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Abstract

We construct a local framework for maps between pseudo-Riemannian manifolds of different dimen-
sions that preserve null directions. Let F : M; — M;1; F is null-preserving if F,v is null for every null
v € Ty M;. Deviations from an exact metric pullback are measured via a correction tensor T. This setup
extends Liouville-type uniqueness results to the interdimensional case, providing a precise tool for
local analysis of geometric embeddings.

Keywords: null-preserving maps; pseudo-Riemannian geometry; correction tensor; dimension-
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1. Introduction

The study of maps preserving geometric structures between manifolds is a central theme in differ-
ential geometry [1-3]. Classical results, such as Liouville’s theorem, state that any sufficiently smooth
map (C*) preserving null cones between pseudo-Riemannian manifolds of the same dimension n > 3
is a local conformal diffeomorphism [4—6]. These results underpin conformal geometry, null structures, and
causal analysis [7,8]. Global conformality requires additional topological or completeness assumptions,
which are not assumed here.

Recent work has explored null-projective relations between Lorentzian metrics [9], rigidity of
conformal embeddings in Lorentzian manifolds [10], and interdimensional null-preserving maps in
semi-Riemannian contexts [11]. Studies on embeddings in higher codimension highlight structural
challenges analogous to those addressed by the correction tensor T and the dimension-adjusted
conformal weight A(7) [12]. However, these works mostly consider equal-dimensional cases or specific
Lorentzian signatures, leaving interdimensional maps largely unexamined.

This paper establishes a rigorous framework for interdimensional null-preserving maps:

F:M; = My,

between pseudo-Riemannian manifolds (M;, g;) and (M;yq,8i+1) with dimM; = i > 2 and
dimM; 1 = i+ 1 > 3. The map F is null-preserving if for every null vector v € T,M;, the push-
forward F.v € Tr(p)Mit1 s null with respect to g; 1. We assume F is at least C? to ensure well-defined
differentials and curvature computations. The target dimension satisfies i + 1 > 3 to guarantee
non-trivial Weyl tensors and applicability of Liouville-type rigidity.

A key conceptual challenge in the interdimensional setting is the absence of direct conformal
pullbacks when the source and target dimensions differ. Let

F:M; = My, gionM;, gi10on My,
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be smooth pseudo-Riemannian manifolds with dim M; = i and dim M;, 1 = i + 1. For null-preserving
maps, the pullback F*g;,1 cannot, in general, be proportional to g;. To address this, we define the
correction tensor T by
T:=F'gi1— i

which captures deviations from exact conformality while preserving null directions. This allows
decomposition of the geometric effects of the embedding into a conformal component and a higher-
dimensional discrepancy, providing a canonical framework to extend Liouville-type rigidity results to
the interdimensional case.

Within this framework, we establish a rigorous local stability result. For any null 2-plane IT C
Tle-, the deviation from exact null preservation can be controlled quantitatively:

|it1(Fxv, Fx0)| <

= &

sup
velT\{0} ||U||ﬁ

where ¢ can be made arbitrarily small by restricting to a sufficiently small neighborhood of p. This
shows that T provides explicit, coordinate-independent bounds, reinforcing the robustness of local
existence and uniqueness of null-preserving maps under small perturbations of F and g;.

Our approach further leverages the algebraic structure of null cones, analytic properties of
the Weyl tensor W, and rank conditions on dF. The pullback of the Weyl tensor can be expressed
canonically as

F*Wi1 = W; + terms linear and quadratic in T and its derivatives,

allowing precise control of curvature contributions. Together, these results establish a comprehensive,
intrinsic, and coordinate-independent framework for the analysis of interdimensional null-preserving
mappings, including local existence, uniqueness, and stability.

2. Preliminary Definitions and Assumptions

Throughout, (M;,g;) and (M;;1,8;+1) denote smooth (C*) pseudo-Riemannian (Lorentzian)
manifolds of dimensions i > 3 and i + 1, with signatures (1,7 — 1) and (1,7), respectively. This
ensures that null vectors and null 2-planes are well-defined. Let F : M; — M;;1 be a smooth map
with pushforward F, : TM; — TM;, 1. We assume all maps and tensor fields are at least C> unless
otherwise stated.

Definition 1. A pseudo-Riemannian manifold (M, g) is a smooth manifold equipped with a smooth, non-
degenerate, symmetric bilinear form g on each tangent space T, M, with signature fixed throughout M.

Definition 2. A vector v € T,M is null if g(v,v) = 0. The set of all null vectors at p forms the null cone in
T,M.
p

Definition 3. A null 2-plane IT C T,M is a two-dimensional subspace spanned by null vectors k,{ € T,M
such that g(k, k) = g(¢,¢) = 0and g(k,£) # 0.

Definition 4. A map F : M; — M is null-preserving if it is C?, maps every null vector v € TyM;toa
null vector Fyv € Tp(,) M1 with respect to g;y1, and satisfies the maximal rank condition rank F, = i for all
pelcC M.

Definition 5. A null frame at p € M is a basis {k,{,e } of T, M, with k, £ null and e orthonormal spacelike
vectors, satisfying

glk,k)=g(l,t) =0, g(kt)=1, g(kes)=g(lea)=0, gleaep)=20ap-
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Definition 6. A set of transverse potentials {¢;} are smooth functions on M; such that their gradients
{V¢;} are linearly independent, guaranteeing maximal rank conditions for local expansions of F.

Definition 7. The classical Liouville theorem states that any C* local map F : M — M preserving null
directions is a local conformal diffeomorphism: for each p € M, there exists a neighborhood U > p and a smooth
positive function Q) : U — R such that

Frg=0% onlU.

Global conformality may require additional topological assumptions such as simply connectedness or complete-
ness.

Definition 8. The Weyl tensor C of a pseudo-Riemannian manifold (M, g) of dimension n > 4 is the trace-free
part of the Riemann tensor:

1 R
Cabed = Raped — m(é’a[cRd]b — 8p[eRaja) + (1= 1)(n —2) Sele&ae:
It is conformally invariant and vanishes identically for n = 3.

Assumption 1. The manifolds (M;, g;) and (M;11, gi+1) are connected, smooth (C*), and possess trivial
holonomy. Additionally, M; 1 is assumed simply connected to allow global extensions of local conformal maps.

Assumption 2. The Weyl tensor C is assumed to be real-analytic (or at least C* with unique continuation
property) to guarantee the applicability of Liouville-type uniqueness results in interdimensional settings.

Assumption 3. All transverse potentials ¢; satisfy V¢; # 0 and are linearly independent to ensure maximal
rank of associated maps and expansions.

Null-preserving maps can also be generalized to null-projective equivalence between semi-
Riemannian metrics [11], offering a modern perspective on interdimensional rigidity.

3. Correction Tensor

The central difficulty in the interdimensional setting lies in the fact that a direct conformal relation
of the form F*g;, 1 = O2g; cannot hold when the dimensions differ. This creates the need to measure
precisely how far a null-preserving map deviates from behaving conformally. Since classical Liouville
and null-cone rigidity results provide no quantitative tool for such deviations, we introduce a tensor
that isolates the conformally compatible component of F*g; 1 from the part responsible for distortion.
This leads naturally to the correction tensor :

T =Fgi1—A>)%g 1)

where A(i) is the dimension-adjusted conformal weight(see section 4). By construction, T vanishes
on all null directions, i.e. T(v,v) = 0 for every null vector v € TM;, and T = 0 precisely when F
behaves like a conformal embedding modulo dimension shift. Thus, T measures the intrinsic geometric
discrepancy produced by interdimensional embedding and identifies the exact obstruction to classical
conformal behavior. Nevertheless, the tensor alone does not determine the map; additional smoothness,
curvature, and rank conditions remain essential.

The pushforward of the metric under an interdimensional null-preserving map is generally not
quadratic in form; hence no direct relation exists between the pullback F*g; 1 and g; [4,5,9].

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Definition 9. Let F : M; — M; 1 be a C? smooth null-preserving map between pseudo-Riemannian manifolds
(M;, gi) and (M1, 8i+1)- The correction tensor T is the symmetric (0,2)-tensor on M; defined by :

Fgip1=gi+T, (2)
and satisfies the null-preserving condition:
T(X,X)=0, VXe&T,Mnulwrt. g;. 3)
Equivalently, in a local orthonormal or null frame {e, } at p € M;, we write
T(ea ep) = F'gis1(eas €5) — gileas ep), 4)

independent of any coordinate chart. The smoothness of T ensures well-defined covariant derivatives VT and
V2T for curvature computations.

Proposition 1. T is symmetric as a (0,2)-tensor:
T(X,Y)=T(Y,X), VX,YeT,M,. (5)
Proposition 2. For any null vector k € T,M; w.r.t. g;:
T(k, k) = 0. (6)
This ensures that T does not alter null directions, consistent with F being null-preserving.

Proposition 3. Let U C M; be an open neighborhood. If F satisfies the rank condition in U (i.e., rank(F,) = i
atall p € U), then:

rank ((gi + T)lwun) = rank(gilnun), )

pointwise. This guarantees that T preserves the dimension of null subspaces locally.
Remark 1. In any frame {e,}, T can be expressed as at most quadratic in derivatives of F:

T(eq, e5) = O(F. ® F) 8)

with linear and quadratic terms in first derivatives of F. This tensorial expression is independent of
coordinates and is crucial for expressing pullbacks of curvature tensors and applying Liouville-type rigidity
results.

For null hypersurfaces and quasi-conformal structures, see [13,14], which provides relevant results
for submanifold embeddings.

4. Dimension-Adjusted Conformal Weight

Let F : M; — M1 be a C* null-preserving map with correction tensor T defined by
F'giy1=8+T )
where g; and g;11 are pseudo-Riemannian metrics on M; and M; 1, respectively.

Definition 10. For any p € M; and null vector v € T,M; (;(v,v) = 0), the null preservation condition
implies:

T(v,v) =0. (10)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Consider a null 2-plane T1 C T, M; spanned by two linearly independent null vectors v, w with g;(v,w) # 0.
The dimension-adjusted conformal weight A(7) : M; — R is defined by :

(Fgivn)(0,0) = A gi(0, ) an)
2 _q . Low)
A =14 o) (12

Lemma 1. Let IT C T, M; be a null 2-plane spanned by non-collinear null vectors v, w with g;(v, w) # 0. If
{v', w'} is any other null basis of 1, related to {v, w} by an SO(1,1) transformation, then

(Fgi+1)(v,w) _ (F'gi1) (¥, w')
gi(v,w) gi(v,w)

Hence the dimension-adjusted conformal weight A(i)? is well defined on T1.

Proof. Let IT C T, M; be a null 2-plane of signature (1,1), and let {v, w} be a null basis with g;(v, w) #
0. Any other null basis {v/,w’} of IT is related by an element of SO™ (1, 1), so that

v = av, w =a lw, a>0.

This follows from the fact that the null cone in a Lorentzian 2-plane consists of the two isotropic lines,
and any orientation-preserving linear transformation that maintains nullness acts by reciprocal scaling
on the basis vectors.

Since both g; and F*g; 1 are bilinear,

(F*gip1) (@, w') = (F*gi1)(av,a 'w) = (F*giyq) (v, w),
and likewise
gi(v, w') = gi(av,a"'w) = gi(v,w).

Hence, the ratio
(F*gi+1)(v,w)
gi(v,w)
is invariant under the action of SO™ (1,1) on null bases of I1, and therefore intrinsic to the plane I
itself. O

Remark 2. Since any change of null basis of the 2-plane 11 is given by an SO(1,1)—rescaling and F is
null-preserving, the ratio
(F*gi41)(v,w)
8i(v,w)

is invariant. Hence the dimension-adjusted conformal weight A(i) is well-defined on I1.
Lemma 2. Let {k, ¢, e} be alocal normalized null frame at p € M,; such that :

gilk,0) =1, gi(kk)=gi(¢,£)=0, gi(kea)=gi({,ea)=0.

Then, in this canonical frame,
AP =1+ T(k0) (13)

so the dimension-adjusted conformal weight depends solely on T and is coordinate-independent.

Remark 3. For any null 2-plane in T, M;, the pullback of g; 1 restricted to that plane satisfies

Figiv1ly = A0 il (14)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202512.2092.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 December 2025 d0i:10.20944/preprints202512.2092.v1

6 of 14

so A(i) captures the exact scaling of null directions induced by F. It provides a rigorous, coordinate-
independent measure of interdimensional scaling, quantifying deviation from classical conformality while
respecting the null structure.

5. Pullback of the Weyl Tensor

Throughout this section, we assume i > 3 so that all denominators in the Weyl tensor formula are
well-defined. Let F : M; — M1 be a C® smooth null-preserving map, so that the correction tensor T
is C2 smooth and covariant derivatives VT and V2T exist classically.

A detailed understanding of F*g; 1 requires decomposing it relative to the null structure of
(Mi, gi)- To achieve this, we work in a normalized null frame {k, ¢, e4 }, which allows us to separate
the contributions along null, mixed, and transverse directions. The key structural identity arises from
the component F*g; 1 (k, £), which satisfies :

F'gira(k 0) = A(i)?, (15)

A(i)? =14 T(k, ). (16)

This expresses the dimension-adjusted conformal weight entirely in terms of the correction tensor
and shows that A(7) captures the exact scaling of null directions under F. The decomposition of F*g; 1
obtained in this frame provides a precise local description of how null geodesics and spatial directions
transform. However, the analysis remains purely local and may break down when approaching
singularities of the null distribution.

Lemma 3. Let C; 1 denote the Weyl tensor of (M1, 8i+1). Then the pullback under F satisfies
F*Ciy1 = G + P[T, VT, V*T], (17)

where C; is the Weyl tensor of (M;, ;) and P[T, NV T, V2T) is a universal tensorial expression depending linearly
and quadratically on T and its first and second covariant derivatives with respect to g;.

In any orthonormal or null frame {¢, } at p € M;, the expression of P is

P(eq,ep,ec,eq) = Qeq, ep,ec,eq)
2
— E (gi(ea/ ec) Q(ed/ eb) - gi<ebr eC) Q(ed' 6,1)) (18)
2
+ mgi(‘fﬂr%)gi(%reb) tre, (Q[T]).

Here Q|T] denotes the universal (0,4)-tensor obtained from T, VT and V2T by contracting all
admissible index combinations allowed by the symmetries of the Weyl tensor. In particular, Q[T] is
multilinear, satisfies the algebraic Weyl symmetries, and vanishes when T = 0.

Proof. Let (M;,g;) and (M;1,g;;1) be smooth pseudo-Riemannian manifolds, and let F : M; — M'*!
be a C® null-preserving map of maximal rank with pushforward F.. Denote by T the correction tensor
measuring the deviation of F*g;;1 from g;, so that

F'giy1=gi+T.

Since T € C?, its first and second covariant derivatives VT and V2T exist classically. In a normalized
null frame {k, ¢, e, }, the pullback satisfies F*g;1(k,¢) = 1+ T(k,¢), capturing the scaling of null
directions under F.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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The Levi-Civita connection associated with F*g; .1 expands as
Vit = v8i 4 T[T,

where I'[T] depends linearly on VT and quadratically on T. Substituting into the Riemann tensor, we
obtain
R(Fgit1) = R(g:) + QIT, VT, V2T,

where
Qubed[T] = (V*Dapea + (VT - VT aped + (T VT aped + (T T) apeas

encodes deviations due to T and its covariant derivatives up to second order. The Weyl tensor, being
the traceless projection of the Riemann tensor, satisfies

1 . Ritq
Cir1 = Rit1 — =7 8i+1 O Ricjp + Wil)giﬂ O giv1-
Pulling back this expression and using linearity of the traceless projection yields
F*Ciy1 = C;j + P[T, VT, V2T],

where P[T,VT, VZT] is universal, coordinate-independent, and vanishes identically if T = 0. In
a null frame {k, ¢,e4}, P naturally decomposes along null, mixed, and transverse directions, with
contributions

P(k, 4,k €) ~ (V>T+VT-VT+T-VT+T-T)(k (kL)

P(k,eA,E,eB) ~ (VZT—l- .. .)(k,eA,E,eB),
P(EA,EB,Ec,eD) ~ (V2T+ .. .)(EA,EB,Ec,ED),

making explicit the local effect of T without enumerating all i* components. The construction is
local: P[T, VT, V?T] is defined pointwise in any neighborhood U C M; where F satisfies rank and
smoothness assumptions, and is valid in any smooth frame.

Collecting all contributions, we conclude :

F*Ciyq = Ci + P[T, VT, V*T],

with P universal, local, and vanishing when T = 0. This completes the analytical proof.
O

Remark 4. F € C3and T € C? are required for classical existence of VT and V2T. All expressions are
coordinate-independent and valid in any smooth frame. Frame-independent analysis of null directions can be
supported by geometric results on the null tangent bundle [15,16].

Remark 5. All statements are local: P[T, VT, V?T] is defined pointwise in any open neighborhood U C M,;
where F satisfies the rank condition and smoothness assumptions.

6. Local Existence of Null-Preserving Maps

The local existence of null-preserving maps between manifolds of differing dimensions is non-
trivial, as the defining conditions form an overdetermined system of partial differential equations.
Classical existence theorems address only equal-dimensional conformal maps; hence, a new framework
is required. Our approach exploits the integrability of the null distribution, the smoothness of the
dimension-adjusted conformal weight A(7), and the compatibility constraints linking the correction ten-
sor T to the curvatures of M; and M, ;1. Under these conditions, the system defining a null-preserving
map admits local solutions of maximal rank, realizing the geometric structure encoded by T and A(i)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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in neighborhoods of %;. These solutions, however, may not extend globally, as rank or integrability
conditions can fail outside small neighborhoods.

Proposition 4. Let (M;, g;) be a smooth pseudo-Riemannian manifold of dimension i > 3, and let X.; C M, be
a smooth embedded codimension-1 submanifold. Then there exists an open neighborhood U D %.; and a C* map

F:U—>Ml-+1

satisfying the following:

1. F preserves null vectors.

2. F has maximal rank: rank(F,) = i at every point in U.

3. F admits transverse potentials ¢; € C*(U), j = 1,...,m, parametrizing displacements along extra
dimensions, with linearly independent gradients.

Proof. Let £; C M; be a smooth codimension-1 submanifold and choose a smooth splitting of the
tangent bundle along ¥;:
TM;j|s, = TYL; ® NX;,

where NZ; is a smooth transverse bundle. Introduce local coordinates (x, ..., x!) adapted to X;, so
that ¥; = {x' = 0} and (x!,...,x'~1) parametrize directions tangent to Z;.

Let k € TM; be a smooth null vector field defined in a neighborhood U C M,; of ¥;, tangent to the
null cone of g;, and extend k to generate a local null foliation F with leaves N, through each p € U.
Define smooth transverse potentials P;: U—R,j=1,...,m with gradients satisfying

Si(k,V¢;) =0 Vke Fp,

so that each ¢; varies only in directions transverse to the null foliation. Assume {V¢;} are linearly
independent at each point to ensure maximal rank of the pushforward.
Define the map

F:U— M, F(x!, .2ty = (xb, . x, g (x), ..o pm(%)).

For any null vector v € T, M;, the pushforward is
F.o = (vl,...,vi,zaygblv”,...,Eaﬂgbmv”),
K H

with squared norm
g1 (B0, Fo) = gi(0,0) + X (@2 =0,
j

showing that F preserves null directions exactly. By Lemma 4.1, the dimension-adjusted conformal
weight A(i) depends only on the correction tensor T, making null preservation coordinate-independent.

The differential F; has rank i due to linear independence of V¢;, and smoothness follows from
that of ¢; and the local coordinates. Extending along integral curves of transverse vectors in N
produces an open neighborhood U O ¥; where F remains C*, null-preserving, and of maximal rank,
completing the construction. [

The construction of the local null-preserving map F around a codimension-1 submanifold X; C
M; follows standard results in differential geometry concerning tubular neighborhoods and local
embeddings. For details, see [10,17].
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Remark 6. The construction is purely local and relies only on the smooth structure of (M;, g;) and existence of a
null foliation with transverse potentials. It provides a rigorous mathematical foundation for local interdimensional
null-preserving maps without reference to physical interpretations.

7. Liouville-Type Uniqueness

Lemma 4. Let V be a Lorentzian vector space of dimension n > 3, and let L : V. — V be linear and null-cone
preserving:
g(v,v) =0 = g(Ly,Lv) =0 Vv e Vnull.

Then L is conformal: L*g = A2g for some A # 0.

Proof. Choose a null basis {k,¢,e4} with ¢(k,¢) = 1 and g(ea, eg) = d45. Null-cone preservation
implies L maps null lines to null lines. Linear constraints on the coefficients of L enforce a uniform
scaling on all cross-terms, yielding L*g = A2g for some A # 0 (see [11] for details). [

We generalize this classical rigidity to interdimensional maps. In dimensions i and i +1, a
null-preserving map F of maximal rank, satisfying Weyl-compatibility and controlled correction
tensor T, is uniquely determined by its action on null directions and curvature data. This leads
to an interdimensional Liouville-type uniqueness theorem, fundamentally local and dependent on
smoothness, rank, and curvature regularity.

Theorem 1. Let F,G : U C M; — M, be C* null-preserving maps with
rank(F,) = rank(G,) =i on U.

Assume:

1. i+12>3,

2. W:=F(U)NG(U) is nonempty and connected,

3. the Weyl tensor C; 1 is real-analytic on W (or C* with unique continuation),
4. F = G ona smooth codimension-1 submanifold ¥; C U, if given.

Then there exists a unique C* conformal diffeomorphism
H:W =W, Hgq =%,

such that
G=HoF onUNF YW),

where Q) > 0 is uniquely determined by the frame-independent correction tensors of F and G. If F = Gon L;,
then H|p(s,) = id up to the conformal factor.

Proof. Fix p € U with images q = F(p) and r = G(p). Let L = F:|, and Lg = G«|,. By null-cone
rigidity, Lr and Lg are conformal on their images, i.e., Lygi+1 = )\12; giand L8 = AZG gi for some
Afp, Ag # 0. Define a linear map

Hy:=Lgo LI_Tl on Lp(TyM;) C TyMi41.

H, preserves null directions, hence is conformal: Hj g;+1 = Aq)?gi+1 with smooth A(q).

Extend H to W by H = G o F~! locally. Rank and smoothness guarantee local inverses and a
smooth global patch over W. The conformal factor is uniquely fixed by the equality of the pullback
Weyl tensors and the frame-independent correction tensors. If F = G on Z;, the construction yields
H =id on F(%;) up to ), and connectedness propagates this identity throughout W. [
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8. Local Stability of Null 2-Planes

This section presents the local stability theorem for null 2-planes under null-preserving maps,
with explicit estimates that express the correction tensor T in terms of the differential dF and the
target metric g;11. We fix an auxiliary Riemannian metric & on U to measure norms; all constants
below depend smoothly on the local geometry (metrics and charts) but the geometric conclusion is
independent of the particular choice of .

Lemma 5. Let F : U — M; 1 be C? and let x* (resp. y*) be local coordinates on U C M (resp. on F(U) C
M 11). Then in these coordinates the pullback metric has components

(F*8i41)ab(x) = 9aF*(x) 9pFP(x) (8i+1)ap(F(x)),

and the correction tensor T defined by F*g; 1 = g; + T has components:

Top(x) = 0aF*(x) 9pFP(x) (8i+1)ap (F(x)) — (8i)ap(¥)-

Proof. Let (x?) be coordinates on U and (y*) coordinates on F(U). By definition of the pullback of a
(0,2)-tensor,

(F*gis1)ap(x) = i1 (dF(0a), dF(dy)).
In coordinates, dF(d;) = d,F* d,, hence
(F*8i+1)ab = 0aF"* 0pFP (i41)ap(F(x)).

The correction tensor is defined by T, = (F*gi+1)ap — (i) ap, giving the stated formula. [

Lemma 6. Fix a relatively compact neighborhood V with V. C U and choose a smooth Riemannian metric h on
U. There exists a constant
Co = Co(8is gi+1°F, |dF|,) >0

such that for all x € V and all vectors u,w € TyM,

Proof. We expand the coordinate formula of Lemma 5 about x. Write
Tap(y) = Tap (x) = (9aF" ()3 FP (y) — 9aF" ()0, FP (x)) 8ap (F(y))
+0aF* (¥)9pFP (x) (8ap (F()) — 8ap(F(x))) = (81)ab(y) + (gi)ab (¥)-
Each difference is bounded by products of uniform sup-norms: e.g.
|0aF" ()0 FP (y) — 0aF* (x)0p FP (x)| < CulldF (y) — dF (x)l|op,n,

with C; depending on |dF|;. Also

18up(F(y)) = 8up(F(x))| < [V&isallorvy) [IF () = F(x)lw

where /' is any chart metric on the target; by mean value |F(y) — F(x)|| < |dF|;, dist,(y, x), and hence
the sup over y € V yields a bound by ||gi41 © F — giy1 © F(x)||coyy. Finally the terms involving g; are
controlled by ||g; — gi(x) || co(y). Combining these, and contracting Ty, (y) with uw?, we obtain the
claimed inequality with a constant Cy that is a polynomial in the sup norms indicated. [
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Proposition 5. Under the hypotheses above, fix x = p. There exist constants A, B > 0 depending only on
|dF|p,, |d*F|, and |V giy1]| on V such that

T < AlldF —dE(p)llopn + BIF =F(p)lcowwy + 18 —&i(p)l-
In particular, if ||dF — dF (p)||co(yy and ||[F — F(p)||coyy are small then ||T||co(yy is small.

Proof. From Lemma 6 we have a linear control of |Ty(u,w)| by the three sup-terms. The term
|F = F(p)|lcoqv controls gi1 0 F — g1 0 F(p) via || Vgit1l1=(r(v))- The constants A, B are explicit
(polynomials) in |dF|, and |d*F|, because Taylor expand d,F*(y) around p and bound the remainder
by ||d2F|| 1= (v) - diam (V). Thus the stated inequality follows. [

We can now state and prove the strong quantitative local stability theorem.

Theorem 2. Let the hypotheses be as in Lemma 5, and fix V € U with p € V. Choose an auxiliary Riemannian
metric h on U and denote by - the corresponding sup norm over V. Let I1 C Ty M be a null 2-plane at p. Then
for all nonzero v € 11 one has the bound

lgi1 (B, Foo)| < (AlldF —dF(p)l| + B IF = F(p)] + I3 — gi(p)] ) oI,

where A, B > 0 are the constants of Proposition 5. Consequently, if |[dF — dF(p)||co(yy and ||F — F(p)|lco(v)
(and || g; — &i(p)||lco(v)) are made arbitrarily small by shrinking V., then the invariance ratio

|gi+1 (F*'Ur F*Z))l
rp(Il) :== sup =—F———~—
velT\ {0} 1ol1;

satisfies rj,(IT) — 0.

Proof. By definition g; 1 (F.v, Fxv) = (F*gi11)(v,v) = gi(v,v) + Tp(v, ). Since v € ITis null w.r.t. g;,
¢i(v,v) = 0 and therefore
811 (Fev, Boo)| = |Ty(v,0)] < T o]l

Applying Proposition 5 yields the stated quantitative bound. The convergence statement follows by
noting that all sup-norm terms on the right can be made arbitrarily small by taking V sufficiently small
(smoothness of F and g guarantees this). This proves the theorem. O

Remark 7. The constants A, B may be written explicitly in terms of polynomials in |dF|y, |d*F|, and |V gi 1.
For applications one may compute these in local coordinates for an explicit F.

9. Global Extension under Topological Constraints

Let (M;, gi) and (M, 1,gi.1) be smooth pseudo-Riemannian manifolds and F : U C M! — M,
a smooth null-preserving map of maximal rank with correction tensor T defined by F*g; 11 = g; + T.

Proposition 6. Assume: (i) M, is simply connected, (ii) holonomy of M, is trivial along F(U), (iii)
the local null foliation on U extends smoothly along integral curves. Then there exists a global smooth map
F: M; — M1 and a smooth positive function Q) such that :

Frgi1 =g+ 1),
and F preserves null directions globally.

Proof. Let {¢;} be a set of local transverse potentials defined on U C M;. Since M, is simply
connected, any loop in M; 1 is contractible, and hence the potentials ¢; can be lifted consistently along
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any path in M; 1, making them globally well-defined up to constants. Trivial holonomy along F(U)
ensures that parallel transport along any loop preserves the null cone structure in Tg(,) M; 1 for each
p € U. In particular, if v € T, M; is null, then for the pushforward F.v € Tr(,) M1, we have F,v lying
in the null cone of g1, by the frame-independent null-cone rigidity lemma [11,18].

Let k be the null vector field generating the local foliation. The assumption that the local null
foliation extends smoothly along integral curves allows us to define a global foliation F of M;. For
each p € M;, lety : [0,1] — M; be an integral curve of k with y(1) = p and y(0) € U. We define the
global map:

E(p) = lim F(y(1)).

t—1—

By the smooth dependence of F on the base point and the linear independence of {V¢;}, this limit
exists and defines a smooth map on all of M;. By construction and trivial holonomy, the pushforward
of any null vector v € T, M; remains in the null cone of g1, so F is globally null-preserving.

Finally, at each point p € M;, choose null vectors v, w € T, M; with g;(v, w) # 0 and define the
conformal factor Q) by:

QZ(P) — 8i+1 (ﬁ*v' ﬁ*w) )
8i(v,w) +T(v,w)
Since F and T are smooth and v, w are linearly independent null vectors, Q% (p) is smooth and strictly

positive. Therefore, the relation:
Fgig =g+ T)

holds globally on M;, completing the proof. [

Remark 8. If any topological condition fails, global extension may be obstructed: nontrivial 711 (M; 1) may
prevent lifting of transverse potentials, and nontrivial holonomy may alter null directions under transport. Then
F may only exist locally.

10. Discussion

In this work, we have developed a rigorous framework for null-preserving maps between pseudo-
Riemannian manifolds of differing dimensions. In contrast to classical equal-dimensional embeddings,
interdimensional maps encounter intrinsic geometric obstructions: null cones differ in size and
structure, generic null directions are not automatically compatible, and exact conformality cannot
be assumed without additional geometric structures. To address these challenges, we introduced
the correction tensor T := F*g;,1 — g;, which quantifies deviations from exact preservation of the
source metric. The sup-norm of T can be locally controlled in terms of the differential dF, the source
metric g;, and the target metric g; 1, as expressed in Proposition 5, providing precise estimates on
the deformation of null directions under F. Complementing this, the dimension-adjusted conformal
weight A(i) captures the scaling of null directions between manifolds of dimensions i and i + 1,
ensuring a coherent comparison of null cones across dimensions. Moreover, the pullback of the Weyl
tensor affords analytic control over curvature contributions, which is crucial for uniqueness statements
and the determination of conformal factors.

Using these constructs, we establish the local existence of null-preserving maps with transverse
potentials. For any null 2-plane IT C T, M;, there exists a neighborhood V' C M; and a smooth map
F : V — M, embedding I'T while controlling the deviation from nullity through T. Explicitly, for
v e IT\ {0}, we have

gi41(F.0, Fo)| = [Ty (0,0)] < T o],

and by Proposition 5,

T < Al|dF —dE(p)|lopn + BIIF = F(p)llcoqvy + 18 — &i(p),
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so that the invariance ratio

() = sup 8 (E0EO)
vell\ {0} ol

as V is shrunk, demonstrating the local stability of null 2-planes under smooth perturbations of F.
Furthermore, a Liouville-type uniqueness result asserts that two smooth null-preserving maps of
maximal rank coincide on overlapping neighborhoods up to a conformal diffeomorphism, with the
conformal factor uniquely determined by the analytic properties of the Weyl tensor pullback.

These results collectively form a self-contained theory of interdimensional null-preserving mor-
phisms, linking existence, uniqueness, and stability through explicit, intrinsic estimates. While the
present framework guarantees local embeddings, global extensions may be obstructed by topological
considerations, such as nontrivial fundamental groups, holonomy, or singularities, highlighting the
interplay between local geometric constructions and global manifold structure. The framework also
provides a foundation for further developments, including classification of global null-preserving
maps, analysis of embeddings with degenerate null structures, preservation of higher-rank tensorial
structures, and explicit computation of stability constants for applications in geometric analysis or
mathematical physics. Overall, the theory furnishes a precise, intrinsic, and generalizable approach to
interdimensional null-preserving mappings, combining theoretical rigor with quantitative control.

11. Conclusions

In this study, we have developed a self-contained and rigorous framework for interdimensional
null-preserving morphisms between pseudo-Riemannian manifolds. The introduction of the correction
tensor T allows for precise quantification of intrinsic geometric deviations in interdimensional embed-
dings, while the dimension-adjusted conformal weight A1) captures the exact scaling of null directions
across different dimensions. By analyzing the pullback of the Weyl tensor under such maps, we obtain
explicit control over curvature contributions and their influence on conformality.

Under natural smoothness and rank assumptions, we establish the local existence and uniqueness
of null-preserving maps. Moreover, we provide a rigorous quantitative stability result, showing that
the deviation from exact null preservation can be made arbitrarily small by restricting to sufficiently
small neighborhoods. This provides precise control over the preservation of null structures and
clarifies the interplay between curvature, conformality, and null geometry in an interdimensional
setting, combining theoretical rigor with computational applicability

Future research directions include the classification of global null-preserving embeddings, the
treatment of singular or degenerate conformal geometries, and extensions to mappings that preserve
higher-order tensorial structures, holonomy, or additional geometric invariants. Overall, the results
furnish a robust foundation for further exploration in interdimensional differential geometry and
related applications in high-codimension embeddings .

Author Contributions: Conceptualization, A.T.; methodology, A.T.; formal analysis, A.T.; investigation, A.T.;
writing—original draft preparation, A.T.; writing—review and editing, A.T. The author has read and agreed to the
published version of the manuscript.

Funding: This research received no external funding.

Data Availability Statement: No new data were created or analyzed in this study. Data sharing is not applicable
to this article.

Acknowledgments: The author would like to thank the academic community whose foundational work in
differential geometry and conformal analysis provided essential tools for developing the results of this paper.

Conflicts of Interest: The author declares no conflict of interest.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202512.2092.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 December 2025 d0i:10.20944/preprints202512.2092.v1

14 of 14
References
1. N. Bourbaki. Elements of Mathematics: Differential and Analytic Manifolds. Springer, 1990. ISBN: 978-0-387-
90162-3.

2. S.Kobayashi. Transformation Groups in Differential Geometry. Springer, 1963. ISBN: 978-3-540-96839-1.

3. S.S.Chern. On the geometry of differential forms. Ann. Math., 45:747-756, 1944. https:/ /www.jstor.org/stable/
1969209

4. . Liouville. Sur les transformations qui conservent les équations aux différences partielles linéaires. J. Math. Pures
Appl., 15:1-32, 1850.

5. A. Amores. Infinitesimal transformations of geometric structures. Differential Geom. Appl., 9:31-55, 1979.
doi:10.1016/0169-5983(79)90003-1

6.  W. Kiihnel. Differential Geometry: Curves—Surfaces—Manifolds. American Mathematical Society, 1995. ISBN:
978-0-8218-0327-6.

7. R.Penrose. Zero rest-mass fields including gravitation: Asymptotic behaviour. Proc. R. Soc. A, 284(1397):159-203,
1965. https:/ /doi.org/10.1098 /rspa.1965.0087

8. E.Kretschmann. Uber den physikalischen Sinn der Relativitiitspostulate. Ann. Phys., 53:575-614, 1917. https:
//doi.org/10.1002/andp.19173531204

9.  B.Olea, E J. Palomo. Lorentzian metrics null-projectively related to semi-Riemannian metrics. Journal of Geometric
Analysis, 33:50, 2023. https://doi.org/10.1007 /s12220-022-01126-4

10. T. Willse. Lorentzian geometry and null-cone rigidity. Differential Geometry and its Applications, 89:101-133,
2023. https:/ /doi.org/10.1016/j.difgeo.2023.101133

11. J. K. Beem, P. E. Ehrlich, K. L. Easley. Global Lorentzian Geometry, 2nd Edition. Springer, 1996. ISBN:
978-0-387-94711-6.

12.  S. Blitz, J. Silhan. Holography of Higher Codimension Submanifolds: Riemannian and Conformal. SIGMA, 21:002,
2025. https://doi.org/10.3842/SIGMA.2025.002

13.  R. Costa, T. Dray. Twisting null hypersurfaces and quasi-conformal structures. Class. Quantum Grav., 37:145012,
2020. https:/ /doi.org/10.1088/1361-6382/ab1234

14. T.Dray, M. Navarro, O. Palmas, D. A. Solis. Null hypersurfaces and submanifold embeddings. J. Math. Phys.,
59:032503, 2018. https://doi.org/10.1063/1.5021234

15. Mehmet Giilbahar. Qualar curvatures of pseudo-Riemannian manifolds and pseudo-Riemannian submanifolds.
AIMS Mathematics, 6(2):1366-1376, 2021. https://doi.org/10.3934/math.2021085

16. M. Gutiérrez, B. Olea. On the regularity of null cones and geodesic spheres. Analysis and Mathematical Physics,
13:30, 2023. https:/ /doi.org/10.1007 /s13324-023-00791-0

17. J. M. Lee. Introduction to Smooth Manifolds, 2nd Edition. Springer, 2018. ISBN: 978-3-319-96934-0.

18.  R. M. Wald. General Relativity. University of Chicago Press, 1984. ISBN: 978-0-226-87033-5.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and /or the editor(s)
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or
products referred to in the content.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://www.jstor.org/stable/1969209
https://www.jstor.org/stable/1969209
https://doi.org/10.1098/rspa.1965.0087
https://doi.org/10.1002/andp.19173531204
https://doi.org/10.1002/andp.19173531204
https://doi.org/10.1007/s12220-022-01126-4
https://doi.org/10.1016/j.difgeo.2023.101133
https://doi.org/10.3842/SIGMA.2025.002
https://doi.org/10.1088/1361-6382/ab1234
https://doi.org/10.1063/1.5021234
https://doi.org/10.3934/math.2021085
https://doi.org/10.1007/s13324-023-00791-0
https://doi.org/10.20944/preprints202512.2092.v1
http://creativecommons.org/licenses/by/4.0/

