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Abstract

In this paper, we will try to study the automorphism and the quantum automorphism groups of some
certain class of graphs, directed and undirected. In our previous work, entitled C*-colored graph
algebras, we studied a set of regulated colored locally finite directed graphs Gs with their vertices
colored with three colors red, blue, and green, and studied their graph theoretical properties and
put a *-monoid algebra structure on the set consisting of those kinds of graphs. Here, we will still
follow almost the same study, but in a non-color version, and we will study their quantum symmetries.
However, we made a slight change to the original graphs considered in our previous work!
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1. Notations

Throughout this paper, K will stand for the ground field, and it will be assumed to be arbitrary
unless otherwise stated.

In this paper, by an edge complement graph T’ = (ﬁ), T ), we mean a graph in the usual meaning
of the completion in graph theory, but without loops!

Note that in this paper, we will only study symmetries and the quantum symmetries of graphs
with an even number of vertices, and if their number of vertices is not even, then we will embed them
into an even-dimensional space and then will try to study their properties!

By p and g, we mean any matrices in M, (K) for n > 1 such that pg # gp, and we will not specify
them!

By S; we mean the quantum permutation group in the sense of Wang, generated by magic n x n
unitary matrices, and there are infinite many of them!

For ¢4 and %, compact (matrix) quantum groups, by ¢4, * % we mean the free product of ¢; and
%, and by (¢4 1« %) 4 1%, we mean the (free) Wreath product of ¢4 and %.

2. Introduction

Mathematics is all about finding patterns, symmetries, and the relations between, or even hidden
in, or among the objects. It could be the usual classical ones, or the so-called quantum symmetries
and the afterward relations. Starting from groups and the group actions on a vector space V (or just
viewed as a set V), the symmetries of V are the self bijections on V preserving the mathematical
structures of V. Here the meaning of the statement “preserving the mathematical structures of V",
varies from one structure to another. For example, for a special subset A C V, T will be called a
symmetry transformation if for every v; € V we have T(v1) € A,orforamap f: VxV — V, then T
will be called a symmetry transformation if T(f (v1,v2)) = f(T(v1), T(v2)), forall v1, v, € V, and there
are more of these kinds. Hence a symmetry is a transformation that preserves some structures, and
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the set of all symmetries of any finite dimensional mathematical object O forms a group, presented by
Sy, for n the number of elements of O, that consists of automorphisms, the invertible transformations
preserving the structure of O.

Now moving to the representation theory, it is not outrageous to mention the most ever important
Cayley’s Theorem, where all groups can be functionally represented by a symmetric group. For
example we can think about the symmetric group Ss, as the representation of the symmetries of an
equilateral triangle, and in another thinking direction, it can be used to represent any group consisting
of 3 elements making it much easier to discuss theorems about all kind of groups, and there is a claim
stating that every group is isomorphic to the symmetry group of an appropriate object. In order to
see this, consider the Cayley graph associated with the given group G, which is constructed from the
group of elements and some generating set X (which could be the entire group or a much smaller set,
and it could be inverse-closed or not), by connecting elements g of group G (correspondent with the
vertices of the graph) to the vertex xg for each generator x, with the orientation taken from g to xg.

Definition 1. Let G be a group, and X be an inverse-closed subset of G. Then the Cayley graph of G relative to
X, T :=T(G, X), will be a simple graph defined as follows:

i) V() =G,

ii) E(T.) = {{g h} | hg~! € X}.

Remark 1. The exact meaning of the Definition 1, is that {g,h} € E(I'.) if and only if there is some x € X
such that h = xg.

This is exactly where the group action comes in, and by Cayley’s theorem, stating that every
group G is isomorphic to a subgroup of the symmetric group on G, and the fact that to any regular
action of G on a set X we can associate a Cayley graph such that its symmetry group will be equal to
G, and hence we get the desired result.

3. Symmetry Group of a Graph

The symmetry group of a finite graph G consists of bijections f : V — V, for V.= {1,--- ,n} the
set of vertices, permuting the underlying vertex set V, and preserving the proper of vertices being
neighbors, or not.

Remark 2. The symmetries of G are the permutations o € Sy, leaving invariant the edges, and forming a
subgroup G(G) of the symmetric group Sy,.

Examples 1. (a)  As an introductory and basic example, which is somehow very important for our study, is
the empty graph G = (G°,G' = @) with vertex set G°, and the automorphism group G(G) = S.

(b)  Another example might be the simplex S of dimension n — 1, for which we have G(S) = S,.

(c) The next logical example to consider could be the polygon in n sides (n > 3). Label the set of vertices in
counter clockwise order as 1,2, - -+ ,n, and let o be the associated symmetry of the set of vertices. For
example, by taking vertex 1 to the vertex i, then o must take 2 to the vertex adjacent to i, i.e. toi —1
ori+ 1, and once o (1) and o(2) are determined, then the mapping o will be completely determined by
using the fact that it has to preserve the distance between every two vertices. Hence, if o maps 2 toi + 1,
then it has to map 3 to i + 2, 4 to i + 3, and so on. And if it maps 2 to i — 1, then it has to map 3 toi — 2,
4 toi— 3, and so on. So there are exactly two symmetries o;, and T;

12 3 -

123 - "), Ti= (72120 iil)'

o = (; i1 042 e i—

Therefore a regular n-gon K (or a polygon of n sides) has 2n symmetries o; and t; fori =1,--- ,n, in
total, and as it is already apparent, the vertex after n is 1, and hence we have i + 1 = 1 when i = n, and
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therefore for o; and T;, + has to be considered as addition modulo n. And as we notice, the mapping o;
preserves the cyclic order of the vertices, and T; reverses the cyclic order.

And if we think geometrically, o; will represent a rotation of the polygon about its center through an
angle 27t(i — 1) /n, and 7t; represents a reflection in the diameter lying midway between vertices 1 and i.
And it is clear that oy is the identity permutation, and Ty represents reflection in the diameter through
vertex 1. Then the 2n symmetries 0;, and T;, fori = 1,--- ,n can be expressed in terms of two basic
symmetries. Let us call them o = 0y, and B = 11, so that

a=(333:1),  B=(12.201%)

where o represents a rotation through angle 27t /n and moves each vertex i to i + 1. For any integer
m=1,---,n a1 represents a rotation through angle 27t(m — 1)/n, and hence a1l = g
Furthermore we have a™~'B(1) = a™~1(1) = m, and effect on vertices 1 and 2, it follows that
a8 = 7y,. Thus the 2n symmetries are given by o1, a™ 1B, form =1,--- ,n.

And it is clear that a™ = e, and B> = e. And by considering Ba : Ba(1) = B(2) = n, and
Ba(2) = B(3) = n — 1. Hence Ba = T, = a" 1 B, and therefore we have obtained

G= {el o, /anill ,B/ a,B/ e ’ai’l*l‘B}’

as the group of symmetries of the reqular n-gon K, where a represents a rotation through an angle 27t /n
and B represents reflection in the group o™ = e, B> = e, pa = a’*~1 B, and as it is already known, any
group of 2n elements that has the same structure as in group G, will be called the dihedral group of degree
n and will be denoted by D, and hence we have shown that C(K) = Dy, =~ Zy X Z,.

(d)  Now let us move to that oriented n-gon, which easily could be verified that its symmetry group is Zy,
because if we choose a vertex i and denote its image o (i) = i+ k, then as the permutation o leaves
invariant the edges, with their orientation, then o must map i+ 1toi+k+1,i+2toi+k+ 2, and so
on, and must be an element of the cyclic group, in remainder modulo n notation o = k € Zy,.

4. Automorphism Group of (Directed) Graphs

Every finite graph I' = (TO, Tl) has a group of self bijections on I'% which is identified with S, for
n the number of distinct elements in I'?. Now consider a subgroup of S,, consisting of the mappings
preserving the adjacency and the nonadjacency between the vertices I', and call it the automorphism
group of I', and denote it by Gt (T).

For example, for a graph I on three vertices and three edges, we have Gyut(I') = S3.

Definition 2. Define the automorphism group of a (finite) graph I as Gaut(I') :={c € S, | A = Ac} asa
subgroup of Sy, for 7 the transpose of o in M, ({0,1}).

Now by looking at any unitary matrix as a permutation ¢ so that ¢*c = I, we can embed S, in
U(n) such that ® : S, — U(n) be an injective group homomorphism.

Consider the finite graph I" and let ¢ be the automorphism ¢ represented by the unitary matrices
in U(n) of the graph I with n vertices and let A be the adjacency matrix of I'. Then it is not too difficult
to verify that 0. A = Ac.

Remark 3. So far, until this step, we have recovered a result stating that one can look at every element of the
automorphism group of the finite graph T on n vertices as an n X n matrix.

4.1. Quantum permutation groups

Following a question raised by Connes “asking if there is any way of thinking about the quantum
version of the usual permutations and the permutation group S,, and what would it be?”, in 1998,
Wang came with a sophisticated positive answer saying that quantum permutation groups do really
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exist and could be defined as follows in the framework of the principles of noncommutative geometry
and the GNS constructions, and the formal definition is as follows.

Definition 3. The quantum symmetric (permutation) group S, = (C(S;), u) is the compact matrix quantum
group, where

n n
C(S’J{) = C*<uijll‘lj— 1,---,n | ul-]- — u;."j = ul?]., Zukj — Zuik — 1)
k=1 k=1

Remark 4. i) Matrix u = (u;;);; with entries u;;s from a non-trivial unital C*-algebra satisfying
relations u;; = u;‘j = ”12]‘ and Y}, ugj = Yi—q Uik = 1, as in the Definition 3, will be called a magic
unitary, such that all its entries are projections, all distinct elements of a same row or same column are
orthogonal, and sums of rows and columns are equal to 1.

ii) Note that from the magic unitary matrices, the ones with noncommutative entries are of quite importance
to us, and in these cases, not all entries need to be noncommutative with each other. Some of them might
be just 1! Of course, if in any row or column, we have 1, then the other entries have to be zero in the
same row or column.

Now in order to characterize the functions from G, (T') to C, i.e. C(Gaut(T')), we will use the
same setting as in C(S,,) and we define

C(Gaut(T)) = Clomm (uij|u is an n x n magic unitary, uA = Au),

and as Gaut(T) is a subgroup of S,, then by applying the contravariant functor O (the function
functor), we will get the surjection C(S,) — C(Gaut(T')) ~ C(Sy)/ (Au = uA), where the quotient
C(Sn)/(Au = uA) is the set of permutations that preserve adjacency, which is the requirement for
the permutations contained in G,ut(T'), and the quantized version [3], due to Banica, considered by
Gqaut(T) :== C(S;})/ (urmt = mu), such that the diagram

Gaut<r) g GQAut(r)

N N

Sn C Sy

satisfies. In any case, if the inclusion on the lower line is strict, one gets that I has quantum symmetries
[3,9].

Definition 4. [3][14] For a locally finite graph T with vertex set [n] = {1, -- ,n}, its quantum automorphism
group, denoted G qayt(T'), is the compact matrix quantum group given by (C(G qaut(I')), U) for C(G qaut(T))
the universal C*-algebra with generators u;;, 1 < i,j < n satisfying the relations of the Definition 3 together

with the following relation
Yo=Y uy. 2)
k~j i

5. Symmetrizable Matrices

The concept of symmetrizable matrices mostly have been developed in order to study, or along
with studying, some of the objects in Lie theory. For example we can name the generalised Cartan
matrices, which are some sort of important classes of symmetrizable matrices.
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Definition 5. [8] Let S be an n x n real matrix. Then S will be called symmetrizable if there exists a real
diagonal matrix D = diag(dy,- - ,dy), for d; > 0, such that ¥ = D~1SD is symmetric. Then .7 will be
called the symmetrization.

Remark 5. There is another related notion where the entries of the symmetrizable matrix S are integers, and in
that case S will be called a symmetrizable integer matrix (SIM).

Actually it is not too easy to verify if a given matrix is symmetrizable or not. Hence there have
been developed some techniques throughout in order to combat this issue, such as the rational cycle
condition, the absolute trace, the sign symmetric, and the existence of some evaluation values, which
will be explained in this review paper. There is the following definition.

Definition 6. [8] An n x n real matrix A = (a;;) will be called sign symmetric if we have sgn(a;j) = sgn(a;;)
foralli,je{1,---,n}.

Let us recall that a generalized Cartan matrix is an n x n integer matrix C = (c;j) for i,j €
{1, ,n}, such that
i) Ci]‘ZZifi:j,
ii) Cl‘jSOifl'#j,
iii) cij = 0ifand only if a;; = 0.
And C will be called symmetrizable if there exists positive real numbers d;, fori € {1,--- ,n}, such
that dicij = C]ld] foralli,j € {1, s ,Tl}.

2 -3 0

Example 3. Now by applying the above characterization, we see that B = | —1 2 —1 | is a symmetriz-
o -1 2

able generalized Cartan matrix. Let us now apply the Definition 5 and to see if we will be able to verify it or

not!
Fori € I3 ={1,2,3} and x; > 0, consider D = diag(x;). Then we have

= 0 0 2 -3 0\ /x 0 0
S=10 & 0f]l-1 2 —1[|0 x O

0 0 x% 0o -1 2 0 0 =x3
= 0 0\ /2y -3wm 0

= 0 x% 0 —X1 2X2 —X3
0 0 x% 0 —x2 2x3
2 —3X2

— | =2 o —X3

- X2 2 X2 4 (4)
0 2 2

and as the characterization in Definition 5 suggested, in order for B to be symmetrizable, the requirement of .7’
to be symmetric is necessary and sufficient. But it is not clear if (4) is symmetric or not! Hence we have the
following criteria.

Criteria 5. [8] Leti,j € {1,--- ,n}. Then for any sequence of numbers j1j - - - ji, if we have
125 YimajiMiin = e sz i Yajir (6)

for any n x n real sign symmetry matrix A = (a;;), then A will be a symmetrizable matrix.
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Remark 6. [7] In the Criteria 5, the equation 6 will be called the cycle condition, and hence any sign symmetric
matrix satisfying in the cycle condition 6 will be symmetrizable.

So, in order to complete the Example 3, we use the cycle condition from the Criteria 5. As B is
sign symmetric, hence We have 0 = bybp3b31 = by1b3pbi3 = 0, and there are no other cycles.

Remark 7. (i) All symmetric matrices are symmetrizable.
(ii) Not all the permutation matrices are symmetric, and hence they mostly are not symmetrizable. For ex-
1000
001 0010
ampleB= 1 0 0 |, isnot symmetric, and hence is not symmetrizable. But A = 0100
010
0 0 01

is symmetric and by a certain choice of the diagonal elements x;, it is easy to see that it is symmetriz-
able. The matrix A and its generalizations are important to us, and are called 7o, and v, for its
generalizations in [14-16], as it will also be called the same in this paper as well.

(iii) [8] For a real sign symmetric matrix A = (a,-]-)lgi,]-gn, there is another weaker criteria, stating that A
is symmetrizable if and only if there exist d; > 0, fori € {1,--- ,n} such that aijd]z = ajid% satisfies.

(iv) After knowing the symmetrizablity of a given real sign symmetric n X n matrix A = (a;j)1<j j<n, we
can evaluate its symmetrization by defining the real symmetric n x n matrix p(A) by ¢((a;;)) =
(s gn(aij) /@i ) , which is symmetrizable and is the symmetrization of A.

(v) There is another criteria in order to check if an n x n sign matrix S is symmetrizable or not, and
that is if there exist a diagonal matrix D = diag(xy, - - -, x,) such that DS is symmetric, then S is

x 0 0

symmetrizable. For example for the matrix B from Example 3, we have D = [ 0 3x 0 | forany

0 0 3x
x > 0.

6. Looking for a Well-Structured Criteria for Symmetrizability of Matrices

2 -2 =2 2 -2 =2
Consider the generalized Cartan matrices A= | -3 2 -3 |,andB=|-3 2 —-2|.1It
-2 -2 2 -2 -3 2

easily could be verified by using the Criteria 5 and Remark 7(v), that A is symmetrizable and B is not,
and this happened by just changing the places of a3 and a3, in the symmetrizable matrix A, in order
to obtain the not symmetrizable matrix B!

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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11 by = a1
A,n n,1 by =ay, Xa,
a1,(n—1)  An—-1)n an1 by = 11, ja; j
a1,(n-2)  An-2),(n-1) Cm-1)n  Inl by = I1; ja;
a12 a3 - A(n—1)n n,1 n =11 a; ;
a1 az2 ce an’(n_n a1,n S5p = Hi,]‘al‘,]‘
An-2)1  An-1),(n-2) An(n-1) M 54 = I ja;
A(n-1)1 Ay, (n—1) a1,n 53 = Hi/jai/f
au1 a1 n 52 = A1,n X An,1

ain 51 =14a11

As the Criteria 5 has to be valid for any such sequence of numbers, hence we can propose the
above cycle, which is nothing else than the original cycle condition, but the generalized one. For an
n x nmatrix A = (a;)1<;j<, we have the above (2n — 4)-row diagram where the middle line will be
called the symmetry line. Meaning that the sign symmetry n x n matrix A = (a;;)1<; j<, will be called
symmetrizable if and only if the diagram is symmetric over the symmetry line!

Remark 8. 1. Note that in the above diagram, by a row, we mean the multiplication between the entries
involved in each row, and because of the simplicity, we just have omitted the multiplication signs.

2. Inthe above diagram, there are 2n rows, but as the first two and the last two rows will clearly be equal, hence
the actual number of rows in the diagram will be 2n — 4, and the diagram will be called the (2n — 4)-row
diagram.

For example for the generalized Cartan matrix B we have

a1 2 02

a13 as; -2 -2 04

ap a3 as -2 -2 -2 08
a1 asp ai3 -3 -3 -2 ﬁ
a3,1 1,3 2 -2 04

a11 2 02

which certainly is not symmetric over the line of symmetry, and hence it is not symmetrizable.
Remark 9. Any real matrix with at least one zero row or column will automatically be symmetrizable.

7. Symmetrizable and Quantum Symmetrizable Graphs

As our knowledge allows, the notion of a symmetrizable graph hasn’t been coined out until now.
Hence, to do this we have to divide the class of graphs into directed and the undirected ones, and play

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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with their adjacency matrices. However, this method might not work for the undirected ones, as the
adjacency matrix in this case will be always symmetric and hence symmetrizable.

7.1. Directed graphs

The directed graphs could be seen as a weighted graph, or just a not simple directed graph with
multiple oriented edges between their vertices, and loops.

7.1.1. The simple connected directed graphs

A directed graph I will be called simple if its edge set I'' contains no loops, and there are no
multiple edges between two vertices, and will be called locally finite connected if every vertices of it
are connected to their adjacency vertices and the degree of any vertex is finite. For example, the graph
illustrated below in 7.1.1, is simple locally finite connected directed graph

As in [14-16], let us call the graph in Figure 1, G(I1,). Note that the adjacency matrix of G(I1;)
will be as follows

1
1

I_I f—
2 0

o O O O
O = O =
[ =)

0

and as it contains zero row and column, hence I1, is automatically symmetrizable. We can propose the
following definition.

Figure 1. Directed locally connected graph associated with K[M;(2)]

Definition 7. A simple locally finite connected directed graph will be called symmetrizable if and only if its
adjacency matrix is symmetrizable.

Remark 10. i) In other words, and in completion of the Definition 7, one could say that a locally finite
connected simple directed graph is symmetrizable if its automorphism group is non-trivial.

ii) The simple directed locally finite graphs having at least one sink or source vertex will automatically be
symmetrizable.

Examples 7. 1. For example, for graph G (I1y) we have Gpy(G(I12)) = {e, (a1,1a22), (a12a21)} = Zs,
which is non-trivial and hence G (I1y) is symmetrizable.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202509.0247.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 3 September 2025 d0i:10.20944/preprints202509.0247.v1

9 of 44

2. Now consider the following simple locally finite connected directed graph

Figure 2. Connected directed simple graph ©

Clearly the automorphism group of © is the trivial group, and hence it is not symmetrizable. We can see this by

0 001
) . . ) 1001 o .
looking at its adjacency matrix Ap = 110 0l which is not symmetrizable as well. Because we have
1010

0=a12><a23><a34><a41#a21><a32><a43><a14=1.
3. Now consider the following locally finite directed graph Scf.

Figure 3. Two connected graph ng
1010
v g . 0110 ) . . .
It's adjacency matrix is equal to A st= |11 0 ol and to observing that it’s only commuting matrix
2
0 00O
CASqd is not a noncommutative magic unitary, is not too difficult!
2

But later on, in subsection 7.2.2, we will see that the undirected version of ng possess quantum symmetries!

So, the only question that arises here could be the following.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Question 8. 1.  Are there any counter examples of a simple locally finite connected graph I, such that its
automorphism group is trivial, and its adjacency matrix is symmetrizable?

2. Oris there any sign symmetry matrix T € M, ({0,1}) (with diagonal entries 0) such that it is symmetriz-
able, but the automorphism group of the associated directed graph is trivial?

p 0 0 g

Note that the only commuting matrix with matrix A is u = 9.7 0 g , for p # q. And for u to
9 9 p
q 0 q p

be a magic unitary, we should have 4 = 0 and p = 1, which will provide us with the commutative
trivial magic unitary matrix, and hence A is not quantum symmetrizable and ©® has no quantum
symmetry and its quantum automorphism group Gqaut(®D) will be the trivial group, and we may
have the following definition.

Definition 8. A simple locally finite connected directed graph I will be called quantum symmetrizable, if and
only if its quantum automorphism group is non-trivial.

Let us study two more examples. Consider the following directed graph

Figure 4. Connected directed simple graph £

0101
. . . . 101 1f. .
It is clear that Gpt(£) = Zp, and its adjacency matrix Ag = 01 0 1 is symmetrizable, and
1010
the only commuting matrix with Ag is
0 a ab
c b a b a o . .
Ag = aa0 bl for b = a, which is not a magic unitary for any a! Hence £ has no quantum
a 0 a a
symmetry!

But with a small change, we have the following graph,
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Figure 5. Connected directed simple graph £

01 1 1
. e . . 1 0 1 1. .
and it is not difficult to observe that the adjacency matrix Ag = 010 1 is symmetrizable, and
1 01 0
a b b b
. . . . e b a b b .
its commuting matrix has to be something like “Ag = ia bl for b = c+d, and it is clear
d ¢ b a

that “A g will be magic unitary only in the case where we have b = ¢ = d = 0 and a4 = 1, which is
the trivial one, and hence the quantum automorphism group Gqa,t(R) is trivial and it possesses no
quantum symmetry, and it is not quantum symmetrizable.

Now let us see a not symmetrizable and not quantum symmetrizable directed graph. Consider the
following graph

Figure 6. Connected directed simple graph £

As it is clear £ is not symmetrizable, and Ga(£) is trivial. On the other hand the adjacency matrix

01 11

1 01 14. . . . . .
Ag = 010 1 is also not symmetrizable, and we see that in this case, still the statement in

1 010
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Definition 7 holds. The plan is to find a counterexample or an example that satisfies the conditions
stated in Question 8.

7.2. Undirected graphs

The situation is completely different for the undirected graphs. This case has to be divided into two
interrelated sub classes.

7.2.1. Weighted undirected graphs

Weighted undirected graphs will be considered in our next paper or in the updated version of the
current paper.

7.2.2. Not weighted undirected graphs

Note that the not weighted undirected graphs are the simple weighted undirected graphs. Here as in
the subsection 7.1, a simple graph will be referred as a graph without any loop and multiple edges.
And since, in this case the adjacency matrices are always symmetric, hence they are symmetrizable.
But of course not all of them should be regarded as being symmetrizable. Hence we propose the
following definition.

Definition 9. An undirected graph T, (where u goes back to the undirected case) will be called symmetrizable,
if its automorphism group Aut(T,,) is non trivial.

Example 9. For example, the following example is not symmetrizable.

Figure 7. Locally connected (undirected simple) graph ¢

1t is not too difficult to see that the automorphism group Aut(€) of € is trivial. This could be proved by using
the fact that an automorphism of an arbitrary graph T has to preserve the distances between the vertices a;, as
well as the triangles involved.

Example 10. Consider the undirected version of Sq, presented in Figure 8.
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Figure 8. Two connected graph Fs;

Note that the adjacency matrix of the above graph is Afs, = , has a unique noncommutative

_ = O
S = O =

11
1 0
01
10
commuting magic unitary
q 0 1—gq 0
0 p 0
CA —
" 11—q 0 ¢ o0
0 1-p 0 p

associated with! And hence, Fs) possess quantum symmetries, and this will be the start point!

Remark 11. Later on, we will use 10, in order to obtain a new set of regulated graphs that possess quantum
symmetries!

In [19] as an application of the following theorem, also from the same paper, it has been proved that
the Clebsch graph does indeed have quantum symmetry.

Theorem 1. [19] For any finite graph T, if there exists two nontrivial, disjoint automorphisms oy and oy
with orders m,n > 2 respectively, then I' has quantum symmetry, and one gets a surjective x-homomorphism
¢ : Gaut(l) = C*(Zm x Zn)

Now consider the following graph which has been studied in [17] as a colored undirected graph. Here,
following the purposes of this paper, we drop the colors and try to study its usual version.
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Figure 9. Three connected graph ;Fs

Note that the Clebsch graph is the folded 5-cube graph introduced in [19]. But analogously, one may
see 3Fs as in some sort of folded graph (but we still don’t know the exact structure)!

Figure 10. Four connected graph ;Fs

Proposition 1. ;Fs has disjoint automorphisms.

Proof. It is clear to observe that the following non-trivial disjoint elements of Sg, belong to Gat(3Fs).

o1 = (13)(84)(75),
0 =(71)(62)(53),
o3 = (37)(82)(64),
oy = (15)(24)(86).

a
Corollary 1. ;Fs does not have quantum symmetries, meaning that its quantum automorphism group is trivial!

Proof. Note that one may associate the following adjacency block matrix to ;Fs
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00 001100
00 011 011
00 00 O01T1O0
01000101 A B
-/43Fs: = ’
1 10 0 00 0O B A
1 01 1 00 0 1
011 00O0O00O0
0101010 0
for A;, B;, i € {1,2} the following 4 x 4 matrices
00 0 O 1 1 0 0
00 0 1 1 01 1
A = , B =
'“loooo “lo110
01 0 O 01 0 1

From which, the graph associated with A; possess quantum symmetry, as the only commuting matrix
1—g 0 q 0

0 1-p O p

q 0 1—g 0

0 p 0 1-p
But, However, the graph associated with 3; does not possess any quantum symmetry, as the only

with it is the noncommutative magic unitary CstFs = ‘A JFs =

commuting matrix with them, is not a noncommutative magic unitary, and in general A, is not a
noncommutative magic unitary in any case! [

Remark 12. Note that, the tensor product and direct sum of magic unitary matrices will still be magic unitary.

A By
By A
the associated graph, and let G 4, and Gp, be the associated graphs with Ay and By respectively. The

Corollary 2. i) Let A € Myuxn({0,1}) be a block matrix of the form A = , and let G be

claim is that if any of G 4, or G, have no quantum symmetries, then G 4 also will have no quantum
symmetries!

ii) On the other hand, if both of G 4, and Gp, have quantum symmetries, then G 4 will also have quantum
symmetries!

Question 11. Needs more attention Is the result obtained in Corollary 4 in a false direction with the fact proven
in Theorem 1 [19], or there should only exist two nontrivial distinct automorphisms?

In order to come up with an answer to the above question, consider the following graph, which is the
undirected uncolored version of the locally connected directed graph Sqé introduced in [17], with its
outer layer totally connected and removing the edge between 4 and 8, and connecting 2 and 6! Also
notice the swipe between vertices 3 and 1 and vertices 4 and 8!
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Figure 11. Four connected graph L,

And with a 180° rotation (3 1) (4 8), one obtains the following graph "L;, which will be our main object
for a 3 x 3 lattice arrangement.

&) @
N0
@ > )

Figure 12. Four connected graph "L; = L;

N

Proposition 2. L; has disjoint automorphisms.
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Proof. Note that the edge complement of L; is as follows.

©

©

Figure 13. L;

It is known that one should have Gat(Lt) = Gaut(Lt), and it is not too difficult to see that Ga¢(L;) is
generated by 04 = (53)(71),and 0, = (75)(31)(8 4). Hence, Gayt(L¢) also has to be generated by
two disjoint elements of Sg, and they are as follows.

7 = (53)(62)(71),
= (75)(84)(31

—~

O

Remark 13. i) It is known that almost all trees have quantum symmetries![11]
ii) But in order to complete the statement stated in the first point, let T be a tree with n number of vertices.
This means that its adjacency matrix At is in the space of n X n matrices.

(a)  Now, if T is a union of disjoint trees, then it has quantum symmetry in the same space as
its adjacency matrix lives. For example, one may easily observe that the following graph T,
consisting of two disjoint trees T and T,

(3)
2)—0 &O—~©
(&

Figure 14. Ty and T, from left to right

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202509.0247.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 3 September 2025 d0i:10.20944/preprints202509.0247.v1

18 of 44

possess quantum symmetry, since the only commuting matrix with its adjacency matrix Gr is the following
noncommutative magic unitary

q 0 0 1—g 0 0
0 10 O 0 0
CAp — 0 01 O 0 0
1-q 0 0 ¢ 0 0
00 O p 1-p
| 0 00 © 1-p p

Note that T has quantum symmetry in any quantum permutation space S, with n > 6!

(b) But, if you just consider Ty, it has no quantum symmetry in S} and S5 . However it has quantum symmetry in
S;F withn > 6!
For example, in S}, the following noncommutative magic unitary is the only commuting matrix with Ar,

[1—g 0 0 00 g |
0 p 1-p 0 0 O
0O 1I-p p 00 O
c —
M=l 0 0 10 o0
0 0 0 01 o0
| q 0 0 00 1—g¢q]
And we believe that this is true for any single tree without loops!
Let us see another example. For instance, take the following path.
O—O—O—@

Figure 15. Py

Note that P4 has no quantum symmetry in S and SZ, but it possess quantum symmetry in S . Because its
adjacency matrix, commutes with the following noncommutative magic unitary and this is the only one.

—_
|
AN
o
o

O O O o

0 1—g

Corollary 3. Almost all single simple trees with adjacency matrices in My, (K), have quantum symmetries in
S} fori > n+ 2. But they do not possess any quantum symmetries in S;" with i < n + 1,

We have the following lemma from the Ph.D. thesis of Simon Schmidt [20, Lemma 2.1.4].

Lemma 1. [20] For I a locally finite (directed) simple graph, consider its edge complement (described as in the
Notation section) with T. Then G qayt(T) is trivial if and only if G qaut (T) is trivial.

Corollary 4. L; does have quantum symmetries, and there is a surjective x-homomorphism ¢ : G Qaut(Lt) —
c* (Zz X Zz).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202509.0247.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 3 September 2025 d0i:10.20944/preprints202509.0247.v1

19 of 44

Proof. Note that one may associate the following adjacency block matrix to Fs,.

01101111
10111111
11011110
4 01100110 _[A B
L1111 00 111 Ay Byl
11111011
11111100
1100110 0
for Ay, B1, Ay, By, the following 4 x 4 matrices
0110 111 1
101 1 111 1
_ ) By = ,
A=y 1 0 11110
0110 0110
1110 011 1
111 1 101 1
A=l ) Ba=1110 0l
1100 1100

From which, just to A; one can associate a noncommutative magic unitary and the graphs associated
with Ay, By, B, possess no quantum symmetries.
However, by using Lemma 1, and the fact that CAE is a noncommutative magic unitary for pg # qp as

follows

[ g 0 0 00 0 0 1—q]

0 1-p 00 0O 0 0

0 1-p p 00 0 0 0

A 0 0 10 0 0 0
L | 0 0 0 01 0 0 0 |’

0 0 0 00 p 1-p O

0 0 0 00 1-p p 0

1-q 0 0 00 0 0 q |

one may conclude that “ A4}, also is a noncommutative magic unitary!

Note that one may say that refering to an unproven claim can not provide us with a rigorous answer,
and that might be correct! But in the next remark, we will try to present a proof in its usual sense!
The existence of a surjective x-homomorphism ¢ : Gqaut(Lt) = C*(Zy X Zy) is a direct result of
Proposition 2. [

Remark 14. i) Note that in the proof of Corollary 4 our insist in using Lemma 1, was just giving some
justification to the mentioned Lemma. However, in the next point of the current remark, we will present
the usual way of proving such results!
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ii) Note that to the adjacency matrix

01101111
10111111
11011110
4 01100110
L1t 110011 1|
11111011
11111100
1100110 0

one can associate the following unigue noncommutative magic unitary

1 0 0 00 0 0 0
0 gq 0 00 1—g 0 0
0 0 p 00 0 1-p 0
CALt:O 0 0 10 0 0 of
0 0 0 01 0 0 0
01-g 0 00 g 0 0
0 0 1-p 00 O p 0
0 0 0 00 0 0o 1]

meaning that Ly possess quantum symmetries and its quantum automorphism group is non-trivial.

Remark 15. 1. The results obtained in Corollary 4 and Remark 14, are already nice, but not exactly what we
have been looking for. So, consider the following graph.

(3) €

@ )
Figure 16. Totally connected graph F;,

2. Note that, we have CA|:S3 = Ly, and as has been proved in [20], we have G Qaut(Fs;) = Sg and G pyt(Fs;) =
Sg. We will use these facts later on while working in higher dimensions.

Remark 16. i) Hence, in an early response to the question raised in 11, one may have an early inclu-
sion that the statement stated in Theorem 1 has to include “only (and this is exact) two distinct
automorphisms”!

i1) Note that in [17], we proved that the colored directed version of Fs,, which we called Sqs, does not
possess any quantum symmetries. This also could be true for the directed not-colored version of Fs,.

iii) Note that the process of moving from F, to F, is almost as same as the process of equipping the set of
locally finite colored directed graphs Gs = {Gs, := Sq¥ | 3 < i} introduced in [17, Definition 3.2], as
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the set of locally finite colored directed graphs with the vertex chromatic number 3 (colored specifically
red, blue and green).

iv) The only difference is that here we will get a x-monoid algebra structures on undirected graphs, and it
makes it a bit difficult to deal with the operations introduced in [17, Definition 3.2]!
v) Note that, here we still will use the notations of inner and the outer layers of the lattice i X i array for

i > 3, with the only difference that our graphs are no longer colored! So we will just work with the outer
and the inner layers £, and ., respectively, instead of colors!
vi) In the inner layer Z; of Fs,, let V;, be the set of vertices with degree n*> — (n —2)? — (n — 1) and V;,
be the set of vertices with degree n> — (n — 2)> — 2(n — 1). Then we have |V;,| = |V;,| = %
vii)  Note that, just for our uses in this paper, we are going to divide the set of vertices V;, into separate

and disjoint union sets of vertices V;, and V;, ;- Where by V;,, and V, ; We mean the nearest and the

2n
farthest (by the mean of distance in the usual graph theory) set of vertices from V;, to a certain vertex in
Vo.

viii) ~ We also have the same notations as in (vii)) for the set of vertices V;, .

ix) In the outer layer %, of Fsy, we have 4 vertices of degree n* — (n —2)> — (n — 1). Let us call this set
of vertices with V,, and |V, | is always 4!

x) Let Fs = {Fs; | i > 1} be the set of such matrices.

xi) The plan is to initiate such class of requlated graphs, directed or undirected (then use the directed
version with the number of sink and source vertices equal), and then associate to the set of edges, a
set of partial isometries, and to its set of vertices, a set of orthogonal projections, and to study the
associated Cuntz-Krieger graph families and to see if they provide us with a finite-dimensional C*-graph
algebra structure. Then by studying their Hamiltonian paths, to get a better understanding of the
noncommutative confusability graphs!

But before studying the *-monoid algebra induced by the set of undirected graphs F;, let us have a
look at the structures of Fs,.
Consider the following graph.
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(12 (+)

12 5

11 6

(o a

Figure 17. Six connected graph G;

Proposition 3. G; has quantum symmetries.

Proof. In an almost same approach as in Proposition 2, we are going to study the automorphisms of
G by studying the automorphisms of its edge complement graph G;.
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Figure 18. G;
Note that G; is a disjoint union of graphs S and W as follows.

Figure 19. S

on which its adjacency matrix commutes with the following noncommutative magic unitary matrix °S

g 1—-q 0

meaning that S has quantum symmetries, and the graph W,
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Figure 20. W

on which its adjacency matrix commutes with the following noncommutative magic unitary matrix ‘W

10 0 0 0 0 00
01 0 0 0 0 00
00 1—gq 0 g 00

ew_ 00 0 1-p p 0 0o
00 0 p 1—-p 0 00
00 g 0 0 1-4g 00
00 0 0 0 0 10
00 0 0 0 0 0 1

meaning that W has quantum symmetries, and as a result, G; also should has quantum symmetries,
and so G;. It is not too difficult to observe that the only noncommutative commuting magic unitary
with Ag,, is as follows.

10 0 0 0 000 O 0O 0 O
01 0 0 0 000 O O 0 O
00 g 01-g 000 0 0 0 O
00 0 1 0 000 O 0O 0 O
001-40 g 000 O 0O 0 O

4o — 00 0 0 0 100 0 0 0 0

*“loo 0o 0o 0 010 0 0 0 O
00 0 0 0O 001 0 0 0 O
00 0 0 0 00O0T1-p 0O p O
00 0 0 0O 00O O 1 0 O
00 0 0 0 000 p 0 1-p O
oo 0 0 0 000 0 0 0 1
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Remark 17. The result obtained in Proposition 3, is already wonderful, but it is not we have been looking for.
Because we need a magic unitary consistent with the structures of C.A,:s3 !

So, consider the graph Fs, presented in Figure 22 associated with the following matrix.

e e N Y e e e =)
O R P R R 2, OR PRk O -
— O R O R R PR O R O R -
e T T T =T SN S S
—_ O R O R R RO R O R
_ R P R, O, ORFR R Rk O
—_ O R O R R RO R O R

[ = T e T e T S o B S S e S e
O = == O RO
e =l e e e e
—_ O R O R Rk PR O RFR O R -
O R kPR P OR R RFRLPRREPLRL O

Remark 18. As we mostly are interested in studying the directed graphs with a regulated number of Hamiltonian
paths (colored and uncolored versions), hence later on we will see that choosing Fs, as in Figure 22 will provide
us with the desired result!
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(a2 (1)

12 11

(o a

Figure 21. Nine connected graph F;,

Proposition 4. Fg, has non trivial quantum automorphisms.

Proof. It is not too difficult to observe that the only noncommutative magic unitary associated with
A,:54 will be as follows for pg # gqp.

1o o o 0 00O O O 0 O]
01 0 0 0 000 O 0 0 O
001-40 0 000 g 0 0 0
00 0 1 0O 00O O O O O
00 0 O p 000 0O 0 1—p 0
¢4 _ 00 0 0 0 100 0 0 0 0
F""1loo o o o o010 0 0 o0 ol
00 O O O 001 O 0 0 O
00 g 0 0 000T1—g 0 0 0
00 O O O 00O O 1 0 O
00 0 01-p 000 0 0 p 0
00 0 0 0 000 O 0 0 1]

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202509.0247.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 3 September 2025 d0i:10.20944/preprints202509.0247.v1

27 of 44

This means that Fs, has quantum symmetries and the quantum automorphism group G qaut(Fs,) is
non trivial.
O

Let us try to study Fs,, associated with the following matrix in Mix16({0,1}).

011111111111 1111
1011101111 100101
110101111101 1010
111011111111 1111
110101110111 1010
101110101111 0101
111111011111 1111
A — 1111101011100101
fs"1111101110101101o0|
111111111011 11171
110111110101 1010
1011111011100 101
1 0111010111001T11
11010111 01011011
1011101011101 101
1 1010111010111 1 0]

Proposition 5. Fs, has non trivial quantum automorphisms.

Proof. G O
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N

Figure 22. Eleven connected graph F;;,

7.2.3. Graph algebra structure induced by F;

Following Remark 16(x)), consider the set of graphs F; = {Fs, = (Fg, F;_) | i > 1}. Let Fg, be the null
graph, a graph with no edges and |F21 | = n. Then we have the following definition.

Definition 10. Let V;,V; ,V; f,ViZ, Viyr Vi, o Vo, L; and L, be as in Remark 16(vi), vii),viii),ix)). And let
Fs and Fg, be as above. let I'1, I’y be in Fs. Then the connect and overlay operators will be defined as follows for
graphs Ty = (IY,T1), Iy = (I9,T}) and T := Fs, = (FY,FL).

I +Tp = (rﬁ’ urd,riu 1“;) (12)
I, —T,i= (rg’ uT), (TLUTY) /{Vi, =V, & Vi, — vil}), (13)
To—T:= 11, vI=T°TY €F,and Tg the null graph. (14)

Lemma 2. F; equipped with the connect and overlay operators defined in Definition 10, will be a *-monoid
nondegenerate algebra.

Proof. It is known that any unital algebra is nondegenerate. So the algebra structure equipped on F;
will automatically be nondegenerate. It is not too difficult to see that F; is closed under the connect
and overlay operators defined in Definition 10 and as any graph automatically possesses a * structure,
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hence one can conclude that Fs equipped with those operators will have a *-monoid algebra structure
as Fg;s are not invertible! O

Remark 19. The main point of the Definition 10 and Lemma 2 is that the graphs Fs, involved in constructing
the x-monoid algebra Fs, have quantum symmetries!

8. The Third Toy Example

In this section we will try to have a reasonable orientation on the set of graphs F;, that preserves the

quantum symmetry!

d
S/

Consider the following oriented graph F{ , which is the oriented version of Fs,.

Figure 23. Totally connected graph ng

0111
. . 4 0 0 01 . .
Note that the adjacency matrix of Ff is Apa = 110 1l has a unique noncommutative
52
01 00

commuting magic unitary

q 0 1—9g 0
0 0 1-
Apg = p p
52 1—g 0 q 0
0 1-p O p
associated with! And hence, Fs, possess quantum symmetries and both F,, and ng should have the
same quantum automorphism groups!
Now, let us try to impose the same kind of orientation to Fs, and to see how F§3 will look like and if it
still will have the same quantum automorphism group as in Fs,.
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@ )

Figure 24. Five connected graph F’f

And with a 180° rotation (3 1)(4 8), exactly as in the case of Fs,, the following graph is obtained.
©. (1)

@ ©
Figure 25. Five connected graph F/

Note that the graphs presented in Figures 24 and 25 have the same adjacency matrix

00001001
10111111
10011010

4. _l00000001

F"11 000000 1|
11111011
10111000
0001000 O

For some reasons (for instance the not consistent number of Hamiltonian paths) that will become clear
later, F¢ does not suit our purposes. So, we consider the following graph,
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@ )

. . . Figure 26. Totally connected graph F§3
with the adjacency matrix

00111011
10111111
10011011
4, _looo0o00001
"t o1 100 1 1|
11111011
10111001
0001000 O

Note that interestingly, the graphs presented in Figures 24, 25 and 26 have the same quantum automor-
phism groups generated by the following noncommutative magic unitary!

1 0 0 00 0 0 0
0 g 0 00 1-¢ 0

0 0 p 00 0 1-p 0

I 0 10 0 0 0
s o o 0 01 0 0o ol
01-¢g 0 00 g 0 0

0 1-p 00 0 p 0

0 o0 0 00 0 0 1]

Let us try to put a reasonable orientation on F;, in an almost same approach as in Fg,, such that F§4 has
the same automorphism group as in Fg,.
One may associate to the following matrix
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00000010101 0]
101111111111
0000000O0O0T100 0
1010101007100
0000000O0O0O0TO0T1O0
G t11110111111
" 1100000007101 0|
111111101111
001000000000
101110100000
000010000000
111111111110

the directed graph G; presented in Figure 27

() (1)

()

? )

(3) 8

Figure 27. Seven connected graph G/

and one gets the following noncommutative magic unitary such that CAGf -AGf = .AG? CAG';’-
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10 0 0 0 000 0O 0 0 0
01 0 0 0 000 O O 0 0
00 g 01-g 000 0 0 0 0
00 0 1 0 000 O O 0 O©
001-40 g 000 0 0 0 0

4. _|00 0 0 0 100 0 0 0 0

¢~ oo 0o 0 0 010 0 0 0 o0l
00 0 0 0 001 0 0 0 0
00 0 0 0 000 1-p 0 p O
00 0 0 0 000 O 1 0 0
00 0 0 0 000 p 01-p 0
o0 0 0 0 000 0O 0 0 1

But C.AG,? is not following the rules. It is already good, but not what we have been looking for! So
consider the following directed graph.

Proposition 6. Fg4 has quantum symmetries and its quantum automorphism group is non trivial.

Proof. Note that one can associate the following adjacency matrix to F§4,

001010101010
101110111110
0000000O0T100O0
101010100100
0000000O0O0GO0T1O

4 101110101111

F, 11 0000000101 0|
111110101110
001000000000
101110100000
000010000000
101111101110

and it is not too difficult to observe that the only noncommutative magic unitary associated with 'AF‘;’
4

will be as follows for pq # gp.
This means that Fg4 has quantum symmetries and the quantum automorphism group Gq Aut(Fg4) is
non trivial, and is equal to the quantum automorphism group of Fs, fori > 2!

10 0 0 0 000 O 0 0 0
01 0 0 0 000 O O 0 ©
001-4 0 0 000 g 0 0 0
00 0 1 0 000 0 O 0 ©
00 0 O p 000 0 0 1-p 0

e , 00 0 0 0 100 0 0 0 0

, "7 loo o o o 010 0 0 o0 ol
00 0 0 0 001 0 0 0 0
00 g 0 0 0001-g0 0 0
00 0 0 0 000 O 1 0 0
00 0 01-p 000 0 0 p O
0o 0o 0o 0 000 0 0 0 1
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i o

? )

(3) 8
(i 7

Figure 28. Nine connected graph F‘i

O

Remark 20. i) As you may have noticed, we have found a set of requlated graphs, directed Fg = {ng |i>
2} and undirected Fs := {Fs, | i > 2}, such that they have the same quantum automorphism groups
GQAut(ng) = GQAut(FSi)]

if) All graphs in Fs and F¢ are symmetrizable and quantum symmetrizable!

iii) But the question is why finding such set of graphs is important?

iv) Or better to say, “is it important at all?”

v) The next step is to look for the Hamiltonian paths.

vi) One might also consider the colored version of graphs in Fs and F? and try to follow the concept

introduced in [17]. We will not consider this approach in this paper!

Corollary 5. i) Ffz has 4 Hamiltonian paths.
if) ng has 96 Hamiltonian paths.

Proof. It is not too difficult to observe those Hamiltonian paths starting from vertex 2 or 6, and ending
at vertex 4 or 8. We try to omit the complexity here as much as possible! [

Corollary 6. F¢ has n x 24"=7 Hamiltonian paths for n € {2,3,--- }.
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In order to continue, we need to enlarge the class of our directed graphs by having a reasonable
orientation on Fg; presented in Figure 22 and consistent with the previous orientations. So, let us try to
study F‘s’l5 associated with the following matrix in Migx16({0,1}) and presented in Figure 29,

0011101011100 101
1011101111100 101
0 00O0O0OOOOT1TO0OOO0OOOTO 0O
1 010101011100101
0 00O0O0OOOOOOT11TO0O0OS®O0OTO OGO
101110101111 0101
1001 100011100101
A, — 1111101011100101
s "0 01 000000000O0GO0O0 O
1 011101010100101
0 0001O0O0O0OO0OO0OO®O0OOO0OTO 0O
1 011111011100101
1 011101011110011
0 00O0O0OOOOOO0ODOOOQO0OSO0OO0TI1
1011101011101 101
0 00 0O0O0O0O0OO0OO0OO0OO0OO0OT1TO0 0]

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202509.0247.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 3 September 2025 d0i:10.20944/preprints202509.0247.v1

36 of 44

A\

=

',

N

e

Figure 29. Eleven connected graph Fst

Proposition 7. FZS has non trivial quantum automorphisms.

Proof. It is not too difficult to observe that associated with Aps , we have the following noncommuta-
55

tive projective unitary matrix (magic unitary) that commutes with.
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1 0o 00 O OO O O0O0O0O O 0 0 0 0]

0 s 00 0 001-s 000 O 0 0 0 0
0O 0 10 0 00 O 0O0OO0O O 0 0 0 0
0O 0 01 0 00 0 0O0O0O O 0 0 0 0
0O 0 00 1 00 0O 0O0O0O O 0 0 0 0

0 0 00 O poO0O 0 000 O 0 0 1-p 0
0O 0 00 O 01 0 0O0O0 O 0 0 0 0
CA_Ol—sOOOOOsOOOO 0O 0 0 0
"o o0 00 0 00 O 100 O o o0 o0 o}
0 0 00 O 0O O 010 O 0 0 0 0
0O 0 00 O OO0 O O0O0OT1 O 0 0 0 0

0 0 00 O OO O O0O0OO p 1-p 0 0 0

0 0 00 O OO0 O O0OOT1-p p 0 0 O

0 0 00 O 0O O O0OO0O O 0 1 0 0

0 0 001-p 00 0O O0O0O0 O 0 0 p 0
0o 0 00 O 00 O 00O O 0 0 0 1

Note that since “Aps = C.AFS5 as the main generators of the quantum automorphism groups of F§5 and
55

Fs5, respectively, satisfies, hence we get G Aut(ng) = GQaut(Fss), and they are non-trivial. [

8.1. Graph algebra structure induced by F?

Before having a graph algebra structure on F¢, we have to present a regulation on the way of defining
the orientation on Fgl,s for i > 2. The orientation will follow the one for G in [17], with the difference
that here we have layers instead of colors. Let 9, and i%i, indicates the sets consisting of source and
the sink inner vertices, respectively, and by V; we will indicate the inner vertices which are neither
sink nor source vertices.

Definition 11. The orientation of the graphs in F¢ will be naturally defined as follows

1. V,<V,,
2. Yo = Vo &V, — 1,
3. Vi= % &V, = V,.

Following subsection 7.2.3, consider the set of directed graphs F? = {Fg{, |i > 2}, and let F?l be the
corresponding null graph. Then we have the following definition.

Definition 12. Let Vi,Vo,i”//s,o, and i”i/si be as in Definition 11. And let Fg and Fgl be as above. let T'1,T»
be arbitrary graphs in F9. Then the connect and the overlay operators will be defined as follows for graphs
Ty = (I9,T}), Tp = (I9,T}) and Tg == F4 = (F&,F2).

517

I+ = (Tfury,riur}) (15)
[y = To:= (TS, ([T UTH)/{V; = Vi & g = g}, (16)
Io—T:=(%TY,  vr=@T°TY) e F?and Ty the null graph. (17)

Corollary 7. F? equipped with the connect and the overlay operators defined in Definition 12, will be a *-monoid
nondegenerate algebra.

Proof. The proof will exactly follow the lines of the proof presented for Lemma 2. [
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Remark 21. i) Note that one may see an undirected graph as a directed graph where each edge has a two
sided orientation.

i) And by using the above vision, one may see (Fg, Fgl, +, —) as a x-monoid sub-algebra of (Fs, Fs,, +, —)
defined in Definition 10.

9. Quantum Automorphism Groups Associated with F;; and ng fori > 2

In this section, we will use three kind of products between (compact quantum) groups. The semidirect,
free, and the (free) Wreath product, which could be explained as follows.

D Recall that for compact matrix quantum group C,; = (C1,u1), we will refer to u; as its
universal corepresentation. Now consider two compact matrix quantum groups C,} = (Cq,u1)
and Cg = (Cy,up). Then the compact matrix quantum group of C; * C has a structure of a
compact matrix quantum group of the form (Cy % Cp, u1 @ uy) for

uq 0
Uy Duy = <0 1/l2>’

and the coproduct of (Cy * Cp, u1 @ uy) will be defined as
b Cl *D C2 — (Cl *D Cz) (029] (Cl *D Cz),

for D a Woronowicz C*-subalgebra of both C; and C;, with embedings (¢, and ic,, respectively,
such that ® oac, = pc, and Poac, = pc, forac, : C; — Cy*p G and ac, : Co — Cxp &
the canonical injections and

pc, = (ac, ®ac,)Pc, and pc, = (ac, ® ac,)Pc,.

(IT) For G any group, and G" = G x --- x G the direct product of n copies of it, let ¢ € S;, be an
arbitrary permutation. Consider the following action from S, to G".

¢ :Sy — Sy x G"
o Po(81, ,&n) = (§o-1(1), " 1 8o1(n))s

that will constitute the definition of the semidirect product.
(I1I) For G any group, the Wreath product Gt S, = G" x4 Sy, := Gy, is a group of the ordered set
of tuples G" x S;, with the multiplication defined by

(o)) = (8- ¢o(h) 07,

for g,h € G" and 0, T € S;, with the identity element e, = (egn, es, ).

It is known that every polyhedra has the same symmetry group as its dual. For instance, a cube and an
octahedron are dual to each other, meaning that if one puts an octahedron inside a cube, in a natural
way such that each vertex of the octahedron sits at the center of one of the cube’s faces, then one can
prove that any symmetry of the octahedron corresponds to a symmetry of the cube, and vice versa,
and it is equal to the 3-dimensional Hyperoctahedral group H3 (in some literature it is shown by B3,
and in general by B;,).

The n-dimensional Hyperoctahedral group H;, is isomorphic to the Wreath product of a cyclic group of
order 2, with the symmetric group of order 1, i.e. H, = Zy1 S, = (Z3)" x Sy, and it has order 2" x n!.
On the other hand we have the Hypercubes. The 1-dimensional Hypercube is the simple line between
2 points, and its symmetric group is Z; which is the 1-dimensional Hyperoctahedral group. The
2-dimensional Hypercube is a square, and its symmetric group is Z, 1 S = (Z)? x Sy, which is the
2-dimensional Hyperoctahedral group H,. The 3-dimensional Hypercube is the 3-dimensional cube,
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and its symmetric group is Z, 1 S3 = (Z,) x Sz, which is the 3-dimensional Hyperoctahedral group
Hs. The 4-dimensional Hypercube is a 4-dimensional cube, known as the Tesseract, and its symmetric
group is Zp 1 Sy = (Z3)* x Sy, which is the 4-dimensional Hyperoctahedral group Hy, and so on!

Remark 22. Here in this paper, our concern will be more about the 2,3 and 4-dimensional Hyperoctahedral
groups and their quantum versions. But our results could be generalized to the higher dimensions as well!

9.1. The quantum Hyperoctahedral groups H." and their relations with F, and ng fori>4

As we mentioned in the introduction, following Wang’s definition of quantum permutation group
of a set [22], satisfying the formalism of Woronowicz’s compact quantum group [23], Banica came
with an idea [3], while improving the previously formulated structures of the quantum automorphism
group of a graph [5], but presenting much efficient structure by using the projective permutation
matrices, known as magic unitaries in quantum group literature, by considering the commutative
algebra of complex-valued functions on the automorphism group of a graph, and then by dropping
the commutativity requirement of the generators in order to get the algebra of continuous functions on
the quantum automorphism group of the given graph!

In order to avoid the complexity, the quantum automorphism groups of many classes of undirected
graphs have have already been studied, from which, we can mention the n-cycle graphs C,, (n # 4),
the complete graphs K, the Petersen graph, Hyper cubes, the Odd graphs, Hamming graphs H(d, 3),
the Johnson graphs J(n,2), the Kneser graphs K(n,2), the Moore graphs of dimension two, the Paley
graphs Pg, P13, P17 [18,20].

However, for the cycle graph C4, Bichon in [5], proved that its quantum automorphism group
G Qaut(C4) is isomorphic with the quantum dihedral group. Later on, in [6], he provided a proof
showing that the n-dimensional hyperoctahedral group, as the isometry group of a hypercube in R", is
the Wreath product Z; S, = (Zy)" % Sy.

In [21, Theorem 3.8], Schmidt and Weber showed that the Hyperoctahedral quantum group H; is the
quantum automorphism group of the 4-cycle C4, meaning that

GQaut(Cs) = Hy = quantum dihedral group.

In [1], concerning the quantum automorphism group of the disjoint union of graphs (directed and
undirected), the authors provided a very nice classification, from which one could determine the
quantum automorphism of disjoint union of any finite set of connected simple graphs, and it could be
simplified as follows.

) For a disjoint union of n-pairwise non-quantum isomorphic connected graphs {I';}1<;<y,, the
quantum automorphism group of the union will be given by the free product of the quantum
automorphism group of the individual graphs I';, i.e.

n

GQAut(I_l ri) = *?:1GQAut(Fi)'

i=1

1I) For a disjoint union of n isomorphic copies of a connected simple graph I', the quantum
automorphism group of the union will be given by the free Wreath product of the quantum
automorphism group of I' by the quantum permutation group S;!, i.e.

GQAut(I_l F) = GQAut(r) Uk S;'
n

As it is apparent from the title of the current section, this section concerns with the quantum automor-
phism group of the undirected graphs F;, and their oriented versions ng, for i > 2. But as the group of
quantum automorphisms of an arbitrary graph I is an infinite dimensional compact matrix quantum
group generated by certain projective permutation matrices u = (u;j)1<; j<, (magic unitaries), and as

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202509.0247.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 3 September 2025 d0i:10.20944/preprints202509.0247.v1

40 of 44

in our case, the generators of G qayt(Fs;) coincide with the generators of G g Aut(ng ), hence we should
have G QAut(FS,’ ) =G QAut(ng ) :

Remark 23. i) Note that, for I an arbitrary graph, here we follow the definition of quantum automorphism
group of T proposed by Banica [3], and we call it G qayt(T).
ii) As Fg, and F, are isomorphic with the complete graphs Ky and Kg, respectively, and it is known that

the quantum automorphism group of Ky and Kg are S and Sg [22], respectively, hence we have
Gqaut(Ks) = Gaut(Fs,) = Gqau(FL) = S,
Gqaut(Ks) = Gqaut(Fs;) = Goau(FZ,) = Sy
Lemma 3. The regular tetrahedron has nontrivial quantum automorphisms.

Proof. In order to prove that the regular tetrahedron possesses quantum symmetries, first we try to
give it a reasonable orientation as follows.

)
oS o=
<§»

Figure 30. FDg

Note that to FDg presented in Figure 30, one can associate the following adjacency matrix,

011011
0 00O0O0T©O
010010
Aot=lo 1101 1|
000O0O0T©O
0100 1 0f
and it is not too difficult to see that the following noncommutative magic unitary (projective unitary
matrix) commutes with 'AFDg'
[ p 0 0 1-p O 0 |
0 q 0 0 1-g O
A= 0 0 s 0 0 1-s
FD{ ™ |1—p 0 0 p 0 0|
0 1-q O 0 q 0
| 0 0 1-s O 0 s |

. c o d P .
ie. 'AFDZ .AFD,; = 'AFDZ'AFDg’ and FDg has non-trivial quantum symmetries.
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However, one may as well tries to clarify that prescriptc Az pq also commutes with the adjacency matrix
6

SO Rk O O

1
0
1
1
0
1

()}
O O O O O O
[ o T S G S Gy o
O O = O O =
O O O O O O

associated with the undirected regular tetrahedron, meaning that “Arp, = CAFDZ satisfies and FDg

has non-trivial quantum automorphisms, and this concludes the proof.
O

Corollary 8. The group generated by the projective unitary matrices CAFDZ’ for p,q,s mutually noncommuta-
tive entries (they could be any kind of matrices in M;(KK) for j > 1, with the same living space), is isomorphic to
the 3-dimensional quantum hyperoctahedral group H !

Figure 31. F;,
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@

Figure 32. F;,

Proposition 8. The quantum automorphism groups of Fs, and Fs, are non-trivial and are equal to
Goaut(Fs) = (HF % S2)+SS,  and  Gqauw(Fss) = (Hf & S2) % S].

Proof. From Lemma 1, we already know that G qaut(Fs;) = Gqaut(Fs;) for i € {4,5}. Hence what
we need is just to compute the quantum automorphism group of Fs,, and by using the classification
criteria mentioned in II) and I), and the fact that the quantum automorphism group of the null graph
in 4 vertices is S, , by following Figures 31 and 32 one would get the desired results. [

Lemma 4. The quantum automorphism group of Fgl]_ fori € {4,5} is non-trivial and is equal to
Gaut(FL) = (Hf 1 S2)=Sf, and  Gauw(FL) = (Hf & Sp) =S

Proof. It is a direct consequence of Proposition 8 and the fact that Gqaut(Fs;) = GQAut(ng) for
i>2 O

Corollary 9. The quantum automorphism group of Fgl_ fori > 6 is non-trivial and is equal to
Gaaut(F4) = (H, 1 S2) %S/

10. Concluding Remarks

Now the question is what might be the main implications of the above statements and results?

One would be finding a path into the generalized Cartan matrices, and the Kac-Moody algebras, and
to see how the results obtained and studied in the section 7 could be generalized into the theory of
quantum groups!

On the other hand, the process used in Example 9 triggered mathematicians to come up with the
idea of the metric isometry game Isom(X,Y) [12], for metric spaces X and Y as a modification of
the graph isomorphism game Iso(T';,I»), which is a game introduced by Atserias et al [2], with the
property that two graphs I'y and I'; are isomorphic if and only if there exists a perfect deterministic
strategy for Iso(T';, T2). These kind of structures are a part of the so called non-local game, which is a
game played cooperatively by two players called Alice and Bob. However, following the discussion
part of [13], and the result obtained in Lemma 4, one might be interested in asking if it is possible

to construct a non-classical perfect quantum strategy for the (ng, ng)-isomorphism game (referred

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202509.0247.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 3 September 2025 d0i:10.20944/preprints202509.0247.v1

43 of 44

to as the ng -automorphism game), for i > 4? (We have to admit that this is not an easy direction to
consider!)

But, about the results obtained in this paper, we have to emphasize that still there are many things
to do. We still haven’t been able to study the colored version of the graphs Fg{, which could be very
interesting as this set of graphs is quite different from the ones studied in [15-17], as these graphs
possess quantum symmetries and their quantum automorphism groups is non-trivial.

One may also try to study the *-monoid algebra structure on the set of directed graphs F?.
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