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Abstract
We consider the conjecture of the relationship between the entanglement entropy of spacetime,

matter and the action in Einstein’s general relativity. Our analysis suggests the possibility of

regarding the entanglement entropy of spacetime and matter as the dimensionless action in general

relativity by using Planck units. In this case, the action principle originates from the maximization

of the entanglement entropy. We also show that the fundamental property of entanglement entropy

leads to attractive characteristic of gravitational force for classical particles.
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I. INTRODUCTION

The concept of quantum entanglement is playing ground-breaking role in the understand-

ing of spacetime, gravity, black hole and the whole universe [1–12]. It is well known that the

entanglement entropy emerges naturally from the consideration of a subsystem for the whole

quantum entangled system. In the present work, we consider the relationship between the

entanglement entropy of spacetime, matter and the action in Einstein’s general relativity.

We consider a sphere of radius r. The surface ΣS of this sphere divides the whole universe

into two systems A and B shown in Fig. 1, i.e., the interior of the sphere and the external

environment. Assuming the quantum state of the whole universe including spacetime is

|ΨAB〉, the entanglement entropy for system A is [13]

SA = −Tr [ρAlogρA] . (1)

Here ρA = TrB (ρAB) is the reduced density matrix with ρAB = |ΨAB〉 〈ΨAB| the density

matrix for the pure state |ΨAB〉. For flat spacetime and the situation of r >> lp with lp the

Planck length, it is possible that this entanglement entropy SA is of the order of 4πr2/l2p by

regarding lp × lp as the smallest spacetime cell on the spherical surface [14–16]. If there is

matter distribution inside the sphere shown in Fig. 1, it is expected that there would be extra

entanglement entropy due to matter distribution and the spacetime curvature because of the

existence of matter. The purpose of this work is to try to find a way to calculate these extra

entanglement entropies. It is shown the possibility of close connection of this entanglement

entropy with the action of general relativity. We show further that the action principle of

general relativity can be interpreted as the maximization of entanglement entropy. This also

provides a way to interpret the attractive characteristic of gravitational force.

The paper is organized as follows. In Sec. II, we consider the entanglement entropy for a

particle inside the sphere. In Sec. III, we consider the entanglement entropy for spacetime.

In Sec. IV, we consider the connection between entanglement entropy and action principle

in general relativity. We also consider the attractive characteristic of gravitational force for

classical particles, based on the fundamental properties of entanglement entropy. In the last

section, we give a brief summary and discussion of our work.
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Figure 1: Schematic diagram of two systems A and B. ΣS denotes the spherical surface.

II. ENTANGLEMENT ENTROPY FOR DISPLACEMENT OF A PARTICLE AND

THE GENERALIZATION TO CURVED SPACETIME

We consider the situation in Fig. 2 that there is a particle of mass M in the interior of a

sphere of radius r. This particle moves along a path from A to B. Assume that the overall

spatial length of this path is lAB. Based on the work in Ref. [17], there would be an increase

of entropy given by

SM ∼ lAB. (2)

This entropy for displacement is used in Ref. [18] to understand the direction of gravitational

force. At first sight, we may think that this is nonsense because there is no friction for this

particle due to spacetime. However, if we regard SM as an entanglement entropy, we may

understand this formula.

We consider the quantum state |Ψ〉 including both spacetime andM . As shown in Fig. 2,

the spherical surface ΣS separates the system into two systems C and D. The entanglement

entropy of C can be written as

Sentangle = S0 + S. (3)

Here S0 ∼ 4πr2/l2p is the entanglement entropy without matter in the sphere for flat space-

time. S is the extra entanglement entropy due to the presence of the particle M . In this

case, we may understand Eq. (2), although we do not know the coefficient yet and this is
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Figure 2: Schematic diagram of the path of a particle M . The dashed line inside the sphere shows

the path of M from A to B, while the solid line on the sphere from A′ to B′ shows the mapped

fictitious path based on the holographic principle.

only a non-relativistic formula. In Ref. [18], based on the consideration of the loss of the

information of the path, it is suggested that

SM ∼
lAB
λM

, (4)

with the reduced Compton wavelength λM = h̄/Mc as an effective resolution of the particle

M by spacetime.

There is another way to understand this formula by using the so-called holographic prin-

ciple. Based on holographic principle [14, 19, 20], all the information inside the sphere are

reflected on the spherical surface. In Fig. 2, the mapped fictitious path from A′ to B′ shows

the information of the path ofM inside the sphere. However, when the entanglement entropy

is considered by the partial trace of |Ψ〉 〈Ψ| with respect to the system D, this information

of the fictitious path A′ → B′ is lost in the reduced density matrix, and thus leads to an

increase of the entanglement entropy for this displacement from A to B.

Of course, we should consider an improvement of Eq. (2) so that it becomes a relativis-

tic expression for curved spacetime and an invariant quantity for any observer. For any
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spacetime path of the particle M inside the sphere, we have the following invariant quantity

τAB ∼
∫ B

A

dτ

√
−gµν (Xα (τ))

dXµ (τ)

dτ

dXν (τ)

dτ
. (5)

Here Xµ (τ) is the spacetime coordinate of this particle M . gµν is the metric tensor of

spacetime, while dτ the proper time. It is tempting to consider the possibility of SM ∼

τAB. On the other hand, we know that the mass M of the particle means a coupling with

spacetime. Hence, it is expected that SM ∼Mc2. This analysis reminds us of the action for

particle in general relativity.

To give further connection between the entanglement entropy and the action

of M , we want to make Mc2τAB become dimensionless. The dimension of∫ B
A
dτ

√
−gµν (Xα (τ)) dXµ(τ)

dτ
dXν(τ)
dτ

is length, while the dimension of Mc2 is energy. Hence,

we may consider the following dimensionless action for M .

SM =
Mc2

Eplp

∫ B

A

dτ

√
−gµν (Xα (τ))

dXµ (τ)

dτ

dXν (τ)

dτ
. (6)

Here Ep =
√
h̄c5/ |G| is the Planck energy, while lp =

√
h̄ |G| /c3 is the Planck length. G is

the gravitational constant. We use the absolute value of G in Ep and lp so that we may give a

general consideration of G for both negative and positive values. Because the entanglement

entropy is considered based on the fundamental property of spacetime, we use Planck units

to make Eq. (6) become dimensionless. In fact, the same consideration can be used to get

S0 ∼ 4πr2/l2p in Eq. (3).

Because the action of the particle M in Einstein’s general relativity is [21]

AM = Mc2
∫ B

A

dτ

√
−gµν (Xα (τ))

dXµ (τ)

dτ

dXν (τ)

dτ
, (7)

we have

SM =
AM
Eplp

. (8)

From Ep = h̄/tp and lp = ctp with tp the Planck time, we have the following dimensionless

action for matter

SM =

∫ B
A
dτ

√
−gµν (Xα (τ)) dXµ(τ)

dτ
dXν(τ)
dτ

λM
. (9)

It is interesting to notice that the same λM appears in the conjecture given by Eq. (4). This

gives a strong support to the connection between the entanglement entropy and the action

of the particle.
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To consider the physical meaning of this dimensionless action for matter, we consider the

case of a rest particle in flat spacetime. In this situation, we have

SM =

∫ B
A
cdt

λM
. (10)

We see that
∫
cdt is the length of the path of this rest particle in Minkowski spacetime.

Because λM is the Compton wavelength of this particle, it is natural to regard SM as the

entropy of this particle. In a sense, the Compton wavelength is the effective resolution of

the location of M by spacetime.

We see that SM increases with time, although this particle is at rest in spacetime. There

are several reasons for this behavior. (i) When both space and time are considered in a unified

way, any particle always has nonzero four velocity. (ii) We consider a thought experiment

that the mass of the particle increases very slowly from zero toM . The gravitational field of

M propagates in spacetime from M with velocity c. For infinite universe, this propagation

never stops and it is always a dynamic process. This provides another reason for the behavior

given by Eq. (10).

We may consider a comparison between S0 and SM . S0 is of the order of 4πr2/l2p for a

sphere with radius r. We consider a proton inside this sphere. If the time t is one second and

r = 1m. We have SM/S0 ≈ 2.9× 10−47. Hence, for the usual time scale of the gravitational

force we consider, SM is much smaller than S0.

We may also consider the non-relativistic approximation in flat spacetime for moving

particle. SM in this case becomes

SM ≈
∫
cdt

λM
− 1

h̄

∫
1

2
mv2dt. (11)

Here v = dr/dt. We see that the second term in this action is the kinetic energy term in

the path intergral calculation of probability amplitude for non-relativistic particle. In future

work, it would be interesting to consider the entanglement entropy in the path integral

formalism.

III. ENTANGLEMENT ENTROPY OF SPACETIME

In proceeding section, we consider the entanglement entropy of the particle M inside the

sphere. This entanglement entropy originates from the coupling of M with spacetime. It is
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expected that the spacetime will also contribute to an extra entanglement entropy because

of the reaction of M on spacetime. Based on the connection of the entanglement entropy

SM with the action AM , it is natural to consider the situation that the extra spacetime

entanglement entropy Sspacetime has similar connection with the so-called Einstein-Hilbert

action. The Einstein-Hilbert action for spacetime is

Aspacetime ∼
∫
d4x
√
−gR. (12)

Here R is the scalar curvature due to the particle. The dimension of R is 1/L2. Hence, the

dimension of
∫
d4x
√
−gR is L2.

The dimensionless Sspacetime for the entanglement entropy of spacetime is then

Sspacetime =
α
∫
d4x
√
−gR

l2p
. (13)

Here α is a constant which will be given in due course. From Einstein’s field equation

Rµν −
1

2
gµνR =

8πG

c4
Tµν , (14)

we have

R = −8πG

c4
gµνT

µν . (15)

Here T µν is the stress-energy tensor of M , which is given by

T µν (xα) =
Mc2√
−g (xα)

∫
dτ
Xµ (τ)

dτ

dXν (τ)

dτ
δ(4) (xµ −Xµ (τ)) . (16)

Here g = det (gµν).

To show the physical meaning of Sspacetime, we give an approximate calculation by ap-

proximating gµν as the case of flat spacetime. Under this approximation, we have

R ≈ 8πGM

c2
δ(3) (x− rM) . (17)

Here rM is the spatial coordinate of the particle M . In this case, we get

Sspacetime ≈ 8πα

∫
cdt

λM
. (18)

Compared with Eq. (10), we see that Sspacetime can be also regarded as the entanglement

entropy for the spacetime induced by M . It is expected that Sspacetime should be the same

order of SM . This means that α ∼ 1/8π. In the next section, we will show that α = 1/16π.
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IV. ENTANGLEMENT ENTROPY AND ACTION PRINCIPLE

We consider two particles M and m in spacetime. Because the overall entanglement

entropy S should be the sum of Sspacetime, SM and Sm, we have

S = Sspacetime + SM + Sm. (19)

Hence, we have

S =
α

l2p

∫
d4x
√
−gR +

Mc2

Eplp

∫
dτ

√
−gµν

dXµ
1

dτ

dXν
1

dτ
+
mc2

Eplp

∫
dτ

√
−gµν

dXµ
2

dτ

dXν
2

dτ
. (20)

Here Xµ
1 is the spacetime coordinate for particle M , while Xµ

2 is the spacetime coordinate

for m. It can be rewritten as

S =
1

Eplp

[
αc4

|G|

∫
d4x
√
−gR +Mc2

∫
dτ

√
−gµν

dXµ
1

dτ

dXν
1

dτ
+mc2

∫
dτ

√
−gµν

dXµ
2

dτ

dXν
2

dτ

]
.

(21)

By setting α = 1/16π, the expression in the square brackets is the action in general relativity.

We know that the system evolution tends to maximize the entropy, and this leads to the

action principle in general relativity, which will then give us Einstein’s field equation. Here

we show the microscopic mechanism of the action principle in general relativity and the sum

rule for various contributions to the action.

It is worthwhile to point out that the application of the entanglement entropy gives us

the chance to say something more about the fundamental property of gravitational force. In

Einstein’s general relativity, the attractive characteristic is imposed on by the observation,

rather than by rational consideration. Now, we have the chance to consider the attractive

characteristic of gravitational force for classical particles. The sum rule of entanglement

entropies lead to Eq. (21). The positive value of entanglement entropy means that M > 0,

m > 0 and the absolute value of G in Eq. (21). Of course, it is not necessary to retain this

symbol of absolute value by setting G > 0. In this case, from the action principle to get

the Einstein’s field equation, the gravitational force between two classical particles M and

m must be attractive.

V. SUMMARY AND DISCUSSION

In summary, we give a general approach to calculate the entanglement entropy for space-

time and matter based on the action in general relativity. This entanglement entropy pro-
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vides a mechanism for the action principle and attractive characteristic of gravitational

force for classical particles. In future work, it would be interesting to consider the relevant

entanglement entropy for dark energy [22, 23], dark matter and black hole [24, 25].
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