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Abstract: Fractional variable order systems with complex dynamics in the order is a little studied topic.
In this research, we present three examples of a very simple fractional system with complex dynamics
in the order of the derivative. These cases involve different approaches to define the variable order
dynamics: 1) an integer-order differential equation that includes the state variable, 2) a differential
equation that incorporates the state variable and features both integer and fractional-order derivatives,
and 3) fractional variable-order differential equations nested in the orders of the derivatives. We prove
a result that shows how the extended recursion of the last case is generalized. These examples illustrate
the richness that simple dynamical systems with complex behavior can reveal through the order of
their derivatives.

Keywords: scarpi fractional derivative; fractional variable-order; complex dynamics; fractional differ-
ential equations

1. Introduction

In the last few years, several types of noninteger calculus constructed with new derivatives and
integrals have been presented [1,2]. Which have generated many applications in several fields such
as Physics, Engineering, Finance, Biology, Medicine, Chemistry and other disciplines [3-5]. Also,
theoretical developments related to these new calculations, for example in differential equations,
inequalities, and dynamical systems, among others [6,7]. Some of these operators have been produced
from modifications of previously formed operators. Among these operators are fractional operators
of distributed order, fractional operators of variable order, and fractional operators that depend on
a function [8-10]. Adding new characteristics to the new operators and therefore generating new
possibilities of applications and theoretical developments.

When some phenomenon or system presents non-local properties or persistent memory that
may vary with respect to time, space, or other variables, it is necessary to resort to variable order
(VO) operators.

Several proposals have been made in recent years, starting with the Scarpi derivative based on the
Laplace transform [11], which has been restated at [12-14], with several applications and considering
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time-dependent dynamics in the variable order of the derivatives. On the other hand, Lorenzo [15],
proposes multivariable order operators. Sun et al., in [16] propose Caputo-type operators of variable
order dependent on the state variable of the original system.

A topic little studied to date, is when a fractional operator has variable order, but this has a
dynamics that may depend on the same order and other variables such as the state variables of the
system [13,17]. The relevance of studying these cases lies in the wealth of answers that can be obtained
from simple systems, such as those governed by first-order linear ordinary differential equations. These
have well-known answers, but restricted in the possible solutions and consequently in limitations in
the dynamics that they can present to model. Considering the need for new models that are more
flexible and exhibit richer dynamics for many current applications, we believe that it is valuable to
explore simple fractional systems with more complex dynamics in their order. This will help to better
understand the potential they offer for modeling, studying, and simulating phenomena and systems
that have posed challenges in their modeling, often being approached with nonlinear equations or
equations featuring more complex variable coefficients. Continuing in this direction, this article
presents three examples and a lemma, where we obtain different types of dynamics in the order of
one derivative. To construct these examples, we decided to use the Scarpi derivative because of the
advantages it presents with its Laplace transform and the advances that have been recently developed
[12-14,17].

In this article, we explore new ways to define the dynamics of the variable order in Scarpi’s
fractional derivatives, with an emphasis on expanding their potential, without delving into the
physical implications of the results. The novel aspects introduced in the three study cases are as
follows:

1) In the first case, we proposed a novel dynamics for a(t) described by a first-order differential
equation that incorporates the state variable x(f) and its first derivative x(t). To our knowledge, this
approach is unprecedented, as previous works have defined the dynamics of «(t) solely as a function
of the state variables [16] or in terms of a differential equation (ordinary or fractional) with « and ¢ as
dependent and independent variables, respectively [14].

2) In the second case, we proposed a second-order dynamics for «(t), which combines an ordinary
derivative, a fractional derivative, and the state variable x(t). This example highlights the possibility
of using combinations of different types of derivatives to define the dynamics of the variable order.

3) The third case presents a recursive system based on Scarpi derivatives of variable orders «(t),
B(t), and 7y(t), which interact and influence each other. This approach, still unexplored in the literature,
proposes a novel dynamic model that exhibits significant differences compared to the classical case.

Finally, a Lemma generalizing Example 3 is proved. Showing that the “nested” dynamics of
example 3 is recursive and therefore it is possible to use mathematical induction.

2. Preliminaries

We begin this section by presenting Scarpi’s approach to variable order calculus based on [13,17]
and for a more detailed treatment we recommend the reader to see [18].
We begin considering a function « such that

@ [0/ OO] — (Orl) 1)
F— aft)
with the following properties:
1) A(s) = L]a(t)] exists and its analytical expression is known;

2) lim,_,o+ a(t) exist and belong to (0,1);
3) w is locally integrable on [0, T] for some T known.

Now we define following operators
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D(s) = Llgp(t)] = s, ¥ (s) = LIp(1)] = 5740 0

and it’s inverse operators as
¢(t) = LTH@()])(1), p(t) = LT E ()] (D). 3)

Definition [17] If f is absolutely continuous, the Scarpi fractional derivative of variable order a(t)
is

t
spiOf(p) :/0 o(t — 7)f (V)d, t € RY. @)
If f is an integrable funcion, the Scarpi fractional integral of variable order a(t) is
t
SIED £ (1) = /O Yt —T)f(7)dT, t € RT. 5)
It is known that ¢(t) and ¢ (t) satisfy the Sonine equaton
t
/ o(t — T)p(T)dT = 1, ¥t > 0. ©)
0
Then, in the Laplace domain we have
1
D(s)¥(s) = 5 7)
Therefore, ¢(t) and ¢(t) form a Sonine pair and satisfy
D@1 £(1)] = £y and S50 [5O3 £(0)] = £() - (0. ®)

When «(t) is constant the definitions of Scarpi’s derivative and integral reduce to the usual definitions
of Caputo derivative and Riemann-Liouville integral, respectively. The Laplace transform of SDj ® f()
is given by

£[5D§ f(1)] = A E(s) = 491 £(0) 9)

where F(s) = L[f(t)] and f(0) is known.

3. Examples with Various Dynamics for «(t)

This section presents results corresponding to three examples in which different types of dynamics
have been proposed to characterize the behavior of the dynamic variable order based on a simple case
of first-order dynamics with Scarpi derivative, similar to the one presented in [19], but with linear
nonhomogeneity in the temporal variable.

3.1. Case 1.

SDEWx(t) = vy + at (10)

ei(t) + ba(t) + cx(t) + dx(t) + eh(t) =0 (11)
After applying the Laplace transform to equations (10) and (11), we are obtained, respectively:

ex(0) +dx(0) — (c +ds)X(s) — eH(s)

Als) = b+es

(12)

ssA(s)X(s) _ SsA(s)—lx(O) _ a %

2 s (13)
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Substituting equation (12) into equation (13), we have the following equation
ea(0)+dx(0)—(c+ds)X(s) —eH(s) ex(0)+dx(0)—(c+ds)X(s)—eH(s)
Ss< btes )X(S) _ x(so) Ss( b+es ) — % + s% (14)

After some basic algebra and applying the Lambert function W we obtain the following exact
solution for X(s)

X(s) =

-1 <b+es

c+ds 5 —esw(0)tesH(s)+ex(0)—b—es x(O)
— 15
slns\c+ds ) + s (15

>W<(svo+a)lnsb+ess btes

Table 1 shows different combinations of values for the parameters €, b, ¢ and d included in
equation (11), which correspond to some study sub-cases.

Table 1. Parameters of the six subcases examined.

Subcase € b c d e h(t)
Sc1.1 0 1 0 0 -1 1
Sc12 0 1 0 0 -1 0.5
Sc1.3 0 1 0 0 -1 0.9
Sc14 0 1 0 0 -1 07-02Cos(0.5t)
Sc1.5 1 0.2 -0.002 0 0 0
Sc1.6 1 02 -0.001 003 O 0

The inverse Laplace transform of equation (15) was obtained by using the Talbot numerical
method [5]. Figure 1 shows the solutions for x(f) according to the six sub-cases compiled in Table 1.
The dashed curve corresponds to the classical integer-order model, & = 1, which from a physical point
of view can represent the uniformly accelerated rectilinear motion in “Newtonian” mechanics. The
continuous curves for #=0.5 and 0.9 (sub-cases 1.2 and 1.3, respectively) correspond to the solutions of
the system (10) and (11) in terms of fractional Caputo derivative operators, which physically could
represent anomalous behavior (deviations) of the classical dynamics. However, this interpretation is
not explored in detail in this paper, as it exceeds the scope of the present work. The curve corresponding
to sub-case 1.4 was obtained for a pre-specified cosine function that describes the time evolution of
the fractionl order . What can be observed are low amplitude fluctuations in x(t), indicating a sort
of memory effect in which the oscillations defining the behavior of «(t) have been propagated to
a certain degree in the solution curve, something similar has been reported recently in [21]. It is
worth mentioning that the use of pre-established functions to define the temporal behavior of « using
the Scarpi derivative has already been explored in [12] where exponential and Mittag-Leffler-type
transition functions were used to define «(t). However, it is only very recently that a type of dynamics
of the variable order a has been proposed in terms of differential equations [14], with « and ¢ as the
dependent and independent variables, respectively. In sub-cases 1.5 and 1.6 we have considered a
dynamics for a in terms of a first order differential equation in which we have also included the state
variable x(t), as in sub-case 1.5, and the state variable x(t) and its ordinary first derivative x(t), as in
sub-case 1.6. These last two sub-cases, to our knowledge, represent a novelty, since a type of dynamics
for « has been explored separately in terms exclusively of the state variables as in [16] or a dynamics
for « has been proposed in terms exclusively of itself and its first derivative comprising a differential
equation [14], as pointed out above. In Figure 2, the different behaviors of a(t) for the considered
sub-cases are shown. One key point to emphasize in sub-cases 1.5 and 1.6 is that the dynamics of
« affect the dynamics of x and vice versa. An additional aspect to consider is that the values of
«a(t) in Figure 2 are bounded, such that they can only vary between 0 and 1. This restriction can be
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imposed, for example, by the physical characteristics dictated by the analyzed problem. However,
by setting limits on «, it also restricts the possible number of solutions. Thus, solving sub-cases 1.5
and 1.6 involves search problems within the parameter space P = {(¢,b,c,d) € R*} so that it holds
a:R—[0,1],teR.

5 10 15 20

Figure 1. Solution curves, x versus f. Numerical solutions were obtained for vy = 10, 2 = 0.5, x(0) = 10,
«(0) = 0.8 for sub-case 1.5 and «(0) = 0.75 for sub-case 1.6.

aft)

0 Sc1.1
I < Sc1.3
0.8l Sc1.4
Sc1.5
0.6/
_ Sc1.2
0.4f
0.2}
Sc1.6
1 . I L . L . I L . L L I f
5} 10 15 20

Figure 2. « as a function of ¢ for different sub-cases.

3.2. Case 2

SDEWx(t) = vy + at (16)

@(t) + “DEa(t) + ba(t) +cx(t) =0 (17)

After applying the Laplace transform to equations (16) and (17), the following results are obtained,
respectively:
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&' (0) — cX(s) + a(0)s* 1 + a(0)s
sA(s sA(s)— a (4
$ABX (s) — $°406) 136(0)25—2—1-? (19)

The system of algebraic equations (18) and (19) has the following exact solution in terms of the
Lambert function W(-):

ba(0)+cx(0)—sa’ (0)

1 + btsK 452 ~1-4(0)
(0) (b + SK + SZ) W _ ¢ I'I(S)(IZ SUO)sb+SK+52
X
X(s) = — 2
(s) s csin(s) 0)

In this case, a dynamics for a(t) is proposed in terms of an equation that combines a second-order
ordinary derivative with a Caputo derivative and also includes the state variable x(t). The first
three terms of equation (7) set to zero represent the famous Bagley-Torvik equation [20], which is
used, among other things, to model the motion of a rigid plate in a viscous fluid. For the chosen
values of the parameters b and ¢, attenuated oscillatory behaviors for a(t) are obtained; see Figure 4.
These behaviors, in turn, propagate through the solution curves x(t) in the form of low-amplitude
fluctuations, as shown in Figure 3, following the same attenuation period of approximately 15 time
units; all of which can be interpreted as a long-period memory effect [21].

X(t)
300 -
250
200
150"
100"
50

¢c=-0.007
¢=-0.006
c=-0.005

¢=-0.001

5 10 15 20

Figure 3. Solution curves, x versus t. Numerical solutions were obtained for 2 = 0.5, b = 0.2, x(0) = 10,
v(0) = 10,4(0) = 0.8. The different values of ¢ are indicated and associated with the corresponding curve.
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¢c=-0.007
=-0.006
=-0.005
c=-0.001
PR S S R S S S H S S t
S 10 15 20
Figure 4. « versus ¢, for different values of the parameter c.
3.3. Case 3
SDEWx(t) = vy +
o = g + at (21)
SDEWa(t) + cx(t) = 0 (22)
SDIVB(t) +d =0 (23)
¥(t) +e=0 (24)
After applying the Laplace transform to Equation (24) it is obtained:
sy(0) —e
r(s) = 1Y = 5)

Substituting equation (25) into the result of applying the Laplace transform to equation (23), and
then solving for B(s), yields:
B(0) — dsi 1)

B(s) = e (26)

Substituting equation (26) into the result of applying the Laplace transform to equation (22), and
then solving for A(s), results in the following:

_ CX(S)Sds%*W—ﬁ(m (27)

Substituting equation (27) into the result of applying the Laplace transform to equation (21), and
then solving for X(s), yields:

s @ﬂX(S)sdﬁ‘gﬂ(o)*ﬁ(O)) s(@ch(S)sdsgﬂ(o)*No))71 a v
( —x(0)s =5+ (28)

X(s)s ;

_ s §—7(0)
X(s) = (a +Svo)s—zx(0)+cX(s)s pO)+d +1_2 + x(so) (29)
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sﬁ(o)—dsgiq(o) w <7c log(s) (a+svo)s—zx(0)—ﬁ(0)+cx(0)sd5§77(0) —B(0) 145§ —7(0) —1)

x —
X(s) = — 2Fe) (30)

In Case 3, a system has been defined in which the dynamics of «(t) is described in terms of
a Scarpi derivative of variable order (). But the order § exhibits in turn a dynamics defined by
a Scarpi derivative of order (). Thus, case 3 poses a recursive process. To our knowledge, this
iterative process has not been reported in the literature and offers a promising approach for modeling
dynamic systems. Figure 5 shows the solutions for x(t) belonging to the classical (dashed line) and
recursive (solid line) cases. There are clear differences between the two models. Figure 6 shows the
temporal evolution of each of the three orders «, §, and . As expected, having a system with three
Scarpi derivatives (with their respective variable order) implies more restrictions in the solution search
process than the one shown and discussed before in relation to Case 1. An important point to highlight

is that the dynamics of «, B, and v affect the dynamic behavior of x(t), and this influence is mutual.

x(t)

a2 3 s s !

Figure 5. Solution curves, x versus t. The discontinuous curve corresponds to the classical model of integer order,
and the continuous line represents the solution for the recursive case. The following parameters were used for
the solutions: @ = 0.5, b = 0.7, c = —0.003, d = —0.2, ¢ = 0.04, x(0) = 10, v(0) = 10, «(0) = 0.5, B(0) = 0.1,
7(0) = 0.9.

Figure 6. Solutions corresponding to «(t), B(t), and 7(¢). Clearly, the values taken by each of the orders, within
the considered domain, are between 0 and 1.
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In the following, we present a result that generalizes Case 3.
Lemma 1. Assume a recurrent structure for the dynamic orders of the Scarpi derivatives of the

following equation:
Spux(t) = vy + at

Sp2(ay (1) = —cox(t)

SDan—l(t)txn_z(t) = —Cnx(t) D
D Way, () = —d
= —e

b (1)

where vy, a,c,...,cn,d, e are positive constants and suppose all the initial conditions. Then performing
the full recursive inverse dynamics for the equation °D*1() x(t) = vy + at, in the domain of the Laplace

transform, we obtain the following.

e
dss
X(s)—1
8777 enX(s) c,,,l)((s)—lcnizx(s)i1

"-C3X(s)—1
_ asx(e) (Y0, 4y, *(0)
X(s) = s (S +52)+ =, (32)
Proof Applying the Laplace transform to each equation, we obtain

sA1(s) _ SA1(s)-1 — @ i
s X(s)—s x(0) s T o

5429 Ay (s) — 5420907101 (0) = —c2 X (s)

SSAnfl(S)An,z(s) — sSA"*l(s)_ltxn,z(O) = —cyX(s) (33)
SSAH(S)An—l (S> - SSAW(S)ilan—l(O) = _g

SAn(s) — an(0) = —g
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We now proceed to make the recursive substitutions in inverse sequence, for simplicity we suppose all
the initial conditions. We then use mathematical induction to obtain the result

s—gAn_1(5) = _g
Api(s) = —ds< !
5 Ay (5) = —enX(s)
Arals) =~ e (o)
$A20) A, 5(s) = —c,_1X(s)
S—sdf‘SCnX(S)“An—e,(S) = —Cn-1X(s)
Ana(s) = = XE e x(s)
. 155 cuX(s) 1Cn71X(S)+1An_4(S) = —cy_2X(s)
Ap_y(s) = —sssdssCHX(SHCHX(S)_1C"_2X(S)

ssd:;?Cnx( )1, _1X(s)
B ) 2 XA o (5) = —cp_3X(5)
455 ¢ X (5) -1 X
s cn—1X(5)-1
Aps(s) = —s n2X(5)=1e, 3X(s)
(34)
e
sdsanX(S)_lcn_lx(s) cp—pX(s)-1
. Tre3X(s)-1
Ai(s) = =’ Y
v a
SSAl(S)X(S) _ SSA1(S)—1x(0) = ?0 2
dss nX(s)—1
s cnX(s) cp—1X(s) 15n—2X( )-1
4 Tre3X(s)-1
— XX (s) =
sst§CnX(s)flcn71X( )_lc 2X(s)-1
e
| c3X(s)-1
Vo a —ssx ‘ X(S)
= 4 —) +s - ’
o 0 )
X(s) =
. dsgch(S)_lcn_1X(5> 1. _oX(s)-1
A e3X(s)-1
; oX(s)41(Y0 , @ x(0)
s (T a) -


https://doi.org/10.20944/preprints202503.0279.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 March 2025 d0i:10.20944/preprints202503.0279.v1

11 of 15

4. Conclusions

This article presents new approaches for defining the dynamics of variable order in Scarpi’s
fractional derivatives, aiming to expand their potential without delving into the physical implications.
The key contributions in the three case studies are as follows:

1) The first case introduces a new dynamic for a(t), described by a first-order differential equation
that includes the state variable x(f) and its derivative x(t), which, to our knowledge, has not been
previously explored.

2) The second case proposes a second-order dynamic for «(t), combining ordinary and fractional
derivatives with the state variable x(t), illustrating the use of different types of derivatives in defining
variable order dynamics.

3) The third case presents a recursive system involving variable orders «(t), B(t), and 7(t), which
interact and influence each other. This novel approach has not yet been addressed in the literature and
contrasts significantly with traditional models.

Expanding the use of Scarpi derivatives requires the development of implicit numerical schemes
to perform the Laplace inverse transform. This would eliminate the need to solve equations (14), (19),
and (28) for X(s) exactly or approximately, followed by performing the inverse transform using an
explicit numerical scheme like the Talbot method. The implicit schemes would enable the exploration
of more complex linear models beyond the one represented by Equation (10). Moreover, it is necessary
to investigate dynamic systems associated with various applications, incorporating Scarpi derivatives.
Such systems could involve dynamics similar to those we have proposed or variations thereof. How-
ever, this poses two challenges: First, the use of variable-order dynamics must be justified. Second,
additional work will be needed to understand its implications and interpretations within the context
of the specific application being modeled. On the other hand, and to conclude, imposing limits on the
order of the Scarpi derivative restricts the number of solutions to the study system, which involves a
problem of searching for relevant parameters. It is necessary to find combinations of values that satisfy
the imposed limits and the solution domain of interest. This approach opens new research avenues
related not only to parameter search but also to system stability, among other aspects.
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Appendix A

In this appendix, we show how to obtain equations (15), (20) and (30). In all the solutions, we
used the basic algebra, Lambert’s W function, and then we obtain X(s).
Equation (15) was obtained as follows:
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€a(0)+dx(0)—(c+ds)X(s)—eH(s) €a(0)+dx(0)—(c+ds)X(s)—eH(s)
55( bres >X(s) _ x(O)Ss( bres ) _ o, 1 (37)
s s  s2
€n(0)+dx(0)—(c+ds)X(s)—eH(s) eH(s) ea(0)+dx(0)
SS( b+es ) (X(S) _ x(o))ss<b+es>ss( b+es ) —
S
eH(s) ea(0)+dx(0)
<@ + %) SS( b+es >S—S< b+es ) (38)
S S
—(c+ds)X(s)
SS(T) (X(s) _ X(s())) _
@ i S<7ea(0)fl;ij—c£(sl)+eH(s))
(2+5)s (39)
(65 (—sX(s)+x(0)) ns (€ + S _
e\b+ b+€s( sX(s) +x(0) ) Ins
d —en(0)—dx(0)+eH(s) (c+ds) _
—(svp +a)Ins (%) ss( bes )+ a0 (40)
d
<Z j_ ez (—sX(s) + x(O)) Ins =
d —en(0)—dx(0)+eH(s) (c+ds) _
W(-(svo +a)Ins; :t ezss( e )+ e 0) 1) 41)
X(s) =
-1 b + €5 c+ dS s(fea(O)fdx(0)+eH(s))+(c+ds)x(0)_1 x 0)
W[ — 1 b+es b+es /. 42
slns(c+ds> ( (sv0 +a) M es® * s (42)
X(s) =
—1 /(b+es c+ds .—esu(0)tesH(s)+cx(0)—b—es x(O)
Wi — 1 s b+es —_— 43
slns(c—i—ds) ( (sv +a) nsb—l—ess . >+ s 43
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Equation (20) was obtained thus:
s DC’O)*CX(S)+¢((O)SK7]+¢¢(0)S) 0 S(zx’O)ch(s)Jroc(O)sK*l+a¢(0)s)
s < b+sK+s2 X(S) _ x( )S b+sK +52 — @ + ﬂz (44)
S S S
D/O)—cX(s)+a(0)sKil+a(0)s) _ cx(0)
Ss< bts¥+s2 X(S) — * O) cs 5<b+sK+52) =
s b+ s* 4 52
vy a —cs <(0)
NG )
s 0(’0)*CX(S)+DL(O)SK71+M(O)S+C@ «0)+a(0)s* 1 +a(0)s
S —esX(s) | ex(0) ) ()
b+s+s> b+4s<+s2
_ a0\ s(_w)
(b0 +2) (W)<) s (40)
x(0)
—cX(s)+c 5"
S(W) e —esX(s) +ex(0)) o
¢ brsc+s2 ) 0T
A . ( 7a/0)7a(0)57<*170£(0)s+c@ ) 1
0 b+s*+s
~Ins (m) s “7)
—csX(s) 4+ cx(0) Ins —
b+ s 4 52 B
/ K— x(0)
csvg +ca s - O)—a(O)l;lSKl;s‘;(O)s-%—cT ) 1
W| —Ins 5 /S (48)
b+s<+s
X(s) =
b X 2 <ba(0)+cx}((0)fsa(’0) _1_“(0)> x O
(bt +s Wl —cins Svo+ﬂ2 s btk 152 +_()
¢slns b+sc+s 5
(49)

Equation (30) as follows:
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8(0) _ ods$T-py 8l0) _oodsS VB x(s)) -1
ss< s (S)>X(s) — xoss< e (s)> _v + a (50)
s 82
e_ 55T —p
e _(sx dss V=B _,(0) ) 1 <csd xo—a(0)> Ins
—(sX(s) — xo)es™ " PInse (s o(0)) s, _
e_ dss ~7—p
_CSdSs W_IBScs xo—u(0) lns(v—l— ﬂ) (51)
S
e —(sX(s)— ds§777ﬁ1
—(sX(s) — xg)cs™* Lﬁlnse< (X7 0)es ns> =
<_Cs1+dsg”+csd55_7/5xoa(0)ﬁ In S) (ﬂ + S?J) (52)
—(sX(s) —x0)cs®™ " Plns =
W ( (_Cs_1+d557+c5dss‘7ﬁx0—tx(0)—ﬁ In S) (a+ SU)) (53)
X(s) =
_ e e $§ =7
% (Clnlssts 7+ﬁw(<_csl+d55 Vet Pxg—a(0)—p 1ns> (11 4 SZJ)) + xO) (54)
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