. Correspondingly the eight-
dimensional algebra of complex numbers will describe the mathematical model of three-qubit
quantum systems, the sixteen-dimensional algebra of complex numbers - of four-qubit quantum
systems, etc.

And of course, the potential of four-dimensional algebra of complex numbers for studying two-
qubit quantum systems is not fully revealed. It is interesting to study the properties of gates formed
by multiplication of several gates from different commutative groups of matrices constructed in this
paper. As follows from the results obtained, optimal quantum algorithms consist of a sequence of
gates from different commutative groups. As shown above, gates from different commutative groups
do not commute with each other, that is, in fact, a new gate formation mechanism for two-qubit
quantum systems is proposed. The new gate formation mechanism is of great importance for
quantum computing.

The authors express their sincere gratitude for the financial support of the Ministry of Science
and Higher Education of the Republic of Kazakhstan (grant number AR23489825).

8. Appendix 1. Proof of Lemma 1.

For clarity, let us rewrite equalities (1) in a more expanded form

7 = (af$ + ali) (x]® + x™i) (1€ + yi™i) + (af$ + alBi)(x3® + x5™i) (y5e + yimi)
+(ai§ + aif o) (3¢ + x5™) (y3¢ + y5mi) + (alf + aif i) (x° + ™0 (i + yi™i)

z, = (ab¢ + al7i) (x5 + xi™i) (y1® + yimi) + (abs + aipi)(x]® + x™i) (y3¢ + yim™i)
+(abg + affi) (x5 + ximi) (y3e + yimi) + (abg + abpi) (o€ + ximi) (y3e + yimi)

1y = (a8 + aT0) 8+ )1+ 9i71) + (a5 + aBO(eE + )8 + i)
+(akg + affi) (x] + xi™) (y3e + yimi) + (kg + afpi) (x2® + ™) (y3® + yim™i)

74 = (a8 + a¥7i) (x5 + ximi) (yT® + yimi) + (afs + aiZi) (x5 + ximi) (y3° + yimi)
+(alg + affi) (x5 + xi™0) (y3e + yimi) + (aig + alipi) (x® + xi™i) (y5® + yim™i)

€20

Let us first satisfy the commutativity condition, i.e. write down the equation XY = YX, give

similar terms of the form x;°y;®, x;® y}m, xim yi¢, xiimy}m, and equate the coefficients at them to zero.

Removing the same equations we obtain 12 equations with respect to the elements af,airi, k,1 =
1,2,3,4 , solving which we have
ahf = as, aff = ayy, ajf =aji, aff =aj}, aif = aif, aff = aif, aff =dif, aff =al}, aif =
ajs, agi =afy, aif = alf, af} = afy.
Substituting these values into (31) we obtain a general form of commutative multiplication of four-dimensional
numbers with complex components:
7y = (a$ + alTi) (2] + x™) (y1® + yimi) + (af$ + alZi) (x5 + x5mi) (y5¢ + yimi)
+ags + ap) (e + ximi) (3 +yimi) + (aff + alf) (e + )07 + M)
7, = (ab§ + a5 i) (x5 + xim™i) (y7® + yimi) + (ab + aimi)(x]® + ™) (3¢ + yim™i)
+(a3§ +af50) (x5 + gm0 (V5 + y§™i) + (a3§ + af5 1) (33 + x5™0) (v + yi™i)
z3 = (% + aé"gi)(xge + xémi)(ylre + ylimi) + (afs + aé’é‘i)(xie + x};mi)(yzre + yimi
+(ag + af5i) (x] + xi™i) (y3e + yimi) + (a%$ + afpi) (x5€ + ™) (y5® + yimi)
z, = (af§ + alfi) (x5 + xi™) (y7® + yi™i) + (ak + afBi) (x5 + xi™0) (3 + yi™i)
U +(ahs + alZi) (x5 + ximi) (v5e + yimi) + (als + alfti) (x1 + xi™i) (vie + yimi)

(32)
)

Thus, the number of independent coefficients a;7, ai™ k,1 = 1,2,3,4, is reduced from 32 to 20.
Let us now write the equations (XY)Z= X(YZ), where Z = (z,,2;,23,2,4), zx € C, k = 1,2,3,4, using (2),
and equating the coefficients at the same products xl-ly}”z,?, [,m,n =re,im, we obtain 48 different
equations with respect to agf,aim. Consider the equations obtained by equating to zero the
coefficients at products z]°x3¢y3¢ and z]°xi™yre

re re im im re ,re im im __
aj1ai; — ai1a13 — ai3a3; + a3 a3, =0,
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re im re im re ,im re  im __
—a11417 — ai20a17 T azzaiy; +agzaz; = 0.

Let us transform these equations as follows:
ais(aif — a33) — aif (aff — ajy) =0,
—ai}(ai§ — a33) — ajs(aif —af}) = 0.
Multiply the first equation by al%, multiply the second equation by a{%* and subtract from each
ply q y ply q y
other:
layz|?(aif — a33) = 0.
Now multiply the first equation by ai®, multiply the second equation by a}s and add the
ply q y @iz, ply q y a1z
resulting equations:
|a12|2(air{l - aé’;‘) = 0.
Hence, af§ = a5, aff = ajy.
Let's equate to zero the coefficients at the products z]°x3¢y3¢ and z]°ximyle
a1iaiz — aiTary — ajzazs + a;yagy = 0,
—ajfai} — ajfail + af§ay +aj$aff =0 .
Performing similar transformations we obtain a}$ = a3, a{? = al%.
Further equating to zero the coefficients of z]°x}°y;® and z]°x.™y;® we obtain al¢ = aj,
im _— ,im
A1 = Qay -
Substituting the found values into (32), getting rid of a3$, a%$, ahs, ay7, a5y, aiy, we obtain a new
definition of multiplication of four-dimensional numbers with complex components.

7 = (af$ + ali) (x]® + x™i) (y7¢ + yi™i) + (af$ + alBi)(x3® + x5™i) (y5e + yimi)
+(alg + almi) (x5 + ximi) (y3e + yimi) + (af§ + alFi)(x5® + xmi) (y3e + yimi)
z, = (al% + ai)[(x3¢ + xi™) (y® + yimi) + (x]® + xI™i) (y5e + yimi))]
+(asg + a3 )[(x5e + ximi) (v5e + yimi) + (o5€ + xmi) (y5e + yimi))]

Z3 = (a{i + aﬂli)[(xge + xémi)(y{e + y{mi) + (xlre + x{mi)(yge + y§mi)]
+(azs +az i) (63 + ") (i® +yi™i) + (5 + x1m) (v + )]

Z, = (aﬁ + aﬂ"i)[(xze + x}}mi)(y{e + y{mi) + (xlre + x{mi)(yfe + yjmi)]
+(azs + )| (6 + ") (5 +yimi) + (5 + ) (v° + i)

(33)

In definition (3), the number of independent coefficients is 14. Let us again write the equations
(XY)Z = X(YZ) on the basis of definition (3) and by bringing similar terms we obtain 12 different
equations. Let's equate to Zero the coefficients at the products

re,.im,,re ,re,re,re _re,re,re _re,im,re im,im.,re im,.im,,im
Zy X3Y3 .24 X3 V3,23 Xg Va4 123 X4 Va4 1Z4 X2 Y2 .24 X2 Y2

re re im im re re im,im _
aj1a13 — a1 13 — ax3a3; +azzazy; =0,
re im im re im . re re ,im _
—aij1a;3 —ag; a3 + azzas; + azzas; =0,
re re im_im re re im_ im _
aj1a14 — ag1 A1y — A3a3; + azzazy; =0,

re ,im im ,re im re re im __
—a11a1, — ai1 Q14 T azzaz; +azzazy =0,
re ,re im . im re ,re im_ im __
azzas; — A33 a7 — a11a4; + ag1a3s =0,
re ,im im_re im _re re ,im __
—az3a4; — a3z ay; +ai1ag; +ajjagy = 0.

Multiply the first equation by a’¢, multiply the second equation by ai™, and from the first
y q y i1 ply q Yy ain
equation subtract the second equation:
rey2 imN\2\,re _ re( Tere im ,im imgre,im im re
((an) + (ai7) )‘113 = a11(a23a42 — azs a42) + a7 (azzay; + az3a;3),
from where we have
aﬁ(a§§aZ?—a%ai’?)mif{l(a5§ai'z"+a§’§la5‘§)

(a1D)?+(@iM?

re __
a3 =

Next, multiply the first equation by a{}', multiply the second equation by al¢ and add the
resulting equations:

((@iD)? + (aiD)?)aif = aif(af§al + affais) + aif (—aj§ais + affai}),
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whence
re( re_im, _im_re im, . re_re__im_im
qim = a11(a23a42 +aszs a4z)—a11 (a23a42-033 a47)
13 — re im :
(@f)?+(afMH)?

Now notice that

re, im; re, im:
are + aimi = (az3+a33)(242+a42 1)
137 s algrali

Similarly, from the third and fourth equations we easily obtain

re( re_re__im_im im,, re_im, im_re
re _ ‘111(‘123‘132—‘123 azz )+‘111 (az3asz +az3 asz)
14 — reN2 im~2 s
(a31)?+(as1)
re( re_im_  _im_re im,, re_re__im_im
aim = a11(‘123a32 +az3 ‘132)—‘111 (az3a33-a33°a32)
14 — reN2 im~2 El
(a31)?+(as1)

and respectively,

re im: re, im;
(azz+azzi)(azz+azz i)
re_, im;:
ajitajqi

als +affi=

>

And from the fifth and sixth equations we have

re( re re_ im_im im . re im, im_re
re _ a11(a3za4z—‘132 Qa2 )""111 (a3za47 +a33 asp
12 —

(a1D)?+(@iP? ’

re(,re im_ im re im . re re_ im_im
1111(‘132‘142 +azz ‘142)—‘111 (a32a42-a37 Q42

(a1D?+(@iP? ’

im _
A =

ars + almi = (agmfg?ﬁ:a%i)-

Substituting the found expressions into the other equations obtained from the equality (XY)Z =
X(YZ) we make sure that all 12 equations are satisfied. Thus, the general form of associative and
commutative anisotropic multiplication of four-dimensional numbers with complex components is
as follows
7y = (a$ + ali) (x€ + ™) (y7¢ + yim™i) +

re, imi\ - re, im.:
(azz+azz i)(agz+asy i)

+ (x5 + xi™i) (yze + yimi) +

re, ,im:
a11+a11 L

re, imi - re, im.:
(azz+azzi)(agz+asy i)

(5 + xfmi) (v° + yimi) +

re, ,im:
a11+a11 L

re, im: - re  im:
(azztazzi)(azz+azy i)

+ T ralmi (x5€ + ximi) (vie + yim™i)

Z, = (aﬁ + ai’?i)[(x{e + xémi)(yl”” + ylimi) + (xlre + x{mi)(yzre + yémi)] :
+(abg + alfi)[(x5e + ximi) (v5e + yimi) + (afe + ximi) (yie + yimi))]

z3 = (a$ + al7i)[ (x5 + ximi) (ye + yimi) + (@ + xi™i) (y5¢ + yimi))|
+(a§§ + aé"fi)[(x{e + xémi)(y‘[e + yimi) + (xZe + ximi)(yzre + yémi)]

z, = (a$ + al7i)[ (x5 + xi™) (y7e + yimi) + (¢ + xi™i) (yi® + yimi))|
+(a£§ + a}'[;li)[(x;e + xémi)(yge + yé'mi) + (xge + xémi)(yge + yé'mi)]

The number of independent coefficients is eight. Let us introduce the following notations:

(34

all +alli = ay + ayi, ah§ + alti = By + Pyl ak + alFi = vy + v,k + alti = 8, + 8,1
Then the general formula of associative and commutative multiplication is written in the
following form
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( 71 = (@ + @) (2] + x™) (y7® + yimi) +
OO (age o) (v5° + yi™i) +

BrtFeD(1+0:0 1+i Zliif;azi) (x5 + xi™i) (v5e + yimi) +

BB (e + xmi) (05 + i)

{2, = (g + i) (3¢ + ™) (yI€ + yimi) + (ay + api) (6] + xi™i) (y3¢ + yimi),
+(By + B (x5 + xi™i) (y5e + yimi) + (By + Boi) (58 + x5™i) (y5® + yi™i)

25 = (@ + ) (3 + 5§ (710 + M) + (s + 1) (64° + x5 + 337)
e + @) (] + 1) (V3¢ + yE™) + (720 (° + 1) (3¢ + yi™)

zy = (ag + @) (x5 + xi™) (y[® + yi™i) + (61 + 8,0 (x5 + xi™i) (v3e + yi™i)
U+ + 80 (g + x50 (¥3° + ¥ + (an + @) (6 + x{™0) (95 + yi™i)

with eight independent coefficients a;,f;,v;,8; ER,j = 1,2. It is easy to verify by direct
inspection that the multiplication operation thus defined is associative and commutative for any
values of the coefficients a;, B, v 6 ER,j=1,2.

The last equalities in a more compact form are as follows:

14 Bs By
(21 =ax,y1 + XV + o X3Y3 + T XY

Zy = axyy; + ax,y; + fxays + Bxsya (35)
Z3 = aX3Y1 T VX4Y2 T AX1Y3 T VXVs
Zy = axgy1 + 0x3y, + 6x,53 + axyy,

Lemma 1 is proven.
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