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Abstract: Scalability is an important aspect of algorithm design. Typical methods for accessing 

scalability in terms of running time include theoretical time complexity by algorithm analysis, and 

model-fitting time complexity derived from simulation results. However, theoretical time complexity 

often fails to account for real-world conditions in algorithm implementation such as influence from 

compilers, and lacks a simulation-based examination method. Alternatively, model-fitting time 

complexity is prone to learn a model with incorrect scaling orders. Here, we propose the empirical 

time complexity (ETC), which is a data-driven model-free and parameter-free method to account for 

the factors influencing an algorithm; for instance, the crosstalk between algorithm realization, 

compilation and hardware implementation. This can be used to guide code optimization and to gain 

algorithmic maximum efficiency for specific hardware, programming language or compiler. The 

values of ETC in function of an input variable form a curve that offers a visual representation of how 

an algorithm scale with input size. When the ETC curves of different versions of an algorithm are 

reported together with the theoretical time complexity curve, their comparison allows to select what 

versions are closer to the theoretical complexity. To showcase the utility of ETC in real scenarios, we 

investigated two sets of algorithms (graph shortest path and matrix multiplication) and we offer 

evidence on how ETC is crucial for diagnostic and optimized design of algorithms as close as possible 

to their theoretical limit. 

Keywords: Time complexity; Algorithm scalability; Empirical complexity; Big data; Machine 

learning 

 

Introduction 

Data mining and machine learning have been widely applied to solve problems in various fields 

and demonstrate outstanding capability [1]. However, they usually require a large amount of data to 

work effectively, which combined with factors including dealing with big data [2], hyperparameters 

tuning [3], and data augmentation [4], constituting a notable problem that causes slowdown of 

algorithms, and such slowdown cannot be cost-efficiently solved by simply piling up computation 

resources (Figure 1a). Developing more scalable algorithms is a viable solution, for which the time 

complexity is usually used to assess the scalability. 
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Figure 1. Algorithm scalability assessment and different types of time complexity. (a) Time complexity is the 

index to evaluate algorithm scalability that is critical to speed up algorithms in data mining and machine 

learning under the challenges from big data, hyperparameters tuning and data augmentation. (b) Comparison 

of advantages and limitations between TTC, MBTC and ETC. (c) The hypotheses in CCT is not complied with 

real-world computers with respect to its hardware-independence, model-independence and ECTT implies the 

use of an empirical point of view. (d) The features of ETC include hardware independence, being an experiment-

based examination method, and offering a direct visualization for scalability. TTC: Theoretical time complexity; 

MBTC: Model-based time complexity; ETC: Empirical time complexity; CCT: Computational complexity theory; 

ECTT: Extended Church Turing thesis. 

Time complexity can be divided into theoretical time complexity (TTC) and model-based time 

complexity (MBTC). TTC usually involves giving complicated analysis to derive rigorous upper, 

lower, or asymptotic bounds [5,6], requires open source code, and cannot serve as an examination 

method for a real computer. As the counterpart, MBTC has been revealed to overcome these 

disadvantages, which focuses on typical cases and eliminates the need for finding complexity bounds 

[7]. A bootstrap re-sampling-based approach [8] and a subsequent automatic analyzer – empirical 

scaling analyzer (ESA) [9] were developed, enabling internal statistical examinations of fitted models 

for more convincible complexity estimation, and the applications of ESA were investigated in 

evaluating solvers for problems such as travelling salesman problem [10–12]. However, these types 

of model-based time complexity still necessitate modelling and a fitting algorithm to determine the 

order and coefficients of the model, and the time fluctuation from different running instances leads 

to different scaling orders. 

Pegny [13] pointed out that some of the hypotheses in the computational complexity theory 

(CCT), on which TTC is based, does not reflect real-world computing machines (Figure 1c). First, CCT 
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assumes hardware-independence, while the algorithm complexity, or scalability, in real-world 

computers are sensitive to hardware details. Second, CCT assumes computation model-

independence, but when computing machines realized by different principles started to be used in 

practice, each type has its own complexity classes and CCT cannot unify them. Third, in the Extended 

Church Turing thesis (ECTT), the term “reasonable” was not well-defined, thus leaving space for 

treating time complexity from an empirical point of view. 

In this study, along the empirical point of view, we propose the empirical time complexity (ETC), 

as a new hardware-aware complexity assessing approach different from TTC and MBTC. ETC 

measures how the time consumption of an algorithm scales with increasing input size, providing a 

quantification for algorithmic scalability. Experiments were performed to validate the characteristics 

of ETC, in which one simulation on graph shortest path algorithms shows that ETC aligns in general 

with the theoretical time complexity when there is little crosstalk, while another simulation on 

different matrix multiplication algorithms shows that the discrepancy part between ETC and the 

theoretical time complexity reveals hardware/compiler/algorithm crosstalk in algorithm 

implementations. The ability of ETC to identify crosstalk can in turn guide code optimization for 

developers. Moreover, ETC offers a visualization for algorithm scalability and makes it possible for 

the scalability of different algorithms compared in a single figure. 

Results 

ETC as a Visualization of Approximated TTC 

In network science, computing shortest path between any two nodes in a graph is an important 

question, and faster, large-scale algorithms have been studied all the time, making it a pertinent 

example to our study. 3 algorithms in Matlab were tested, among which two are Matlab toolbox 

function graphshortestpath  [14], implemented with breadth-first search (BFS) and Dijkstra’s 

algorithm in mex code, which have time complexity of �(� + �) and �(�log�), where � and � 

are the number of nodes and links respectively; the other is the native Dijkstra’s algorithm [15] with 

mat file, which has �(��) theoretical complexity. 

Unweighted and undirected networks were generated using the nPSO model [16], which is an 

algorithm for generating real-world-like networks. The half average node degree was set 

approximately to 50 such that � = k� where k is a constant irrelevant to �. With such setting, the 

theoretical time complexity of graphshortestpath became �(�) for BFS and �(�log�) for Dijkstra’s 

algorithm, and the native Dijkstra’s algorithm remained its time complexity �(��). The algorithms 

were tested in single-core computing mode on networks with the size from 1,000 nodes to 32,000 

nodes, and were repeated for 6 times from which the first repetition was dropped for stability. 

The ETC and running time are shown in Figure 2a and 2b, which show that the ETC curve of the 

native Dijkstra algorithm almost overlaps with the TTC �(��). For the other two algorithms, the 

ETC curves largely capture the TTC, and the order of ETC between the two algorithms reflected the 

true order of their TTC. The potential reason for the disturbance on the ETC curve from the ideal ones 

is that since these two algorithms are based on Matlab toolbox, there may exist some code for software 

integration in algorithm realization but not essential as core algorithms, which can be viewed as 

algorithm realization level crosstalk. 
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Figure 2. Empirical time complexity (ETC) and the running time of 3 shortest-path finding algorithms in 

Matlab. Different sizes of networks with � nodes and � links were generated by nPSO model to test algorithm 

speed. ETC in (a) was obtained by a normalization which divides the running time sequence in (b) by the running 

time of the smallest input data size. The simulations were repeated for 6 times with the first repetition removed 

for stability, and normalization in ETC was performed repetition-wise. The mean of tested points (circle mark) 

and standard deviation (in shade) are shown. The gray dash lines in (a) are the ETC references of ideal 

complexity models with cubic, square, �log�  and linear time complexity. BFS: Bread-first search; nPSO: 

Nonuniform popularity-similarity optimization. 

ETC Reveals Practical Scalability Influenced by Crosstalk 

In theory, TTC should predict the running time for certain input size based on available running 

time results on smaller input data size, but this is not always the case since the following factors are 

missing in TTC. First, modern computers have complex architectures such as optimized memory 

architecture in which there are different levels of CPU cache as well as registers, to support efficient 

computation, which usually have increasing size for higher layer caches. This architecture causes 

nonlinear computation resource utilization with regard to data size, thus nonlinear running time. 

Second, different programming languages and compilers produce different machine code, which also 

contribute to nonlinear running time behavior. 

To test how ETC behaves under such conditions, the experiments on matrix multiplication were 

performed, including plain matrix multiplication ( �(��)  time), Strassen’s algorithm [17] 

(�(��.���)time), and a modified plain multiplication with L1-cache optimized algorithm [18] (�(��) 

time). These algorithms were tested in single-core computing mode in both Matlab and Python, with 

the ETC (Figure 3 a and c) and practical running time (Figure 3 b and d) shown. The results show 

that the ETC of these algorithms in general matches their declared theoretical time complexity. 
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Figure 3. Empirical time complexity (ETC) and the running time of 3 square matrix multiplication algorithms 

in Matlab and Python. ETC in (a) of Matlab and (c) of Python was obtained by a normalization which divides 

the running time sequence in (b) and (d) by running time of the smallest matrix width respectively. The 

simulations were repeated for 6 times with the first repetition removed for stability, and normalization in ETC 

was performed repetition-wise. The mean of tested points (circle mark) and standard deviation (in shade) are 

shown. The gray dash lines in (a) and (c) are the ETC references of ideal complexity models with cubic, sub-

cubic, square, and linear time complexity. The sub-cubic line �(��.���) corresponds to the theoretical time 

complexity of Strassen’s algorithm, where � is the square matrix width. 

As an improved algorithm, the plain algorithm is optimized by decomposing the matrix into 

small blocks on which the plain matrix multiplication is performed. This method optimized data 

transfer between caches by preventing excessive data transfers outside CPU L1-cache, leading to a 

better efficiency. Consequently, ETC of the optimized plain algorithm is shown to follow closely to 

the TTC in Figure 3 (a) and (c). In contrast, the plain algorithm subjects to a nonlinear behavior when 

input size exceeds certain threshold, due to sudden excessive data transfer between L1- and L2-caches 

which is slower, and this increase of data transfer is not linear to the change of input size. The 

comparison between the plain algorithm and the L1-cache optimized algorithm indicates that ETC is 

able to reflect hardware crosstalk in algorithm implementations. The figure also shows that Strassen’s 

algorithm in Python went beyond �(��.���) (Figure 3c), while in Matlab it follows the TTC reference 

curve (Figure 3a), even if the same algorithm is used. This result indicates that there potentially exists 

compiler-level crosstalk, or a combination of factors from compiler and hardware crosstalk in Python 

implementation. 

Mathematical Proof for ETC as a Complexity Measure 
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In this part we elaborate the necessity of normalizing the scaling variable, and the necessary 

condition to apply ETC to measure the complexity of an algorithm. We discuss the following cases 

of complexity models: 

(a) Linear case: The complexity model can be written as � = �� + �. When � → 0, define the 

dependent variable �� =
��

���
. When the dependent variable is normalized by �� = 1, it can be derived 

that �� = �  (i.e., log�� = log� ). If a non-zero bias term exists, then �� =
����

�����
=

�

���
� +

�

���
, which 

drawn in linear space decreases the slope of the curve but adds a y-axis intercept, and in such scenario 

log�� does not have a linear relation to log�. 

(b) Quadratic case: The complexity model can be written as � = ��� + �� + �. When �, � → 0, 

define the dependent variable �� =
���

���
�. When the dependent variable is normalized by �� = 1, it can 

be derived that �� = ��  (i.e., log�� = 2log� ). When �, � ≠ 0 , �� =
��������

���
�������

=
�

�����
�� +

�

�����
� +

�

�����
, for which log�� can not be linearly expressed by log�. 

(c) Arbitrary case: The complexity model can be written as � = ���� + �������� + ⋯ + ��� +

��. When �� → 0 (� ≠ �), define the dependent variable �� =
����

����
�. When the dependent variable is 

normalized by �� = 1, it can be derived that �� = �� (i.e., log�� = �log�). A similar conclusion to the 

linear and quadratic case can be derived for the coefficients and bias term. 

According to the above, the necessary condition to apply ETC is that the scaling variable 

approaches zero when the time approaches zeros, which means that the bias term in the complexity 

model should be zero. Thus, those parameters that does not approach the zero point do not satisfy 

the condition and should be excluded from the set of scaling variables. 

Discussion 

Modern computers have complex hardware architectures, and it is difficult or even impossible 

for developers to learn all the hardware details in order to optimize their code. For instance, memories 

are categorized into registers, L1, L2, L3 caches and main memory ordered by distance to the 

processors and by data transfer speed in reverse. If GPU is involved, there is also data transfer 

between CPU and GPU. These factors act together leading to complex behavior of running time with 

regard to input data size, therefore, TTC is not able to reflect the practical condition for algorithm 

implementation. In such case, ETC offers a method to examine how algorithms scale for specific 

computing machines on which the algorithms are implemented. 

Additionally, there are different domains of computing, including classical computing (CPU and 

GPU), neuromorphic computing, quantum computing, and etc. Each domain has its specific TTC and 

complexity classes for algorithms with the same principle. Since ETC directly evaluates the absolute 

running time and derives the proportion, it does not change its intrinsic form for specific physical 

realization, serving as a one-for-all index for algorithm scalability. Therefore, ETC has the potential 

to be a generic index that can be used to compare practical scalability for all general algorithms across 

computation domains. 

From the generalized perspective, ETC is highlighted by two features: 1) In the cross-domain or 

hybrid-domain settings, ETC can be used to directly compare practical scalability of general 

algorithms, which considers the presence of crosstalk resulted from various forms of heterogeneity 

during algorithm implementation. 2) In the within-domain (pure) setting, ETC is able to approach 

the TTC of its own domain in the presence of little crosstalk, and if these two do not match, ETC can 

discover the crosstalk and assist to optimize the way to implement the algorithm by reducing this 

gap, such that the computation approaches the pure-domain TTC. 

Lastly, as analyzed in the proof, the bias in the complexity model also affects the interpretation 

of ETC. For instance, an algorithm might have a large running time for the base point and a low ETC. 

This usually indicates that the algorithm is not realized in an appropriate way such that the overhead 

is too significant, or to the extremity the algorithm is not very practical to be used such as those 
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galactic algorithms in matrix multiplication. However, ETC offers an approach to optimize the 

algorithm with respect to both ETC and the overhead time individually, providing more convenience 

for code optimization. 

In conclusion, this study suggests a new method ETC for evaluating algorithmic scalability, 

which is able to show how the time consumption of algorithms scales with increasing input size. 

Compared to MBTC, ETC avoids the possibility of fitting inappropriate scaling orders, and compared 

to TTC, it is free from complex analysis, and can serve as an experiment-based examination technique 

to validate TTC, thus reflecting the algorithm scalability with regard to input size, e.g., how large is 

practical to a dataset for algorithms to run on a particular hardware machine. Moreover, ETC is able 

to discover crosstalk among code implementation, hardware and compiler. Thus, ETC can assist 

developing efficient algorithms with regard to certain hardware and compiler. Whether a code is 

properly optimized can be examined by validating the extent to which ETC is close to theoretical 

curves. 

Materials and Methods 

Empirical Time Complexity (ETC) 

To obtain ETC, first a series of running times is collected by running the algorithm using data 

with increasing input sizes, after which a normalization step is performed by dividing these running 

times by the running time of the smallest data size (base point). The running times and the ETC curves 

are plotted in two panels side by side to offer a visualization for overall scalability and speed of the 

algorithm. The axes are transformed to log-scale to direct reflect the scaling order of the algorithm. 

By comparing with a few ideal reference lines with different TTC, ETC reveals the scaling order of a 

tested algorithm. In the case where multiple repetitions are made for the same input size, 

normalization is performed for the running time sequence of each repetition and then ETC is reported 

with mean and standard deviation. 

In mathematic formulation, given a series of �  running times of an algorithm ��, � ∈

{0,1,2, … , � − 1} with increasing input sizes ��, the ETC is defined as the proportion of the running 

time of each input size to the running time of the base point ���� = ��/��, where �� is the running 

time of the base point, which contains the overhead information and should be also taken into 

consideration when assessing the speed of an algorithm. ETC curve describes an overall scalability 

pattern for the algorithm. In the scenario of multiple input data dimensions, ETC is still applicable if 

linear relations can be established for each parameter with a unique parameter �. 

Counting Running Time of Algorithms 

For graph shortest path algorithm, ‘tic toc’ was used to count running time. For matrix 

multiplication, ‘profiler’ was used instead of ‘tic toc’ in both Matlab and Python to count running 

time, since this operation is done at the most bottom-level and the profiler can prevent compilers 

from automatically optimizing code such that it is implemented as close to the tested algorithm as 

possible. The profiler approach would lower down the algorithm implementation speed, but this 

does not constitute a problem, since our goal is to assess the scalability, rather than benchmarking 

absolute running time. 

For the graph shortest path function of Matlab toolbox, since the toolbox functions are fast (lower 

complexity than matrix multiplication) such that a baseline time the profiler introduces contributes a 

large part of the time consumption, we turned to used ‘tic toc’ to count time for the graph shortest 

path functions. 

Matrix Multiplication 

In the case of matrix multiplication, a L1-cache-optimized algorithm was implemented to show 

how code implementation is influenced by hardware architecture. The algorithm loops over 
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submatrices of 8x8 size which can be fit entirely into L1-cache of modern CPU (typical size is 512K) 

and are efficiently computed there since less data transfer is required from and to higher layers 

involved which has a higher latency. With this optimization, the number of data transfer from and to 

L1-cache changes continuously with the square matrix width, thus, the algorithm should achieve 

scalability ETC close to the TTC with regard to square matrix width. 

Hardware and Software Specifications 

All simulations were performed on Lenovo P620 workstation, equipped with AMD Ryzen 

Threadripper PRO 3995WX 2.7GHz CPU that has 64 cores and 128 threads. GPU was not used in the 

simulations. Ubuntu 20.04, MATLAB 2021b, Python 3.11.7, VS code 1.86.2 were used as the 

environments to run the algorithms. Matlab was opened in single thread computation mode; Matlab 

and VS code were given the highest priority in the operating system. 
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