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Abstract: This paper provides an alternative Slope-Deflection equation for performing the static
analysis of the indeterminate structures. While the conventional Slope-Deflection method
introduced in structural analysis involves the use of fixed end moments in the Slope-Deflection
equations, the proposed method employs the slope of a simply supported beam to obtain the
unknown moments at the joints. Three numerical examples of continuous beams with different load
configurations are chosen and the efficacy of the proposed equations is demonstrated. The approach
proposed in this paper offers two advantages: (1) prior knowledge of fixed beams is not required
and (2) the concepts gained from determinate structural analysis are directly applicable.
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1. Introduction

The slope deflection method is a displacement method introduced by George Maney in 1915 [1].
It is employed to perform the analysis of statically indeterminate beams and rigid joint frames [2].
This method is often taught in undergraduate structural analysis courses across universities
worldwide. In this traditional method the end moments of each member of the structure are first
expressed in terms of the unknown slope (8) and deflection (8) at the joints referred to as ‘Slope-
Deflection” equations (see Equation (1)).

2EI 36

MAB :MFAB +T(29A+GB_T) (1a)
2EI 36

Mgy = Mppa + T(ZGB +604— T) (1b)

where My, Mp, are the moments (unknown) at support A and B respectively (see Figure 1, Mg,p,
Mgpgp,s (known) are the fixed end moments at support A and B respectively, 8, and 685 are the slopes
at support A and B respectively, § is the relative vertical deflection between two ends and E, I and
L are the Young’s modulus, moment of inertia and length of the structural member respectively.
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Figure 1. (a) Schematic of a continuous beam with a deflected shape and application of
principle of superposition to obtain the slopes at joint A and B, (b) considering AB as a
simply supported beam, (c) Moments applied at joint A and B for reduction in slope, (d)
change in slope of beam AB due to settlement of support B.

The moment equilibrium at each joint is then applied and simultaneous set of equations are
obtained. These simultaneous equations are then solved to determine the slopes and deflections at
the joints. Consequently, the moments in the structural members are then evaluated. When compared
to methods like moment distribution, the main advantage possessed by slope — deflection method is
the ease of programing and the wide range applicability for the indeterminate structures [3].

Since the slope-deflection equations consists of fixed end moments (see Equation (1)), it becomes
essential to learn how fixed end moments are obtained for various loading conditions prior to the
introduction of the method. Furthermore, the original derivation of the slope-deflection assumes that
the ends of the structural member are fixed, and the moment is acting clockwise at both ends. This
often leads to two questions, (1) what happens if the structural members are assumed to be simply
supported instead of fixed and (2) what if the moment at the left support is considered to be
counterclockwise in the derivation.

In this paper, an alternative method of deriving slope-deflection equations is proposed which
addresses the above-mentioned questions. The resulting slope-deflection equations are expressed in
terms of slopes of the simply supported beam instead of fixed end moments. Numerical examples
are provided, and the results are compared to that of the traditional slope-deflection method. Unlike
the traditional method, no prior knowledge of fixed end moments is required for the proposed
equations.

2. Derivation of Slope-Deflection Equation

In this section the alternative slope-deflection equation is derived. For this purpose, the same
assumptions employed in conventional slope-deflection method are considered i.e., only flexural
deformations are taken into account and axial and shear deformations are ignored [4].
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Let AB represent any intermediate span of a continuous prismatic beam with length L (see
Figure 1). Unlike conventional Slope-Deflection method, wherein joints A and B are considered fixed,
in this alternative approach, beam AB is first considered to be simply supported. Let 6554 and 6sgp
represent the absolute slopes at A and B respectively for the associated loading (see Figure 1). Since,
the moment at joint A and B in a continuous beam are non-zero, two unknown moments Mg
(counterclockwise) and Mp, (clockwise) are applied at joint A and B respectively for a simply
supported beam (see Figure 2).
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Figure 2. Application of conjugate beam method to evaluate the slope at A and B due to
concentrated moments M, and Mg, atjoint A and B respectively.

The resulting slope at A (denoted by 6;) and B (denoted by 63) due to applied moments can
then be evaluated using conjugate beam method and principle of superposition [2].

2 (1 Myp 1 /1M,

L _4(2 (= 2

Oa 3(2E1L)+3(2E1L) @
1 /1 My 2 (1 Mg,

s _ 12 £ 3

O 3<2EIL)+3(2EIL) )

Let § represent the settlement of support B (see Figure 1). Consequently, beam AB undergoes
clockwise rotation 1 at joint A. The relationship between § and 3 for small rotation can then be
expressed as

)

The net slope at A (6,) and B (6p) due to applied moments and settlement of support can then
be expressed as

0y =0s54a— 05+
)

0p = —Ossp + 05+
(6)

At this juncture it is important to note that overall 8, is positive and overall 85 is negative
based on the sign convention that clockwise rotation about a joint is positive and counterclockwise
rotation about a joint is negative. In other words, 8, and 85 are not absolute quantities.

Substituting Equation (2) and 3 in Equation (5) and 6,

1Myp ) (1MBA )
— (= __54 7

1 Myp 1 Mg, )
- _ _ —__54 8
Og 0553+(6 I L)+(3 EIL +y (8)

Solving Equations (7) and (8), the unknown moments M,z and Mg, can then be expressed as
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2E1
Myp = T(ZHSSA — Ossp — 26, — 05 +35/L)

2EI
Mgy = T(ZGSSB — Ossa + 205 + 60, —35/L)
For the settlement of joint A, the equation Equations (9) and (10) can be modified as
2EI
Myp = T(ZGSSA — Ossp — 20, — 65 —36/L)

2El
MBA = T(ZQSSB - 95514 + 293 + 9A + 36/[1)

©)

(10)

(11)

(12)

Equations (9)-(12) represents the alternative slope-deflection equations. This equation appears
to be same as that of conventional slope-deflection equation except the fixed end moments are

replaced by the slopes of simply supported beam (see Table 1).

Table 1. Absolute slopes of simply supported beam for typical loading conditions.

f Ossa Ossp 20554 — Ossp 205sp — Oss4
g—2x L2, PI? PI? PI? PI2
f 16E1 16E1 16E1 16E1
A ‘f b B Pab(L+b) Pab(L+a) Pab(L+2b—a) Pab(L+ 2a—Db)
) 1 6EIL 6EIL 6FEIL 6FEIL
w
YV VYV VYV VY vy wi? wi? wi? wi?
4 15
L 24E1 24E1 24E1 24E1
AT L TB 360E1 45E1 360F1 360F1

3. Numerical Example

In this section numerical examples are provided to demonstrate the efficacy of the alternative
slope-deflection equations. The exactness of the results is compared with the conventional slope-

deflection equations (see Figure 3).

Example 1: Continuous beam with no settlement: Determine the moments at the joints for the

continuous beam shown in Figure 3(a).

Segment 20554 — Ossp 2055 — Ossa Slope-Deflection Equations

y 2EI ( 80 20 ) (13a)
g = —\557 20405
6 \3EI
AB ﬂ 160
3EI 3EI 2FI /1
Mg, = ( 20 0 )
BA 6 3El+ B+ 0,4 (13b)

625 625 2EI /625 14
BC 0% 0% =_(__ _ ) (142)
24E] 24EI Msc 265 = Oc
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_2E1<625 +20.+8 )
B~ 5 \24E] W “C B
(14b)
2EI 1 45 1
o =5 (g~ 20e=00)
45 45
CD - = 2EI [ 45
2EI 2El My, = ?(ﬁ +20, + 96)
(15b)

Since A is a fixed end and D is a roller, 8, = 0 and M. = 0. Applying equilibrium equation
(XM = 0) at the joint B (see Equations (13b) and (14a)) and joint C (see Equations (14b) and (15a)),

Mg, = My = 1.467E10, + 0.4E16, = —7.36 (16a)
Mg = M¢p = 0.4E16; + 1.467E10, + 0.333E16, = —2.92 (16b)
Mpe = 0= 6, + 2EI0, = —22.5 (16¢)

Solving Eq. 16a, 16b and 16¢
El6g = —5.657; EI10, = 2.347; E10p = —12.423 (17)

Therefore, the moments at each joint (see Figure 3(a)) are
determined to be

M, = 10.8kNm; My, = 14kNm; M¢p = 10.1kNm (18)

Example 2: Continuous beam with sinking of support: Determine the moments at the joints for the

continuous beam shown in Figure 3(a) if joint B sinks downward by 15mm and E = 200 x 10° %, 1=

120 x 1075m*.
Segment 20554 — Ossp 20555 — Ossa Slope-Deflection Equations
_2E1(80 +3(0.015) (19a)
30 160 4B ™ 6 \3EI 4 B 6
AB —_ i
3EI 3El . 2E 160+ o 1o 3(0.015)
BA™ 6 \3EI BT oA 6 (19b)
2EI [ 625 0.015 (20a)
Mpc ?(ﬁ_293_90_3<T)>
625 625
BC 24E1 24E] M, _ZEI( 625 +20,+6 +3(0'015)
B~ 5 \24EI ctuB 5
(20b)
2EI 1 45 21
Mo =~ (37 ~ 20 = 00) o
45 45
CD — — 2EI [ 45
2EI 2E1 My, = T(ﬁ +20, + gc)

(21b)
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Applying equilibrium equation (3;M = 0) at the joint B (see Eq. 19b and 20a) and joint C (see
Equations (20b) and (21a)),

Mgy = Mpe = 1.467E185 + 0.4E16, = —10 (22a)
Mgy = Myp = 0.4E10; + 1.467E16, + 0.333E16, = —11.56 (22b)
MDC =0= GC + ZEIGD = _225 (22C)

Solving the equations 22a, 22b and 22¢
Elf; = —5.646; E16, = —4.2926; EIf, = —9.104 (23)
Therefore, the moments at each joint (see Figure 3(a)) are determined to be
M, = 16.77kNm; Mge = 8.01kNm; M. = 13.36kNm (24)

Example 3: Continuous beam with varying moment of inertia for each span Determine the moments
at the joints for the continuous beam shown in Figure 3(b).

Segment 20s54 — Ossp 20555 — Ossa Slope-Deflection Equations
" 2E1(45 0. o ) (25a)
AB = 7 \5;  4Va—Up
6 \2EI
a5 5
2EI 2EI 2FI 7 45
Mgy =—|=—+26 6)
54~ ¢ (251+ 5+ 0 (25b)
2(2EI) [ 625 2%
B¢~ 5 (120151_293_90) 202
BC 625 625 2(2EI) / 625
120E1 80EI =— 7 (—
Mes 5 (8051+29C+93>
(26b)
2EIl ;1 45 27
Mer = (357 20c=0) @
45 45
CD — — 2EI 1 45
2E1 2E1 e = ?(E“L 20, + ec)
(27b)

Applying equilibrium equation (M = 0) at the joint B (see Equations (25b) and (26a)) and joint
C (see Equations (26b) and (27a)),

My, = Mpe = 2.267E10, + 0.8E16, = —3.33 (28a)

Mg = M¢p = 0.8EI6 + 2.267E16, = 1.25 (28b)
Solving the equations Eq. 28a and 28b
El6g = —1.9;E10; = 1.22 (29)
Therefore, the moments at each joint (see Figure 3(b)) are determined to be

M, = 8.13kNm; My, = 6.23kNm; My = 6.68kNm; My = 7.91kNm (30)
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Figure 3. Numerical examples (a) continuous beam with no sinking of support (b)
continuous beam with varying EI.

4. Conclusions

Alternative Slope-Deflection equations for indeterminate structures are proposed and the
efficacy of the equations for evaluating unknown moments is compared. From this study the
following conclusions are drawn.

1. The results obtained from the proposed approach are exactly same as that of conventional slope-
deflection equation.

2. The proposed approach does not require prior knowledge of fixed end moments. The principle of
superposition, conjugate beam method, and slopes of simply supported beam for desired load
configuration obtained in the determinate structures are sufficient.

3. This approach will serve as an alternative explanation for slope-deflection method in the structural
analysis class for civil engineering undergraduates.
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