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Abstract: The capability of the complex fuzzy sets plays a valuable role to resolve many real life problems. In this

paper, we present the compositions of complex fuzzy relations by using the idea of implication operators and

max-product compositions of complex fuzzy relations and illustrate these compositions with concrete examples.

The converse of these newly invented triangular compositions in terms of compositions of the converse relations

are also defined. We also study the interactions with union and intersection. The main goal of this article to

present a new technique to enhance medical diagnostic model that can assist to increase the features of healthcare

systems. We utilize these compositions to determine the diseases of patients on the basis of intensity of symptoms.

Keywords: Complex fuzzy set; complex fuzzy implication; complex fuzzy relations; complex fuzzy compositions

1. Introduction

Healthcare system has significant sector in developed countries. The rapidly growing fuzzy
logic network practices play a key role in health care department and provide easy medical guideline
and minimize individual efforts and costs. This logic is used in cloud based setup to pass the key
history about patient and disease. Later the health information is compiled through cloud server via
systematical networking as it is highly vital to figure out the disease instantly.

Zadeh [1] initiated fuzzy sets where elements have degree of membership instead of strict
binary classification. The inherent ambiguity, imprecision, and uncertainty present in real-world
data and decision-making processes are crucial to analyze and address by employing fuzzy sets.
This adaptability is crucial in domains where clear boundaries may be difficult to establish, such as
control systems, artificial intelligence, and decision support systems. Many mathematicians have
applied different hybrid models of fuzzy sets to various fields such as topological spaces [2] and
decision making [3]. The triangular norm and triangular co-norm first appeared in the framework of
probabilistic metric space [4,5]. The concept of triangular norms (T-norms) became a fundamental
element in the framework of fuzzy logic and set theory. These norms particular describe the operation
of conjunction in fuzzy logic, allowing for the combination of fuzzy set membership values. This laid
the groundwork for the enlargement of mathematical operations on fuzzy sets.

Smets and Magrez [6] discussed implication in fuzzy logic. Bandler and Kohout [7] introduced
useful local properties and defined the notions of interior and closure of a relation. Mas et al. [8]
described the systematic review of fuzzy implication functions. Baczynski and Jayaram [9] gave a
review about (S, N)-implications and R-implications and presented some new results related to fuzzy
negations and (S, N)-implications. The in-depth fuzzy implications were investigated by Jayaram and
Mesiar [10]. The fuzzy relational compositions were introduced by Bandler and Kohout [11,12]. Beg
and Ashraf [13] discussed some properties of fuzzy equivalence relations. Fuzzy relational inference
scheme based on the Bandler and Kohout sub-product and super-product were studied in [14,15]. The
fuzzy compositions play important role in medical diagnosis [16], and neural networks [17].

The novel extension from fuzzy sets to complex fuzzy sets was initiated by Ramot et al. [18], in
which the membership function is enlarge from [0, 1] closed interval to unit circle in complex plane.
Complex fuzzy sets are significant in various fields due to their ability to model convoluted, uncertain,
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and non-linear, relationships more accurately as compared to fuzzy sets. T-norm and t-conorm of
complex fuzzy sets were initiated by Zhang et al. [19]. The more development about t-norm and
t-conorm may be viewed in [20]. Dick [21] gave the conception of complex fuzzy S-implication. The
inverse relation, reflexive relation, symmetric relation and anti-symmetric relation of complex fuzzy
set were presented in [22]. There are various scientific applications of complex fuzzy set in numerous
fields [23–28]. De Baets and Kerre [29] extended the definitions of triangular compositions to fuzzy
case and discussed their characteristics.

This paper focuses on the compositions of complex fuzzy relations (CFRs) by applying the notions
of implication operators defined in [30]. We extend the compositions of De-Baets and Kerre to complex
fuzzy compositions. Keeping the advantage of complex fuzzy sets and taking the importance of
implication operators, this article presents the more transparent theory of complex fuzzy compositions
by using complex fuzzy product operators. Moreover, it is a powerful extension of fuzzy relational
compositions. Complex fuzzy relational composition will be utilized in relation based systems to
conduct patient info, symptoms data and patients diseases.

The main objectives of this article are:

• To allocate a large dataset for numerous diseases and symptoms.
• Provide an accommodation to physicians for the diagnosis of different diseases linked with

symptoms at any time.
• To develop a new health care technique based on complex fuzzy relations and implication opera-

tors.

An outline of this article is shaped as: In section 2, we demonstrate primary theory related to
complex fuzzy sets and complex fuzzy implication, which are compulsory for our further discussion.
Section 3 presents the compositions of complex fuzzy relations by using the idea of implication
operators and max-product compositions of complex fuzzy relations and illustrate these compositions
with concrete examples. The converse of these newly invented triangular compositions in term of
compositions of the converse relations are also defined. We also study the interactions with union and
intersection. We also utilize these compositions to determine the diseases of patients on the basis of
intensity of symptoms in section 4.

2. Preliminaries

In this section, some basic theory of complex fuzzy sets (CFSs) and complex fuzzy relations
(CFRs) are defined, which are essential for advancing discussions about complex fuzzy relational
compositions..

Definition 1 ([1]). A fuzzy set is a set whose elements have a membership grade in the closed unit interval
[0, 1]. A fuzzy set F of universal set U is defined as F = {(α, F(α)) : α ∈ U}, where, F is called the membership
function which indicates the degree to which an element α is a part of the set U.

Definition 2 ([4]). A t-norm is a binary operation defined by the function T : [0, 1]× [0, 1] → [0, 1], which is
increasing, commutative, associative and 1 working as neutral element.

The most important T-norms are:

• T(α, γ) = min{α, γ}
• T(α, γ) = α.γ
• T(α, γ) = max{0, α + γ − 1}

Definition 3 ([6]). A binary operator I : [0, 1]2 → [0, 1] is said to be a fuzzy implication if it fulfill the following
axioms:

• I(α, β) = I(1 − β, 1 − α), for all α, β ∈ [0, 1], (contra-positive),
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• I(α, I(β, γ)) = I(β, I(α, γ)), for all α, β, γ ∈ [0, 1], (exchange principle),
• I(α, .) is increasing, for all α ∈ [0, 1], (hybrid monotonicity),
• I(., β) is decreasing, for all β ∈ [0, 1], (hybrid monotonicity),
• I(1, β) = β for all β ∈ [0, 1], (neutrality principle),
• I(0, 0) = I(1, 1) = I(0, 1) = 1 and I(1, 0) = 0, (boundary conditions).

Definition 4 ([29]). Let U and V be two universal sets. A fuzzy relation R between U and V is a fuzzy set of
the form R = {((α, β), R(α, β))|α ∈ U, β ∈ V}.

Definition 5 ([29]). Let R be a fuzzy relations from U to V and S be fuzzy relation from V to W. Then the
compositions R ◁k S, R ▷k S, and R♢kS of R and S are fuzzy relations from U to W specified by the mapping

R ◁k S(α, γ) = min
[

inf
β∈V

I(R(α, β), S(β, γ)), sup
β∈V

T(R(α, β), S(β, γ))

]
,

R ▷k S(α, γ) = min
[

inf
β∈V

I(S(β, γ), R(α, β)), sup
β∈V

T(R(α, β), S(β, γ))

]
,

R♢kS(α, γ) = min
[

R ◁k S(α, γ), R ▷k S(α, γ)

]
.

Where T and I are t-norm and fuzzy implication respectively.
By using height and plinth operators these formulation can be written as:

R ◁k S(α, γ) = min(Plt I(αR, Sγ), Hgt T(αR, Sγ),

R ▷k S(α, γ) = min(Plt I(Sγ, αR), Hgt T(αR, Sγ)).

Definition 6 ([18]). A CFS A, on a universe of discourse U, is an object of the form A = {(α, ηA(α)) : α ∈
U},where ηA(α) = pA(α)eiθA(α) represents the membership function that assigns a complex-valued grade of
membership to the element of U. This membership function is defined as ηA(α) : U → {z ∈ C :| z |≤ 1},
where C is the set of complex numbers. This membership function ηA(α) = pA(α)eiθA(α) receives all the degrees
of membership from unit disc in the complex plane, where pA(α) ∈ [0, 1] and θA(α) ∈ (0, 2π] be a real valued
function. We shall use ηA(α) = pA(α)eiθA(α), α ∈ U, as membership function of CFS.

Definition 7 ([30]). Let U and V be two universal sets. A CFR R̃ from U to V is a CFS of the form
R̃ = {((α, β), ηR̃(α, β))|α ∈ U, β ∈ V}. where ηR̃(α, β) represents the membership function of CFR and
is defined as ηR̃(α, β) = pR̃(α, β)eiθR̃(α,β). Throughout this paper we shall use membership function of CFR
R̃(α, β) from U to V in the form ηR̃(α, β) = pR̃(α, β)eiθR̃(α,β), for all α ∈ U and for all β ∈ V.

Definition 8 ([19]). Let M and N be two CFSs of U with the membership functions ηM(α) = pM(α)eiθM(α)

and ηN(α) = pN(α)eiθN(α), for all α ∈ U. Then the following set theoretic operations of CFS of M and N are
defined as:

• ηM∪N(α) = pM∪N(α)eiθM∪N(α),
= max{pM(α), pN(α)}ei max{θM(α),θN(α)}, for all α ∈ U

(complex fuzzy union),

• ηM∩N(α) = pM∩N(α)eiθM∩N(α),
= min{pM(α), pN(α)}ei min{θM(α),θN(α)}, for all α ∈ U,

(complex fuzzy intersection),
• ηM∩p N(α) = pM∩p N(α)e

iθM∩p N(α),

= {pM(α).pN(α)}ei2π{ θM(α)
2π . θN (α)

2π }, for all α ∈ U,
(complex fuzzy bold product),
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• M ⊆ N if and only if ηM(α) ≤ ηN(α)

⇐⇒ pM(α) ≤ pN(α) and θM(α) ≤ θN(α), for all α ∈ U,
(complex fuzzy subsethood),

• M = N if and only if ηM(α) = ηN(α)

⇐⇒ pM(α) = pN(α) and θM(α) = θN(α), for all α ∈ U,
(complex fuzzy equality).

3. Algebraic Structure of Complex Fuzzy Relational Compositions

Fuzzy relational compositions are an important abstraction in fuzzy logic, assisting the combi-
nation of fuzzy relations to obtain new relations. This section contribute the new notions of complex
fuzzy relational compositions. A new type of compositions under the concept of implication operator
and max-product of complex fuzzy compositions are defined in this section.

Zhang et al [19] developed a complex fuzzy implication operator whose membership value lies
within unit circle of complex plain, and with the membership of phase term from (0, 2π]. Consider the
rule: If α is A then β is B, A and B are two CFSs described in different universe of discourse U and V,
where α, β are variables taken from the corresponding universe of discourse. The membership function
η Ĩ(A,B)(α, β) = I(pA(α), pB(β)).ei Î(θA(α),θB(β)) of complex fuzzy implication operator represent:

1. Dienes-Rescher implication operator if

I(pA(α), pB(β)) = max{1 − pA(α), pB(β)} and
Î(θA(α), θB(β)) = max{2π − θA(α), θB(β)}

2. Reichenbach product implication if

I(pA(α), pB(β)) = 1 − pA(α) + pA(α).pB(β) and
Î(θA(α), θB(β)) = 2π − θA(α) + 2π

θA(α)
2π . θB(β)

2π .

Remark 9. Let (Aj)
n
j , j = 1, 2, 3, ..., n be a family of CFSs and B be any CFS with membership functions,

ηAj(α) = pAj(α)e
iθAj

(α)
and ηB(β) = pB(β)eiθB(β), for all pAj(α), pB(β) ∈ [0, 1] and θAj(α), θB(β) ∈

(0, 2π], where α ∈ U and β ∈ V. Consider a complex fuzzy implication operator characterized by the

membership functions η Ĩ(Aj ,B)
= pI(Aj ,B)(α, β)e

iθ Î(Aj ,B)
(α,β)

and η Ĩ(B,Aj ,)
= pI(B,Aj)

(β, α)e
iθ Î(B,Aj)

(β,α)
. Then

1. I(maxn
j=1 pAj(α), pB(β)) = minn

j=1 I(pAj(α), pB(β)) and
Î(maxn

j=1 θAj(α), θB(β)) = minn
j=1 Î(θAj(α), θB(β)),

2. I(minn
j=1 pAj(α), pB(β)) = maxn

j=1 I(pAj(α), pB(β)) and
Î(minn

j=1 θAj(α), θB(β)) = maxn
j=1 Î(θAj(α), θB(β)),

3. I(pB(β), maxn
j=1 pAj(α)) = maxn

j=1 I(pB(β), pAj(α)) and
Î(θB(β), maxn

j=1 θAj(α)) = maxn
j=1 Î(θB(β), θAj(α)),

4. I(pB(β), minn
j=1 pAj(α)) = minn

j=1 I(pB(β), pAj(α)) and
Î(θB(β), minn

j=1 θAj(α)) = minn
j=1 Î(θB(β), θAj(α)).

Definition 10. Let A be a CFS of U with the membership functions ηA(α) = pA(α)eiθA(α), for all α ∈ U. The
height Hgt(A) and plinth Plt(A) of CFS A in U are specified by the functions:

1. Hgt(A) = supα∈U(A(α))
2. Plt(A) = infα∈U(A(α))

Definition 11. Let A and B be two CFSs of U with the membership functions ηA(α) = pA(α)eiθA(α) and
ηA(α) = pA(α)eiθA(α) for all α ∈ U. The height of A is less than height of B if the following condition hold:

• supα∈U pA(α) ≤ supα∈U pB(α) and supα∈U θA(α) ≤ supα∈U θB(α)

The plinth of A is less than plinth of B if the following condition hold:
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• infα∈U pA(α) ≤ infα∈U pB(α) and infα∈U θA(α) ≤ infα∈U θB(α)

Remark 12. Let A and B be two CFSs of U. Then
height and plinth are increasing:

1. A ⊆ B ⇒ Hgt(A) ≤ Hgt(B)
2. A ⊆ B ⇒ Plt(A) ≤ Plt(B)

Theorem 13. Let A and B be two CFSs in U, the membership functions of A and B are ηA(α) = pA(α)eiθA(α)

and ηB(α) = pB(α)eiθB(α), respectively. The height and plinth of the intersection and union of two CFSs satisfy
the following characterizations,

1. Hgt{ηA ∩ ηB} ≤ min(Hgt(ηA), Hgt(ηB))
2. Hgt{ηA ∪ ηB} = max(Hgt(ηA), Hgt(ηB))
3. Plt{ηA ∩ ηB} = min(Plt(ηA), Plt(ηB))
4. Plt{ηA ∪ ηB} ≥ max(Plt(ηA), Plt(ηB))

Proof. We shall prove the 1 and 4. For any element α ∈ U, the individual degree of memberships
values ηA(α) and ηB(α) cannot be less than the minimum value of ηA(α)and ηB(α). Thus, we can
write as

min(ηA(α), ηB(α)) ≤ ηA(α)

min(ηA(α), ηB(α)) ≤ ηB(α)

Taking supremum

sup
α∈U

{min(ηA(α), ηB(α))} ≤ sup
α∈U

{ηA(α)}

sup
α∈U

{min(ηA(α), ηB(α))} ≤ sup
α∈U

{ηB(α)}

sup
α∈U

{min(ηA(α), ηB(α))} ≤ min{sup
α∈U

{ηA(α)}, sup
α∈U

{ηB(α)}}

Hgt{ηA ∩ ηB} ≤ min(Hgt(ηA), Hgt(ηB))

For any element α ∈ U, the individual degree of memberships values ηA(α) and ηB(α) cannot
exceed the maximum value of ηA(α)and ηB(α). Thus, we can write as

max(ηA(α), ηB(α)) ≥ ηA(α)

max(ηA(α), ηB(α)) ≥ ηB(α)

Taking infimum

inf
α∈U

{max(ηA(α), ηB(α))} ≥ inf
α∈U

{ηA(α)}

inf
α∈U

{max(ηA(α), ηB(α))} ≥ inf
α∈U

{ηB(α)}

inf
α∈U

{max(ηA(α), ηB(α))} ≥ max{ inf
α∈U

{ηA(α)}, inf
α∈U

{ηB(α)}}

Plt{ηA ∪ ηB} ≥ max(Plt(ηA), Plt(ηB))

Corollary 14. Let (Ak)k∈K be an arbitrary family of CFSs in U, the membership function of each Ak is
ηAk (α) = pAk (α)e

iθAk
(α). The height and plinth of the union and intersection of family of CFSs satisfy the

following properties,

1. Hgt(∪k∈K Ak) = maxk∈K Hgt(Ak)
2. Hgt(∩k∈K Ak) ≤ mink∈K Hgt(Ak)
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3. Plt(∪k∈K Ak) ≥ maxk∈K Plt(Ak)
4. Plt(∩k∈K Ak) = mink∈K Plt(Ak)

Definition 15. Let R̃ be a CFR from U to V and S̃ be CFR from V to W. Then the composition R̃◦pS̃ of R̃ and
S̃ is a CFR from U to W and specified by the mapping:

ηR̃◦p S̃(α, γ) = pR̃◦p S̃(α, γ)e
iθR̃◦pS̃(α,γ)

,

= sup
β∈V

(pR̃(α, β)∩p pS̃(β, γ))ei supβ∈V(θR̃(α,β)∩pθS̃(β,γ)).

Also, this composition can be define as:

ηR̃◦p S̃(α, γ) = Hgt(pαR◦p pSγ)eiHgt(θαR∩pθSγ),

Here ηαR(β) = {((α, β), ηR(α, β)), for all β ∈ γR},

ηSγ(β) = {((β, γ), ηS(β, γ)), for all β ∈ Sγ}.

Definition 16. Let R̃ be a CFR from U to V and S̃ be CFR from V to W. Then the compositions R̃ ◁p S̃, R̃ ▷p

S̃, and R̃♢pS̃ of R̃ and S̃ are a CFR from U to W specified by the mappings:

ηR̃◁p S̃(α, γ) = pR̃◁p S̃(α, γ)e
iθR̃◁pS̃(α,γ)

,

=

[
min

[
inf
β∈V

I(pR̃(α, β), pS̃(β, γ)), sup
β∈V

(pR̃(α, β) ∩p pS̃(β, γ))

]

×e
i min[ inf

β∈V
Î(θR̃(α,β),θS̃(β,γ)),sup

β∈V
(θR̃(α,β)∩pθS̃(β,γ))]]

.

ηR̃▷p S̃(α, γ) = pR̃▷p S̃(α, γ)e
iθR̃▷pS̃(α,γ)

,

=

[
min

[
inf
β∈V

I(pS̃(β, γ), pR̃(α, β)), sup
β∈V

(pR̃(α, β) ∩p pS̃(β, γ))

]

×e
i min[ inf

β∈V
Î(θS̃(β,γ),θR̃(α,β)),sup

β∈V
(θS̃(β,γ)∩pθR̃(α,β))]]

.

ηR♢pS(α, γ) = pR̃♢p S̃(α, γ)e
iθR̃♢pS̃(α,γ)

,

=

[
min[pR̃◁p S̃(α, β), pR̃▷p S̃(α, γ)]× e

i min[θR̃◁pS̃(α,β),θR̃▷pS̃(α,γ)]
]

.

Using plinth and height operators these formulations can be written as:

ηR̃◁p S̃(α, γ) = pR̃◁p S̃(α, γ)e
iθR̃◁pS̃(α,γ)

,

=

[
min[Plt I(pαR̃, pS̃γ), Hgt(pαR̃ ∩p pS̃γ))]× ei min[Plt Î(θαR̃ ,θS̃γ),Hgt(θαR̃∩pθS̃γ))]

]
.

ηR̃▷p S̃(α, γ) = pR̃▷p S̃(α, γ)e
iθR̃▷pS̃(α,γ)

,

=

[
min[Plt I(pγS̃, pR̃α), Hgt(pγS̃ ∩p pR̃α))]× ei min[Plt Î(θγS̃ ,θR̃α),Hgt(θγS̃∩pθR̃α))]

]
,

ηR♢pS(α, γ) = pR̃♢p S̃(α, γ)e
iθR̃♢pS̃(α,γ)

,

=

[
min[pR̃◁p S̃(α, β), pR̃▷p S̃(α, γ)]× e

i min[θR̃◁pS̃(α,β),θR̃▷pS̃(α,γ)]
]

.
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Example 17. Consider the Dienes-Rescher implication operator

Ĩ(A, B)(α, β) = I(pA(α), pB(β)).ei Î(θA(α),θB(β)),

where I(pA(α), pB(β)) = max{1 − pA(α), pB(β)} and I(θA(α), θB(β)) = max{1 − θA(α), θB(β)}.
Let

R̃ =


R̃ β1 β2 β3

a1 0.2e0.9πi 0.4eπi 0.7e1.1πi

a2 0.9e1.5πi 0.4e0.5πi 0.5e1.5πi

a3 0.1e0.9πi 0.3e1.2πi 0.6e1.3πi


be a CFR from U to V and

S̃ =


S̃ γ1 γ2 γ3

β1 0.8e1.8πi 0.1e1.3πi 0.9e1.7πi

β2 0.7e1.2πi 0.3e0.5πi 0.8e1.8πi

β3 0.2e1.2πi 0.5e1.6πi 0.4e1.9πi


be a CFR from V to W, for all α ∈ U,β ∈ V and γ ∈ W. The different complex fuzzy compositions of CFRs R̃
and S̃ are given as:

R̃ ◁p S̃ =


R̃ ◁p S̃ γ1 γ2 γ3

α1 0.28e0.81πi 0.35e0.88πi 0.32e1.045πi

α2 0.5e1.2πi 0.1e1.2πi 0.5e1.425πi

α3 0.21e0.81πi 0.3e0.8πi 0.24e1.235πi

,

R̃ ▷p S̃ =


R̃ ▷p S̃ γ1 γ2 γ3

α1 0.1e0.81πi 0.3e0.7πi 0.32e1.045πi

α2 0.2e0.9πi 0.25e0.1πi 0.6e1.1πi

α3 0.21e0.81πi 0.3e0.5πi 0.24e1.1πi

,

R̃♢pS̃ =


R̃♢pS̃ γ1 γ2 γ3

α1 0.1e0.81πi 0.3e0.7πi 0.32e1.045πi

α2 0.2e0.9πi 0.1e0.1πi 0.5e1.1πi

α3 0.21e0.81πi 0.3e0.5πi 0.24e1.1πi

.

Theorem 18. Let R̃ be a CFR from U to V and S̃ be CFR from V to W. Then

1. (R̃♢pS̃)t = S̃t♢pR̃t,
2. (R̃ ▷p S̃)t = S̃t ◁p R̃t,
3. (R̃ ◁p S̃)t = S̃t ▷p R̃t.

Where t represents the transpose of a relation.
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Proof. We prove the statement (2), for Definition 16. Assume that, α ∈ U, and γ ∈ W, consider

η(R̃▷p S̃)t(γ, α) = ηR̃▷p S̃(α, γ)

= pR̃▷p S̃(α, γ)e
iθR̃▷pS̃(α,γ)

=

[
min

[
inf
β∈V

I(pR̃(α, β), pS̃(β, γ)), sup
β∈V

(pR̃(α, β) ∩p pS̃(β, γ))

]

×e
i min[ inf

β∈V
Î(pR̃(α,β),pS̃(β,γ)),sup

β∈V
(pR̃(α,β)∩p pS̃(β,γ))]]

=

[
min

[
inf
β∈V

I(pR̃t(β, α), pS̃t(γ, β)), sup
β∈V

(pR̃t(β, α) ∩p pS̃t(γ, β))

]

×e
i min[ inf

β∈V
Î(pR̃t (β,α),pS̃t (γ,β)),supβ∈V(pR̃t (β,α)∩p pS̃t (γ,β))]

]
= pS̃t◁p R̃t(γ, α)e

iθS̃t◁p R̃t (γ,α)

= ηS̃t◁p R̃t(γ, α).

Similarly, we can prove (1) and (3).

Theorem 19. Let R̃ be a CFR from U to V and S̃ be CFR from V to W. Then the following statements hold:

1. dom(R̃1) = dom(R̃2) ∧ R̃1 ⊆ R̃2 =⇒ R̃2 ◁p S̃ ⊆ R̃1 ◁p S̃,
2. R̃1 ⊆ R̃2 =⇒ R̃1 ▷p S̃ ⊆ R̃2 ▷p S̃,
3. rng(S̃1) = rng(S̃2) ∧ S̃1 ⊆ S̃2 =⇒ R̃ ▷p S̃2 ⊆ R̃ ▷p S̃1,
4. S̃1 ⊆ S̃2) =⇒ R̃ ◁p S̃1 ⊆ R̃ ◁p S̃2.

Proof. We prove the 2nd property for Definition 16.

ηR̃2◁p S̃(α, γ) = pR̃2◁p S̃(α, γ)e
iθR̃2◁pS̃(α,γ)

=

[
min[Plt I(pαR̃2

, pS̃γ), Hgt(pαR̃2
∩p pS̃γ))]

×ei min[Plt Î(θαR̃2
,θS̃γ),Hgt(θαR̃2

∩pθS̃γ))]
]

≤
[

min[Plt I(pαR̃1
, pS̃γ), Hgt(paR̃1

∩p pS̃γ))]

×ei min[(Plt Î(θαR̃1
,θS̃γ),Hgt(θαR̃1

∩pθS̃γ))]
]

= pR̃1◁p S̃(α, γ)e
iθR̃1◁pS̃(α,γ)

=⇒ ηR̃2◁p S̃(α, γ) ≤ ηR̃1◁p S̃(α, γ)

Now we prove the fourth property for Definition 16.

ηR̃◁p S̃1
(α, γ) = pR̃◁p S̃1

(α, γ)e
iθR̃◁pS̃1

(α,γ)

=

[
min[Plt I(pαR̃, pS̃1γ), Hgt(pαR̃ ∩p pS̃1γ)]

×ei min[(Plt Î(θαR̃ ,θS̃1γ),Hgt(pαR̃∩p pS̃1γ))]
]
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≤
[

min[(Plt I(pαR̃, pS̃2γ), Hgt(pαR̃ ∩p pS̃2γ))]

×ei min[(Plt Î(θαR̃ ,θS̃2γ),Hgt(pαR̃∩p pS̃2γ))]
]

= pR̃◁p S̃2
(α, γ)e

iθR̃◁pS̃2
(α,γ)

=⇒ ηR̃◁p S̃1
(α, γ) ≤ ηR̃◁p S̃2

(α, γ)

Theorem 20. Let (R̃i)
n
i=1 be a family of CFRs from U to V and S̃ be a CFR from V to W. Then

1. ∩n
i=1R̃i ◁p S̃ ⊆ (∪n

i=1R̃i)◁p S̃) ⊆ ∪n
i=1(R̃i ◁p S̃),

2. (∪n
i=1R̃i)▷p S̃ ⊇ ∪n

i=1(R̃i ▷p S̃).

Proof. We prove the first result for Definition 16.

η(∪n
i=1R̃i)◁p S̃(α, γ) = p(∪n

i=1R̃i)◁p S̃(α, γ)e
iθ(∪n

i=1 R̃i)◁bS̃(α,γ)

=

[
min[Plt I(pα(∪n

i=1R̃i)
, pS̃γ), Hgt(pα(∪n

i=1R̃i)
∩p pS̃γ)]

×e
i min[Plt Î(θα(∪n

i=1 R̃i)
,θS̃γ),Hgt(θα(∪n

i=1 R̃i)
∩pθS̃γ)]

]
=

[
min[Plt I(p(∪n

i=1αR̃i)
, pS̃γ), Hgt(p(∪n

i=1αR̃i)
∩p pS̃γ)]

×e
i min[Plt Î(θ(∪n

i=1αR̃i)
,θS̃γ),Hgt(θ(∪n

i=1αR̃i)
∩pθS̃γ)]

]
=

[
min[Plt(

n
min
i=1

I(pαR̃i
, pS̃γ)), Hgt(

n
max
i=1

pαR̃i
∩p pS̃γ)]

×e
i min[Plt(

n
min
i=1

Î(θαR̃i
,θS̃γ), Hgt(

n
max
i=1

θαR̃i
∩pθS̃γ))]

]
=

[
min[

n
min
i=1

(Plt(I(pαR̃i
, pS̃w))),

n
max
i=1

(Hgt(pαR̃i
∩p pS̃γ))]

×e
i min[

n
min
i=1

Plt( Î(θαR̃i
,θS̃γ),

n
max
i=1

(Hgt(θαR̃i
∩pθS̃γ)]

]
=

[
n

min
i=1

[min(Plt(I(pαR̃i
, pS̃γ))),

n
max
j=1

(Hgt(pαR̃j
∩p pS̃w))]

×e
i

n
min
i=1

[min(Plt( Î(θαR̃i
,θS̃γ),

n
max
j=1

(Hgt(θαR̃j
∩pθS̃γ))]

]
≥

[
n

min
i=1

[min(Plt(I(pαR̃i
, pS̃w))), Hgt(pαR̃i

∩p pS̃γ)]

×e
i

n
min
i=1

[min(Plt( Î(θαR̃i
,θS̃γ),(Hgt(θαR̃i

∩pθS̃γ)]
]

=
n

min
i=1

pR̃i◁p S̃(α, γ)e
i

n
min
i=1

θR̃i◁pS̃(α,γ)

η(∪n
i=1R̃i)◁p S̃(α, γ) ≥ p∩n

i=1(R̃i◁p S̃)(α, γ)e
iθ∩n

i=1(R̃i◁pS̃)(α,γ)

=⇒ ∩n
i=1R̃i ◁p S̃ ⊆ (∪n

i=1)R̃i ◁p S̃) (1)
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η(∪n
i=1R̃i)◁p S̃(α, γ) = p(∪n

i=1R̃i)◁p S̃(α, γ)e
iθ(∪n

i=1 R̃i)◁pS̃(α,γ)

=

[
min[PltI(pα(∪n

j=1Rj)
, pS̃γ), Hgt(pα(∪n

i=1R̃i)
∩p pS̃γ)]

×e
i min[Plt( Î(θα(∪n

j=1 R̃i)
,θS̃w),Hgt(θα(∪n

i=1 R̃i)
∩pθS̃γ)]

]
=

[
min[PltI(p(∪n

j=1αR̃i)
, pS̃γ), Hgt(p(∪n

i=1αR̃i)
∩p pS̃γ)]

×e
i min[Plt( Î(θ(∪n

j=1αR̃i)
,θS̃γ),Hgt(θ(∪n

i=1αR̃i)
∩pθS̃γ)]

]
=

[
min[Plt(

n
min
j=1

I(pαR̃j
, pS̃γ)), Hgt(

n
max
i=1

pαRi ∩p pS̃γ)]

×e
i min[Plt(minn

j=1 Î(θαR̃i
,θS̃γ),Hgt(maxn

j=1 θαR̃j
∩pθS̃γ)]

]
=

[
min[

n
min
j=1

(Plt(I(pαR̃j
, pS̃w)),

n
max
i=1

(Hgt(pαR̃i
∩p pS̃γ))]

×e
i min[

n
min
j=1

Plt( Î(θαR̃j ,θS̃γ),
n

max
i=1

(Hgt(θαR̃∩pθS̃γ))]
]

=

[
n

max
i=1

min[
n

min
j=1

(Plt(I(pαR̃j
, pS̃γ)), Hgt(pαR̃i

∩p pS̃γ)]

×e
i maxn

i=1[min(minn
j=1 Plt( Î(θαR̃j

,θS̃γ),(Hgt(θαR̃∩pθS̃γ)]
]

≤
[

n
max
i=1

min[(Plt(I(pαR̃i
, pS̃γ)), Hgt(pαR̃i

∩p pS̃γ))]

×ei maxn
i=1 min[Plt( Î(θαR̃i

,θS̃γ),Hgt(θαR̃i
∩pθS̃γ)]

]
(2)

=
n

max
i=1

pR̃i◁p S̃(α, γ)e
i maxn

i=1 θR̃i◁pS̃(α,γ)

η(∪n
i=1R̃i)◁p S̃(α, γ) ≤ p∪n

i=1(R̃i◁p S̃)(α, γ)e
iθ∪n

i=1(R̃i◁pS̃)(α,γ)

=⇒ (∪n
i=1R̃i)◁p S̃) ⊆ ∪n

i=1(R̃i ◁p S̃), (3)

From (1) and (3), we get,

∩n
i=1R̃i ◁p S̃ ⊆ (∪n

i=1R̃i)◁p S̃) ⊆ ∪n
i=1(R̃i ◁p S̃).

4. Application to Diagnose the Diseases on the Basis of Intensity of Symptoms

Intensity of the symptoms related to diseases means the level of a disease. Symptoms can vary
from serious to moderate one basing on one’s health position, kind of disease and other factors as well.
Sometimes, severity of symptoms can highlight the seriousness of disorder itself. Like a patient with
minor flu can have low level of body aches and flu, while the patient with severe case can experience
serious level of temperature, muscle weakness and loads of others symptoms. It is pertinent to mention
that intensity of symptoms can substantially be different in case of same ailment.

Treatment approaches are done in accordance with intensity of symptoms including lifestyle
changes and medication . Severity of symptoms holds significant role to pinpoint the disorder. This in-
tensity can be used as diagnostic scale for certain ills. In chest pain various factors like severity, location
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and other characteristics of pain will be of key importance to determine whether it is due to cardiac arrest
or some other factors are behind it. In a nutshell, intensity of symptoms is supremely essential to trace the
disease and its effective therapy. The idea of a complex fuzzy relation is confined as below. Suppose that
W = {γ1, γ2, ...γl}, V = {β1, β2, ...βm}, and U = {α1, α2, ...αn} represent a set of diseases related symp-
toms, a set of symptoms, and a set of patients, respectively. Let we have two complex fuzzy relations
R(U → V) and S(V → γ) such that R(αi, β j) = {⟨(αi, β j), pR(αi, β j)e

iθR(αi ,βj)⟩, (αi, β j) ∈ U × V} and

S(β j, γk) = {⟨(β j, γk), pR(β j, γk)e
iθR(βj,γk)⟩, (β j, γk) ∈ V × W}, Where, R(αi, β j) = pR(αi, β j)eiθR(α,β)

represents the membership degree in complex plane to which the patient, αi, represent the symptom β j.

Similarly, S(β j, γk) = pS(β j, γk)e
iθS(β j ,γk) represents the membership degree in complex plane to which

the intensity of symptoms, β j, to determine the disease γk. The compositions R ◁p S, R ▷p S, R♢pS of
R and S are defined in Definition 16 . The complex fuzzy backward triangular composition means that
every symptom of a patient ai associated to a disease γk and the complex fuzzy forward triangular
composition means that a patient ai has every symptom associate to disease γk. The complex fuzzy
square composition designs that a patient αi has each symptom of the disease γk and each symp-
tom of the patient belong to disease γk. The diagnosis of diseases can be completed if the value of
R ⋆ S is established by the following score function S(R ⋆ S) = pR⋆S(αi, γk) +

1
2π θR⋆S(αi, γk), where

⋆ ∈ {◁p,▷p,♢p}, and S(R ⋆ S) ∈ [0, 2]. The largest value for the patient αi for all γk with respect to β j
is calculated from R and S.

We use a hypothetical scenario with actual data to use this strategy. We have selected five patients
from emergence ward of hospital which are suffering in the common symptoms of community acquired
pneumonia, COVID-19 and other similar diseases. Suppose that there are five patients Haider, Bilal,
Dilshad, Shahbaz, Rafique in a hospital with symptoms Headache (H), Sore throat (ST), Shortness of
breathing (SB), Cough (CH), and Fever (T). Let the possible diseases associate to the above symptoms
be COVID-19 (C19), Flu (F), Allergy (A), Cold (C), and community acquired pneumonia (CAP). Table 1,
explains the link of each patient with the degree of symptoms.

This link is theorized from healthcare professional viewpoints and research works about these
disease. Since these variables are linguistic and the doctors who don’t having any friendship with
fuzzy logic only can define disease in terms of severity of disease. It is with the researcher to change
linguistic variables to numeric quantities within unit circle of complex plane. Table 2, defines the CFR
between symptoms and diseases. First of all we use complex fuzzy backward triangular composition
method to identify the patient’s diseases on the basis of intensity of symptoms in Table 3. If we fix the
Dienes-Rescher implication operator, then the compositions analyze to identify the symptoms profiles
that are most commonly associated with specific diseases.

According to the result of score function values of complex fuzzy backward triangular composition
defined in Table 4, the diagnostic treatment is representing that the patients Haider and Bilal appear
to have higher degree of community acquired pneumonia. Patients Dilshad and Shahbaz have
experienced symptoms of community acquired pneumonia and cold and patient Rafique is suffering
from community acquired pneumonia and COVID-19.

In Table 5, the forward composition is another way for medical diagnosis to explain the diseases
of patients by connecting symptoms-diseases relations.

According to Table 6 the patients Haider Bilal, Dilshad, Shahbaz and Rafique are suffering from
community acquired pneumonia and Covid-19 with higher degree but Shahbaz is also suffering in
allergy and Rafique is suffering in flu.

The complex fuzzy square composition is a serviceable kit for medical specialist in diagnostic
process, as it can assist them to eliminate the suspicion of diseases efficiently and quickly. The
complex fuzzy square composition is not a definitive diagnostic kit to monitor diseases. It is used in
conjunction with backward triangular composition and forward triangular composition. The results of
this composition are summarized in Table 7. By calculating the score values of composition in Table 8
shows that all the patients are suffering from community acquired pneumonia but the Rafique has also
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high degree symptoms of COVID-19. The flow Chart for the analysis of these compositions is defined
in Figure 1

Table 1. Patients-symptoms relation.

R(U → V) =

R(αi, βj) H ST SB CH T
Haider 0.82e1.84πi 0.72e1.86πi 0.90e1.98πi 0.88e1.96πi 0.75e1.9πi

Bilal 0.90e1.8πi 0.80e1.60πi 0.580e1.16πi 0.67e1.34πi 0.98e1.96πi

Dilshad 0.78e1.78πi 0.61e1.22πi 0.23e0.46πi 0.71e1.42πi 0.88e1.76πi

Shahbaz 0.98e1.96πi 0.17e0.34πi 0.43e0.86πi 0.95e1.90πi 0.51e1.02πi

Rafique 0.77e1.86πi 0.49e0.98πi 0.89e1.78πi 0.20e0.4πi 0.77e1.54πi

Table 2. Symptoms-diseases relation.

S(V → W)=

S(βj, γk) CAP C F A C19
H 0.8e1.82πi 0.73e1.74πi 0.69e1.76πi 0.92e1.84πi 0.81e1.62πi

ST 0.81e1.8πi 0.98e1.96πi 0.25e0.5πi 0.91e1.82πi 0.74e1.48πi

SB 0.85e1.9πi 0.39e0.78πi 0.93e1.86πi 0.14e0.28πi 0.88e1.76πi

CH 0.82e1.72πi 0.86e1.72πi 0.10e0.2πi 0.73e1.46πi 0.20e0.4πi

T 0.84e1.68πi 0.96e1.92πi 0.48e0.96πi 0.44e0.88πi 0.56e1.12πi

Table 3. Patients-diseases relation.

R ◁p S(U → W) =

R ◁p S(αi, γk) CAP C F A C19
Haider 0.765e1.68πi 0.39e0.78πi 0.12e0.2πi 0.14e0.28πi 0.20e0.4πi

Bilal 0.800e1.6464πi 0.42e0.84πi 0.25e0.5πi 0.42e0.84πi 0.33e0.66πi

Dilshad 0.7392e1.6198πi 0.73e1.54πi 0.29e0.58πi 0.44e0.88πi 0.29e0.58πi

Shahbaz 0.784e1.680πi 0.57e1.14πi 0.10e0.20πi 0.49e0.98πi 0.20e0.4πi

Rafique 0.7565e1.68πi 0.39e0.78πi 0.48e0.96πi 0.14e0.28πi 0.56e1.12πi

Table 4. S(R ◁p S) = pR◁pS(αi, γk) +
1

2π θR◁pS(αi, γk).

S(R ◁p S)(U → W) =

S(R ◁p S)(αi, γi) CAP C F A C19
Haider 1.6050 0.7800 0.2200 0.2800 0.4000

Bilal 1.6232 0.8400 0.5000 0.8400 0.6600
Dilshad 1.5491 1.500 0.5800 0.8800 0.5800
Shahbaz 1.6240 1.1400 0.2000 0.9800 0.4000
Rafique 1.5965 0.7800 0.9600 0.2800 1.1200

Table 5. Patients-symptoms relation.

(R ▷p S)(U → W) =

R ▷p S(αi, γk) CAP C F A C19
Haider 0.7700e1.78πi 0.17e0.34πi 0.31e0.46πi 0.2e0.4πi 0.51e1.02πi

Bilal 0.7700e1.78πi 0.17e0.34πi 0.43e0.86πi 0.26e0.52πi 0.51e1.02πi

Dilshad 0.7254e1.748πi 0.49e0.98πi 0.23e0.46πi 0.2e0.4πi 0.75e1.54πi

Shahbaz 0.7740e1.5824πi 0.27e0.54πi 0.43e0.86πi 0.67e1.34πi 0.51e1.02πi

Rafique 0.7700e1.728πi 0.49e0.98πi 0.52e1.04πi 0.44e0.88πi 0.56e1.12πi

Table 6. S(R ▷p S) = pR▷pS(αi, γk) +
1

2π θR▷pS(αi, γk).

S(R ▷p S)(U → W) =

S(R ▷p S)(αi, γi) CAP C F A C19
Haider 1.6600 0.3400 0.5400 0.4000 1.0200

Bilal 1.6600 0.3400 0.8600 0.5200 1.0200
Dilshad 1.5994 0.9800 0.4600 0.4000 1.5200
Shahbaz 1.5652 0.5400 0.8600 1.3400 1.0200
Rafique 1.634 0.9800 1.0400 0.8800 1.1200
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Table 7. Patients-symptoms relation.

R♢pS(U → W) =

R♢pS(αi, γk) CAP C F A C19
Haider 0.7650e1.68πi 0.17e0.34πi 0.12e0.2πi 0.14e0.28πi 0.20e0.4πi

Bilal 0.7700e1.6464πi 0.17e0.34πi 0.25e0.5πi 0.26e0.52πi 0.33e0.66πi

Dilshad 0.7254e1.6198πi 0.49e0.98πi 0.23e0.46πi 0.2e0.4πi 0.29e0.58πi

Shahbaz 0.7740e1.5824πi 0.27e0.54πi 0.10e0.20πi 0.49e0.98πi 0.20e0.4πi

Rafique 0.7565e1.68πi 0.39e0.78πi 0.48e0.96πi 0.14e0.28πi 0.56e1.12πi

Table 8. S(R♢pS) = pR♢pS(αi, γk) +
1

2π θR♢pS(αi, γk).

S(R♢pS)(U → W) =

S(R ◁p S)(αi, γk) CAP C F A C19
Haider 1.6050 0.3400 0.2200 0.2800 0.4000

Bilal 1.6232 0.3400 0.5000 0.5200 0.6600
Dilshad 1.5491 0.9800 0.4600 0.400 0.5800
Shahbaz 1.5652 0.5400 0.2000 0.9800 0.4000
Rafique 1.5965 0.7800 0.9600 0.2800 1.1200

Figure 1

5. Conclusion

The new complex fuzzy relational compositions have been studied in this paper. We have
presented the compositions of CFRs by using the implication operators and max-product compositions.
The converse of these newly presented triangular compositions in terms of compositions of the converse
relations have been defined. We have defined the interactions of newly constructed compositions with
union and intersection. We have utilized these compositions to determine the diseases of patients on
the basis of intensity of symptoms.

In future, these structures can be extended in numerous ways. To evaluate customer’s behavior
and preferences during online shopping. The role of these compositions to determine the behavior of
customers in Amazon E-commerce website. Customizing the interactions with customers by using
unclear rules that are based on their choices and behavior. To find the application in polymer composite.
Polymer composites have significantly different physical and chemical properties. They are considered
essential and important high performance material. To cope with the unpredictability of market
movements, financial risk, and investment choices. To control the uncertainty connected with supplier
efficiency, projection of demand, and inventory management. To develop a model of complex business
system feedback loops and relationships in side company structures.
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