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and Lisbel Bárzaga-Martell

Department of Electricity, Universidad Tecnológica Metropolitana, Av. José Pedro Alessandri 1242, Santiago 7800002, Chile
* Correspondence: norelys.aguila@utem.cl

Abstract: This paper presents the design, implementation, and experimental validation of a switched
SW FOPID-PID controller for the stabilization of an inverted pendulum (InvP) system. Additional
PID and Fractional Order PID (FOPID) controllers were also designed, tuned and validated for
comparison purposes. The controllers were tuned offline using Particle Swarm Optimization (PSO)
and a mathematical model of the system for simulation. Their performance was assessed through
key indicators, including ITAE, ISI, settling time, peak values, and variance, and compared against
a manufacturer-provided PID controller. Experimental results demonstrated that all three designed
controllers outperformed the manufacturer’s PID under nominal conditions. The SW FOPID-PID
controller achieved the best overall performance, balancing control energy efficiency and response
quality. Under external disturbances, the FOPID and SW FOPID-PID controllers exhibited superior
robustness, being the switched controller the most effective, responding quickly to disturbances while
minimizing positional and angular errors.

Keywords: Switched Fractional Order PID; Particle Swarm Optimization; Control energy

1. Introduction
In the constant search for control strategies that yield better results than those currently available,

it is essential to address the question: Better in what aspect? Frequently, the effectiveness of the
controlled system, assessed through performance indicators, is crucial in responding to this question.
Nevertheless, other factors such as the efficient use of control energy, the simplicity or complexity of
the controller tuning process, the cost of developing the controller, and its implementation, among
others, can also be taken into account.

Despite all the advancements in new control strategies, the most widely used controller remains
the Proportional Integral Derivative (PID) controller. It is often preferred due to its simple structure
and because its tuning and implementation tend to be simpler than most other controllers. A relatively
straightforward alternative to the PID is its fractional-order counterpart, the FOPID, where the integral
and derivative components can be of non-integer orders. The fractional-order PID controller (FOPID) is
notable for its reduced sensitivity to parameter changes [1] and noise [2,3], better disturbance rejection
[1], improvements in transient response [4], and an increased range of gains that ensure stability [5–8],
among other benefits. Additionally, smoother control signals have been reported, which are associated
with lower control energy consumption [1,5,9–11].

However, these advantages often come at the cost of slower error convergence compared to the
use of PID, deteriorating key performance indicators. The PID, in contrast, can provide an effective
response in terms of convergence speed when the system’s complexity is manageable, although
this typically requires higher control energy [12]. In certain applications, the FOPID might achieve
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improved performance, while the PID may utilize lower control energy [13], but this trade-off is
usually evident.

To address this trade-off, a viable alternative could be a switched control scheme, SW FOPID-PID,
which essentially allows for switching between a PID and a FOPID according to a specific switching
rule. The aim is to leverage the best characteristics of each controller while minimizing their individual
shortcomings compared to their non-switched equivalents. This means that system performance
optimization relies on the careful selection of the switching criterion between schemes, as well as the
parameters of each controller.

Validation of new controllers, such as the mentioned SW FOPID-PID, is often conducted using
simulated models, primarily because of the high costs associated with owning experimental plants.
Nevertheless, experimental validation is preferred within the control community since it enables
testing new controllers in realistic scenarios. The inverted pendulum system (InvP), known for its
highly nonlinear dynamics, serves as an ideal and widely used test model for designing and validating
new control strategies. Its applications cover various engineering problems due to its similarities,
particularly in rocket launching, robotic arm control, and self-balancing vehicles [10,14], among others.
The main control challenge is to stabilize the pendulum in its upward vertical position, although a
pendulum lifting process must be completed before reaching this stage.

In technical literature, several works report the experimental validation of FOPID controllers in
the InvP system, often compared to the classic PID controller. For instance, see [14–20]. However, to the
authors’ knowledge, no studies have been reported on the experimental validation of SW FOPID-PID
controllers in the InvP system.

For a system different from the InvP, three works have been identified that provide some exper-
imental validation of a switched SW FOPID-PID. The first study is [21], which applies a switched
Fractional Order Proportional Integral Controller (SFOPI) to regulate the DC link voltage of a single-
phase active power filter under unbalanced conditions. The authors state that the classic PI offers better
steady-state behavior but is limited during the transient stage, while FOPI addresses this transient
drawback but leads to significant degradation in control performance during steady state. Conse-
quently, the authors propose a switching controller that alternates between the PI and the FOPI, using
the absolute value of the control error as the switching decision variable. The controller underwent
experimental testing, and the results were compared with standard PI and sliding mode controllers,
demonstrating improvements in settling time and overshoot. The same authors improved the con-
troller performance in [22] by modifying the switching mechanism with a fuzzy logic supervisor.
Later, almost the same group of authors presented another application of the SFOPI in [23,24], this
time focusing on the control of a grid-connected Wind Energy Conversion System, where the same
advantages were noted. Although these two works provide some experimental validation (none
targeting the InvP system), it should be noted that the controlled system is modeled as a linear system
and the controller is designed based on those constraints. Additionally, the validated controller is a
SFOPI, which lacks the fractional derivative component, known to pose an additional challenge for
experimental validation. Furthermore, no analysis is conducted on the balance between control energy
and system performance in the context of the switched approach.

The third work reporting the validation of certain switched SW FOPID-PID controllers is refer-
enced in [13], where a SFOPI controller is designed and experimentally validated for level control in a
conical tank. In [13], although the system is nonlinear and its nonlinear model is used for controller
design and tuning, its equilibrium point is stable, which is not the main challenge in validating a
controller, unlike the situation with the InvP system, whose equilibrium point is highly unstable.
While the resulting control energy is discussed and analyzed in this work, the controller also lacks the
fractional derivative component.

This work addresses the challenge of designing and tuning a switched controller, SW FOPID-
PID, to stabilize an inverted pendulum system (InvP), along with its corresponding experimental
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validation. The primary goal of this control strategy is to ensure a better balance between control
energy consumption and various performance indicators, and the experimental validation in this
complex scenario represents a significant contribution of this research.

In the following, Section 2 will present the concepts used in the paper along with the description
and mathematical model of the InvP. Section 3 introduces the controller design and tuning, while Sec-
tion 4 presents the results and discussion of the experimental validation. Finally, Section 5 summarizes
the main conclusions of the work.

2. Preliminaries
This section includes concepts and definitions utilized throughout the paper, as well as the system

description and mathematical model employed for controller tuning purposes.

2.1. Fractional calculus

Fractional operators are integrals and derivatives of orders that can be real or complex numbers
[25]. The fractional integral of a function is defined by [26] as

a Iα f (t) :=
1

Γ(α)

t∫
a

(t − τ)α−1 f (τ)dτ, (1)

where α > 0, Γ is the gamma function and m = ⌈α⌉. In the frequency domain, the Laplace transform
of the fractional integral of order α is given by L{0 Iα f (t)} = s−αF(s) [25].

This paper uses the Caputo fractional derivative, which is defined as

aDβ f (t) :=a Im−βDm f (t). (2)

In the frequency domain, the Laplace transform of the Caputo fractional derivative of order β

corresponds to L
{

0Dβ f (t)
}
= sβF(s)−

m−1
∑

k=0
sβ−k−1 f (k)(0) [25].

2.2. Fractional order proportional integral derivative controllers

FOPIDs are a generalized version of PID controllers in which the integral and derivative of the
control error can be of real order. In the frequency domain, the expression relating the input and
output of the FOPID controller (transfer function) corresponds to

U(s)
E(s)

= kp +
ki
sα

+ kdsβ, (3)

where U(s) is the Laplace transform of the control signal, E(s) is the Laplace transform of the control
error, kp, ki and kd are the proportional gain, integral gain and derivative gain, respectively, α ∈ (0, 2)
is the fractional integration order and β ∈ (0, 2) is the fractional derivation order. It can be observed
that the classic PID controller is a particular case of (3), when α = β = 1.

2.3. Inverted Pendulum system description

The system to be controlled in this work corresponds to an Inverted Pendulum (InvP) system,
manufactured by Feedback Instruments Ltd. Figure 1 shows a picture of the plant in the research
group laboratory.

A general diagram of this system, provided by the manufacturer, can be seen in Figure 2. The InvP
system can be divided into three main components: the mechanical unit, the DC motor & interface
unit, and the communication system.
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Figure 1. Picture of the InvP system at the research laboratory, Department of Electronic Engineering, Universidad
Tecnológica Metropolitana, Chile.

Figure 2. General diagram of the InvP system [27].

The mechanical unit of the InvP includes all the mechanical elements of the system and essentially
consists of a cart with two pendulums traveling on a rail [27]. The mechanical unit features a rail
fixed to a base supported by two adjustable legs, allowing the rail to remain level. As illustrated in
Figure 3, a direct current (DC) motor is positioned at one end of the rail, driving a sprocket wheel that,
when in motion, moves a plastic toothed belt. This belt extends to the opposite end of the rail, where
another sprocket wheel helps maintain its tension before it returns to the motor’s end. A metal cart is
connected to the plastic belt along the rail. A metal shaft in the center of the cart links two pendulums
with mass at their longer ends, which can rotate freely. The movement of the cart is caused by the
DC motor at the end of the rail, pulling the belt in two directions. By applying voltage to the motor,
the force with which the cart is pulled can be controlled. The force value is dependent on the control
voltage applied to the motor, which rotates at a velocity proportional to the control voltage applied.
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Figure 3. Diagram of the mechanical unit of the InvP system [27].

Both the cart’s shaft and the DC motor are equipped with optical encoders, enabling the measure-
ment of the cart’s relative position as well as the pendulum’s relative angular position. An optical
encoder comprises a light source, a light detector, and a slit disk positioned between them. This
setup allows the measurement of relative position with respect to the initial point by counting the
pulses detected by the light detector [27]. To obtain accurate data, the cart must be centered on the rail
before any tests are conducted, and the pendulum should rest in the lower (hanging) position. These
positions are defined as 0 [m] for the cart’s position and π [rad] for the pendulum’s angular position,
respectively. The cart can move freely along the rail, up to 1 [m] from the center in both directions. At
these points, limit switches will activate if the cart reaches these positions, causing the DC motor to
stop for safety reasons. Conversely, the pendulum can move across its full range from 0 [rad] to 2π

[rad].
The DC motor and interface unit is responsible for receiving position signals from the optical

sensors located in the mechanical unit and transmitting them to the computer, where control algorithms
will run. Similarly, it receives the control signal from the computer, which is a voltage ranging from
−2.5 [V] to 2.5 [V], and sends it to the DC motor, which is also powered through this unit. Additionally,
this unit executes the emergency stop if a limit switch is activated. It also features two buttons: a green
button that allows tests to be conducted (enabling the inverted pendulum system for experiments) and
a red button that serves as a manual emergency stop.

The communication system comprises two fundamental components: a Small Computer System
Interface (SCSI) adapter and a data acquisition card, specifically the Advantech PCI-1711U-CE. The
SCSI adapter enables data and signal transmission between the computer and the mechanical unit,
allowing real-time monitoring and control. The Advantech PCI-1711U-CE data acquisition card allows
real-time data acquisition, essential for monitoring and controlling the system, and communicates with
the computer via a Peripheral Component Interconnect (PCI) port. This card includes 16 analog input
channels, two 12-bit analog output channels, 16 digital input channels, 16 digital output channels, a
programmable counter, and a 12-bit Analog/Digital (A/D) converter with a sampling rate of up to 100
[kHz] [27]. Figure 4 illustrates the connection diagram between all the elements.
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Figure 4. Connection diagram between the mechanical unit, the DC & motor interface unit, and the computer,
where the SCSI adapter and the Advantech PCI-1711U-CE data acquisition card are involved [27].

2.4. Mathematical model of the plant

To simulate the system, as well as to design, tune, and validate controllers for it, obtaining a
sufficiently representative mathematical model of the system to be controlled is necessary. In the case
of the InvP system, both the cart-pendulum and the DC motor must be modeled.

In the case of the cart-pendulum system, the manufacturer provides a nonlinear model as follows
[27]

(M + m)ẍ + bẋ + mlθ̈ cos(θ)− mlθ̇2 sin(θ) = F (4)

(I + ml2)θ̈ − mgl sin(θ) + mlẍ cos(θ) + dθ̇ = 0, (5)

where x [m] is the cart position with respect to the center of the rail, θ [rad] is the pendulum angular
position with respect to the vertical, g is the gravitational acceleration, l is the pendulum length, M
is the mass of the cart, m is the mass of the pendulum, I is the moment of inertia, b is the friction
coefficient of the cart, d is the viscous friction coefficient of the pendulum, and F is the force applied
to the cart by the motor and the input to the system. The numerical values of the eight specified
parameters are listed in Table 1.

Although the manufacturer’s manual [27] provides only these nonlinear equations, they can be
derived by defining kinetic energy and potential energy, forming the Lagrangian, and obtaining the
Lagrange equations for both the cart position (x) and the pendulum angular position (θ). Details of this
derivation are not included in this manuscript due to space constraints, but they can be found in [28].
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Table 1. Numerical values of the model parameters for the InvP system (cart-pendulum and DC motor) [27].

Parameter Value Unit Description
Cart-Pendulum system

g 9.81 [m/s2] Gravitational acceleration
l 0.36 [m] Pendulum length

M 2.4 [kg] Mass of the cart
m 0.23 [kg] Mass of the pendulum
I 0.099 [kg m2] Moment of inertia
b 0.05 [N/rad/s] Friction coefficient of the cart
d 0.005 [Nms/rad] Viscous friction coefficient of the pendulum

DC Motor
Kt 0.05 [Nm/A] Torque constant
Kb 0.05 [Vs/rad] Electromotive constant
R 2.5 [Ω] Electrical resistance
L 0.0025 [H] Electrical inductance
J 0.000014 [Nms2/rad] Rotor’s moment of inertia
B 0.000001 [Nms/rad] Friction coefficient

Regarding the DC motor, it can be modeled as a resistor R in series with an inductance L, along
with a voltage opposing the source (back electromotive force), which is generated by the motor’s
angular velocity. Using Kirchhoff’s voltage law [29] and the rotational dynamics of the motor along
with Newton’s second law, the following equations can be derived to describe the DC motor dynamics

J
dw(t)

dt
= Kti(t)− Bw(t),

L
di(t)

dt
= v(t)− Ri(t)− Kbw(t),

(6)

where i [A] is the current, v [V] is the source voltage, ω [rad/s] is the angular velocity, J is the inertial
constant, B is the inertial moment with respect to the motor center of mass, Kb is the electromotive
constant, Kt is the torque constant, R is the electrical resistance, and L is the electrical inductance.
Numerical values of the six specified parameters can be found in Table 1.

Since the DC motor model must be coupled with the cart-pendulum model, it is necessary to
establish the mathematical relationship between the DC motor variables and the force F applied to the
cart. In order to do this, the current-torque relationship and the torque-force relationship are used,
both of which are included in the simulation software provided by the plant manufacturer [27] as
follows

Tm = Kt i, (7)

F = 600Tm, (8)

where Tm is the motor torque.
Once the representative mathematical models of the cart-pendulum and DC motor are obtained,

they are programmed in a computational environment. In this case, Matlab/Simulink is utilized,
which is intuitive for modeling, simulating, and analyzing dynamic systems. Figure 5 illustrates a
block diagram depicting the programmed structure. As shown in Figure 5, the input to the system
corresponds to the voltage applied to the DC motor v, while the outputs are the pendulum’s angular
position θ and the cart’s position x.

In Matlab/Simulink, the DC motor equations (6), (7), (8) are programmed into one block (DC
motor block in Figure 5), whose input is the voltage applied to the motor, v, and the output is the force,
F, applied to the cart. A second block (the one with the cart-pendulum in Figure 5) is then connected
in series with the first block, which incorporates the nonlinear equations 4 and 5. This second block
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takes the force F as its input and produces the pendulum’s angular position, θ, and the cart’s position,
x, as outputs.

Figure 5. Representative block diagram of PInv system for simulation purposes, programmed in Matlab/Simulink.

3. Controllers Design and Tuning
The inverted pendulum control task can be seen as a self-erecting control problem, which is

present in missile launching and control applications, to stabilize the inverted pendulum in an upright
position. The inverted pendulum is inherently unstable. Left without a stabilizing controller, it will
not be able to remain in an upright position when disturbed.

3.1. Controllers Included in the InvP System by Manufacturer

The inverted pendulum control provided by the manufacturer is divided into two distinct control
problems. The first is the swing-up control, which enables the pendulum to reach the upright position
(around θ = 0) [rad]. The second involves controlling around that equilibrium point, which is achieved
using PID control [27].

In the case of the swing-up control, the goal of the control is to bring the pendulum to an upright
position with as minimal angular velocity as possible. This will ensure that the stabilizing controller,
which takes over from the swing-up controller, will have an easy task. A large velocity value at
the point of controller changeover could cause the pendulum to over swing or cause very nervous
reactions of the cart or even cause it to hit the end of the track [27].

If the acceleration is unbounded, it is possible to bring the pendulum to the upright position in a
single swing. However, because of safety it is better to swing up the pendulum in a robust way, which
will assure that the pendulum will end up in a vertical position where θ = 0. The motor control signal
is bounded to ±2.5 [V] (the actual range is 0 [V] to +5 [V]) and ±20 [N] in terms of force, so these are
the maximal values that can be transferred. The physical bound of the track has also to be considered
[27].

There are many algorithms used for swing-up control; however, their robustness is in trade-off
with their time performance. The manufacturer provides one strategy that achieves the control goal by
using a set of rules to define the control signal. Since the aim of this work is to propose controllers
for the stabilization stage, the swing-up control provided by the manufacturer will be used without
modifications.

For the stabilization stage, which is the main goal of this work, manufacturer provides a PID
controller. Since the inverted pendulum is a Single Input Multiple Output (SIMO) system, two separate
PID controllers are provided (one for angular position θ and one for cart position x), and their outputs
are combined to generate the final single control signal, as can be observed in the block diagram of
Figure 6.
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Figure 6. Block diagram for stabilization control of the InvP using PID controllers, proposed by the manufacturer.

According to Figure 6 and the manufacturer manual, the control signal in the Laplace domain
will be defined as

v(s) =
[

Kpθ
+

Kiθ
s

+ Kdθ
s
]

eθ(s)−
[

Kpx +
Kix

s
+ Kdx s

]
ex(s) (9)

where Kpθ
, Kiθ , and Kdθ

are the proportional gain, integral gain, and derivative gain, respectively, of
the PID controller for angular position. On the other hand, Kpx , Kix , and Kdx denote the proportional
gain, integral gain, and derivative gain, respectively, of the PID controller for the cart’s position. The
control error for the cart’s position is expressed as ex = rx − x, while eθ = rθ − θ represents the error in
the pendulum’s angular position, where rθ and rx are the reference signals for the angular position
of the pendulum and the position of the cart, respectively. Since the goal is to center the cart on the
rail and maintain the pendulum in a stable upright vertical position, both the reference for the cart
position rx and the reference for the pendulum’s angular position rθ are set to zero. The manufacturer
provides the numerical values of the controller gains as shown in Table 2. In the following sections,
this controller will be referred to as PIDBASE.

Table 2. Numerical values of the parameters for PIDBASE controller provided by manufacturer [27].

Kpx Kix Kdx Kpθ
Kiθ Kdθ

7 0.5 4 25 0.2 1.5

3.2. Design of switched fractional order proportional integral derivative controller

A different tuning for PID controllers or the design and tuning of FOPID controllers could lead
to improvements in control energy and system performance, compared to PIDBASE. However, these
controllers can present a sort of trade-off between control energy and system performance, thus leading
to the idea of using a switched version of them, trying to combine the strengths of both controllers. In
the particular case of the inverted pendulum (PInv), the block diagram of the proposed strategy can be
seen in Figure 7.
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Figure 7. Block diagram for stabilization control of the InvP using the proposed switched approach.

A switching mechanism will allow alternating between a PID and FOPID controller, based on a
criterion which in this case depends on the control error for the angular position eθ . Specifically, the
FOPID control signal will be sent to the plant when the absolute value of the angular position control
error θ exceeds a certain threshold es (design parameter), while the PID control signal will be sent when
it is below this threshold. This means that the FOPID controllers would operate during transients and
disturbed stages, providing their corresponding advantages, and the PID controllers would mostly
operate near the steady state, offering their advantages of fast convergence. The equation representing
the switched control scheme is therefore defined as follows

v =

uFOPID i f |eθ(t)| > es

uPID i f |eθ(t)| ≤ es
, (10)

where |eθ | corresponds to the absolute value of the control error of the pendulum’s angular position eθ ,
es ≥ 0 is a design parameter, uPID is defined as in (9) and uFOPID is defined in the Laplace domain as

uFOPID(s) =

[
Kpθ f

+
Kiθ f

sαθ
+ Kdθ f

sβθ

]
eθ(s)−

[
Kpx f

+
Kix f

sαx
+ Kdx f

sβx

]
ex(s), (11)

with Kpθ f
, Kiθ f

and Kdθ f
the proportional gain, integral gain and derivative gain, respectively, of the

FOPID controller for the angular position, while αθ and βθ are the fractional orders for the integral
part and the derivative part, respectively. On the other hand, Kpx f

, Kix f
, and Kdx f

are the proportional

gain, the integral gain, and the derivative gain, respectively, of the FOPID controller for the position of
the cart, while αx and βx are the fractional orders of the integral and derivative parts of this controller,
respectively.

To implement the switched control scheme, it was decided to filter the control signal v (as shown
in Figure 7) to smooth it before injecting it into the system. This is necessary because switching between
control schemes can lead to abrupt transitions, which should be avoided for actuator protection. The
filter used is a first-order transfer function defined by

H(s) =
1

τf s + 1
, (12)
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where s represents the complex variable in the Laplace domain, and τf is the time constant. As shown
in (12), incorporating this filter into the control scheme adds a pole to the system, which remains stable
for any positive value of τf . The time constant τf adjusts the speed of the filter’s response. A smaller
value of τf enables the filter to pass higher frequency signals, resulting in a faster response but with
a less smoothing effect on transitions. On the other hand, a larger value of τf will provide a higher
smoothing effect but may introduce a delay in the system’s response. Therefore, there is a trade-off
between smoothing and delay, so the process of selecting the time constant τf must be done carefully.
For simulation purposes and controller tuning, a value of τf = 0.001 was established and maintained
in experimental tests. The tuning process was conducted through trial and error.

3.3. Tuning of controller parameters

According to the structure of the switched controller proposed in Section 3.2, the number of
parameters to be tuned using the optimization process is 17, of which 6 correspond to the PID
controllers, 10 correspond to the FOPID controllers, and the last one corresponds to the threshold value
es, which is compared to the absolute value of the error to determine when to switch. The parameter
vector to be adjusted is therefore defined as follows:

p = [

PID︷ ︸︸ ︷
Kpx Kix Kdx Kpθ Kiθ Kdθ

FOPID︷ ︸︸ ︷
Kpx f Kix f Kdx f

αx βx Kpθ f Kiθ f Kdθ f
αθ βθ es],

(13)

where the subscript f in the gains refers to the FOPID controller.
Due to the large amount of controller parameters to be tuned, an offline optimization process was

conducted, specifically using Particle Swarm Optimization (PSO) and using the mathematical model
of the system for simulation purposes.

Before starting the controller tuning process with an optimization algorithm, it is essential to
establish the criteria that the algorithm will use to evaluate and refine the design parameters. To achieve
this, the system’s performance is assessed according to two criteria: the performance of the controlled
system and the use of control energy. These performance indices will also facilitate conclusions about
the impact of the design parameters and the pros and cons of the resulting controllers during a later
results comparison.

The performance of the controlled system is evaluated through the integral of the time-weighted
absolute error (ITAE), which is given by

ITAE =

Ti∫
0

t|e(t)|dt, (14)

where Ti corresponds to the simulation/operation time of the controlled system at the time of controller
tuning, and e to the control error of the system, in this case considering both the error in angular
position and the error in the cart position, i.e., e = ex + eθ = (rx − x) + (rθ − θ).

In the case of control energy, it is evaluated through the integral of the squared control signal
(ISI), in this case

ISI =
Ti∫

0

v2(t)dt, (15)

where v corresponds to the control signal injected into the system. This index allows measuring the
effort required to control the system, which translates into control energy.

In that way, the cost function to be optimized during the tuning corresponds to the combination
of both performance indexes, that is

J = ITAE + ISI. (16)
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The search space must be defined by setting the range of values that the parameters of p (13) can
take, establishing an upper bound (ub) and a lower bound (lb). The search range for gains was set
to ±50, while the range for the values of integral and derivative orders was defined as (0, 1.9), since
this range ensures a necessary (though not sufficient) condition for the stability of a fractional-order
system [26]. Since the controllers are designed to operate within the range of ±0.2 [rad] because they
will address only the stabilization (not the swing-up), and considering that the absolute value of the
error serves as the switching element, for the es parameter, the lower and upper limits are set to 0 and
0.2 [rad], respectively.

For optimization, MATLAB’s PSO toolbox was used. The number of particles, noP, was set to 200,
the maximum number of iterations to maxIter = 200, and the remaining algorithm parameters were
maintained at their default settings values. Additionally, the code was modified to start the search
from the PIDBASE controller gains for both the PIDs and FOPIDs, with fractional orders equal to 1 for
the latter and es = 0.2, allowing one to start the search from a stable and feasible controller.

To carry out the optimization process, each parameter vector p (13) was utilized to run the
pendulum stabilization simulation. Each simulation begins with the cart positioned at 0 [m] and the
pendulum tilted at 0.2 [rad], which is roughly 11 degrees. The simulation duration for all experiments
was established at 100 [s]. Upon concluding each simulation, the ITAE and ISI are calculated, and the
cost function is computed, which is then sent back to the PSO algorithm to proceed with the search.

The parameter values resulting from the optimization process are shown in Table 3. Additionally,
Table 3 includes non-switched PID and FOPID controllers, which were designed and tuned using the
same procedure as the switched controller for comparison purposes.

Table 3. Resulting parameters from the optimization process for all designed controllers.

Kp Ki Kd α β es
SW-FOPID-PID controller

PIDx 8.85 0.86 6.82 - -

0.12PIDθ 19.11 5.25 3.61 - -
FOPIDx -2.25 2.43 0.88 0.91 0.40
FOPIDθ 33.41 0.78 -2.17 1.56 0.56

PID controller
PIDx 4.53 0.58 4.82 - - -
PIDθ 8.95 1.61 2.44 - - -

FOPID controller
FOPIDx 2.02 3.32 11.13 0.86 0.56 -
FOPIDθ 48.36 -0.03 6.27 1.08 0.69 -

Table 3 shows that for the PID controller, the gain values obtained are all positive and relatively
small in magnitude. In contrast, for the switched SW FOPID-PID controller, the parameter es resulted
0.12 [rad] (approximately 6.87 degrees), which is around the midpoint of the operating region for the
stabilization controller.

For FOPID controllers, the optimization algorithm produced controllers that lacked the derivative
component Kd (the order β took on a value of zero), meaning they were actually FOPI controllers.
However, these controllers faced difficulties during experimental validation; they could achieve
stabilization, but at the cost of a control signal that caused the cart to move very quickly, leading to
the suspension of the experiment for safety reasons regarding the plant’s components. Consequently,
it was decided to repeat the tuning process for this controller, adding constraints to the algorithm’s
search ranges in an attempt to reverse the previous outcomes. The ranges for the controller gains were
restricted to low positive values, and the range for the fractional orders was limited to [0.2, 1.5] to
prevent very slow control signals (orders less than 0.2) or highly oscillatory control signals (orders
greater than 1.5). As a result, a new set of parameters for the FOPID controller was obtained, showing
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significant improvement in the behavior of this controller during stabilization. This set of parameters
is displayed in Table 3.

4. Experimental validation of controllers
To perform real-time tests of the proposed controllers, two elements must be considered that were

not present during the simulation environment used for tuning. The first is how to obtain data from
the plant’s sensors in Matlab/Simulink, and the second is how to send the control signal generated by
the controllers from Matlab/Simulink to the plant.

Specific tools for these tasks in Matlab/Simulink are included in the software provided by the
plant manufacturer [27]. The Feedback Encoder block, whose image is shown in Figure 8, is responsible
for extracting information from the Advantech PCI-1711U-CE card, which establishes communication
between the computer and the plant. This block provides the data for the cart position x [m] and the
angular position of the pendulum θ [rad], with a sampling frequency of 1 [kHz].

Figure 8. Block Feedback Encoder present in the manufacture software for InvP system, to be used with Mat-
lab/Simulink.

The second block provided by the manufacturer software [27] is the Feedback DAC, which converts
the control signal of the system into a voltage signal compatible with the physical system. Figure 9
shows an image of this block.

Figure 9. Block Feedback DAC present in the manufacture software for InvP system, to be used with Mat-
lab/Simulink.
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To ensure the proper functioning of the plant, the software provided by the manufacturer for
Matlab/Simulink also includes three safety components. The first is a Friction compensator, which helps
to compensate for the effects of friction in the cart-pendulum system and to improve control accuracy.
The second corresponds to a Saturator, which limits the control voltage sent to the plant to a maximum
range of ±2.5 [V]. And finally, the third is a Voltage scaler, to add 2.5 [V] to the control signal to adjust
the voltage ranges to those utilized by the Advantech PCI-1711U-CE communication card, as it has a
unipolar DAC output ranging from 0 to 5 [V].

To bring the pendulum to the stabilization region where the proposed controllers will operate, the
swing-up algorithm included in the plant software [27] is used. To integrate the proposed controllers
with this swing-up stage, the block called Swing hold pendulum extra included in the software has
been utilized, as shown in the block diagram in Figure 10. As can be observed from Figure 10, this
diagram incorporates a block responsible for lifting the pendulum and the other elements needed
for its subsequent control in the stabilization zone. Therefore, the control block Inverted pendulum
stabilization has been replaced with the controllers designed in this work, while the lifting block Swing
up control remains as it appears in the experiment.

Figure 10. Block diagram in Matlab/Simulink for experiment Swing hold pendulum extra[27].

The block responsible for lifting starts to operate with the pendulum in the position π [rad],
equivalent to its stable lower position (free hanging). To initiate the pendulum’s swing, the cart is
moved in one direction until the derivative of the pendulum’s angular position reaches zero, after
which the cart’s movement is reversed. With each repetition of this process, the pendulum reaches a

greater height. When the pendulum surpasses the horizontal position of ±π

2
[rad], the cart reverses

its direction, aiding the pendulum in rising even higher until it reaches a position of ±0.2 [rad]. At
this point, the system switches from the lifting block to the control block (stabilizing control). It is
crucial to note that the lifting block incorporates a PID controller that stabilizes the cart’s oscillations
around the origin, preventing it from moving to the ends of the rail, where limit switches would stop
the experimental test if activated.

Additionally, this experiment includes the block Set point selection. As shown in Figure 10, this
block addresses an issue that was not considered at the simulation level when tuning the controllers,
where the stabilization reference was always set at 0 [rad], but the pendulum can also stabilize at
the position 2π [rad]. This block changes the stabilization reference depending on which side the
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pendulum is moving. If the pendulum reaches values greater than π [rad], it will stabilize at 2π [rad];
otherwise, if the values are less than π [rad], it will use 0 [rad] as the reference.

4.1. Results and discussion of experimental validation

The experimental tests were carried out for all proposed controllers, as well as for the PIDBASE

included with the manufacturer software, for comparison purposes. The performance of the controllers
is analyzed only for the stabilization phase of the pendulum, taking as the initial time the moment in
which the transition from the lifting phase (common to all controllers) to the stabilization phase occurs.

For the comparative analysis of each control scheme, the performance indicators ISI and ITAE
are used, as well as the peak values (Peak) and settling times (Ts), both for the cart position x and the
angular position θ. In the case of settling times, a tolerance of 5% of the corresponding variable range
has been used to calculate their values. Additionally, the variance (σ) of controlled and manipulated
variables is incorporated to assess the impact of the natural oscillations that occur in real experiments
due to measurement noise, etc. The resulting performance indicators are shown in Table 4. For visual
reference, Figure 11 shows the cart position x, the angular position of the pendulum θ, and the control
signal v. Note that although the stabilization phase lasted 17 [sec], the x-axis is showing only the
transient for better visualization. On the other hand, Figure 12 and Figure 13 show how ITAE and ISI
evolve in time, respectively. Based on the results, the following conclusions can be drawn.

Table 4. Results obtained for the performance indicators in experimental tests to stabilize the InvP system using
the designed controllers.

ISI ITAE Peakx Peakθ Tsx Tsθ
σv σx σθ

PIDBASE 4.75 7.34 0.18 0.19 5.99 17 2.79e-01 1.90e-03 1.10e-03
SW FOPID-PID 2.91 0.20 0.07 0.015 0.45 0.94 1.71e-01 1.71e-04 1.09e-04

FOPID 3.66 3.85 0.13 0.13 4.38 17 2.15e-01 1.50e-03 3.35e-04
PID 1.46 6.57 0.09 0.05 4.35 16.8 8.53e-02 7.26e-04 1.82e-04

Figure 11. Evolution of the cart position, pendulum angular position, and control signal in experimental tests,
using the PIDBASE and the proposed PID, FOPID, and SW FOPI-PID controllers.
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• The SW FOPI-PID controller has the lowest ITAE, with a significant margin compared to the other
controllers. This is illustrated in Figure 11, which shows that this controller stabilizes both states
both states fairly quickly. Additionally, Figure 12 shows that ITAE converges rapidly and reaches
a much lower value compared to the rest of the controllers.
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Figure 12. Evolution of the ITAE performance indicator in experimental tests, using the PIDBASE and the proposed
PID, FOPID, and SW FOPI-PID controllers.

0 2 4 6 8 10 12 14 16

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

Figure 13. Evolution of the ISI performance indicator in experimental tests, using the PIDBASE and the proposed
PID, FOPID, and SW FOPI-PID controllers.

• In addition to having the lowest ITAE value, the SW FOPID-PID controller presents the lowest
peak values and settling times for both the cart position and the pendulum angular position.
Furthermore, this controller produced the lowest variances in both the pendulum angular position
and cart position. Together with the previously mentioned results, this indicates that the switched
controller performs the best.

• The only downside of this controller, as shown in Figure 11, is that its control signal saturates
briefly at the beginning of the experiment and exhibits oscillations throughout the entire control
process, leading to an increase in the ISI indicator. Nevertheless, the control energy used in this
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case lies in between the values obtained with the proposed PID and FOPID controllers, as can be
corroborated from Figure 13 and Table 4. This actually means that the switched controller not only
achieved the best performance but also did so with a balanced use of control energy, compared to
the non-switched controllers. Also, the switched controller outperforms the PIDBASE controller
provided by the manufacturer and the designed FOPID controller in every single performance
index of Table 4.

• The proposed PID controller exhibits the lowest ISI due to a smoother control signal with smaller
oscillations, as shown in Figure 11. However, this led to longer rise times compared to the FOPID
and SW FOPID-PID controllers. Nevertheless, the proposed PID outperforms the manufacturer
PIDBASE controller in every single indicator.

• The FOPID controller, as previously mentioned, presented several difficulties during the experi-
mental tests, generating very abrupt responses, and despite managing to control the pendulum,
the test had to be suspended due to very rapid oscillations of the cart. This was largely mitigated
by retuning the controller, allowing for complete tests to be carried out without major issues, but
as seen in Figure 11, the described tendency remains when observing the control signal of the
controller. It saturates on more than one occasion and exhibits a greater number of oscillations
with larger magnitudes, a behavior that can also be seen in the angular position of the pendulum,
which shows small ripples throughout the experiment. Still, looking at the performance indicator
data in Table 4, this controller outperforms the proposed PID in ITAE and has pretty similar
values for settling times, and outperforms the manufacturer PIDBASE controller in every indicator.

• Finally, we refer to the analysis of the variances of the signals during the control process, which
were added to visualize the magnitude of the parameter and provide valuable information about
the stability and accuracy of the controlled system. Table 4 shows the values obtained for this
indicator for the cart position, pendulum angular position, and control signal for each of the
controllers under study. The PID controller has the lowest variance for the control signal, followed
by the switched SW FOPID-PID controller. This result is consistent with what is observed in
Figure 11, where the control signals of these two controllers show the smallest magnitudes in their
oscillations. In contrast, controllers like FOPID and PIDBASE show an increase in this indicator
compared to the others, making more frequent and larger adjustments, a situation that could
cause wear on the system’s actuators.

• For both the cart position and the pendulum’s angular position, the variances for the PID and SW
FOPID-PID controllers are quite similar, with the latter exhibiting the lowest values. This indicates
that both controllers maintain both state positions with little deviation, resulting in good control
performance. The FOPID and PIDBASE controllers, on the other hand, exhibit higher magnitudes
for these variances, with lower values for the FOPID in the pendulum angular position and fairly
similar values for the cart position in both. This means they show greater fluctuations in the
positions and that the control exerted is effective, but inferior in terms of performance compared
to the switched SW FOPID-PID and PID controllers. The lower values of these indicators for these
latter controllers may indicate that the controlled system is more robust against disturbances.

4.2. Results and discussion of experimental validation in the presence of disturbances

Once the experiments mentioned in the previous section were concluded, the robustness of the
controllers was tested in the presence of disturbances. To do this, the experiments were conducted
similarly to the previous case, but after completing the pendulum’s lifting phase and stabilization,
it was manually pushed at the end, where the mass is located. This introduces a disturbance in the
angular position, which is also reflected in the cart’s position. This push was applied more than once
during the experiments.

The test conducted may not be entirely conclusive in determining how certain controllers outper-
form others, as experiments were, of course, carried out separately for each controller, meaning that the
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force applied manually to the pendulum as a disturbance was not consistent in all cases. Nevertheless,
it does help verify the robustness of the designed controllers.

As in the experiments without disturbances, only the stabilization phase was considered when
calculating the performance indicators, without taking into account the time it took for the system
to complete the lifting phase. The results obtained for the performance indicators in these tests are
shown in Table 5. Figure 14 shows the evolution of the controlled and manipulated variables, while
Figure 15 and Figure 16 show the evolution of ITAE and ISI, respectively. Based on these results, the
following conclusions and remarks can be made.

Table 5. Results obtained for the performance indicators in experimental tests to stabilize the InvP system using
the designed controllers, in the presence of disturbances.

ISI ITAE Peakx Peakθ Tsx Tsθ
σv σx σθ

PIDBASE 5.24 23.85 0.13 0.14 33.58 36.86 0.13 1.1e-03 3.3e-04
SW FOPID-PID 5.09 15.81 0.14 0.18 24.64 25.62 0.12 4.16e-04 5.8e-04

FOPID 8.82 53.05 0.36 0.15 39.31 39.46 0.22 9.0e-03 6.9e-04
PID 4.54 30.43 0.15 0.16 33.76 40 0.11 1.0e-03 3.4e-04
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Figure 14. Evolution of the cart position, pendulum angular position, and control signal in experimental tests,
using the PIDBASE and the proposed PID, FOPID, and SW FOPI-PID controllers, in the presence of external
disturbances.
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Figure 15. Evolution of the ITAE performance indicator for controllers in an experimental test in the presence of
external disturbances.
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Figure 16. Evolution of the ISI performance indicator for controllers in an experimental test in the presence of
external disturbances.

• Similar to cases without disturbances, the switched controller resulted in the lowest ITAE and
settling times for both the cart position and the pendulum’s angular position. It also yielded the
lowest value for the variance of x. Although the lowest peak values and the variance of θ were
achieved with the manufacturer PIDBASE, this doesn’t mean the PID was actually better in these
performance indices, due to the points discussed in the following section.

• Although the PIDBASE controller provided by the manufacturer showed the lowest peak values
and variance for θ, outperforming SW FOPID-PID, and many of the remaining performance
indicators resulted better than with PID and FOPID controllers, this result is not completely
representative for drawing conclusions. This is because, in the case of PIDBASE, several tests were
needed to finish this experiment successfully. In most experiments, applying a second strike
caused the pendulum to fall, or the cart, while trying to control it, would move to the end of the
rail, triggering a limit switch and stopping the simulation. It can be seen from Figure 14 that
disturbances applied to this controller are of lower magnitude, as that was the only way for the
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controller to recover after two strikes. Thus, it is obvious that peak values and variance of θ would
be lower for this controller. It is important to note that, although in this test the depicted PIDBASE

used a lot of control energy in attempting to stabilize the pendulum after the strikes, once the
pendulum was stable, it required less energy compared to the other controllers. This can be seen
in the ISI plot in Figure 16, where the slope after the disturbances is the lowest.

• Although the strikes applied to the PID tuned in this work were of higher magnitude than those
for the PIDBASE, it also encountered issues in successfully completing the experiments. Several
attempts were necessary in order to achieve a test where the PID was able to stabilize completely
after two strikes, due to the same reasons explained in the previous point for PIDBASE. Still, as
it can be seen from Table 5 and Figure 16, the PID is the controller with the lowest ISI, as in the
case without disturbances. However, the differences with respect to the ISI for the rest of the
controllers are not so representative as in the previous experiments.

• The FOPID controller demonstrated greater robustness than the previous two controllers. This was
observed by being able to apply multiple disturbances to the system without the pendulum falling
or the cart deviating too much (three strikes can be seen in Figure 14 for this controller). However,
it was necessary to include a speed filter in the generated control signal, as the system oscillated
faster than the actuator could handle in the steady state, which could cause problems with the setup.
This filter helped improving the steady state, achieving a low slope in both ITAE (see Figure 15) and
ISI (see Figure 16). Nevertheless, the filter also negatively affected the controller’s performance in
the transient states, as reflected in the slopes of ISI and ITAE at those moments, and leading to this
controller being the one with the highest values for both ITAE and ISI.

• Although the switched SW FOPID-PID controller was not the best in terms of energy performance,
as seen in Figure 16 with a steeper slope in the steady state, the resulting value for ISI was in
between the values used for PID and FOPID controllers, as it was in the case without disturbances.
Considering all the previous analyses, it can be concluded that the SW FOPID-PID controller
resulted in the best overall performance. Even more, it was evident during the tests that it was the
most robust controller, as it withstood stronger strikes and managed to remain stable in all cases.

5. Conclusions
In this paper, PID, FOPID, and switched SW FOPID-PID controllers have been designed, imple-

mented, and tuned for stabilizing an inverted pendulum system (InvP). The tuning of the controllers
was performed offline using Particle Swarm Optimization and a mathematical model of the system for
simulation purposes.

Experimental validation of the controllers was carried out with and without external disturbances.
Performance indicators such as ITAE, ISI, controlled variables’ settling times, peak values, and vari-
ances were used to analyze the controlled system performance. A PID controller provided by the InvP
system manufacturer was used for comparison.

In the case without disturbances, the three designed and tuned controllers outperformed the manu-
facturer’s PID across every performance indicator. The switched SW FOPID-PID controller achieved the
lowest values for all performance indicators, except for control energy and control signal variance, where
the designed PID performed the best. However, the control energy used by the SW FOPID-PID yielded
values between those obtained with the PID and FOPID, achieving the desired balance.

When a manual disturbance was applied to the InvP, the FOPID and SW FOPID-PID controllers
were more robust than the designed PID and manufacturer’s PID, as they could withstand multiple
disturbances without the pendulum falling or the cart deviating excessively. However, the FOPID
required a speed filter, which impacted other performance indicators. Thus, the switched controller
emerged as the most robust, able to withstand large impacts, responding quickly, and generating
minimal errors in both the cart’s and the pendulum’s angular positions.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 4 March 2025 doi:10.20944/preprints202503.0266.v1

https://doi.org/10.20944/preprints202503.0266.v1


21 of 22

Future work will explore alternative switching criteria for the controllers, as in this work we
primarily focused on minimizing the angular error of the pendulum, which was the error used in the
switching criterion.
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