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Abstract 

This paper focuses on the optimization of engineering decision-making under uncertain 

environments. Engineering decision-making requires optimizing the input of production materials 

and the selection of equipment and processes under the constraints of cost and expected return to 

minimize costs and maximize production benefits. As an efficient formal verification technique, 

model checking provides a new approach to solve this problem. Traditional model checking mainly 

focuses on qualitative verification, while quantitative model checking techniques (such as 

probabilistic and possibilistic model checking) have been developed gradually, among which 

possibilistic model checking is more suitable for systems with fuzzy uncertainty. However, existing 

possibilistic model checking techniques have obvious defects: first, they only target closed systems 

and do not consider the interaction between the system and the external environment; second, the 

simple information aggregation method leads to information desynchronization and information 

loss; third, they cannot model and verify systems with incomplete information. Model checking 

technology based on possibilistic decision processes considers uncertain action selection and initially 

solves the problem of modeling and verification of open systems. The author has introduced the idea 

of quality constraints into possibilistic temporal logic to solve the problems of information 

desynchronization and information loss in possibilistic model checking; moreover, the author has 

established the theories of Intuitionistic Fuzzy Kripke Structure (IFKS) and Intuitionistic Fuzzy 

Computation Tree Logic (IFCTL), which can model and verify systems with incomplete information. 

To improve the usability and accuracy of engineering decisions, this paper will draw on the ideas 

and methods of uncertain selection of decision behaviors, quality constraints, and incompleteness 

modeling, extend IFKS to Weighted Intuitionistic Fuzzy Kripke Structure (WIFKS), induce IFCTL to 

Intuitionistic Fuzzy Decision Tree Logic (IFDTL), propose an algorithm for solving IFDTL model 

checking problems, and present a solution algorithm for multi-attribute engineering decision-making 

based on IFDTL model checking, along with its correctness proof and complexity analysis. Finally, a 

case study of Qinling health-preserving tourism planning is given to verify the rationality and 

efficiency of the proposed method, providing a new formal solution for uncertain engineering 

decision-making. 

Keywords: quality; intuitionistic fuzzy; temporal logic; model checking; engineering decision-

making 

MSC: 68T37 

1. Introduction

The engineering decision-making problem of optimizing the input of production materials and

the selection of production equipment and processes at each stage under realistic constraints to 

minimize the comprehensive cost and maximize the production benefit has long been a research 
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focus. As a formal automatic verification technology, model checking has been successfully applied 

in the correctness analysis of computer software and hardware design, communication protocols, 

security protocols and other fields since it was proposed by Clarke, Emerson et al. in 1981 [1,2]. An 

important application of model checking in engineering decision-making is to model the engineering 

implementation process, describe the engineering property constraints with temporal logic formulas, 

and solve the decision schemes that meet the engineering constraints through model checking 

technology. 

Traditional model checking technology mainly verifies the qualitative properties of the system, 

while in recent years, scholars have paid more attention to the verification of quantitative properties 

of the system and proposed quantitative model checking technology. This technology includes 

probabilistic model checking [3–6] and possibilistic model checking [7–17]. Probabilistic model 

checking is used to verify the properties of the system with deterministic probability distribution in 

state transition, while possibilistic model checking is used to verify the properties of the system with 

fuzzy uncertainty in state transition, which has stronger expressiveness than probabilistic model 

checking. 

Some scholars have introduced quality constraints and corresponding information fusion 

operators into the possibilistic linear temporal logic (PoLTL) and possibilistic computation tree logic 

(POCTL), proposing the quality-constrained fuzzy linear temporal logic (QFLTL) [18] and quality-

constrained fuzzy computation tree logic (QFCTL) [19], and studied their model checking problems, 

which solves the defects of unsynchronized fusion of temporal property truth values and path 

reachability, information loss, and inability to reflect the importance of system properties in the 

aggregation of subformula satisfaction values in traditional possibilistic temporal logic. 

In addition, relevant scholars have extended the possibilistic model checking technology, 

extended the generalized possibility Kripke structure (GPKS) to the possibility decision process 

(PDP), and established the possibility decision theory, which effectively solves the modeling and 

decision-making problems of fuzzy systems with non-deterministic action selection in state transition 

[20–22]. The intuitionistic fuzzy set [23], as an extension of the fuzzy set [24], can more objectively 

and naturally represent the uncertain membership and non-membership relationships between 

objects. Based on this, the intuitionistic fuzzy Kripke structure (IFKS), intuitionistic fuzzy 

computation tree logic (IFCTL) and their equivalence with possibilistic computation tree logic 

(PoCTL) and classical computation tree logic (CTL) have been established, providing a more accurate 

modeling method for uncertain systems [25]. 

Considering the complexity of engineering decision-making factors and the uncertainty and 

incompleteness of system parameters, to improve the usability and accuracy of engineering decisions, 

this study intends to extend the intuitionistic fuzzy Kripke structure (IFKS) to the weighted 

intuitionistic fuzzy Kripke structure (WIFKS), and derive the intuitionistic fuzzy decision tree logic 

(IFDTL) from IFCTL. We will study the intuitionistic fuzzy expected measure and multi-attribute 

engineering decision-making problem based on this, formally describe the single-attribute and multi-

attribute engineering decision-making problems, propose the corresponding solution algorithm 

based on IFDTL model checking, prove the correctness of the algorithm, and analyze its complexity. 

Finally, a case study of Qinling health-preserving tourism planning is given to verify the rationality 

and efficiency of the proposed method, providing a reliable formal solution for engineering decision-

making under uncertain environments. 

Table 1 lists the differences and relationships among existing possibilistic temporal logics and 

their model checking. In this table, we use model names to denote the sets of models they construct, 

and use temporal logic names to denote their formula sets. Thus, the set inclusion relations reflect the 

expressive power of models or temporal logics. For brevity, we use TL to denote both LTL and CTL; 

for instance, PoTL denotes PoLTL and PoCTL. References [8,9] have proved that KS⊂PKS and 

TL⊂ PoTL. References [10,11] have shown that PKS⊂ GPKS and PoTL⊂ GPoTL. References [18,19] 

verified that GPoTL⊂ QFTL. References [20,21] demonstrated that GPKS⊂ PDP. References [25,26] 

proved that GPKS⊂IFKS and GPoTL⊂IFTL. 
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This paper proposes WIFKS, IFDTL, and the corresponding model-checking techniques, and 

verifies that IFKS⊂WIFKS and IFCTL⊂IFDTL, which further confirms that the proposed IFDTL and 

its model-checking approach are theoretically and practically significant. 

Table 1. Comparison of Various Quantitative Temporal Logics and Their Model Checking. 

Model KS PKS GPKS GPKS PDP IFKS WIFKS 

Tempor

al 

Logics 

LTL PoLTL GPoLTL QFLTL GPoLTL IFLTL —— 

CTL PoCTL GPoCTL QFCTL GPoCTL IFCTL IFDTL 

Measur

e 

Boolean 

algebra 

Possibility 

measure 

Generalized 

possibility 

measure 

Generalized 

possibility 

measure 

Generalized 

possibility 

measure 

Intuitionistic 

fuzzy 

measure 

Intuitionistic 

fuzzy measure 

Applica

tion of 

Model 

Checkin

g 

Functional 

modeling 

and 

verification 

of classical 

Boolean 

systems. 

Modeling and 

verification of 

function and 

performance in 

general 

uncertain 

systems. 

Modeling and 

verification of 

function and 

performance in 

general 

uncertain 

systems. 

Modeling and 

verification of 

complex 

uncertain 

systems with 

quality 

constraints. 

Possibility 

decision-

making for 

open systems 

interacting 

with the 

environment. 

Modeling 

and 

verification 

of uncertain 

systems with 

incomplete 

information. 

Modeling and 

verification of 

systems with 

incomplete 

information 

and quality 

constraints. 

2. Weighted Intuitionistic Fuzzy Kripke Structure 

Intuitionistic fuzzy measures and intuitionistic fuzzy Kripke structures serve as the fundamental 

models for intuitionistic fuzzy model checking. Their definitions are reviewed as follows. 

Definition 1 [Intuitionistic Fuzzy Measure] [25] Let X be a non-empty set, Ω be a collection consisting 

of some subsets of X, and IIF=[(0,1),(1,0)] denote the intuitionistic fuzzy unit interval. If Ω is closed under 

the operations of countable union and complementation, then Ω is called a σ-algebra. An intuitionistic fuzzy 

possibility measure IFP  on the σ -algebra Ω  is a mapping IFP   Ω→IIF  , which satisfies the following 

conditions  

(1) IFP(∅)=(0,1); 

(2) IFP(X)=(1,0); 

(3) If In={0,1,2,⋯,n-1}，i∈In，Ei∈Ω，then，IFP(⋃ Eii∈In
)= ⋁ IFP(Ei)i∈In

.  

If a mapping only satisfies conditions (1) and (3) above, then it is called a generalized 

intuitionistic fuzzy measure. 

Definition 2.[IFKS] [25] An intuitionistic fuzzy Kripke structure (IFKS) is a tuple M=(S,δ,I,AP,L), where  

(1) S is a countable, non-empty set of states; 

(2) δ：S×S→IIF is an intuitionistic fuzzy transition distribution function; 

(3) I：S→{0,1} is an intuitionistic fuzzy distribution function for initial states; 

(4) AP is a countable, non-empty set of atomic propositions; 

(5) L：S→2AP is a labeling function. For any s∈S and p∈AP，L(s,p) denotes the intuitionistic fuzzy 

satisfaction value of the atomic proposition p at state s. 

If S and AP are finite, then M is called a finite intuitionistic fuzzy Kripke structure. 

In an IFKS M, a path is defined as an infinite sequence of states, denoted by π=π0,π1,⋯,πi,πi+1,⋯∈Sω, 

where ∀i∈N, δ(πi,πi+1)>(0,1),L(πi)∈IIF
AP. The mapping L：S→2AP is an intuitionistic fuzzy function that 

assigns a set of intuitionistic fuzzy atomic propositions to each state. For any p∈AP and i∈N, L(πi)(p)∈{0,1} 

represents the atomic proposition p at state πi. For notational simplicity, L(πi)(p) is abbreviated to πi(p). 

The expression πi=πi,πi+1,⋯∈Sω denotes the suffix path starting from state πi. Let Path(M)={π|π∈Sω} be 

the set of all infinite paths in M; for any state s∈S,  

Path(s)={π|π∈Sω,s=π0,∀i∈N,δ(πi,πi+1)>(0,1)}, 

denotes the set of all infinite paths starting from s. We define Child(s)={s'|δ(s, s')>(0,1)} as the set of all 

directly reachable states from s. 

We next present the definition of the intuitionistic fuzzy measure over an IFKS. 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 7 May 2026 doi:10.20944/preprints202605.0342.v1

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202605.0342.v1
http://creativecommons.org/licenses/by/4.0/


 4 of 26 

 

Definition 3 [25] Let M=(S,δ,I,AP,L) be an intuitionistic fuzzy Kripke structure (IFKS). A mapping IFPM

：Path(M)→IIFis defined as follows  

𝐼𝐹𝑃𝑀(𝜋) = 𝐼(𝜋0) ∧ ⋀ 𝛿(, 𝜋𝑖 , 𝜋𝑖+1)𝑖≥0 , 

where π=π0,π1,⋯,πi,πi+1,⋯∈Sω. For any E⊆Path(M), we define   

IFPM(E)= ⋁ IFP(π)π∈E  ， 

In this way, the mapping IFPM：2Path(M)
→IIF is called an intuitionistic fuzzy measure on Ω=2Path(M). 

Costs or benefits in engineering decision-making (typically non-negative rational numbers Q*) are treated 

as weights assigned to the transition relations or states in an intuitionistic fuzzy Kripke structure, from which 

a Weighted Intuitionistic Fuzzy Kripke Structure (WIFKS) is induced. 

Definition 4 [WIFKS] A Weighted Intuitionistic Fuzzy Kripke Structure (WIFKS) M̃  is a 2-tuple 

M̃=(M,W), where  

(1) M=(S,I,δ,AP,L) is an intuitionistic fuzzy Kripke structure (IFKS); 

(2) W=(W0,W1,⋯,Wm-1)  is a set of weight functions, with m∈ℕ+ , denoting the number of decision 

attributes. For any k∈Im, the weight function Wk S×S→Q* assigns a specific cost or benefit Wk(s,s') to each 

transition relation δ(s,s'). 

Naturally, the cumulative weight for a finite path π̂=π0,π1,⋯,πn is defined as follows  

W
̂

k
(π̂)= ∑ Wk(πi,πi+1)

n-1

i=0

 (1) 

Remark 1 It should be noted that a WIFKS may be associated with multiple weight functions W in practical 

engineering decision-making scenarios; the definition of W presented herein is merely a general abstract form. 

Suppose a specific decision-making problem involves m decision attributes (costs or benefits), denoted by the 

decision attribute set DAS={d1,d2,⋯,dm}. The scale of the weight functions is then given by |W|=m|s|2. 

3. Formal Description of Optimal Engineering Decision-Making 

Engineering decision schemes are characterized by paths in an IFKS, the feasibility of a scheme 

is quantified by the intuitionistic fuzzy measure of its corresponding path, and the cost or benefit of 

a scheme is represented by the weight functions of the IFKS. The objective function for intuitionistic 

fuzzy attribute decision-making needs to integrate two facets of information: the cost (or benefit) of 

a decision scheme (i.e., a path) and the feasibility of the decision scheme (i.e., the intuitionistic fuzzy 

measure of the path). We next present the definition of the weighted composition operation for 

intuitionistic fuzzy numbers to formalize this information fusion approach. 

Definition 5 For an arbitrary intuitionistic fuzzy number α=(μ,v) and an arbitrary non-negative rational 

number r∈Q*, the weighted composition operations for intuitionistic fuzzy numbers are defined as follows   

(1) Cost-weighted composition operation  r∸α=(μr,1-(1-v)r);  

(2) Benefit-weighted composition operation: r∔α=（1-(1 − 𝜇)𝑟）,𝑣𝑟. 

We next discuss the closure property of the weighted composition operations for intuitionistic 

fuzzy numbers. 

Proposition 1 The weighted composition operations ∸  and ∔  for intuitionistic fuzzy numbers are closed 

operations on IIF. 

Proof: Let an arbitrary non-negative rational number r∈Q*  and an arbitrary intuitionistic fuzzy 

number α=(μ,v) be given. Since1-(1-μ)
r
+vr≤1-vr+vr=1, the operation ∸ is closed on IIF. Similarly, we 

have μr+1-(1-v)r≤μr+1-μr=1, which implies that the operation ∔ is also closed on IIF.□ 

We next discuss the rationality of the weighted composition operations for intuitionistic fuzzy 

numbers. 

Proposition 2 For any r1,r2∈Q* with r1≤r2, and any intuitionistic fuzzy number α=(μ,v) , the following 

conclusions hold: 

(1) r1∸α≥r2∸α; 

(2) r1∔α≤r2∔α. 
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Proof: Let r1,r2∈R*  be arbitrary with r1≤r2 , and take any λ∈(0,1) . We first prove the following 

lemma: 

λr1≥λr2 (2) 

1-(1-λ)r1≤1-(1-λ)r2 (3) 

Define the function f(x)=λ
x
 ; its derivative is f'(x)=( ln λ)λx<0  . Since r1≤r2 , we have 

λr1=f(r1)≥f(r2)=λr2, and thus conclusion (1) holds. 

Define the function g(x)=1-(1-λ)x ; its derivative is g'(x)=-(ln(1-λ))(1 − 𝜆)𝑥>0 . Since r1≤r2 , we 

have 1-(1-λ)r1=g(r1)≤g(r2)=1-(1-λ)r2 , and thus conclusion (3) holds. It then follows that for an 

arbitrary intuitionistic fuzzy number α=(μ,v): 

μr1≥μr2,1-(1-v)r1≤1-(1-v)r2 (4) 

1-(1-μ)
r1

≤1-(1-μ)
r2

,vr1≥vr2 (5) 

Based on the definition of the order relation for intuitionistic fuzzy numbers in reference [27], 

the conclusions of Proposition 2 are thus established.□  

The conclusions of Proposition 2 characterize the following fact: for the same decision scheme 

(with a fixed intuitionistic fuzzy number α=(μ,v) , the cost-weighted composition operation is 

adopted for cost calculation, where a lower cost yields a larger objective function value; the benefit-

weighted composition operation is adopted for benefit calculation, where a higher benefit leads to a 

larger objective function value. The cumulative weight r  of a path π̂  and the intuitionistic fuzzy 

measure of the path IFP(π̂)=α=(μ,v) can be synthesized via the weighted composition operations for 

intuitionistic fuzzy numbers, and the resulting value serves as the fundamental basis for engineering 

decision-making. 

Proposition 3 For any r∈Q*  and any intuitionistic fuzzy numbers α1=(μ
1
,v1),   and α2=(μ

2
,v2)  , if 

α1≤α2, then the following conclusions hold: 

(1) r∸α1≤r∸α2; 

(2) r∔α1≤r∔α2. 

Proof: Following the proof procedure of Proposition 2, we define the functions f(x)=xr and g(x)=1-

(1-x)r , both of which are monotonically increasing on the interval [0,1] . In light of the definition of 

the order relation for intuitionistic fuzzy numbers in reference [24], the conclusions of Proposition 3 

can be readily proven. □ 

Propositions 1, 2 and 3 fully demonstrate that the weighted composition operations for 

intuitionistic fuzzy numbers defined in Definition 5 are well-defined. Multiple costs and benefits can 

be regarded as multiple attributes that influence engineering decision-making. In engineering 

management and decision-making, the factors to be considered include time cost (project duration), 

financial cost, human resource cost, expected social benefits, economic benefits, and the intuitionistic 

fuzzy possibility of completing each engineering step under the constraints of specific attributes. We 

now explore how to solve the multi-attribute decision-making problem based on the WIFKS model. 

Since the calculation of intuitionistic fuzzy measures is primarily path-based, it is optimal for one 

engineering decision scheme to correspond to a single path in practical applications.  

In the WIFKS model, the set of finite paths that satisfy certain property constraints (e.g., 

completing the project within a specified cost range or a desired benefit threshold) is defined as the 

satisfiable decision scheme set, denoted by Π̂={π̂0,π̂1,⋯,π̂n-1}), where Π̂⊆Pathfin(M). We next present 

the formal description of the single-attribute and multi-attribute optimal decision-making problems 

on Π̂.  

The basic idea of single-attribute decision-making is as follows:  

(1) For cost-type attributes: among all schemes with the same cost (where schemes are in one-to-

one correspondence with paths in the WIFKS), select the maximum intuitionistic fuzzy measure (i.e., 

path reachability) of the feasible schemes, and perform the cost-weighted composition operation (∸) 

on this maximum measure and the corresponding cost. The minimum value from the resulting set of 

composite scores is defined as the cost expectation of the cost attribute, and the set of paths 

corresponding to this minimum value constitutes the optimal decision scheme set for the attribute.  
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(2) For benefit-type attributes: among all schemes with the same benefit, select the maximum 

intuitionistic fuzzy measure (path reachability) of the feasible schemes, and perform the benefit-

weighted composition operation (∔) on this maximum measure and the corresponding benefit. The 

maximum value from the resulting set of composite scores is defined as the benefit expectation of the 

benefit attribute, and the set of paths corresponding to this maximum value forms the optimal 

decision scheme set for the attribute. 

Definition 6 (Single-Attribute Decision-Making) Let M̃=(M,W)  be a WIFKS and IFP(∙)  an 

intuitionistic fuzzy measure function. Given a finite path set Π̂ with Π̂⊆Pathfin(M), the relevant concepts of 

single-attribute decision-making on Π̂ are defined as follows  

(1) Cost Expectation on Π for Cost-type Attributes  

ExpW⃗⃗⃗ (𝛱̂) = ⋀
𝑤≥0

 ({𝑤 ∸ 𝐼𝐹𝑃({π̂ ∈ 𝛱̂|Ŵ(π̂) = w}) 

= max {w ∸ max {IFP(π̂)|π̂ ∈ 𝛱̂,w = Ŵ(π̂)}}; 

= max {𝑊(𝜋̂) ∸ 𝐼𝐹𝑃(𝜋̂)|𝜋̂ ∈ 𝛱̂}; 

(2) Expected Path Set in Π̂ for Cost-type Attributes: 

ExpP⃗⃗ (𝛱̂) = {π̂ ∈ Π̂|Ŵ(π̂) ∸ IFP(π̂) = ExpW⃗⃗⃗ (𝛱̂)}; 

(3) Benefit Expectation on Π̂ for Benefit-type Attributes  

𝐸𝑥𝑝𝑊⃗⃗⃗⃖(𝛱̂) = ⋁
𝑤≥0

 ({𝑤 ∔ 𝐼𝐹𝑃({𝜋̂ ∈ 𝛱̂|𝑊̂(𝜋̂) = 𝑤}) 

= max {𝑤 ∔ max {𝐼𝐹𝑃(𝜋̂)|𝜋̂ ∈ Π̂, 𝑤 = 𝑊(𝜋̂)}} 

= max {𝑊(𝜋̂) ∔ 𝐼𝐹𝑃(𝜋̂)|𝜋̂ ∈ 𝛱̂}; 

(4) Expected Path Set in Π̂ for Benefit-type Attributes: 

ExpP⃗⃗⃖(𝛱̂) = {π̂ ∈ Π̂|Ŵ(π̂) ∔ IFP(π̂) = ExpW⃗⃗⃗⃖(𝛱̂)}. 

Since the membership degree and non-membership degree both take values in the interval [0,1] 

while the weight w is generally a large value, the result of 𝑤 ∸ (𝜇, 𝑣) tends to (1,0) and that of 𝑤 ∔

(𝜇, 𝑣) tends to (0,1) . This impairs the comparison and selection of optimal alternatives. Thus, the 

intuitionistic fuzzy measures of decision schemes can be normalized to the interval [0,1] to avoid such 

issues and facilitate comparison. For any π̂∈Π̂ , the normalized weight of π is defined as follows: 

Ŵ'(π̂)=
Ŵ(π̂)

max{Ŵ(π̂)|π̂∈Π̂}
 (6) 

We then simply replace Ŵ(π̂) with Ŵ'(π̂) in Definition 6. 

For multi-attribute decision-making, it is necessary to integrate all cost and benefit information 

to derive a comprehensive evaluation score for each scheme. The set of paths with the highest scores 

is then selected as the optimal decision scheme. We next present the formal description of WIFKS-

based multi-attribute decision-making. 

Definition 7 [Multi-Attribute Decision-Making] Let M̃=(M,W) be a WIFKS, IFP(∙) an intuitionistic 

fuzzy measure function, and a finite path set Π̂⊆Pathfin(M) be given with |Π̂|=n. Let the decision attribute 

set be denoted by DAS={d0,d1,⋯,dm-1}. The relevant concepts of intuitionistic fuzzy multi-attribute decision-

making on Π̂ are defined as follows: 

(1) Preference weight set  AR={r0,r1,⋯,rm-1}, where r0+r1+⋯+rm-1=1. In particular, if there is no preference for 

the weights of decision attributes, r0=r1=⋯=rm-1=1/m; 

(2) For any π̂∈Π̂, let i∈In label the index of π̂ in Π̂; for any π̂∈Π̂，dj∈DAS with j∈Im, let wij denote the 

cumulative weight of path π̂ with respect to attribute dj. Let Ŵj={wij|i∈In} be the set of cumulative weights 

of all finite paths in Π̂ with respect to dj. The normalized weight w'ij corresponding to wij is defined as: 

If dj is a cost-type attribute  

𝑤′𝑖𝑗 =
𝑚𝑖𝑛 (𝑊̂𝑗)

𝑤𝑖𝑗
 (7) 

If dj is a benefit-type attribute  

𝑤′𝑖𝑗 =
𝑤𝑖𝑗

𝑚𝑎𝑥 (𝑊̂𝑗)
 (8) 

(3) Multi-attribute decision-making score set  C={c0,c1,⋯,cn-1} . The multi-attribute decision-making score 

c(π̂)∈C for π̂∈Π̂ is defined as  
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c(π̂)=( ∑ (r
j

m

j=1

∙wkj
' ))∔IFP(π̂)； (9) 

(4) Multi-attribute optimal decision-making score function  𝑐𝑚(𝛱̂) = max ({c(π̂)|π̂ ∈ 𝛱̂}); 

(5) Multi-attribute optimal decision scheme function: 𝑂𝐷𝑆(𝛱̂) = {π̂|π̂ ∈ 𝛱̂, c(π̂) = 𝑐𝑚(𝛱̂))}. 

Both cost and benefit weights are normalized to the unit interval [0,1] via Eqs. (7) and (8), and a 

larger normalized weight w'ij  corresponds to a lower cost (or a higher benefit) for the attribute. 

Accordingly, in Eq. (9), we first take the product of the attribute preference weight rj  and the 

normalized weight w'ij, then synthesize the preference-weighted sum with the intuitionistic fuzzy 

measure IFP(π̂)  of the decision scheme using the benefit-weighted composition operator ∔ . This 

definition is natural and consistent with the decision-making logic. 

4. Intuitionistic Fuzzy Decision Tree Temporal Logic 

The prerequisite for solving the multi-attribute decision-making problem above is the 

identification of the satisfiable decision scheme set Π̂ , where Π̂ must satisfy constraints of temporal 

properties. We now introduce attribute decision operators into IFCTL to propose the Intuitionistic 

Fuzzy Decision Tree Temporal Logic (IFDTL) for constraining decision schemes, and further 

characterize the logical properties of IFDTL. We first present the syntax and semantics of IFDTL. 

4.1. Syntax and Semantics of IFDTL 

Definition 8 [The Syntax of IFDTL] The syntax of IFDTL is defined as follows  

State Formulas of IFDTL  

φ∷=Ture|p|φ
1
∧φ

2
|¬φ|Π̂Rk

(ψ)|Π̂R(ψ)|ESRk
(ψ)|EPRk

(ψ)|OSR(ψ)|OPR(ψ) 

where ψ  is a path formula, p∈AP , φ, φ
1
 and φ

2
  are state formulas, ∀k∈Im，，Rk⊂Q*  denotes the weight 

constraint predicate for the k-th  decision attribute, and R={R0,R1,⋯,Rm-1}  is the set of weight constraint 

predicates for m decision attributes. Π̂Rk
(.) is single-attribute satisfiable decision scheme operator. Π̂R(.) is 

multi-attribute satisfiable decision scheme operator. ESRk
(∙) is single-attribute decision expected score operator. 

EPRk
(∙) is single-attribute decision expected scheme operator. OSR(∙) multi-attribute optimal score operator. 

OPR(∙) is multi-attribute optimal decision scheme operator. 

Path Formulas of IFDTL: ψ∷=φ
1
⨆φ

2
|φ

1
⨆≤nφ

2
 

Where φ,φ
1
 and  φ

2
 are state formulas and n∈N+. 

To characterize the semantics of IFDTL in a concise manner, we first introduce the concept of 

the decision core for IFDTL path formulas. 

Defination 9 [Decision Core for IFDTL Path Formulas] For any s∈S, any π∈Path(s), and any IFDTL 

state formulas φ
1
, φ

2
, suppose there exists a path fragment π̂=π0,π1,⋯,πl with l∈N and π0=s that satisfies 

the following conditions  

(1) For all i, j∈Il∪{l}}, if i≠j, then πi≠πj; 

(2) For all i∈Il, δ(πi,πi+1)>(0,1); 

(3) 𝜋𝑙 ⊨ 𝜑2; 

(4) For all 𝑖 ∈ 𝐼𝑙, 𝜋𝑖 ⊨ 𝜑1 ∧ ¬𝜑2. 

Then 𝜋̂  is called the decision core of the IFDTL formula 𝜑1⨆𝜑2  on path 𝜋 , denoted by 

𝐷𝑐𝑝(𝜋, 𝜑1⨆𝜑2) = 𝜋̂. 

If there exists no l∈N that satisfies the above four conditions simultaneously, the IFDTL formula 𝜑1⨆𝜑2 

is said to have no decision core (or an empty decision core) on path 𝜋, denoted by 𝐷𝑐𝑝(𝜋, 𝜑1⨆𝜑2) = 𝜋̂. 

If the constraint 𝑙 ≤ 𝑛 is additionally imposed on the above four conditions, then 𝜋̂ is called the bounded 

decision core of the IFDTL formula 𝜑1⨆
≤𝑛𝜑2 on path 𝜋, denoted by 𝐷𝑐𝑝(𝜋, 𝜑1⨆

≤𝑛𝜑2) = 𝜋̂. 

Remark 2 Let 𝐷𝑐𝑝(𝜋, 𝜑1⨆𝜑2) = 𝜋̂ = 𝜋0, 𝜋1, ⋯ , 𝜋𝑙. All states 𝜋0, 𝜋1, ⋯ , 𝜋𝑙 on 𝜋 appear on the path π, but 

they do not need to be consecutive on 𝜋. In fact, the constraints above ensure two aspects simultaneously  on 

the one hand, they guarantee that 𝜋̂ ⊨ 𝜑1⨆𝜑2 (by Conditions 3 and 4); on the other hand, they eliminate cycles 

on 𝜋 (by Conditions 1 and 2). This constraint intuitively characterizes the achievement of the decision objective 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 7 May 2026 doi:10.20944/preprints202605.0342.v1

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202605.0342.v1
http://creativecommons.org/licenses/by/4.0/


 8 of 26 

 

(𝜑2) in a shortest and most efficient manner. Precisely because the decision core is the "shortest and most 

efficient" path to reach the decision objective, it is unique. 

Definition 10 [Semantics of IFDTL] Let 𝑀̃ = (𝑀,𝑊)  be a WIFKS, 𝐼𝐹𝑃(∙)  an intuitionistic fuzzy 

measure function, and 𝐷𝐴𝑆 = {𝑑0, 𝑑1, ⋯ , 𝑑𝑚−1} the decision attribute set. For any 𝑠 ∈ 𝑆, any 𝑝 ∈ 𝐴𝑃 , and 

any 𝜋 ∈ 𝑃𝑎𝑡ℎ(𝑠), the semantics of IFDTL ⟨∙ | ∙⟩ is recursively defined as follows  

(1) ⟨𝑠|𝑇𝑢𝑟𝑒⟩ = 𝑇𝑢𝑟𝑒; 

(2) ⟨𝑠|𝑝⟩ = {
Ture p∈L(s)

False p∉L(s)
; 

(3) ⟨𝑠|𝜑1 ∧ 𝜑2⟩ = ⟨𝑠|𝜑1⟩ ∧ ⟨𝑠|𝜑2⟩; 

(4) ⟨𝑠|¬𝜑⟩ = ¬⟨𝑠|𝜑⟩; 

(5) ⟨s|𝛱̂𝑅𝑘
(𝜓)⟩ = {𝜋̂|∃𝜋 ∈ 𝑃𝑎𝑡ℎ(𝑠), 𝜋̂ = ⟨𝜋|𝜓⟩, 𝑊̂(𝜋̂) ∈ 𝑅𝑘}; 

(6) ⟨𝑠|𝛱̂𝑅(𝜓)⟩ = ⋂
𝑅𝑘∈𝑅

⟨𝑠|𝛱̂𝑅𝑘
(𝜓)⟩ ; 

(7) ⟨𝑠|𝐸𝑆𝑅𝑘
(ψ)⟩ = 𝐸𝑥𝑝𝑊(⟨𝑠|𝛱̂𝑅𝑘

(𝜓)⟩); 

(8) ⟨𝑠|𝐸𝑃𝑅𝑘
(𝜓)⟩ = 𝐸𝑥𝑝𝑃(⟨𝑠|𝐸𝑆𝑅𝑘

(𝜓)⟩); 

(9) ⟨𝑠|𝑂𝑆𝑅(𝜓)⟩ = 𝑐𝑚(⟨𝑠|𝛱̂𝑅(𝜓)⟩); 

(10) ⟨𝑠|𝑂𝑃𝑅(𝜓)⟩ = 𝑂𝐷𝑆(⟨𝑠|𝑂𝑆𝑅(𝜓)⟩); 

(11) ⟨𝜋|𝜑1⨆𝜑2⟩ = 𝐷𝑐𝑝(𝜋, 𝜑1⨆𝜑2); 

(12) ⟨𝜋|𝜑1⨆
≤𝑛𝜑2⟩ = 𝐷𝑐𝑝(𝜋, 𝜑1⨆

≤𝑛𝜑2). 

where Exp 𝐸𝑥𝑝𝑊(∙)  denotes the cost-type or benefit-type attribute expectation function defined in 

Definition 6, and 𝐸𝑥𝑝𝑃(∙) denotes the cost-type or benefit-type attribute expected path function defined in 

Definition 6. 𝑐𝑚(∙) is the multi-attribute optimal decision-making score function defined in Definition 7, and 

𝑂𝐷𝑆(∙) is the multi-attribute optimal decision scheme function defined in Definition 7.  

We next present the semantics of several important IFDTL formulas that do not appear in the IFDTL 

syntax but can be reduced to the syntactically defined formulas  

(13) ⟨𝑠|𝜑1 ∨ 𝜑2⟩ = ¬(¬⟨s|𝜑1⟩ ∨ ¬⟨𝑠|𝜑2⟩); 

(14) ⟨𝑠|𝜑1 → 𝜑2⟩ = ¬⟨𝑠|𝜑1⟩ ∨ ⟨𝑠|𝜑2⟩; 

(15) ⟨𝜋|◇𝜑⟩ = ⟨𝜋|𝑇𝑢𝑟𝑒⨆𝜑⟩; 

(16) ⟨𝜋|¨𝜑⟩ = ⟨𝜋|¬◇¬𝜑⟩. 

Remark 3 The semantics of IFDTL differs significantly from that of other computation tree temporal logics. 

An important task of IFDTL semantics is to compute the path sets that satisfy temporal property constraints 

or weight predicate constraints. Thus, the computational results of the IFDTL operators 

𝛱̂𝑅𝑘
(∙), 𝛱̂𝑅(∙), 𝐸𝑃𝑅𝑘

(∙), 𝑂𝑃𝑅(∙), ⨆, ⨆≤𝑛, ◇ and ¨ defined in Definition 10 are paths or path sets. 

4.2. Logical Properties of IFDTL 

For the sake of descriptive convenience, an IFDTL formula is used to denote the path, path set, or 

satisfaction value derived from its semantic computation. We next investigate the logical properties of IFDTL 

formulas. 

Theorem 1[Finiteness Principle] Let 𝑀̃ = (𝑀,𝑊)  be a WIFKS, and let 𝜑1 𝑎𝑛𝑑 𝜑2  be IFDTL state 

formulas. The following conclusions hold  

(1) 𝜑1⨆𝜑2 = 𝜑1⨆
≤|𝑆|𝜑2; 

(2) ◇𝜑 = ◇≤|S|𝜑. 

Proof: (1) For any 𝑠 ∈ 𝑆  and any 𝜋 ∈ 𝑃𝑎𝑡ℎ(𝑠) , we need to prove 𝐷𝑐𝑝(𝜋, 𝜑1⨆𝜑2) =

𝐷𝑐𝑝(𝜋, 𝜑1⨆
≤|𝑆|𝜑2). Let Dcp(𝜋, 𝜑1⨆𝜑2) = 𝜋̂ = 𝜋0, 𝜋1, ⋯ , 𝜋𝑙; it is necessary and sufficient to prove 𝑙 ≤

|𝑆|. We now proceed by contradiction: suppose 𝑙 > |𝑆|. By Condition (4), for all 𝑖 ∈ 𝐼𝑙 , 𝜋𝑖 ⊨ 𝜑1 ∧ ¬𝜑2, 

which implies 𝜋𝑖| ≠ 𝜑2 for all𝑖 ∈ 𝐼𝑙. Since 𝑙 > |𝑆|, the sequence  𝜋0, 𝜋1, ⋯ , 𝜋𝑙−1 contains at least |𝑆| 

distinct states by Condition (1) of Definition 9. As M has at most |𝑆| states in total, it follows that 

𝑠| ≠ 𝜑2 for all 𝑠 ∈ 𝑆. This further implies 𝜋𝑙 ⊭ φ2, which violates Condition (3) of Definition 9. This 

contradiction arises from the assumption 𝑙 > |𝑆|, so the assumption is false and 𝑙 ≤ |𝑆| must hold. 

(2) Since ⟨𝜋|◇𝜑⟩ = ⟨𝜋|𝑇𝑢𝑟𝑒⨆𝜑⟩ (where  𝑇𝑢𝑟𝑒   denotes the tautology), Conclusion (2) of 

Theorem 1 holds naturally.□ 
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Theorem 1 indicates that for any 𝑠 ∈ 𝑆 , any 𝜋 ∈ 𝑃𝑎𝑡ℎ(𝑠), and any given IFDTL state formulas 

𝜑1 and 𝜑2 , the length of 𝐷𝑐𝑝(𝜋, 𝜑1⨆𝜑2) is bounded by |𝑆| (i.e.,𝑙 ≤ |𝑆| ). Starting from the initial 

state 𝑠0 , perform a breadth-first search (BFS) on the WIFKS model 𝑀 with the following constraints: 

the currently expanded states must satisfy 𝜑1 , and the maximum search depth is limited to |𝑆| . 

Once a target state (a state satisfying 𝜑2 ) is found, backtrack to the root node 𝑠0 to obtain a finite 

path fragment 𝜋̂ = 𝜋0, 𝜋1, ⋯ , 𝜋𝑙, such that 𝜋 ⊨ 𝜑1⨆𝜑2 and 𝐷𝑐𝑝(𝜋, 𝜑1⨆𝜑2) = 𝜋̂. 

Proposition 4 Let 𝑀̃ = (𝑀,𝑊)  be a WIFKS and 𝜓  an IFDTL path formula. For the cost-type attribute 

weight predicates  𝑅1, 𝑅2 ⊂ ℚ∗, if 𝑅1 ⊆ 𝑅2, then the following hold: 

(1) 𝛱̂𝑅1
(𝜓) ⊆ 𝛱̂𝑅2

(𝜓); 

(2) 𝐸𝑆𝑅1
(𝜓) ≤ ESR2

(𝜓). 

Proof: (1) For any s ∈ S，⟨𝑠|𝛱̂𝑅1
(𝜓)⟩ = {𝜋̂|∃𝜋 ∈ 𝑃𝑎𝑡ℎ(𝑠), 𝜋̂ = ⟨𝜋|𝜓⟩, 𝑊̂(𝜋̂) ∈ 𝑅1} , Since R1 ⊆ R2 , it 

follows that ⟨𝑠|𝛱̂𝑅1
(𝜓)⟩ ⊆ {𝜋̂|∃𝜋 ∈ 𝑃𝑎𝑡ℎ(𝑠), 𝜋̂ = ⟨𝜋|𝜓⟩, 𝑊̂(𝜋̂) ∈ 𝑅2} = ⟨𝑠|𝛱̂𝑅2

(𝜓)⟩. 

For any 𝑠 ∈ 𝑆, by the definition of the single-attribute decision expected score operator, 

⟨𝑠|𝐸𝑆𝑅1
(𝜓)⟩ = 𝐸𝑥𝑝𝑊⃗⃗⃗ ({𝜋̂ ∈ ⟨s|𝛱̂𝑅1

(𝜓)⟩}) 

= max {𝑤 ∸ max {𝐼𝐹𝑃(𝜋̂)|𝜋̂ ∈ ⟨𝑠|𝛱̂𝑅1
(𝜓)⟩, 𝑤 = 𝑊̂(𝜋̂)}} 

From conclusion (1), we have 𝛱̂𝑅1
(𝜓) ⊆ 𝛱̂𝑅1

(𝜓), which implies,  

{𝐼𝐹𝑃(𝜋̂)|𝜋̂ ∈ ⟨𝑠|𝛱̂𝑅1
(𝜓)⟩} ⊆ {𝐼𝐹𝑃(𝜋̂)|𝜋̂ ∈ ⟨𝑠|𝛱̂𝑅2

(𝜓)⟩}. 

For any 𝑤 ∈ ℚ∗, it further follows that, 

{𝑤 ∸ max{𝐼𝐹𝑃(𝜋̂)|𝜋̂ ∈ ⟨𝑠|𝛱̂𝑅1
(𝜓)⟩, 𝑤 = 𝑊̂(𝜋̂)}} 

⊆ {𝑤 ∸ max{𝐼𝐹𝑃(𝜋̂)|𝜋̂ ∈ ⟨𝑠|𝛱̂𝑅2
(𝜓)⟩, 𝑤 = 𝑊̂(𝜋̂)}}. 

Since the maximum of any subset is no greater than the maximum of the entire set, it follows 

that,  

⟨𝑠|𝐸𝑆𝑅2
(𝜓)⟩ = max{w ∸ max{𝐼𝐹𝑃(𝜋̂)|𝜋̂ ∈ ⟨s|𝛱̂𝑅1

(𝜓)⟩, 𝑤 = 𝑊̂(𝜋̂)}} 

≤ max{w ∸ max{𝐼𝐹𝑃(𝜋̂)|𝜋̂ ∈ ⟨𝑠|𝛱̂𝑅2
(𝜓)⟩, 𝑤 = 𝑊̂(𝜋̂)}} = 𝐸𝑆𝑅2

(𝜓).□ 

Definition 11 Let 𝑅 = {𝑅0, 𝑅1, ⋯ , 𝑅𝑚−1},  and 𝑅′ = {𝑅′0, 𝑅′1, ⋯𝑅′𝑚−1}  be two sets of multi-attribute 

weight constraint predicates with 𝑚 ∈ ℕ+ decision attributes. If 𝑅𝑗 ⊆ 𝑅′𝑗 holds for all 𝑗 ∈ 𝐼𝑚, then 𝑅 

is called a stronger multi-attribute decision constraint than 𝑅′, denoted by R ⊆ R′. 

Proposition 5 Let 𝑀̃ = (𝑀,𝑊)  be a WIFKS and 𝜓  an IFDTL path formula.Let 𝑅 = {𝑅0, 𝑅1, ⋯ , 𝑅𝑚−1}, 

and 𝑅′ = {𝑅′0, 𝑅′1, ⋯𝑅′𝑚−1}  be two sets of multi-attribute weight constraint predicates with 𝑚 ∈ ℕ+ 

decision attributes. If 𝑅 ⊆ 𝑅′, then the following hold, 

(1) 𝛱̂𝑅(𝜓) ⊆ 𝛱̂𝑅′(𝜓); 

(2) 𝑂𝑆𝑅(𝜓) ≤ 𝑂𝑆𝑅′(𝜓). 

The proof of Proposition 5 is analogous to that of Propositions 4. The core idea is that a stronger 

multi-attribute decision constraint yields a smaller set of satisfiable decision schemes. When the 

quantitative scores of all decision factors are positively correlated with the objective function values 

(see Eqs. (7), (8) and (9) in Definition 7 for details), the result of the maximization optimization over 

a subset is necessarily no greater than that over the entire set. 

Proposition 6 The set {∧,¬, 𝛱̂𝑅𝑘
(∙), 𝛱̂𝑅(∙), 𝐸𝑆𝑅𝑘

(∙), 𝐸𝑃𝑅𝑘
(∙), 𝑂𝑆𝑅(∙), 𝑂𝑃𝑅(∙), ⨆

≤n}  forms a functionally 

complete set of IFDTL operators. 

The result of Proposition 6 is self-evident from Definition 10 and Theorem 1. With the 

functionally complete set of IFDTL operators established, only the operators in this set need to be 

considered when conducting IFDTL model checking. 

5. IFDTL Model Checking 

An engineering decision-making problem based on IFDTL is equivalent to an IFDTL model 

checking problem. It can be formulated as follows, given a WIFKS 𝑀̃ = (𝑀,𝑊) , an IFDTL path 

formula 𝜓 and an IFDTL state formula 𝜑, compute the semantics of the IFDTL formulas. 
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5.1. Decision Generation Tree of WIFKS 

To present the solution algorithm for the IFDTL model checking problem in a concise and formal 

manner, we next introduce the decision generation tree model for WIFKS.  

Definition 12 [Decision Generation Tree of WIFKS] Let 𝑀̃ = (𝑀,𝑊) be a WIFKS, and let 𝜑1⨆
≤𝑛𝜑2 

be an IFDTL path formula. The Decision-making Tree (DMT) of M under the constraint of 𝜑1⨆
≤𝑛𝜑2  is 

defined as follows, 

(1) The root node of DMT is an initial state of 𝑀 ; 

(2) DMT is a tree obtained by expanding 𝑀 via breadth-first search (BFS); 

(3) Any path 𝜋̂ = 𝜋0, 𝜋1, ⋯ , 𝜋𝑙 ,  in DMT satisfies 𝑙 ≤ 𝑛 , and 𝐼(𝜋0) > (0,1)  with ∃𝜋 ∈ 𝑃𝑎𝑡ℎ(𝜋0) 

such that 𝐷𝑐𝑝(𝜑1⨆
≤𝑛𝜑2) = 𝜋̂. 

Algorithm 1 presents the solution algorithm for the decision generation tree of WIFKS. 

Algorithm 1 Solution Algorithm for Decision Generation Tree of WIFKS. 

Input: IFDTL path formula φ1⨆
≤nφ2, WIFKS M̃ = (M,W), weight constraint predicate Rk. 

Computation Steps: 

1. For any initial state 𝑠0 if 𝑠0 ⊨ 𝜑1，add 𝑠0 to the OPEN list;// The OPEN list is a queue. 

2. 𝐼𝐹𝑃(𝑠0) = 𝐼(𝑠0)，𝑊̂𝑘(𝑠0) = 0, 𝐷𝑒𝑝𝑡ℎ(𝑠0) = 0; 

3. LOOP while the OPEN list is not empty //Breadth-first search (BFS) on 𝑀. 

4.    Dequeue the first node 𝑠 from the OPEN list and remove 𝑠 from the OPEN list; 

5.    IF 𝑊̂𝑘(𝑠) ∈ 𝑅𝑘，𝐷𝑒𝑝𝑡ℎ(𝑠) < 𝑛 THEN add 𝑠 to the DMT list; 

//The current decision scheme satisfies the weight con straint and the search depth does not exceed 𝑛. For 

multi-attribute decision-making, the cumulative weight Ŵk(s) must be calculated for each attribute dk, 

and each cumulative weight Ŵk(s) must satisfy the corresponding weight predicate Rk. 

6.    IF 𝑠 ⊨ 𝜑2  

7.        Insert node s into the ordered list EP in ascending order of Ŵk(s); // A path (scheme) from 𝑠0 to 𝑠    is 

found: π̂ = s0, ⋯ , s, satisfies the attribute constraints. The EP list is a double-layer list where the W_Node 

of the first layer has two members: a weight 𝑤 and a pointer linked list 𝑆_𝐿𝑖𝑠𝑡. The pointer linked list 

S_List stores all target nodes 𝑠 of decision schemes with a cumulative weight of 𝑤. 

8.      Child(𝑠) = 𝑁𝑈𝐿//Stop expanding 𝑠. 

9      CONTINUE;//Continue searching for other decision schemes that satisfy the constraints. 

10.   END  

11.   𝐵_𝑁𝑜𝑑𝑒 = 𝑠; //Set the backtracking node. 

12.   LOOP Father(𝐵_𝑁𝑜𝑑𝑒) ≠ 𝑁𝑈𝐿𝐿 

13.        𝑠𝑓 = Father(𝐵_𝑁𝑜𝑑𝑒); 

14.       IF 𝑠𝑓 = 𝑠 //The current expanded node duplicates its direct ancestor. 

15.         Child(𝑠) = 𝑁𝑈𝐿//Stop expanding 𝑠. 

16.         BREAK; //Terminate backtracking of the current decision scheme. 

17.       END 

18.       IF 𝑠𝑓 ≠ 𝑠 THEN 𝐵_𝑁𝑜𝑑𝑒 = 𝑠𝑓; //Continue backtracking the current decision scheme. 

19.       IF Father(𝐵_𝑁𝑜𝑑𝑒) = 𝑁𝑈𝐿𝐿 //No duplicate direct ancestor nodes for the current expanded node. 

20.       LOOP ∀s′ ∈ Child(𝑠), 𝑠′ ⊨ 𝜑1 //Add children of 𝑠 to the OPEN list. 

21.          Add node s′ to the OPEN list; 

22.          𝐼𝐹𝑃(𝑠′) = 𝐼𝐹𝑃(𝑠) ∧ 𝛿(𝑠, 𝑠′); //Update the reachability of the current decision scheme. 

23.          𝑊̂𝑘(𝑠′) = 𝑊̂𝑘(𝑠) + 𝑊𝑘(𝑠, 𝑠′); //Update the cumulative weight of the current decision scheme. 

24.          𝐷𝑒𝑝𝑡ℎ(𝑠′) = 𝐷𝑒𝑝𝑡ℎ(𝑠) + 1; //Update the length of the current decision scheme. 

25.        Father(𝑠′) = 𝑠;//Establish a backtracking pointer to prepare for backtracking the decision scheme. 

26       END 

27.   END 

28. END 

Output: Decision Generation Tree (DMT), decision table EP. 
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We next prove the correctness of Algorithm 1. 

Theorem 2 Given an IFDTL path formula 𝜑1⨆
≤n𝜑2 , a WIFKS 𝑀̃ = (𝑀,𝑊) , and a weight constraint 

predicate 𝑅𝑘. Let DMT be the decision generation tree generated by Algorithm 1. Then the following hold, 

(1) For any 𝑠0 ∈ 𝑆  and any 𝜋 ∈ 𝑃𝑎𝑡ℎ(𝑠0) , if 𝐷𝑐𝑝(𝜋, 𝜑1⨆
≤𝑛𝜑2) = 𝜋̂ = 𝑠0, ⋯ , 𝑠  and 𝑊̂𝑘(𝜋̂) ∈ 𝑅𝑘 , 

then 𝜋̂ = 𝑠0, ⋯ , 𝑠 is a path in DMT; 

(2) If 𝜋̂ = 𝑠0, ⋯ , 𝑠  is a path in DMT, then there exist 𝑠 ∈ 𝑆  and 𝜋 ∈ 𝑃𝑎𝑡ℎ(𝑠)  such that 𝜋̂ =

𝐷𝑐𝑝(𝜋, 𝜑1⨆
≤𝑛𝜑2) and 𝑊̂𝑘(𝜋̂) ∈ 𝑅𝑘. 

Proof: (1) or any 𝑠0 ∈ 𝑆 and any 𝜋 ∈ 𝑃𝑎𝑡ℎ(𝑠0), if 𝐷𝑐𝑝(𝜋, 𝜑1⨆
≤𝑛𝜑2) = 𝜋̂ = 𝑠0, ⋯ , 𝑠. By Condition (1) 

of Definition 6.6, π satisfies the requirement of no repeated nodes for the sequence 𝑠0, ⋯ , 𝑠 in Steps 

8–19 of Algorithm 1. Conditions (2) and (4) of Definition 9 satisfy the constraints on the internal nodes 

of DMT in Step 20 of Algorithm 1. Condition (3) of Definition 9 satisfies the constraints on the leaf 

nodes of DMT in Step 6 of Algorithm 1. 𝑊̂𝑘(𝜋̂) ∈ 𝑅𝑘 satisfies the constraints on the internal nodes of 

DMT in Step 5 of Algorithm 1. Thus, 𝜋̂ = 𝑠0, ⋯ , 𝑠  is a path in DMT. 

(2) Let 𝜋̂ = 𝑠0, ⋯ , 𝑠 be a path in DMT; then 𝑊̂𝑘(𝜋̂) ∈ 𝑅𝑘 holds. Construct an infinite path 𝜋 =

𝑠0, ⋯ , 𝑠,⋯The requirement of no repeated nodes for the sequence 𝑠0,…,s in Steps 8–19 of Algorithm 

1 ensures that Condition (1) of Definition 9 holds. The constraints on the internal nodes of DMT in 

Step 18 of Algorithm 1 ensure that Conditions (2) and (4) of Definition 9 hold. The constraints on the 

leaf nodes of DMT in Step 6 of Algorithm 1 ensure that Condition (3) of Definition 9 holds. Therefore, 

𝜋̂ = 𝐷𝑐𝑝(𝜋, 𝜑1⨆
≤𝑛𝜑2).□ 

We next analyze the computational complexity of Algorithm 1 

Theorem 3 Given an IFDTL path formula 𝜑1⨆
≤𝑛𝜑2 , a WIFKS 𝑀̃ = (𝑀,𝑊) , and a weight constraint 

predicate 𝑅𝑘, the time complexity of generating the decision generation tree (DMT) and decision table (EP) via 

Algorithm 1 is 𝑂(𝑠𝑢𝑝(𝐼) . ∑ 𝐴|𝑠|
𝑖𝑛

0 ), and the space complexity is 𝑂(∑ 𝐴|𝑠|
𝑖𝑛

0 ). 

Proof: The generated DMT has at most sup(I) root nodes. For each DMT subtree, the first layer has at 

most |𝑆| − 1 branches. A node in the i-th layer has i direct ancestors and at most |𝑆| − 1children, 

which can generate ∣ 𝑆 ∣ −𝑖 branches. Thus, the i-th layer contains at most ∣ 𝑆 ∣× (∣ 𝑆 ∣ −1) × (∣ 𝑆 ∣

−2) × ⋯× (∣ 𝑆 ∣ −i + 1) = 𝐴|𝑠|
𝑖  nodes. Since the DMT has at most n layers, it contains at most ∣ 𝑆 ∣× (∣

𝑆 ∣ −1) × (∣ 𝑆 ∣ −2) × ⋯× (∣ 𝑆 ∣ −𝑛 + 1) = 𝐴|𝑠|
𝑖  leaf nodes. Each leaf node corresponds one-to-one to 

a path π from the root node with length no more than n, so the DMT has at most O(𝐴|𝑠|
𝑖 ) paths. 

The time and space complexity of constructing the DMT are linearly related to the number of 

nodes in the DMT, where the DMT has at most 𝑂(∑ 𝐴|𝑠|
𝑖𝑛

0 ) nodes. The time and space complexity of 

computing the decision table EP are linearly related to the number of leaf nodes in the DMT. 

Therefore, the time complexity of Algorithm 1 is 𝑂(𝑠𝑢𝑝(𝐼) . ∑ 𝐴|𝑠|
𝑖𝑛−1

0 ). Since the space of DMT 

subtrees can be reused, the space complexity is 𝑂(∑ 𝐴|𝑠|
𝑖𝑛

0 ).□ 

Corollary 1 Given an IFDTL path formula 𝜑1⨆𝜑2 or 𝜑1⨆
≤𝑛𝜑2with 𝑛 ≥ |𝑆|, a WIFKS 𝑀̃ = (𝑀,𝑊), and 

a weight constraint predicate 𝑅𝑘, replacing the decision scheme length n with ∣ 𝑆 ∣ in Algorithm 1 enables the 

solution for the decision generation tree (DMT) and decision table (EP) for 𝜑1⨆𝜑2 or 𝜑1⨆
≤𝑛𝜑2with 𝑛 ≥ |𝑆|. 

The time complexity is 𝑂(𝑠𝑢𝑝𝑝(𝐼) . ∑ 𝐴|𝑠|
𝑖|𝑠|

0 ) and the space complexity is 𝑂(∑ 𝐴|𝑠|
𝑖|𝑠|

0 ).  

By Theorem 1, for 𝑛 ≥ |𝑆| , we have 𝜑1⨆𝜑2 = 𝜑1⨆
≤|𝑆|𝜑2 = 𝜑1⨆

≤𝑛𝜑2 . Thus, replacing the 

decision scheme length n with |𝑆| in Algorithm 1 yields the DMT and EP for 𝜑1⨆𝜑2 or 𝜑1⨆
≤𝑛𝜑2 ( 

𝑛 ≥ |𝑆| ). In this case, the DMT has at most ∣ 𝑆 ∣ ! leaf nodes and at most 𝑂(∑ 𝐴|𝑠|
𝑖|𝑠|−1

0 ) nodes in total. 

We now turn to solving the IFDTL model checking problem, which is equivalent to addressing 

the solution of engineering decision-making problems. 

5.2. Single-Attribute Engineering Decision-Making Problems Based on IFDTL Model Checking  

We next present the solution algorithm for single-attribute engineering decision-making 

problems. A single-attribute engineering decision-making problem corresponds to the model 

checking of the operators 𝛱̂𝑅𝑘
(∙),𝐸𝑆𝑅𝑘

(∙), and 𝐸𝑃𝑅𝑘
(∙). Algorithm 2 provides the solution algorithm for 

single-attribute engineering decision-making problems. 
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Algorithm 2 Solution Algorithm for Single-Attribute Engineering Decision-Making Problems 

Input: IFDTL path formula φ1⨆
≤nφ2, WIFKS M̃ = (M,W), weight constraint predicate Rk.  

Computation Steps: 

1. Solve for the decision generation tree (DMT) and decision table (EP) using Algorithm 1; 

2. 𝛱̂𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2) = ∅，𝐸𝑃𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2) = ∅ //Initialize 𝛱̂𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2) and 𝐸𝑃𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2) 

3. IF attribute 𝑑𝑘 is a cost-type attribute THEN 𝐸𝑆𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2) = ∞;  

4. IF attribute 𝑑𝑘is a benefit-type attribute THEN 𝐸𝑆𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2) = 0;  

5. LOOP over each node 𝑊_𝑁𝑜𝑑𝑒 in EP 

6.    For each node 𝑠 (a leaf node of DMT) in the linked list member W_Node. S_List of W_Node, backtrack to the root 

node 

 s0 of DMT via the Father pointer to find a path π̂ = s0, ⋯ , s;  

7.    𝛱̂𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2) = 𝛱̂𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2) ∪ {𝜋̂}; //Update the set of decision schemes satisfying the weight predicate 𝑅𝑘. 

8.    For each node 𝑠 in W_Node. S_List compute the maximum value IFP(W_Node) of IFP(s) (decision reachability) 

via  

  a tournament selection method; // Calculate max {IFP(π̂)|π̂ ∈ W_Node. S_List}. 

9.    IF attribute 𝑑𝑘 is a cost-type attribute 

10.     Compute cost= 𝑊_𝑁𝑜𝑑𝑒. 𝑤 ∸ 𝐼𝐹𝑃(𝑊_𝑁𝑜𝑑𝑒);//Calculat 𝑊_𝑁𝑜𝑑𝑒.𝑤 ∸ max {𝐼𝐹𝑃(𝜋̂)|𝜋̂ ∈ 𝑊_𝑁𝑜𝑑𝑒. 𝑆_𝐿𝑖𝑠𝑡}. 

11.     IF 𝐸𝑆𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2) < 𝑐𝑜𝑠𝑡 

12.        𝐸𝑆𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2) = 𝑐𝑜𝑠𝑡; //Calculat min {𝑊_𝑁𝑜𝑑𝑒. 𝑤 ∸ {max {𝐼𝐹𝑃(𝜋̂)|𝜋̂ ∈ 𝑊_𝑁𝑜𝑑𝑒. 𝑆_𝐿𝑖𝑠𝑡}}. 

13.        𝐸𝑃𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2) = 𝑊_𝑁𝑜𝑑𝑒. 𝑆_𝐿𝑖𝑠𝑡; //Update 𝐸𝑃𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2). 

14.     END 

15.   END 

16.   IF attribute dkis a benefit-type attribute 

17.     Compute incom= 𝑊_𝑁𝑜𝑑𝑒.𝑤 ∔ 𝐼𝐹𝑃(𝑊_𝑁𝑜𝑑𝑒); //Calculate 𝑊_𝑁𝑜𝑑𝑒.𝑤 ∔ max {𝐼𝐹𝑃(𝜋̂)|𝜋̂ ∈ 𝑊_𝑁𝑜𝑑𝑒. 𝑆_𝐿𝑖𝑠𝑡}. 

18.     IF 𝐸𝑆𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2) > 𝑖𝑛𝑐𝑜𝑚  

19.                 𝐸𝑆𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2) = 𝑖𝑛𝑐𝑜𝑚;  //Calculat max{𝑊_𝑁𝑜𝑑𝑒.𝑤 ∔ {max {𝐼𝐹𝑃(𝜋̂)|𝜋̂ ∈ 𝑊_𝑁𝑜𝑑𝑒. 𝑆_𝐿𝑖𝑠𝑡}}. 

21.       𝐸𝑃𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2) = 𝑊_𝑁𝑜𝑑𝑒. 𝑆_𝐿𝑖𝑠𝑡; //Update 𝐸𝑃𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2). 

22.     END 

23.   END 

24. END 

Output：𝛱̂𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2)，𝐸𝑆𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2), 𝐸𝑃𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2). 

Theorem 4 Given an IFDTL path formula 𝜑1⨆
≤𝑛𝜑2 , a WIFKS 𝑀̃ = (𝑀,𝑊) , and a weight constraint 

predicate 𝑅𝑘, Algorithm 2 correctly computes 𝛱̂𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2)，𝐸𝑆𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2), and 𝐸𝑃𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2). 

Proof: We first solve for the decision generation tree (DMT) and decision table (EP) using Algorithm 

1. As proven in Theorem 2, the paths in DMT are in one-to-one correspondence with the kernels in 

𝑀 that satisfy the temporal property 𝜑1⨆
≤𝑛𝜑2 and the weight predicate 𝑅𝑘. Steps 5–7 of Algorithm 

2 add all paths in DMT to the set 𝛱̂𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2). By Definition 10, ⟨𝑠|𝛱̂𝑅𝑘
(𝜓)⟩ = {𝜋̂|∃𝜋 ∈ 𝑃𝑎𝑡ℎ(𝑠), 𝜋̂ =

⟨𝜋|𝜓⟩, 𝑊̂(𝜋̂) ∈ 𝑅𝑘};  

Thus, Algorithm 2 correctly computes 𝛱̂𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2). 

Step 8 of Algorithm 2 computes the maximum value 𝐼𝐹𝑃(𝑊_𝑁𝑜𝑑𝑒.𝑤) of the intuitionistic fuzzy 

measures for decision schemes with cumulative weight W_Node.w  via a tournament selection 

method. Steps 9–15 calculate 𝐸𝑥𝑝𝑊⃗⃗⃗ (⟨𝑠|𝛱̂𝑅𝑘
(𝜓)⟩)  by finding the minimum value of 𝑊_𝑁𝑜𝑑𝑒.𝑤 ∸

 𝐼𝐹𝑃(𝑊_𝑁𝑜𝑑𝑒.𝑤) (via tournament selection) when 𝑅𝑘 is a cost-type attribute. Steps 16–23 calculate 

𝐸𝑥𝑝𝑊⃗⃗⃗⃖(⟨𝑠|𝛱̂𝑅𝑘
(𝜓)⟩) finding the maximum value of 𝑊_𝑁𝑜𝑑𝑒.𝑤 ∔  𝐼𝐹𝑃(𝑊_𝑁𝑜𝑑𝑒.𝑤)  (via tournament 

selection) when 𝑅𝑘  is a benefit-type attribute. By Definition 10, ⟨𝑠|𝐸𝑆𝑅𝑘
(𝜓)⟩ = 𝐸𝑥𝑝𝑊(⟨𝑠|𝛱̂𝑅𝑘

(𝜓)⟩) . 

Thus, Algorithm 2 correctly computes 𝐸𝑆𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2). 

Steps 13 and 21 of Algorithm 2 synchronously update the set of paths with the objective function 

value 𝐸𝑆𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2) during the tournament selection for 𝐸𝑆𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2) . By Definition 10, 

𝐸𝑆𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2); Thus, Algorithm 2 correctly computes 𝐸𝑃𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2).□ 

We next analyze the computational complexity of Algorithm 2. 
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Theorem 5 Given an IFDTL path formula 𝜑1⨆
≤𝑛𝜑2 , a WIFKS 𝑀̃ = (𝑀,𝑊) , and a weight constraint 

predicate 𝑅𝑘 , let 𝑁 = 𝑚𝑖𝑛{𝑛, |𝑆|} . The time complexity of computing 𝛱̂𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2)，，

𝐸𝑆𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2), 𝑎𝑛𝑑 𝐸𝑃𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2) via Algorithm 2 is 𝑂(𝑠𝑢𝑝(𝐼) . ∑ 𝐴|𝑠|
𝑖𝑁

0 ), and the space complexity is 

𝑂(∑ 𝐴|𝑠|
𝑖𝑁

0 ). 

Proof: Algorithm 2 computes 𝛱̂𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2)，𝐸𝑆𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2), and 𝐸𝑃𝑅𝑘
(𝜑1⨆

≤𝑛𝜑2) via a tournament 

selection method, based on the decision generation tree (DMT, corrected from DPT) and decision 

table (EP) solved by Algorithm 1. The time complexity of the tournament selection is 𝑂(𝐴|𝑠|
𝑛−1), which 

is the size of the decision table EP. Thus, the time and space complexity of Algorithm 2 are dominated 

by the complexity of solving for DMT and EP (from Algorithm 1), i.e., the time complexity is 

𝑂(𝑠𝑢𝑝(𝐼) . ∑ 𝐴|𝑠|
𝑖𝑛−1

0 ) and the space complexity is 𝑂(∑ 𝐴|𝑠|
𝑖𝑛−1

0 ). □ 

Corollary 2 Given an IFDTL path formula𝜓 ∈ {𝜑1⨆𝜑2, 𝜑1⨆
≤𝑛𝜑2, ◇𝜑,◇≤𝑛𝜑}, a WIFKS 𝑀̃ = (𝑀,𝑊), and 

a weight constraint predicate 𝑅𝑘 , let 𝑁 = 𝑚𝑖𝑛{𝑛, |𝑆|} . Replacing the decision scheme length n with N in 

Algorithm 1 enables Algorithm 2 to correctly compute 𝛱̂𝑅𝑘
(𝜓), 𝐸𝑆𝑅𝑘

(𝜓), 𝑎𝑛𝑑 𝐸𝑃𝑅𝑘
(𝜓). The time complexity 

is 𝑂(𝑠𝑢𝑝(𝐼) . ∑ 𝐴|𝑠|
𝑖𝑁

0 )and the space complexity is 𝑂(∑ 𝐴|𝑠|
𝑖𝑁

0 ). 

The conclusion of Corollary 2 is self-evident from Theorems 3, 4, 5 and Corollaries 1. 

We next investigate the decidability and decision complexity of single-attribute decision-making 

problems based on IFDTL model checking. 

Theorem 6 Given an IFDTL path formula 𝜓, a WIFKS 𝑀̃ = (𝑀,𝑊), and a weight constraint predicate 𝑅𝑘, 

Algorithm 2 correctly computes 𝛱̂𝑅𝑘
(𝜓), 𝐸𝑆𝑅𝑘

(𝜓), 𝑎𝑛𝑑 𝐸𝑃𝑅𝑘
(𝜓)  with a time complexity of 

𝑂(|𝜓|. 𝑠𝑢𝑝(𝐼) . ∑ 𝐴|𝑠|
𝑖|𝑠|

0 ) and a space complexity of 𝑂(∑ 𝐴|𝑠|
𝑖|𝑠|

0 ). 

Here, |𝜓| denotes the length of formula ψ, which characterizes the number of IFDTL temporal 

operators ⨆,⨆≤𝑛, ◇,◇≤𝑛,◻,□≤𝑛, contained in 𝜓. The conclusion of Theorem 6 is self-evident from 

Theorem 5 and Corollary 2. The reason why the space complexity does not increase as the IFDTL 

formula becomes more complex is that space can be reused. 

5.3. Multi-Attribute Engineering Decision-Making Problems Based on IFDTL Model Checking 

We next present the solution algorithm for multi-attribute engineering decision-making 

problems. A multi-attribute engineering decision-making problem corresponds to the model 

checking of the operators 𝛱̂𝑅(∙), 𝑂𝑆𝑅(∙), 𝑂𝑃𝑅(∙), ⨆
≤𝑛. It is necessary to modify the constraint on the 

cumulative weight of decision schemes for a single attribute in Algorithm 1 to a multi-attribute 

weight constraint. Then, the qualified multi-attribute weights are weighted and fused according to 

attribute preferences to serve as the standard weights of decision schemes. Algorithm 3 below 

provides the solution algorithm for multi-attribute engineering decision-making problems. 

Algorithm 3 Solution algorithm for multi-attribute engineering decision-making problems 

Input：IFDTL path formula 𝜑1⨆
≤𝑛𝜑2 , WIFKS 𝑀̃ = (𝑀,𝑊), decision attribute set 𝐷𝐴𝑆 = {𝑑0, 𝑑1, ⋯ , 𝑑𝑚−1}, weight 

constraint predicates 𝑅 = {𝑅0, 𝑅1, ⋯ , 𝑅𝑚−1}, preference weights 𝐴𝑅 = {𝑟0, 𝑟1, ⋯ , 𝑟𝑚−1}. 

Computation Steps: 

1. Modify Step 5 of Algorithm 1: replace the constraint 𝑊̂𝑘(𝑠) ∈ 𝑅𝑘  with ⋀
𝑅𝑘∈𝑅

𝑊̂𝑘(𝑠) ∈ 𝑅𝑘 ; modify Step 26 to 

compute 

 𝑊̂𝑘(𝑠′) = 𝑊̂𝑘(𝑠) + 𝑊𝑘(𝑠, 𝑠′) for all 𝑘 ∈ 𝐼𝑚 . Solve for the decision generation tree (DMT) using the modified 

Algorithm 1; // Single attribute to multi-attribute 

2. 𝛱̂𝑅(𝜑1⨆
≤𝑛𝜑2) = 𝑂𝑃𝑅(𝜑1⨆

≤𝑛𝜑2) = ∅，𝑂𝑆𝑅(𝜑1⨆
≤𝑛𝜑2) = 0; //Initialization 

3. LOOP over each leaf node 𝑠 in DMT 

4.   Backtrack from 𝑠 to the root node 𝑠0 of DMT via the Father pointer to find a path 𝜋̂ = 𝑠0, ⋯ , 𝑠;  

5.   𝛱̂𝑅(𝜑1⨆
≤𝑛𝜑2) = 𝛱̂𝑅(𝜑1⨆

≤𝑛𝜑2) ∪ {𝜋̂}; //Update the set of decision schemes satisfying the weight predicate 𝑅; 

6. END 

7. LOOP over each 𝑑𝑘 ∈ 𝐷𝐴𝑆 

8.    IF 𝑑𝑘 is a cost-type attribute 

9.      Compute the minimum value min (𝑊̂𝑘) of 𝑊̂𝑘 (𝛱̂𝑅(𝜑1⨆
≤𝑛𝜑2)) via tournament selection over all  
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𝜋̂ ∈ 𝛱̂𝑅(𝜑1⨆
≤𝑛𝜑2) ; // 𝑊̂𝑘 (𝛱̂𝑅(𝜑1⨆

≤𝑛𝜑2))denotes the cumulative weights of all decision schemes in 

𝛱̂𝑅(𝜑1⨆
≤𝑛𝜑2)for attribute 𝑑𝑘, computed in Step 1. 

10.   END 

11.   IF 𝑑𝑘 is a benefit-type attribute 

12.    Compute the maximum value max (𝑊̂𝑘)  of 𝑊̂𝑘 (𝛱̂𝑅(𝜑1⨆
≤𝑛𝜑2))  via tournament selection over all 𝜋̂ ∈

𝛱̂𝑅(𝜑1⨆
≤𝑛𝜑2)   // 𝑊̂𝑘 (𝛱̂𝑅(𝜑1⨆

≤𝑛𝜑2))  denotes the cumulative weights of all decision schemes in 

Π̂R(φ1⨆
≤nφ2) for attribute 𝑑𝑘, computed in Step 1 

13.   END 

14. END 

15. LOOP 𝜋̂ ∈ 𝛱̂𝑅(𝜑1⨆
≤𝑛𝜑2) 

16.     𝑐(𝜋̂) = 0; //Initialize the decision score of scheme 𝜋̂. 

17.   LOOP over each 𝑑𝑘 ∈ 𝐷𝐴𝑆  

18.        IF  𝑑𝑘 is a cost-type attribute THEN 𝑊̂′𝑘(𝜋̂) = min(𝑊̂𝑘) /𝑊̂𝑘(𝜋̂);   

19.        IF  𝑑𝑘 is a benefit-type attribute THEN 𝑊̂′𝑘(𝜋̂) = 𝑊̂𝑘(𝜋̂)/max (𝑊̂𝑘); //Weight normalization 

20.        𝑐(𝜋̂) = 𝑐(𝜋̂) + 𝑟𝑘 . 𝑊̂′𝑘(𝜋̂); //Accumulate weights according to attribute preferences 

21.   END 

22.   𝑐(𝜋̂) = 𝑐(𝜋̂) ∔ 𝐼𝐹𝑃(𝜋̂) ; //Calculate the objective function of decision scheme 𝜋̂ ; IFP(π̂)  is obtained via 

Algorithm 1 in Step 1 

23.    IF 𝑂𝑆𝑅(𝜑1⨆
≤𝑛𝜑2) < 𝑐(𝜋̂) 

24.       𝑂𝑆𝑅(𝜑1⨆
≤𝑛𝜑2) = 𝑐(𝜋̂); //Update the optimal decision score via tournament selection. 

25.       𝑂𝑃𝑅(𝜑1⨆
≤𝑛𝜑2) = {𝜋̂}; //Fully update the set of optimal decision schemes. 

26.    END 

27.   IF 𝑂𝑆𝑅(𝜑1⨆
≤𝑛𝜑2) = 𝑐(𝜋̂) THEN 𝑂𝑃𝑅(𝜑1⨆

≤𝑛𝜑2) = 𝑂𝑃𝑅(𝜑1⨆
≤𝑛𝜑2) ∪ {𝜋̂} ; //Expand the set of optimal decision 

schemes. 

28. END 

Output：𝛱̂𝑅(𝜑1⨆
≤𝑛𝜑2)，𝑂𝑃𝑅(𝜑1⨆

≤𝑛𝜑2)，𝑂𝑆𝑅(𝜑1⨆
≤𝑛𝜑2). 

We next prove the correctness of Algorithm 3. 

Theorem 6 Given an IFDTL path formula 𝜑1⨆
≤𝑛𝜑2 , a WIFKS 𝑀̃ = (𝑀,𝑊) , a set of weight constraint 

predicates 𝑅 = {𝑅0, 𝑅1, ⋯ , 𝑅𝑚−1} , and a set of preference weights 𝐴𝑅 = {𝑟0, 𝑟1, ⋯ , 𝑟𝑚−1} , Algorithm 3 

correctly computes 𝛱̂𝑅(𝜑1⨆
≤𝑛𝜑2), 𝑂𝑃𝑅(𝜑1⨆

≤𝑛𝜑2), and 𝑂𝑆𝑅(𝜑1⨆
≤𝑛𝜑2). 

Proof: Step 1 of Algorithm 3 modifies Step 5 of Algorithm 1 by replacing the constraint 𝑊̂𝑘(𝑠) ∈ 𝑅𝑘 

with ⋀
𝑅𝑘∈𝑅

(𝑊̂𝑘(𝑠) ∈ 𝑅𝑘), and revises Step 24 to compute Ŵk(s′) = Ŵk(s) + Wk(s, s′) for all k ∈ Im. The 

modified Algorithm 1 is then used to solve for the decision generation tree (DMT) of 𝑀̃ = (𝑀,𝑊) 

under the constraints of 𝑅  and 𝜑1⨆
≤𝑛𝜑2 . Steps 3–5 generate a path 𝜋̂ = 𝑠0, ⋯ , 𝑠  by backtracking 

from each leaf node s of the DMT to the root node 𝑠0 via the Father pointer, and add π to the multi-

attribute decision scheme set 𝛱̂𝑅(𝜑1⨆
≤𝑛𝜑2). As proven in Theorem 2, the paths in the DMT are in 

one-to-one correspondence with the decision kernels in M that satisfy the temporal property 

𝜑1⨆
≤𝑛𝜑2  and the weight predicate constraint 𝑅𝑘 . By Condition (6) of Definition 10, ⟨s|Π̂R(ψ)⟩ =

⋂
Rk∈R

⟨s|Π̂Rk
(ψ)⟩;Thus, Algorithm 3 correctly computes Π̂R(φ1⨆

≤nφ2). 

For all 𝑑𝑘 ∈ 𝐷𝐴𝑆  Steps 8–10 of Algorithm 3 compute the minimum value min(Wk) of 

𝑊̂𝑘 (𝛱̂𝑅(𝜑1⨆
≤𝑛𝜑2))  via tournament selection, and Steps 11–13 compute the maximum value 

max (𝑊̂𝑘)  of 𝑊̂𝑘 (𝛱̂𝑅(𝜑1⨆
≤𝑛𝜑2))  via tournament selection. Step 18 of Algorithm 3 corresponds to 

Equation (7) in Definition 7, and Step 19 corresponds to Equation (8) in Definition 7, which implement 

the normalization of the cumulative weights of decision schemes. Steps 20–22 of Algorithm 3 

correspond to Equation (9) in Definition 7: they fuse the standardized weights of each attribute and 

the intuitionistic fuzzy measure of the decision scheme according to attribute preferences to calculate 

the decision score of the decision scheme π. Steps 23–27 compute the optimal decision score via 

tournament selection over all decision scores, and synchronously update the set of optimal decision 

schemes corresponding to this optimal score. Thus, 
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𝑂𝑆𝑅(𝜑1⨆
≤𝑛𝜑2) = 𝑐𝑚(𝛱̂𝑅(𝜑1⨆

≤𝑛𝜑2))，𝑂𝑃𝑅(𝜑1⨆
≤𝑛𝜑2) = 𝑂𝐷𝑆(𝛱̂𝑅(𝜑1⨆

≤𝑛𝜑2)). 

By Condition (9) of Definition 10 ⟨𝑠|𝑂𝑆𝑅(𝜓)⟩ = 𝑐𝑚(⟨𝑠|𝛱̂𝑅(𝜓)⟩); by Condition (10), ⟨𝑠|𝑂𝑃𝑅(𝜓)⟩ =

𝑂𝐷𝑆(⟨𝑠|𝑂𝑆𝑅(𝜓)⟩). Therefore, Algorithm 3 correctly computes 𝑂𝑆𝑅(𝜑1⨆
≤𝑛𝜑2) and 𝑂𝑃𝑅(𝜑1⨆

≤𝑛𝜑2).□ 

We next analyze the computational complexity of Algorithm 3. 

Theorem 7 Given an IFDTL path formula 𝜑1⨆
≤𝑛𝜑2 , a WIFKS 𝑀̃ = (𝑀,𝑊) , a set of weight constraint 

predicates 𝑅 = {𝑅0, 𝑅1, ⋯ , 𝑅𝑚−1} , and a set of preference weights 𝐴𝑅 = {𝑟0, 𝑟1, ⋯ , 𝑟𝑚−1} , let 𝑁 =

𝑚𝑖𝑛{𝑛, |𝑆|} . The time complexity of computing 𝛱̂𝑅(𝜑1⨆
≤𝑛𝜑2)，，𝑂𝑆𝑅(𝜑1⨆

≤𝑛𝜑2) and 𝑂𝑃𝑅(𝜑1⨆
≤𝑛𝜑2)  via 

Algorithm 3 is 𝑂(𝑚. 𝑠𝑢𝑝(𝐼) . ∑ 𝐴|𝑠|
𝑖𝑁

0 ), and the space complexity is 𝑂(∑ 𝐴|𝑠|
𝑖𝑁

0 ). 

Proof: Algorithm 3 extends Algorithm 2 by incorporating the calculation of cumulative weights and 

the weight predicate constraints associated with m distinct attributes. Thus, the computational 

complexity is the complexity of Algorithm 2 multiplied by the size m of the attribute set. Combining 

this with the conclusion of Theorem 6.5, the time complexity of Algorithm 3 is 𝑂(𝑚. 𝑠𝑢𝑝(𝐼) . ∑ 𝐴|𝑠|
𝑖𝑁

0 ). 

Similarly, since the space for the DMT can be reused, the space complexity of Algorithm 3 is 

𝑂(∑ 𝐴|𝑠|
𝑖𝑁

0 ).□ 

Corollary 3 Given an IFDTL path formula 𝜓 ∈ {𝜑1⨆𝜑2, 𝜑1⨆
≤𝑛𝜑2, ◇𝜑,◇≤𝑛𝜑, □𝜑, □≤𝑛𝜑}, a WIFKS 𝑀̃ =

(𝑀,𝑊), a set of weight constraint predicates 𝑅 = {𝑅0, 𝑅1, ⋯ , 𝑅𝑚−1}, and a set of preference weights 𝐴𝑅 =

{𝑟0, 𝑟1, ⋯ , 𝑟𝑚−1}, let 𝑁 = 𝑚𝑖𝑛{𝑛, |𝑆|}.. Replacing the decision scheme length n with N in Algorithm 1 enables 

Algorithm 3 to correctly compute 𝛱̂𝑅(𝜓), 𝑂𝑆𝑅(𝜓), 𝑎𝑛𝑑 𝑂𝑃𝑅(𝜓) . The time complexity is 

𝑂(𝑚. 𝑠𝑢𝑝(𝐼) . ∑ 𝐴|𝑠|
𝑖𝑁

0 )and the space complexity is 𝑂(∑ 𝐴|𝑠|
𝑖𝑁

0 ).  

The conclusion of Corollary 3 is self-evident from Theorems 6, 7 and Corollary 2. We next 

investigate the decidability and decision complexity of multi-attribute decision-making problems 

based on IFDTL model checking. 

Theorem 8 Given an IFDTL path formula 𝜓, a WIFKS 𝑀̃ = (𝑀,𝑊), a set of weight constraint predicates 

𝑅 = {𝑅0, 𝑅1, ⋯ , 𝑅𝑚−1}, and a set of preference weights 𝐴𝑅 = {𝑟0, 𝑟1, ⋯ , 𝑟𝑚−1}, Algorithm 3 correctly computes 

𝛱̂𝑅(𝜓)，𝐸𝑆𝑅(𝜓), 𝑎𝑛𝑑 𝐸𝑃𝑅(𝜓). The time complexity is 𝑂(𝑚. |𝜓|. 𝑠𝑢𝑝(𝐼) . ∑ 𝐴|𝑠|
𝑖|𝑠|

0 ), and the space complexity 

is 𝑂(∑ 𝐴|𝑠|
𝑖|𝑠|

0 ). 

Here, |𝜓| denotes the length of formula 𝜓, which characterizes the number of IFDTL temporal 

operators ⨆,⨆≤𝑛, ◇,◇≤𝑛, □,  and □≤𝑛contained in 𝜓. The conclusion of Theorem 8 is self-evident from 

Theorem 7 and Corollary 3. The reason why the space complexity does not increase as the IFDTL 

formula becomes more complex is that space can be reused. 

6. IFDTL Modeling and Verification of Health and Wellness Tourism Planning 

The Shangluo section of the Qinling Mountains is located on the southern foot of the eastern 

Qinling Mountains. It boasts outstanding ecological and cultural resources, making it an ideal area 

for developing the health and wellness tourism industry. However, current health and wellness 

tourism planning still faces several key challenges. First, it is difficult to coordinate ecological 

conservation and tourism development, requiring the guarantee of wellness experience quality under 

strict ecological security constraints. Second, the adaptability of different wellness development 

models, such as ecological, cultural, and recreational ones, lacks clear definition, making it hard to 

provide quantitative decision support. Third, the cost, benefit, and implementation feasibility 

throughout the entire planning cycle are difficult to accurately predict and verify. Therefore, this 

paper conducts formal modeling and verification analysis on health and wellness tourism planning 

issues based on Weighted Intuitionistic Fuzzy Kripke Structures (WIFKS) and Intuitionistic Fuzzy 

Decision Temporal Logic (IFDTL). 

6.1. Description of the Health and Wellness Tourism Planning Case 

Health and wellness tourism planning is divided into five stages: resource investigation and 

demand research (planning preparation), route node selection and preliminary route design (core 

process 1), supporting facility planning and ecological protection design (core process 2), route 

optimization and trial operation debugging (final process), and acceptance and formal operation 
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(planning completion). Each planning stage has three construction schemes: normal, priority, and 

emergency. The weight increments corresponding to each construction level at each stage, including 

investment increment, construction period increment, tourist expectation increment, and satisfaction 

increment, are shown in Table 2. 

Table 2. Weight Increments at Each Stage for Different Schemes. (Investment Increment in 10,000 Yuan, 

Construction Period Increment in Days, Tourist Expectation Increment in 10,000 Person-Times, Satisfaction 

Increment in x%). 

Implementation 

Level 

Planning 

Preparation 
Core Process 1 Core Process 2 Final Process 

Planning 

Completion 

Normal (12, 15, 0.6, 19) (22, 28, 1.5, 14) (22, 28, 0.9, 26) (16, 20, 1.0, 30) (9, 0, 0.1, 3) 

Priority (15, 12, 0.8, 15) (26, 22, 1.2, 18) (33, 25, 1.7, 21) (19, 16, 1.5, 25) (11, 0, 0.2, 2) 

Emergency (19, 8, 1.2, 12) (32, 16, 0.9, 22) (40, 18, 2.4, 14) (24, 11, 2.1, 20) (13, 0, 0.3, 1) 

The intuitionistic fuzzy possibility of completion at each stage corresponding to each 

implementation level is shown in Table 3. 

Table 3. Intuitionistic Fuzzy Possibility of Each Stage for Different Schemes. 

Implementation 

Level 

Planning 

Preparation 
Core Process 1 Core Process 2 Final Process 

Planning 

Completion 

Normal (0.92, 0.07) (0.90, 0.09) (0.88, 0.11) (0.91, 0.08) (0.98, 0.01) 

Priority (0.85, 0.14) (0.82, 0.17) (0.80, 0.19) (0.83, 0.16) (0.90, 0.09) 

Emergency (0.78, 0.21) (0.75, 0.24) (0.72, 0.27) (0.76, 0.23) (0.82, 0.17) 

The cultural and tourism authorities require that the tourism planning scheme should achieve 

an expected number of tourists of no less than 55,000 and keep the total cost within 900,000 yuan. 

This paper aims to determine the optimal decision-making scheme under the above constraints. 

6.2. Modeling of the Multi-Attribute Engineering Decision-Making Case 

State s0  is the unique initial node, representing the start of planning. For 𝑖 ∈ {1,2,3}  and 𝑗 ∈

{1,2,3,4,5}, state sij denotes that the 𝑖-th planning type has completed the 𝑗-th stage. A virtual node 

sfj is added after each stage, which does not affect the calculation results. The numbers 1, 2, 3, 4, 5 

denote the respective stages; 𝑎, 𝑏, 𝑐  denote the implementation levels: normal, priority, and 

emergency, respectively; and the letter f indicates the completion of a stage task. 

The WIFKS model constructed for this health and wellness tourism planning case is shown in 

Figure 1. 

 

Figure 1. Case Model–Software Engineering WIFKS Model 𝑀. 

The formal description of WIFKS M̃ = (𝑀,𝑊) is given as follows: 

(1) State set S={s0,s11,⋯,sf5}； 

(2) Intuitionistic fuzzy transition function 𝛿 : According to the data in Table 2, we have 

δ(s0,s11)=(0.78,0.21),δ(s0,s21)=(0.85,0.14),δ(s0,s31)=(0.92,0.07)；∀i∈{1,2,3}, 
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δ(si1,sf1)=(1,0).This setting arises because sf1 is a virtual node, and the transition from si1 to sf1 

is regarded as having maximum possibility. 

(3) Intuitionistic fuzzy initial distribution 𝐼: I(s0)=Ture，∀si∈S,i>0,I(si)=False； 

(4) Set of atomic propositions 𝐴𝑃 = {1,2,3,4,5, 𝑎, 𝑏, 𝑐, 𝑓}; 

(5) Labeling function 𝐿: L(s0)=∅, ∀j∈{1,2,3,4,5},L(s1j)={a,j},L(s2j)={b,j},L(s3j)={c, j}; L(sfj)={f, j}. 

(6) Investment increment weight W0: According to the data in Table 1, we have, 

W0(s0,s11)=120,W0(s0,s21)=150,W0(s0,s31)=190；For all i∈{1,2,3},W0(si1,sf1)=0. 

This definition is due to the fact that sf1  is a virtual node, and no extra investment cost is 

required for the transition from si1  to sf1 . The values of other investment increment weights are 

determined in the same manner. 

The construction period increment weight W0, tourist expectation increment weight W2, and 

satisfaction increment weight W3, are defined similarly. 

(7) Decision attribute set DAS={d0,d1,d3,d4} . Where d0,d1,d3,d4  denote investment increment, 

construction period increment, tourist expectation increment, and satisfaction increment, 

respectively. 

6.3. Single-Attribute Engineering Decision-Making Case Based on IFDTL Model Checking 

The practical constraints of the case problem are given as: “The cultural and tourism authorities 

require that the total investment of the completed tourism planning project shall not exceed 900,000 yuan”. 

(1) The formalization of  project completion” in IFDTL is: ψ=◇(5∧f). 

(2) The set of decision schemes for  completing the project within 900,000 yuan” is formalized as 

the IFDTL formula: Π̂R0
(ψ)=Π̂≤90 (◇(5∧f)). 

(3) The optimal score for “completing the project within 900,000 yuan” is formalized as: 

ESR0
(ψ)=ES≤90 (◇(5∧f)). 

(4) The set of optimal decision schemes for  completing the project within 900,000 yuan” is 

formalized as:EPR0
(ψ)=EP≤90 (◇(5∧f)). 

Next, Algorithm 1 is employed to generate the DMT of the health and wellness tourism planning 

WIFKS shown in Figure 1 under the constraints ψ=◇(5∧f ) and R0=(0,90]. The result is presented in 

Figure 2. 

 

Figure 2. DMT Generated by M̃ under the Constraints ψ=◇(5∧f ) and R1=(0,90]. 

Due to space limitations, Figure 2 does not label the accumulated weights of decision schemes 

and their feasibility (Intuitionistic fuzzy measure) obtained via iterative computation on the nodes 

during DMT generation.The corresponding decision scheme number, accumulated weight, and 
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intuitionistic fuzzy measure for each leaf node are listed in Table 4.The scheme numbers correspond 

to each decision path in Figure 1 sequentially from left to right. 

Table 4. Information on Leaf Nodes in the DMT. 

Scheme ID Decision Scheme Cumulative Cost Feasibility 

π̂_0 s0,s11,s1f,s12,s2f,s13,s3f,s14,s4f,s15,s5f 81 (0.88,0.11) 

π̂_1 s0,s11,s1f,s12,s2f,s13,s3f,s14,s4f,s25,s5f 83 (0.88,0.11) 

π̂_2 s0,s11,s1f,s12,s2f,s13,s3f,s14,s4f,s35,s5f 85 (0.82,0.17) 

π̂_3 s0,s11,s1f,s12,s2f,s13,s3f,s24,s4f,s15,s5f 84 (0.83,0.16) 

π̂_4 s0,s11,s1f,s12,s2f,s13,s3f,s24,s4f,s25,s5f 86 (0.83,0.16) 

π̂_5 s0,s11,s1f,s12,s2f,s13,s3f,s24,s4f,s35,s5f 88 (0.82,0.17) 

π̂_6 s0,s11,s1f,s12,s2f,s13,s3f,s34,s4f,s15,s5f 89 (0.76,0.23) 

π̂_7 s0,s11,s1f,s22,s2f,s13,s3f,s14,s4f,s15,s5f 85 (0.82,0.17) 

π̂_8 s0,s11,s1f,s22,s2f,s13,s3f,s14,s4f,s25,s5f 87 (0.82,0.17) 

π̂_9 s0,s11,s1f,s22,s2f,s13,s3f,s14,s4f,s35,s5f 89 (0.82,0.17) 

π̂_10 s0,s11,s1f,s22,s2f,s13,s3f,s24,s4f,s15,s5f 88 (0.82,0.17) 

π̂_11 s0,s11,s1f,s22,s2f,s13,s3f,s24,s4f,s25,s5f 90 (0.82,0.17) 

π̂_12 s0,s21,s1f,s12,s2f,s13,s3f,s14,s4f,s15,s5f 84 (0.85,0.14) 

π̂_13 s0,s21,s1f,s12,s2f,s13,s3f,s14,s4f,s25,s5f 86 (0.85,0.14) 

π̂_14 s0,s21,s1f,s12,s2f,s13,s3f,s14,s4f,s35,s5f 88 (0.82,0.17) 

π̂_15 s0,s21,s1f,s12,s2f,s13,s3f,s24,s4f,s15,s5f 87 (0.83,0.16) 

π̂_16 s0,s21,s1f,s12,s2f,s13,s3f,s24,s4f,s25,s5f 89 (0.83,0.16) 

π̂_17 s0,s21,s1f,s22,s2f,s13,s3f,s14,s4f,s15,s5f 88 (0.82,0.17) 

π̂_18 s0,s21,s1f,s22,s2f,s13,s3f,s14,s4f,s25,s5f 90 (0.82,0.17) 

π̂_19 s0,s31,s1f,s12,s2f,s13,s3f,s14,s4f,s15,s5f 88 (0.78,0.21) 

π̂_20 s0,s31,s1f,s12,s2f,s13,s3f,s14,s4f,s25,s5f 90 (0.78,0.21) 

Next, Algorithm 1 is used to generate the EP table of the health and wellness tourism planning 

WIFKS M̃ shown in Figure 1 under the constraints ψ=◇(5∧f) and R0=(0,90]. The result is shown in 

Table 5. 

Table 5. EP Table Generated by M̃ under the Constraints ψ=◇(5∧f) and R0=(0,90]. 

Total Investment Amount Scheme ID Membership Degree Non-Membership Degree 

81 π̂_0 0.88 0.11 

83 π̂_1 0.88 0.11 

84 
π̂_3 

0.85 0.14 
π̂_12 

85 
π̂_2 

0.82 0.17 
π̂_7 

86 
π̂_4 

0.85 0.14 
π̂_13 

87 
π̂_8 

0.83 0.16 
π̂_15 

88 

π̂_5 

0.82 0.17 

π̂_10 

π̂_14 

π̂_17 

π̂_19 

89 

π̂_6 

0.83 0.16 π̂_9 

π̂_16 
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90 

π̂_11 

0.82 0.17 π̂_18 

π̂_20 

The EP table constructs an ascending linked list with the cumulative weight as the key. Each 

node in this list is also a linked list that stores the IDs of decision schemes with the same cumulative 

weight. These are reflected in the first and second columns of Table 5. The third and fourth columns 

of Table 5 record the membership degree and non-membership degree of the maximum intuitionistic 

fuzzy measure among decision schemes with identical cumulative weights, respectively. 

Next, Algorithm 2 is used to solve the single-attribute engineering decision-making problem of  

M̃ under the constraints ψ=◇(5∧f) and R0=(0,90]. 

By backtracking the EP table, we obtain Π̂≤90 (◇(5∧f)) ={π̂_i|i∈I21}. 

Using the max–min algorithm, we get max (Ŵ (Π̂≤190 (◇(5∧f)))) =90. 

According to Equation (6), for all i∈I21, the normalized weight of π̂_i is: Ŵ'(π̂_i)=Ŵ(π̂_i)/90. 

The cumulative costs  81, 83, 84, 85, 86, 87, 88, 89, 90” are normalized to: 0.90, 0.92, 0.93, 0.94, 

0.96, 0.97, 0.98, 0.99, 1.00. 

ES≤90 (◇(5∧f)) =(0.90∸(0.88,0.11))∨ (0.92∸((0.88,0.11))) ∨⋯∨(1.00∸(0.82,0.17)) 

=(0.891,0.100)∨(0.889,0.102)∨⋯∨(0.820,0.170) 

=(0.891,0.100). 

EP≤90 (◇(5∧f)) ={π̂_0}={s0,s11,s1f,s12,s2f,s13,s3f,s14,s4f,s15,s5f}. 

Model checking results show that under the constraint that the total investment does not exceed 

900,000 yuan: 

(1) The optimal decision score is (0.891,0.100); 

(2) The optimal engineering scheme is s0,s11,s1f,s12,s2f,s13,s3f,s14,s4f,s15,s5f. 

In other words, the  normal level” implementation strategy is selected at all stages of the 

tourism planning process. 

6.4. Multi-Attribute Engineering Decision-Making Case Based on IFDTL Model Checking 

One of the constraints for the multi-attribute decision-making problem in this case is:  The 

cultural and tourism authorities require that the expected number of tourists shall be no less than 55,000, while 

the total investment is controlled within 900,000 yuan.” This section addresses how to determine the 

optimal decision scheme under these combined constraints. 

(1) Project completion is formalized as the IFDTL formula: ψ=◇(5∧f). 

(2) The weight constraint predicate is: R={R0,R2}={(0,90],[5.5,∞)}. 

(3) The importance ratio of project duration to expected tourist volume for engineering decision-

making is set to 4:6; that is, the preference weight is AR={r0,r2}={0.4,0.6}. 

(4) The optimal score for completing the project with expected tourist volume no less than 55,000 

and total cost within 900,000 yuan is formalized as the IFDTL formula: ESR(ψ)=ESR (◇(5∧f)). 

(5) The set of optimal decision schemes for completing the project with expected tourist volume 

no less than 55,000 and total cost within 900,000 yuan is formalized as the IFDTL formula: 

EPR(ψ)=EPR (◇(5∧f)). 

Next, Algorithm 2 is used to generate the DMT of the health and wellness tourism planning 

WIFKS shown in Figure 1 under the constraints ψ=◇(5∧f)  and R={(0,90],[5.5,∞)} .The result is 

illustrated in Figure 3. 
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Figure 3. DMT Generated by M̃ under the Constraints ψ=◇(5∧f) and R={(0,90],[5.5,∞)}. 

The scheme number, decision Scheme, cost, expected tourists and feasibility corresponding to 

the leaf nodes in Figure 3 are listed in Table 6 below. 

Table 6. Information on Leaf Nodes in the DMT. 

Scheme ID Decision Scheme Cost Ŵ0 Expected Tourists Ŵ2 Feasibility 

π̂_6 s0,s11,s1f,s12,s2f,s13,s3f,s34,s4f,s15,s5f 89 6 (0.76,0.23) 

π̂_9 s0,s11,s1f,s22,s2f,s13,s3f,s14,s4f,s35,s5f 89 6.1 (0.82,0.17) 

π̂_11 s0,s11,s1f,s22,s2f,s13,s3f,s24,s4f,s25,s5f 90 5.6 (0.82,0.17) 

π̂_16 s0,s21,s1f,s12,s2f,s13,s3f,s24,s4f,s25,s5f 89 6.2 (0.83,0.16) 

π̂_17 s0,s21,s1f,s22,s2f,s13,s3f,s14,s4f,s15,s5f 88 5.5 (0.82,0.17) 

π̂_18 s0,s21,s1f,s22,s2f,s13,s3f,s14,s4f,s25,s5f 90 5.7 (0.82,0.17) 

π̂_19 s0,s31,s1f,s12,s2f,s13,s3f,s14,s4f,s15,s5f 88 5.6 (0.78,0.21) 

π̂_20 s0,s31,s1f,s12,s2f,s13,s3f,s14,s4f,s25,s5f 90 5.8 (0.78,0.21) 

By backtracking the DMT in Figure 3 from the leaf nodes, the set of decision schemes under 

ψ=◇(5∧f) and R={(0,90],[5.5,∞)} is obtained as:  

Π̂R (◇(5∧f)) ={π̂_6,,π̂_9,π̂_11,π̂_16,π̂_17,π̂_18,π̂_19,π̂_20}. 

Using the max–min algorithm, the minimum cost is: min (Ŵ0 (Π̂R (◇(5∧f)))) =88. 

The maximum expected number of tourists is: max (Ŵ2 (Π̂R (◇(5∧f)))) =6.2. 

Normalized costs: Ŵ'0 (Π̂R (◇(5∧f))) ={0.99,0.99,0.98,0.99,1.00,0.98,1.00,0.98 }. 

With preference aggregation, the comprehensive weights are:  

Ŵ' (Π̂R (◇(5∧f))) ={0.976,0.986,0.933,0.996,0.932,0.943,0.942,0.952}. 

The multi-attribute optimal decision score is calculated as: 

OSR (◇(5∧f)) =(0.976∔(0.76,0.23))∨(0.986∔(0.82,0.17))∨⋯∨(0.952∔(0.78,0.21)) 

=(0.752,0.238)∨(0.816,0.174)∨(0.798 ,0.191)∨(0.829,0.161)∨(0.798,0.192)∨(0.801,0.188) 

∨(0.760,0.230)∨(0.764,0.226)=(0.829,0.161). 

The multi-attribute optimal decision scheme is:  

OPR (◇(5∧f)) ={π̂_16}={s0,s21,s1f,s12,s2f,s13,s3f,s24,s4f,s25,s5f}. 

Model checking results show that under the requirements that the expected number of tourists 

is no less than 55 000 and the total cost is within 900 000 yuan: 
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(1) The optimal decision score is (0.829,0.161); 

(2) The optimal engineering scheme is s0,s21,s1f,s12,s2f,s13,s3f,s24,s4f,s25,s5f. 

In other words, the priority level is adopted for three stages: resource investigation & demand 

research (planning preparation), route optimization & trial operation debugging (final process), and 

acceptance & formal operation (planning completion).The normal level is adopted for the two core 

stages: route node screening & preliminary design (core process 1) and supporting facility planning 

& ecological protection design (core process 2). 

Now the constraints are strengthened. The second multi-attribute decision-making problem in 

this case is constrained by  The cultural and tourism authorities require that the expected number of tourists 

shall be no less than 55,000, the total cost controlled within 900,000 yuan, the planning period no longer than 

80 days, and the satisfaction rate higher than 75%.”This section addresses how to determine the optimal 

decision scheme under these constraints. 

Completing the project in accordance with constraints is formalized as the IFDTL formula: 

ψ=◇(5∧f). 

The weight constraint predicate is: R’={R0,R1,R
2
,R3}={(0,90],(0,80],[5.5,∞),(75,100]}; 

The importance ratio of project cost, project duration, expected tourist volume and satisfaction 

rate for engineering decision-making is set to 0.35: 0.3: 0.15: 0.2 ; that is, the preference weight is 

AR'={r0,r1,r2,r3}={0.35,0.3,0.15,0.2}. 

The optimal score is formalized as the IFDTL formula:ESR(ψ)=ESR(◇(5∧f)); 

The set of optimal decision schemes is formalized as the IFDTL formula: EPR(ψ)=EPR (◇(5∧f)). 

Next, Algorithm 2 is used to generate the DMT of the health and wellness tourism planning 

WIFKS shown in Figure 1 under the constraints ψ=◇(5∧f) and R'={(0,90],(0,80],[5.5,∞),(75,100]}. The 

result is shown in Figure 4. 

 

Figure 4. DMT Generated by M̃ under the Constraints ψ=◇(5∧f) and R'. 

The scheme number, cumulative weights, and intuitionistic fuzzy measure corresponding to the 

leaf nodes in Figure 4 are listed in Table 7 below. 

Table 7. Information on Leaf Nodes in the DMT. 

ID Decision Scheme Ŵ0 Ŵ1 Ŵ2 Ŵ3 Feasibility 

π̂_6 s0,s11,s1f,s12,s2f,s13,s3f,s34,s4f,s15,s5f 89 79 6 77 (0.76,0.23) 

π̂_9 s0,s11,s1f,s22,s2f,s13,s3f,s14,s4f,s35,s5f 89 79 6.1 76 (0.82,0.17) 
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π̂_11 s0,s11,s1f,s22,s2f,s13,s3f,s24,s4f,s25,s5f 90 71 5.6 80 (0.82,0.17) 

π̂_16 s0,s21,s1f,s12,s2f,s13,s3f,s24,s4f,s25,s5f 89 79 6.2 75 (0.83,0.16) 

π̂_18 s0,s21,s1f,s22,s2f,s13,s3f,s14,s4f,s25,s5f 90 71 5.7 79 (0.82,0.17) 

π̂_20 s0,s31,s1f,s12,s2f,s13,s3f,s14,s4f,s25,s5f 90 71 5.8 78 (0.78,0.21) 

By backtracking the DMT in Figure 4 from the leaf nodes, the set of decision schemes under 

ψ=◇(5∧f) and R'={(0,90],(0,80],[5.5,∞),(75,100]} is obtained as:  

Π̂R‘ (◇(5∧f)) ={π̂_6,,π̂_9,π̂_11,π̂_16,π̂_18,π̂_20}. 

By the max–min method: 

Minimum cost: min (Ŵ0 (Π̂R‘ (◇(5∧f)))) =89; 

Minimum duration: min (Ŵ1 (Π̂R‘ (◇(5∧f)))) =71; 

Maximum expected tourists: max (Ŵ2 (Π̂R‘ (◇(5∧f)))) =6.2; 

Maximum satisfaction: max (Ŵ3 (Π̂R‘ (◇(5∧f)))) =80; 

Normalized cost:Ŵ'0 (Π̂R‘ (◇(5∧f))) ={0.99,0.99,0.98,0.99,0.98,0.98}; 

Normalized duration:Ŵ'1 (Π̂R‘ (◇(5∧f))) ={0.90,0.90,1.00,0.90,1.00,1.00}; 

Normalized tourist volume:Ŵ'2 (Π̂R‘ (◇(5∧f))) ={0.97,0.98,0.90,1.00,0.92,0.94}; 

Normalized satisfaction:Ŵ'3 (Π̂R‘ (◇(5∧f))) ={0.96,0.95,1.00,0.94,0.99,0.98}. 

The multi-attribute optimal decision score is calculated as follows: 

OSR' (◇(5∧f)) =(0.953∔(0.76,0.23))∨(0.953∔(0.82,0.17))∨⋯∨(0.978∔(0.78,0.21)) 

=(0.743,0.246)∨(0.805,0.185)∨(0.813,0.177)∨(0.815,0.174)∨(0.813,0.177)∨(0.772,0.217) 

=(0.815,0.174). 

The multi-attribute optimal decision scheme is:  

OPR' (◇(5∧f)) ={π̂_16}={s0,s21,s1f,s12,s2f,s13,s3f,s24,s4f,s25,s5f}. 

Model checking results show that under the requirements that the expected number of tourists 

is no less than 55,000, the total cost is controlled within 900,000 yuan, the planning period does not 

exceed 80 days, and the satisfaction rate is higher than 75%: 

(1) The optimal decision score is (0.815,0.174); 

(2) The optimal engineering scheme is s0,s21,s1f,s12,s2f,s13,s3f,s24,s4f,s25,s5f. 

In other words, the priority level is adopted for three stages: resource investigation and demand 

research (planning preparation), route optimization and trial operation debugging (final process), 

and acceptance and formal operation (planning completion). The normal level is adopted for the two 

core stages: route node screening and preliminary route design (core process 1) and supporting 

facility planning and ecological protection design (core process 2). 

6.5. Analysis of Case Results 

The calculation results of the case problem illustrate that the proposed solving algorithm for 

engineering decision-making problems based on IFDTL model checking is effective and enables 

automated decision-making. An analysis of the results of the wellness tourism planning case in 

Section 6.4 is presented below, which demonstrates the advantages of the IFDTL model checking 

technique. 

(1) IFKS⊂WIFKS. A WIFKS M̃ is a 2-tuple M̃ = (𝑀,𝑊), where M=(S, I, δ, AP, L) is an IFKS, 

and W=(W0,W1,⋯,Wm-1)  is a set of weight functions. Obviously, if the weight set 𝑊  in WIFKS is 

ignored, WIFKS degenerates into an IFKS. That is to say, IFKS is a special case of WIFKS. In the case, 

incremental weights, incremental durations, incremental expected tourist numbers, and incremental 
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satisfaction rates at different stages of various schemes are considered, which cannot be characterized 

by IFKS. Therefore, IFKS⊂WIFKS. 

(2) IFCTL⊂IFDTL. IFDTL extends IFCTL by introducing the operators, 

Π̂Rk
(∙),Π̂R(∙),EPRk

(∙),EPR(∙),OPRk
(∙), and OP

R
(∙); which are used to compute feasible schemes, optimal 

decision scores, and optimal decision schemes. In contrast, IFCTL can only verify functional 

properties such as  the project will eventually be completed” ( ψ=◇(5∧f) ), and compute 

⟨π|φ
1
⨆φ

2
⟩=Dcp(π,φ

1
⨆φ

2
) , then only evaluate its intuitionistic fuzzy measure. In the case study, 

however, IFDTL was used to model and compute ESR0
(ψ)，EPR0

(ψ)，OSR(ψ)，O(ψ)，OSR'(ψ)，

OPR'(ψ). Therefore, IFCTL⊂IFDTL. 

(3) The introduction of quality constraint operators enhances the expressive power of 

temporal logic. In model checking of GPoTL and IFCTL, information fusion is performed only by 

simple conjunction  ∧” or disjunction  ∨” between the system property formula 𝜓  and the path 

reachability degree 𝐼𝐹𝑃(Π), which causes information loss and asynchrony, and cannot reflect the 

importance degrees of system properties and path reachability to the overall decision[18,19]. However, 

in the IFDTL model checking proposed in this paper, the system property formula 𝜓 is used for 

functional selection to obtain the path set Π (Algorithm 1). Then the path reachability degree 𝐼𝐹𝑃(Π) 

is fused with attribute weights (cost, benefit) in a weighted manner (cost attribute composition  ∸”, 

benefit attribute composition  ∔”, Definition 4, Algorithm 2). The fusion result always contains three 

kinds of information: system properties, path reachability, and attribute weights of decision schemes, 

and the information is consistently associated with corresponding paths. This is embodied in the 

calculation of ESR0
(ψ)  and EPR0

(ψ)  in the case. In multi-attribute engineering decision-making 

based on IFDTL model checking, weighted fusion of IFP(Π) with multi-attribute weights ensures 

lossless, synchronous and preference-aware information fusion (Algorithm 3). This is specifically 

reflected in the processes of solving OSR(ψ)，OPR(ψ)，OSR'(ψ) and OPR'(ψ) in the case. 

(4) The introduction of decision-making behaviors enhances the expressive power of 

temporal logic. PoTL, GPoTL and IFTL do not consider the selection of decision-making behaviors, 

which makes them unable to characterize the interactive information between the system and the 

external environment. This paper draws on the ideas in references [8,9] and introduces the selection 

of decision-making behaviors into IFCTL. For example, in the case, there are three implementation 

levels 𝑎, 𝑏, 𝑐  (normal, priority, emergency) at each stage of the project. Selecting different 

construction levels at different stages yields different decision schemes. Such decision-making 

behavior selection describes the interaction between the system and the environment, and effectively 

enhances the expressive power of temporal logic. 

(5) By using intuitionistic fuzzy measures, IFDTL can quantify incomplete information of the 

system. In IFDTL model checking, the path reachability degree is an intuitionistic fuzzy number 

𝐼𝐹𝑃(𝛱). The maximum feasible scheme 𝐼𝐹𝑃(𝛱) measured by the intuitionistic fuzzy measure on the 

satisfiable scheme set Π=Π̂R(ψ) is also an intuitionistic fuzzy number. The weighted fusion result of 

𝐼𝐹𝑃(𝛱)  and cumulative weight 𝑟  is an intuitionistic fuzzy number. The optimal decision scores 

ESR0
(ψ) , OSR(ψ) and OSR'(ψ)  are all intuitionistic fuzzy numbers. These intuitionistic fuzzy 

numbers contain not only the uncertainty information described by membership degree and non-

membership degree, but also the incomplete information described by hesitation degree. For 

example, the case result OSR'(ψ)=(0.815,0.174)，，OPR'(◇(5∧f ))={π̂_16}  show that: The possibility 

that scheme π̂_16  is the optimal decision scheme is 81.5%. The possibility that it cannot be the 

optimal scheme is 17.4%. Meanwhile, the hesitation degree 1−0.815−0.174=1.1% represents the 

uncertain possibility whether it can be regarded as the optimal scheme. 

7. Conclusion and Future Work 

This paper extends the intuitionistic fuzzy Kripke structure to the weighted intuitionistic fuzzy 

Kripke structure (WIFKS), induces intuitionistic fuzzy computation tree logic to intuitionistic fuzzy 

decision tree logic (IFDTL), and studies single-attribute and multi-attribute engineering decision-
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making problems under the intuitionistic fuzzy framework. The main research contents are as 

follows: 

(1) Reasonable quality constraint operators are defined to solve the problems of information 

loss and incomplete information quantification. The intuitionistic fuzzy Kripke structure is induced 

to the weighted intuitionistic fuzzy Kripke structure (Definition 1). The weights of the WIFKS 

naturally characterize the costs and benefits in engineering problems, and the intuitionistic fuzzy 

measure quantifies the uncertainty of engineering progress. Definition 2 presents information fusion 

operators for the cumulative weights of cost-type attributes and benefit-type attributes of decision 

schemes, as well as their decision feasibility, respectively. The rationality of the operators is proved 

(Propositions 1, 2, 3). 

(2) Single-attribute and multi-attribute engineering decision-making problems are formally 

described. For single-attribute engineering decision-making (Definition 3), the optimal decision 

scheme is the one that achieves the maximum value after fusing the cumulative cost and the 

corresponding maximum feasibility. For multi-attribute engineering decision-making (Definition 4), 

the cumulative weights of decision schemes are weighted-averaged according to attribute 

preferences, then fused with scheme feasibility; the scheme with the highest score is selected as the 

optimal one. This reflects the idea of quality constraints and differentiated attribute preferences, 

and ensures synchronous fusion of scheme weights, feasibility and satisfaction values. 

(3) The IFDTL reasoning theory is proposed. The syntax (Definition 5) and semantics 

(Definition 7) of IFDTL are given, where the semantic definition takes into account the uncertain 

selection of behaviors. Engineering decision-making problems are characterized by IFDTL formulas. 

Π̂Rk
(ψ),ESRk

(ψ) and EPRk
(ψ)  respectively characterize the single-attribute satisfiable decision 

scheme set, the single-attribute expected decision score and the expected decision scheme under the 

constraints of the weight predicate Rk  and temporal property 𝜓  for attribute dk . 

Π̂R(ψ),OSR(ψ) and OPR(ψ) respectively characterize the satisfiable decision scheme set, the optimal 

decision score and the optimal decision scheme set for m decision attributes under the constraints of 

the weight predicate 𝑅 and temporal property 𝜓. 

(4) Single-attribute and multi-attribute engineering decision-making problems are solved 

based on IFDTL model checking. Algorithm 1 generates the decision-making tree (MDT) and 

decision table (EP) of the WIFKS under the constraints of the weight predicate 𝑅  and temporal 

property 𝜓. The paths in the MDT correspond to the satisfiable sets Π̂Rk
(ψ) and Π̂R(ψ) of decision 

schemes, and the nodes of the MDT store the cumulative weights and feasibility of the decision 

schemes. Algorithm 2 is used to compute the expected score ESRk
(ψ)  and the expected decision 

scheme EPRk
(ψ) for single-attribute engineering decision-making. Algorithm 3 is used to compute 

the optimal score OSR(ψ) and the optimal decision scheme OPR(ψ) for multi-attribute engineering 

decision-making. The correctness of the three algorithms is proved, and their complexity is 

discussed. 

This section focuses on the shortcomings of the current work and the prospects for subsequent 

research, which are elaborated in detail as follows: 

(1) The IFDTL (Intuitionistic Fuzzy Decision Tree Logic) defined in this paper only focuses on 

completing the project in the  fastest  way, and the considered decision schemes are finite sequences. 

It fails to take into account the situations of  rework  or  stagnation  in the actual project 

implementation process, which is specifically reflected in the absence of loop settings in the model. 

In the subsequent research, heuristic information related to  return rate  will be introduced. When a 

loop occurs in the project implementation process, the cost or benefit will continue to accumulate, 

but the return rate will show a downward trend. In this way, the length of the loop can be restricted 

by setting the lower bound of the return rate or the upper bound of the cumulative cost, so as to make 

engineering decisions more objective and in line with the actual project situation. 

(2) The computational complexity of the IFDTL model checking algorithm proposed in this 

paper is related to O( ∑ A|S|
i|S|

0 ). With the continuous expansion of the state space of engineering 

decision-making problems, the algorithm is prone to the problem of state explosion, which affects the 
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efficiency of decision-making. Therefore, it is of great practical significance to further explore more 

efficient model checking algorithms in subsequent research to improve the scalability and operation 

efficiency of the algorithm, so as to better adapt to large-scale engineering decision-making scenarios. 

(3) At present, the research has not yet realized the effective integration of fuzzy time 

constraints[17,28], path reachability information and property satisfaction values. In the follow-up 

research, we will focus on realizing the preferential and synchronous fusion of the three, study the 

fuzzy temporal logic with dual constraints of fuzzy time and quality characteristics, further improve 

the completeness and accuracy of information expression, and apply it to the solution of engineering 

decision-making problems, so as to enhance the practicality and applicability of the decision-making 

model. 
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