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Abstract: The study of coherent vortices remains an urgent field of singular optics of vortex beams. In this 

paper, coherent properties of partially coherent vortex Bessel—Gaussian optical beams propagating through a 

uniform medium (free space) or a turbulent atmosphere are examined theoretically. The consideration is based 

on analytical solution of the equation for the transverse second-order mutual coherence function of the field of 

a partially coherent optical radiation in a turbulent atmosphere. For the partially coherent Bessel—Gaussian 

beam, the second-order mutual coherence function of the source field is taken as a Gaussian Shell-model. In 

this approximation, we analyze the behavior of the coherence degree and the integral coherence scale of these 

beams as a function of the propagation pathlength, propagation conditions, and beam parameters, such as the 

radius of the Gauss factor of the beam, parameter of the Bessel factor of the beam, topological charge, and 

correlation width of the source field of partially coherent radiation. In addition, the integral coherence scale of 

the partially coherent vortex Bessel—Gaussian beam is compared with that of the partially coherent Gaussian 

beam. It is found that as a partially coherent vortex Bessel—Gaussian beam propagates through a turbulent 

atmosphere, there appear not two (as might be expected: one due to atmospheric turbulence and another due 

to partial coherence of the source field), but only one ring dislocation of the coherence degree (due to the 

simultaneous effect of both these factors on the optical radiation). In addition, it is shown that the dislocation 

of the coherence degree that affects significantly the beam coherence level is formed only for beams, for which 

the coherence width of the source field is larger than the diameter of the first Fresnel zone. 

Keywords: singular optics; Bessel—Gaussian beams; vortex beams; diffraction-free beams; partial 

coherence; Gaussian Shell-model; propagation; coherence degree; integral coherence scale 

 

1. Introduction 

In singular optics, being one of the important fields of modern optics, much attention is paid to 

the study of vortex optical beams [1–4]. As is well-known, vortex optical beams carry the orbital 

angular momentum. Therefore, they are suitable for solving the problem of compressing an 

information channel in telecommunication systems using different states for the orbital angular 

momentum of the carrier optical radiation [5]. The interest in beams with orbital angular momentum 

grew after publication of [6], which proposed a method for obtaining beams with arbitrary values of 

the orbital angular momentum by converting Laguerre—Gaussian optical beams, as well as an 

experimental scheme for measuring of the orbital angular momentum by transferring it to a 

mechanical system. 

It can be noted, however, that the study of optical beams with vortices began even earlier. For 

example, in [7,8], the structure of a monochromatic optical field was studied in connection with the 

existence of points, at which the amplitude of this field is zero. At the places where the optical field 

has not just a minimum, but an exactly zero value, the wave front of this field (constant phase surface) 

includes a spiral dislocation [9,10]. The issue of [6] was followed by numerous publications dealing 
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with methods for generation of vortex beams in the optical range [11,12]. The interest to this problem 

existed recently [13,14] and still exists today [15–17]. 

The simplest optical elements that generate vortex optical fields are a spiral phase plate and a 

spiral axicon [18–23]. A feature of a vortex beam formed by such optical elements is an isolated 

intensity zero at the optical axis that appears just behind a spiral phase element. It was shown [24] 

that as an optical beam propagates in a uniform medium, an optical vortex (a helical phase front) and 

the corresponding isolated intensity zero leads to degradation of the quality of this beam. With 

development of the theory of propagation of partially coherent and polarized polychromatic optical 

radiation with the helical (spiral) phase front in uniform and randomly inhomogeneous media (in 

particular, in a turbulent atmosphere), the study of coherence vortices has become urgent [25–29]. 

The phenomenon of diffraction is one of manifestations of the wave nature of optical radiation 

[30]. Nevertheless, there exist optical structures capable of keeping their original intensity 

distribution of the optical field while propagating in a proper medium [1-4,22,23]. Invariance is the 

main property of optical modes when propagating in their medium. That is, modes do not change 

their spatial structure in the process of propagation. Bessel modes, for example, propagate without 

changing in a uniform medium (free space) [1–4]. As to the Gaussian modes, they keep their structure 

up to a scale in a uniform medium (free space) [1–4]. 

The second-order mutual coherence function is widely used not only in the wave and singular 

optics, but also in other areas of physics [30–33]. Since the random diffraction reduces the coherence 

of optical radiation propagating along long randomly inhomogeneous paths, the study of this issue 

is of undoubted practical interest [34–37]. The feasibility of forming coherent vortex Bessel beams in 

a turbulent atmosphere was analyzed in [34] based on studies of average intensity profiles of optical 

radiation. 

The mutual coherence functions of diffraction-free Bessel and Bessel-like optical beams 

propagating in a turbulent atmosphere have some common features that distinguish them from other 

types of optical beams [35]. The propagation of limited Bessel beams in a turbulent atmosphere was 

simulated numerically in [36] with the method of phase screens. The theoretical and experimental 

studies concerning generation and propagation of partially coherent vortex beams in various media 

can be found in [37]. 

Specialists in adaptive optics have also turned their attention to Bessel and Bessel-like optical 

beams [38–42]. They considered both the removal of regular distortions of optical beams due to 

imperfection of optical systems forming these beams [41] and the feasibility of compensating for the 

effect of random inhomogeneities of a turbulent atmosphere [38–40]. 

In this paper, the behavior of the coherence degree and the integral coherence scale of partially 

coherent vortex Bessel—Gaussian beams propagating through either a uniform medium (free space) 

or a randomly inhomogeneous turbulent atmosphere is analyzed theoretically. The consideration is 

based on the analytical solution of the equation for the transverse second-order mutual coherence 

function of the field of partially coherent optical radiation in a turbulent atmosphere [43]. For the 

partially coherent Bessel—Gaussian beam, the second-order mutual coherence function of the source 

field was set in the form of the Gaussian Shell-model. 

The behavior of the coherence degree and integral coherence scale of partially coherent vortex 

Bessel—Gaussian beams was analyzed as a function of the following parameters of optical radiation: 

the initial radius of the Gaussian factor of the beam field, wave vector component transverse to the 

radiation propagation direction (parameter of the Bessel factor of the beam field), topological charge 

of the beam (parameter of vortex beam), and the coherence width of the source field of partially 

coherent radiation, as well as the propagation conditions and pathlength. 

A fundamental difference was noticed between coherent properties of partially coherent vortex 

Bessel—Gaussian beams propagating in a turbulent atmosphere from similar characteristics of 

partially coherent vortex Bessel—Gaussian beams propagating in a uniform medium (free space) or 

characteristics of fully coherent Bessel—Gaussian beams in a turbulent atmosphere. The integral 

coherence scale of the partially coherent vortex Bessel—Gaussian beam was compared with the 

similar characteristic of the partially coherent non-vortex Gaussian beam. 
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2. Basic Definitions 

For the partially coherent vortex Bessel—Gaussian optical beam propagating in the direction of 

the Ox  coordinate axis, the second-order mutual coherence function of the source field ( )0
U   at 

0x =  is set as a product of the fields at the observation points by the Gauss-form correlator 

depending on the difference between the observation points (a Gaussian Schell-model source) [44–

49]: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( )

2

1 20 2
2 1 2 0 1 0 2 0 g 1 g 2 b 1 b 2 2

, exp ,
4

c

U U E g g g g
l

  

 −
  = = −
 
 

 
       

 

(1) 

where the overbar means averaging over an ensemble of realizations of source fluctuations; 
0

E  is 

the initial amplitude of the beam at its optical axis;    , ,
j j j j j

y z  = =  are spatial coordinates 

transverse to the direction of optical radiation propagation; 2 2
j j j

y z = + , ( )arctan
j j j

z y =  are 

the absolute values and arguments of these coordinates; 1,2j = ; 

( ) ( )
2

2
g g 2

0 0

, exp
2 2

j

j j j j

k
g g i

a R


  

 
 = = − −
 
 

  is the Gaussian factor of the optical beam; 

( ) ( ) ( ) ( )b b
, exp

j j j m j j
g g J im   = =  is the Bessel factor of the beam; 

0
a  is the initial radius of the 

Gaussian factor of the beam field; 
0

R  is the curvature radius of the parabolic wavefront at the 

transmitting aperture; 2k  =  is the wave number of the optical radiation;   is the wavelength 

of optical radiation in vacuum; 2 2
x

k k = −  is the wave vector k  component orthogonal to the 

axis of optical radiation propagation (parameter of the Bessel beam, scalar parameter measured in 
−  

1m ); 
x

k  is the wave vector component in the direction of the Ox  axis; m  is the topological 

charge of the vortex beam (dimensionless integer scalar parameter of vortex beam); ( )m
J   is the mth-

order first-kind Bessel function; and 
c

l  is the coherence width of the source field [48,49]. 

Coherent properties of partially coherent vortex Bessel—Gaussian beams propagating in a 

turbulent atmosphere are described with the transverse second-order mutual coherence function 

[43,44] of the beam field ( ),U x  : 

( ) ( ) ( )2 1 2 1 2
, , , , ,x U x U x =     (2) 

where the overbar, similarly to Equation (1), denotes the averaging over an ensemble of realizations 

of source fluctuations;   is the ensemble of realizations of refractive index fluctuations in a 

turbulent atmosphere;  1
,x   and  2

,x  are observations points, and x  is the path length. 

Let us consider the propagation of the partially coherent vortex Bessel—Gaussian beam in a 

turbulent atmosphere in the paraxial approximation [43], that is, near the optical axis of the beam. In 

this case, the following equation is true for the transverse second-order mutual coherence function 

(2) of the beam field ( ) ( ) ( ), , exp
j j

U x E x ikx   ( 1,2j = ) [43]: 

( ) ( ) ( ) ( ) ( )2 1 2 1 2 1 2
, , , , , , ,x U x U x E x E x  =        (3) 

where ( ),
j

E x   is the complex amplitude of the beam at the observation point  ,
j

x  ; and 1,2j = . 

The equation for the transverse second-order mutual coherence function of the field of partially 

coherent optical beam (3) in a turbulent atmosphere at an arbitrary form of the initial mutual 

coherence function ( ) ( )0

2 1 2
,    (1) can be written asymptotically rigorously as [43]: 
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a = 1,
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  

 
(4) 

where ( ) ( ) ( )2 d 1 cos
n

H 


−

 =  −      is the function describing the effect of random 

inhomogeneities of the refractive index of a turbulent atmosphere on the optical radiation; ( )n
  is 

the spectrum of fluctuations of the refractive index of a turbulent atmosphere; ( )1 2
2= +R    and 

1 2
= −    are the sum and difference coordinates of observation points. We consider the 

Kolmogorov spectrum of refractive index fluctuations [43]: ( ) 11 320.033
n

C

  − = , where 2

n
C  is the 

structure characteristic of refractive index fluctuations [43]. 

In this case, the integral of the function ( )H   describing the effect of a randomly 

inhomogeneous medium on optical radiation from Equation (4) acquires the following form: 

( )( ) ( )( )
1 1

5 3
5 32

1 2 0 1 2

0 0

d 1 d 1 ,k x H       −    + − −  + − −         (5) 

where ( )
3 5

2 2
0

1.46
n

C k x
−

=  is the coherence radius of a plane optical wave in a turbulent atmosphere 

[43,50]. As was shown in [50,51], to facilitate the following analysis of Equation (4) with initial 

condition (1), the effect of random inhomogeneities of a turbulent atmosphere can be taken into 

account in the square approximation for the function ( )H  : 

( )( ) ( ) ( )
1

22 2 2
1 2 0 1 2 1 2

0

1
d 1 .

3
k x H     −        + − −  + − + −              (6) 

3. Basic Relations 

For partially coherent vortex Bessel—Gaussian beam (1) propagating in a turbulent atmosphere 

(5) described with the square approximation (6), the integral equation for the transverse second-order 

mutual coherence function (4) of the field of partially coherent Bessel—Gaussian beam (1) can be 

simplified. With allowance for Equation (6), the quadruple integral (4) with the initial distribution (1) 

can be converted using the following table relation [52]: 

( ) ( ) ( )
2

2 2

0

1
exp arctan exp d exp cos sin ,

2 2m

z
J y z im im im i y i z

y




      


    
    + = − −      

     
  (7) 

to a sixfold integral, which, after calculating the table integrals [52], can be transformed into a relation 

in the form of a double integral. In what follows, we analyze the integral equation obtained in this 

way (with the use of Equation (7)): 

( ) ( ) ( )2 vbgb 2 gb 2 fvbb
, , , , , , ,x x x = R R R    (8) 

where ( )2 gb
, ,x R   is the transverse second-order mutual coherence function of the partially 

coherent non-vortex Gaussian beam propagating in a turbulent atmosphere [50]; ( )2 fvbb
, ,x R   is 

the transverse second-order mutual coherence function of truncated (by the Gaussian beam) partially 

coherent vortex Bessel beam propagating in a turbulent atmosphere. 
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Particular equations for the functions ( )2 gb
, ,x R   and ( )2 fvbb

, ,x R   from Equation (8) are 

given below. The first factor of Equation (8) ( )2 gb
, ,x R   that coincides with the transverse second-

order mutual coherence function of the partially coherent Gaussian beam propagating in a turbulent 

atmosphere is independent of the Bessel beam parameters: 

( )
( ) ( )

( ) ( )
( )

( )
( )

−
  

 +   −    
 = − + − +  

  
 
 

2
1 2

02 2
0

2 gb 2 2 2 2

cos4 1
, , exp ,

4

b R

c c

r r r r

R
g x RE

x i q g x q
g x g x g x g x




   

R   (9) 

where  ,
R

R =R ,  ,


 =  are polar coordinates of the sum and difference vectors of 

observation points 1
  and 2

 ; R k xR= ; k x =  are the coordinates of the sum R  and 

difference   vectors of observation points 1
  and 2

  upon normalization to the diameter of the 

first Fresnel zone x k ; ( ) ( )0 r
a x a g x=  is the current value of the radius of the partially coherent 

Gaussian beam [50]; ( ) ( )
2 2

0 0 0

4
1 1

3r c
g x q q −  

= − + + +  
 

, 

( ) ( ) ( )2
0 0 0

1 1 2
b c

g x q q  −= − − + + +   and ( ) ( )2 2
0 0 0

1 1
1 1

3 3c с
g x q q  − 

= − + +  + + 
 

 are 

geometric factors used when describing changes in the radius, wavefront curvature, and coherence 

of the partially coherent Gaussian beam in a turbulent atmosphere [50]; 0
x R =  is the beam 

focusing parameter [50]; 2
0 0

ka x =  is the Fresnel number of the transmitting aperture [50]; 

( )2
c c

q x kl=  is the parameter characterizing the propagation conditions for partially coherent optical 

radiation at a uniform path (optical thickness of a uniform medium for partially coherent radiation); 

and ( )2

0
q x k=  is the parameter characterizing the conditions of propagation of optical radiation 

in a turbulent atmosphere (optical thickness of the turbulent atmosphere) [50]. 

In Equation (8), the second factor ( )2 fvbb
, ,x R   is the transverse second-order mutual 

coherence function of the truncated (by the Gaussian beam) partially coherent vortex Bessel beam 

propagating in a turbulent atmosphere. This factor depends on the parameters of the Gaussian factor 

of the beam: 

( ) ( )
( )

( ) ( )

( )

( ) ( )
( )

( )
( )

( )

( )

1 2
0

2 fvbb 2 fvbb 0 02 2

2

2 2 2
0

1 1 2
, , , , , , exp 1

4 2 3

coscos 1
d exp cos

2 2

cos
d exp

R c

r

ff R

c t

r r r

f R

x x R q q
g x

g xg x R i
im i q g x q

g x g x g x

g x R
im i









  



     
   

 
 

−





  
 =  = − +  +   

   

 −−   
 − − − + −  

   

−
 − +



R 

( )

( )

( ) ( )
( )

( )
( )

( )
( )

( )

2

2 2
0

2

2 2

cos

2

1 1 2
cos cos ,

2 2 3

f

r r

c t c

r r

g xi

g x g x

q g x q q q
g x g x






  

 
   

 −
−




    

+ + − + + −   
    





 
(10) 

where x k =  is the normalized parameter of the Bessel beam; ( ) ( ) 1
0

1
f

g x i −= − +   and 

( ) 1
0

1 1
1

3 3t
g x i − 

= − +  
 

 are geometric factors. 

Thus, Equation (8) demonstrates not complete, but only partial factorization of the contributions 

of the Gaussian and Bessel components of the beam. Equation (8) describes the transverse second-
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order mutual coherence function of the partially coherent vortex Bessel—Gaussian beam propagating 

in a turbulent atmosphere in the paraxial zone of the beam [43,50]. 

Correspondingly, at 0q =  Equation (8) describes the transverse second-order mutual 

coherence function of the partially coherent vortex Bessel—Gaussian beam in its paraxial zone for 

the propagation in a uniform medium (free space). Similarly, at 0q = , that is, for the propagation in 

a uniform medium (free space), the transverse second-order mutual coherence function of the 

truncated (by the Gaussian beam) partially coherent vortex Bessel beam in its paraxial zone is 

described by Equation (10). 

Since the spatial coordinates are defined as in Equation (4), the normalized second-order mutual 

coherence function (complex coherence degree) of an optical beam has the following form [30–

33,43,44,50]: 

( )
( )

( ) ( )

2

2

, ,
, , ,

, 2 , 2

x
x

I x I x




=

+ −

R
R

R R




 

 
(11) 

where ( ) ( )2
, , ,0I x x= R R  is the mean intensity of the partially coherent optical beam in a 

turbulent atmosphere for the point  ,x R . Known the complex coherence degree (11), we can write 

the equation for the absolute value of the complex coherence degree ( ),x   of the partially 

coherent optical beam at its optical axis ( 0R= ): 

( ) ( )  ( ) 
2 2

2 2
, Re ,0, Im ,0, .x x x        = +     (12) 

If the coherence degree ( ),x   described by Equation (12) has one maximum, then the 

coherence radius 
c

  can be found from the condition: ( ) ( ), exp 1 0.37
c

x  = − = . At the same time, 

when describing the coherence of Bessel or Bessel—Gaussian optical beams (since the coherence 

degree has a more complex structure in these cases [29,35,51]), it is better determining the coherence 

degree scale through the integral equation [35,53,54]: 

( )
0

d , ,
m

x   


=   (13) 

where 
m

  is the integral coherence scale of an optical beam. 

4. Coherence Degree of Bessel Beams 

As can be seen from Equation (8), the equation for the second-order mutual coherence function 

of the partially coherent vortex Bessel—Gaussian beam propagating in a turbulent atmosphere 

decomposes into two factors. One of them is the second-order mutual coherence function of the 

partially coherent non-vortex Gaussian beam in a turbulent atmosphere ( )2 gb
, ,x R   (9) [30], while 

another is the second-order mutual coherence function of the truncated (by the Gaussian beam) 

partially coherent vortex Bessel beam in a turbulent atmosphere ( )2 fvbb
, ,x R   (10). Since the 

second-order mutual coherence function of the partially coherent Gaussian optical beam propagating 

in a turbulent atmosphere ( )2 gb
, ,x R   is studied thoroughly [50], we consider below the second-

order mutual coherence function of the partially coherent truncated vortex Bessel—Gaussian beam 

in a turbulent atmosphere ( )2 fvbb
, ,x R  . 

First, we consider the case of unlimited ( 0
a → , 0

R → ) partially coherent vortex Bessel beam 

(1). In this case, the second-order mutual coherence function ( )2 fvbb
, ,x R   (10) takes a simpler form 

( )2 vbb
, ,x R  : 
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( ) ( ) ( )
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0 2 2
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2

0

2

0

2 1 1
, , exp

4 3 2 4

1
d exp cos cos cos

2 2

1
d exp cos cos cos

2 2

2

c c

R c

R c

E
x q q q q

i
im i R q q

i
im i R q q



 



 

 


          

          

    
 = − + − +    

    

  
 − − − − − + −  

  

  
 − + − − − + + −  

 

+





R 

( )21
cos .

3 2 c
q q   

 
+ −  

  

 (14) 

Correspondingly, at 0q =  Equation (14) describes the behavior of the second-order mutual 

coherence function of unlimited partially coherent vortex Bessel beam propagating in a uniform 

medium. 

4.1. Coherence Degree of Partially Coherent Bessel Beams in a Uniform Medium 

As a fully coherent optical radiation with the helical phase profile propagates in a uniform 

medium, it keeps its coherence, that is, coherence degree (12) of vortex optical radiation is equal to 

unity at any point of the propagation path ( ( ), 1x   ) [30–32], while the integral coherence scale 

(13) tends to infinity (
m

 →  ). If a partially coherent vortex optical beam propagates in a uniform 

medium (free space), then it coherence decreases during the transfer of vortex radiation due to the 

presence of random diffraction at the transmitting aperture [25–28]: ( ), 1.0x    and 
m

   . 

Figure 1a,b shows the coherence degree ( )vbb
,x   of partially coherent ( 0

c
q  ) vortex Bessel (

1, 2m = ) beams for 1.0 =  at the optical axes of the beams ( 0R = ) as calculated by Equations (11), 

(12), and (14) for the beams propagating along uniform paths (that is, at 0q = ). The coherence degree 

( )vbb
,x   of vortex Bessel ( 1, 2m = ) beams ( )vbb

, 1; 0x      as a function of the normalized 

radial coordinate 0; 10    and the optical thickness of a uniform medium for the partially 

coherent radiation 0; 5
c

q     is shown as color contour plots (100 pseudo-colors). In Figure 1a (

1m= ) and Figure 1b ( 2m = ), we can see how a ring dislocation of coherence degree [26,29] appears 

and disappears in the paraxial zone ( 3  ) of partially coherent vortex Bessel beams propagating in 

a uniform medium. A ring dislocation is a zone of low coherence in the two-dimensional field of 

coherence degree of optical radiation with the helical phase profile near the optical axis of the beam. 

A necessary condition for existence of a ring dislocation of coherence degree for axially symmetric 

vortex beams (independent of the angular coordinate  ) is that the coherence degree takes zero 

value on at least one circle centered at the optical axis of the beam. The number of zeros in a ring 

dislocation of coherence degree is equal to the topological charge of the vortex beam m . 

 

 

a b 
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Figure 1. Coherence degree ( )vbb
,x   of partially coherent vortex Bessel beams propagating in a 

uniform medium at 1.0 =  for different values of the topological charge of the vortex beam m : (a) 

1m= ; (b) 2m= . 

It is worth recalling that the definition of a ring dislocation for an axially symmetric vortex Bessel 

beam (independent of the angular coordinate  ) means the fulfillment of the condition that 

( )vbb ring
, 0x  = , where ring

  is the coordinate of a ring dislocation [29]. In fact, for the vortex beam 

with 1m=  (see Figure 1a), we have one value of ring
 : ( )vbb

Re , 0x      at ring
   and 

( )vbb
Re , 0x      at ring

  , while ( )vbb
Im , 0x   =   everywhere. As to the vortex beam with 

2m =  (see Figure 1b), in this case we have two values of ring
  ( ring 1

  and ring 2
 ; let ring 2 ring 1

 

): ( )vbb
Re , 0x      at ring 1

  , ( )vbb
Re , 0x      and ring 1 ring 2

    , and 

( )vbb
Re , 0x      at ring 2

  , while ( )vbb
Im , 0x   =   everywhere. The data shown in 

Figure 1a,b suggest that as the topological charge of the vortex beam m  increases, the coherence of 

vortex Bessel beams decreases due to an increase in the size of a ring dislocation. 

As can be seen from Figure 1a,b, the coherence degree of the Bessel beam ( )vbb
,x   at its 

optical axis, except for the zone of ring dislocation, generally decreases with an increase of the 

dimensionless variable  . However, at 1.0
c

q  , the coherence degree pattern periodically 

demonstrates twin regions of low coherence with an intermediate narrow subregion of high 

coherence. In particular, in Figure 1a for the Bessel optical beam with 1m= , we can see one such 

region in the range 0; 10   . The middle of this region of low coherence falls on the argument of 

7.66 , which corresponds to the doubled value of the first positive zero of the first-kind first-order 

Bessel function ( 3.83 ). For the Bessel optical beam with 2m =  in Figure 1b, such regions are 

practically invisible, since the middle of the first of them falls on 10.27   (associated with the first 

positive zero of the first-kind second-order Bessel function equal to 5.14 ). The existence of such 

regions of low coherence for the Bessel beam at 1.0
c

q   can be explained by the effect of the beam 

regular structure [51], which still preserves at 1.0
c

q  , on the beam coherence. It can be easily 

noticed (see Figure 1a,b) that the effect of the helical phase profile on the coherence of the partially 

coherent radiation preserves at the higher values of the optical thickness of a uniform medium c
q  

(manifesting itself in the ring dislocation of coherence degree) than the effect of the regular structure 

of the Bessel beam (manifesting itself in the existence of secondary intensity minima of this beam). 

4.2. Coherence Degree of Coherent Bessel Beams in a Turbulent Atmosphere 

In this subsection, we considers the results concerning the propagation of fully coherent ( 0
c

q =

) optical radiation in a turbulent atmosphere ( 0q  ). The coherence degree ( )vbb
,x   of fully 

coherent vortex Bessel beams ( 1, 2m = ) propagating in a turbulent atmosphere for 1.0 =  at the 

optical axis ( 0R = ) as calculated by Equations (11), (12), and (14) is shown in Figure 2a (for 1m= ) 

and Figure 2b (for 2m = ). Figure 2a,b is also color contour plots (100 pseudo-colors) of the coherence 

degree ( )vbb
,x   of vortex Bessel beams: ( )vbb

, 1; 0x     , as a function of the normalized radial 

coordinate 0; 10   , but with the optical thickness of a turbulent atmosphere 0; 5q    as a 

dimensionless parameter. In this case, a ring dislocation of coherence degree [29] is also formed in 

the paraxial zone ( 3  ) of the vortex Bessel beam. 
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a b 

Figure 2. Coherence degree ( )vbb
,x   of coherent vortex Bessel beams propagating in a turbulent 

atmosphere at 1.0 =  for different values of the topological charge of the vortex beam m : (a) 1m=

; (b) 2m= . 

The data shown in Figures 1 and 2 allow us to conclude that the coherence transfer mechanisms 

for the partially coherent vortex Bessel beams in a uniform medium and fully coherent vortex Bessel 

beams in a turbulent atmosphere are nearly identical. The contour plots shown in these figures almost 

completely coincide in the main details, but some differences are observed only in their fine structure. 

However, these differences do exist, and they cannot be removed by scaling of the plots. In this sense, 

the situation is fundamentally different from the case of the non-vortex Gaussian beam [50]. 

In connection with the aforesaid, we can conclude that the partially coherent optical radiation 

described by the Gaussian Shell-model is an optical wave with large phase distortions at the source. 

The turbulent atmosphere, in its turn, introduces large phase distortions to the optical wave during 

the propagation. This is the similarity and the difference between the two problems. The lower 

sensitivity of a non-vortex Gaussian beam to differences in these propagation schemes is associated 

with the ideal appodization of this beam to both a uniform medium and a turbulent atmosphere [50]. 

4.3. Coherence Degree of Partially Coherent Bessel Beams in a Turbulent Atmosphere 

The process of transformation of the coherence degree of partially coherent vortex Bessel beams 

in a turbulent atmosphere is illustrated in Figure 3 (for beams with 1.0 =  and 1m= ) at four values 

of the optical thickness of a uniform medium for the partially coherent radiation c
q . 

  

a b 
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c d 

Figure 3. Coherence degree ( )vbb
,x   of partially coherent vortex Bessel beams propagating in a 

turbulent atmosphere at 1.0 =  and 1m=  for different values of the dimensionless parameter 
c

q

: (a) 0.01
c

q = ; (b) 0.1
c

q = ; (c) 1.0
c

q = ; (d) 10.0
c

q = . 

These figures show the color contour plots (100 pseudo-colors) of the coherence degree 

( )vbb
, 1; 0x      of partially coherent vortex Bessel beams as a function of the normalized 

coordinate 0; 10    and the normalized parameter (optical thickness of a turbulent atmosphere): 

0; 10q   . As to the coherence degree of partially coherent vortex Bessel beams propagating in a 

turbulent atmosphere, the following can be noted. 

1) Factors affecting the coherence of the vortex Bessel beam, partial coherence of the optical 

radiation and random inhomogeneities of a turbulent atmosphere exert not an additive, but a 

multiplicative distorting effect (see Equation (14) or Equation (10)). 

2) As a partially coherent vortex Bessel beam propagates in a turbulent atmosphere, we could 

expect the formation of two ring dislocations: one due to atmospheric turbulence and another due to 

partial coherence of the radiation source. However, only one ring dislocation of coherence degree of 

vortex Bessel beam is actually observed, because these factors affect optical radiation simultaneously. 

3) A ring dislocation of the vortex Bessel beam is formed at any values of the optical thickness 

of a uniform medium for the partially coherent radiation c
q . 

4) As the optical thickness of a uniform medium for the partially coherent radiation c
q  

increases, a ring dislocation of the partially coherent vortex Bessel beam grows in size, while its 

dependence on the optical thickness of a turbulent atmosphere q  reduces. 

5) However, if the optical thickness of a uniform medium for the partially coherent radiation is 

greater than unity ( 1.0
c

q  ), a ring dislocation of the coherence degree is formed at low levels of 

coherence degree ( )vbb
,x   and thus no longer exerts a significant effect on the coherence level of 

partially coherent vortex Bessel beam as a whole. 

6) For small values of the optical thickness of a uniform medium for the partially coherent 

radiation ( 0.1
c

q  ), a ring dislocation of coherence degree is formed in nearly the same way as in the 

case of the fully coherent vortex Bessel beam (compare Figure 3a,b with Figure 2a). 

7) At a low level of initial coherence of optical radiation ( 1.0
c

q  ), the effect of atmospheric 

turbulence on the coherence degree ( )vbb
,x   manifests itself only in the area of strong radiation 

fluctuations due to turbulence ( 1.0q  ) (see Figure 3c,d). 

5. Integral Coherence Scale of Bessel Beams 

If the data on the second-order mutual coherence function of the optical radiation field is 

available, we can assess the coherent properties of the field, in particular, the coherence scale of 
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optical radiation [30–33,43,44,50]. It was shown in [35,53,54] that the integral coherence scale (13) of 

vortex Bessel and vortex Bessel—Gaussian beams, unlike the coherence radius of these beams, is 

almost uniquely related to the conditions of propagation of optical radiation in a turbulent 

atmosphere. Thus, the integral coherence scale ( vbbm
  or vbgbm

 ) (13) for vortex Bessel and vortex 

Bessel—Gaussian beams is a more representative characteristic than their coherence radius ( vbbm
  

or vbgbc
 ). 

This section provides the integral coherence scale vbbm
  (13) of unlimited ( 0

a → , 0
R → ) 

partially coherent vortex Bessel beams (1) at the optical axis ( 0R = ) as calculated with 

Equations (11)–(14). Figure 4 depicts the integral coherence scale vbbm
  of partially coherent vortex 

Bessel beams with different values of the topological charge 1, 2, 3, 4m =  at the normalized 

parameter of the Bessel beam equal to unity ( 1.0 = ). In Figure 4, the calculated results are shown 

to demonstrate the behavior of the integral coherence scale of partially coherent vortex Bessel beams 

in a turbulent atmosphere ( )vbb 1m
f q =  for several values of the normalized parameter c

q  (optical 

thickness of a uniform medium for partially coherent radiation). 

 

Figure 4. Integral coherence scale vbbm
  of partially coherent vortex Bessel beams propagating in a 

turbulent atmosphere at different source coherence levels 
c

q  for four values of the topological charge 

of the vortex beam m : (a) 1m= ; (b) 2m= ; (c) 3m= ; (d) 4m= . 

One can see that in the region of weak fluctuations of optical radiation due to atmospheric 

turbulence ( 1.0q  ), the integral coherence scale vbbm
  (13) of partially coherent vortex Bessel beams 
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(1) is significantly affected by the initial coherence of optical radiation. In the region of strong 

fluctuations of optical radiation due to atmospheric turbulence ( 1.0q  ), to the contrary, the decisive 

factor for the integral coherence scale vbbm
  (13) of partially coherent vortex Bessel beams (1) is not 

the partial coherence of optical radiation, but turbulence of the propagation medium. 

The only exception is optical beams with very low initial coherence ( ~ 100.0
c

q ). Turbulence has 

a minimal effect on them, because the decisive role in this case is played by the initial coherence of 

optical radiation. This is explained by the fact that for these beams the coherence is already at such a 

low level that Atmospheric turbulence can almost completely suppress the process of coherence 

restoration when the incoherent optical radiation propagates along the path. 

The results of these calculations are shown in Figure 5 to demonstrate the behavior of the integral 

coherence scale of partially coherent vortex Bessel beams ( )vbb 2m c
f q =  for several values of the 

normalized parameter q  characterizing the conditions of radiation propagation in a turbulent 

atmosphere. It is easy to see (Figure 4) that significant changes in the integral coherence scale of 

partially coherent vortex Bessel beams are observed in the region of weak fluctuations of optical 

radiation due to turbulence ( 1.0q  ) for optical beams with the high initial coherence ( 1.0
c

q  ). 

Thus, the data obtained for the integral coherence scale of partially coherent vortex Bessel beams 

vbbm
  for several values of the topological charge m  ( 1, 2, 3, 4m = ) at radiation propagation in a 

turbulent atmosphere (see Figures 4 and 5) demonstrate that the integral coherence scale of partially 

coherent vortex Bessel beams changes significantly only the intermediate region of transition from 

weak to strong radiation fluctuations due to atmospheric turbulence only for optical beams with the 

high initial coherence ( 1.0
c

q  ). 
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Figure 5. Integral coherence scale vbbm
 of partially coherent vortex Bessel beams propagating in a 

turbulent atmosphere at different turbulence level q  in the propagation medium for four values of 

the topological charge of vortex beam m : (a) 1m= ; (b) 2m= ; (c) 3m= ; (d) 4m= . 

The data shown in Figure 6 are obtained for the integral coherence scale of partially coherent 

vortex Bessel vbbm
  at 1m=  for different values of the Bessel beam parameter  . These results 

demonstrate that the integral coherence scale of partially coherent vortex Bessel beam vbbm
  

depends rather weakly on the normalized Bessel parameter beam   (in the range from 0.5 to 4.0). 

 

Figure 6. Integral coherence scale vbbm
  of partially coherent vortex Bessel beams ( 1m= ) 

propagating in a turbulent atmosphere at the different source coherence 
c

q  for four values of the 

Bessel beam parameter  : (a) 0.5 = ; (b) 1.0 = ; (c) 2.0 = ; (d) 4.0 = . 

The normalized Bessel beam parameter   has the strongest effect on the integral coherence 

scale of partially coherent vortex Bessel beam vbbm
  in the region of transition from weak to strong 

radiation fluctuations due to atmospheric turbulence. The only exception is partially coherent optical 

beams with the low initial coherence level 1.0
c

q  , that is, partially coherent beams, for which the 

correlation width of the source field is smaller than the diameter of the first Fresnel zone. 

It should be emphasized that the vortex character of the optical beam has the minimal effect on 

its coherence during the propagation. The vortex character influences only optical beams with high 

initial coherence ( 1.0
c

q  ) in the region 0.1; 1.0q    and has practically no effect on the coherence 
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behavior of beams with the low initial coherence level ( 1.0
c

q  ). This phenomenon is associated with 

the ring dislocation of coherence degree of vortex Bessel beams [29] that forms at ~ 0.1q  and 

disappears at ~ 1.0q  (see Figure 3). All this happens in the region of transition from low to high 

fluctuations in a turbulent medium, i.e. when the diffraction-free beam still continues to keep (albeit 

partially) its invariant properties. 

6. Integral Coherence Scale of Bessel—Gaussian Beams 

Figure 7 depicts the ratio of integral scales of the collimated ( 0
R → ) partially coherent vortex 

Bessel—Gaussian beam ( 1m= ) vbgbm
  (1) and the collimated ( 0

R → ) partially coherent non-

vortex Gaussian beam ( 0 = ) gbm
  propagating in a turbulent atmosphere. The data are obtained 

through numerical calculation by Equations (8), (11)–(13) and Equations (9), (11)–(13) for optical 

beams with 1.0 =  and 1m=  at the optical axis ( 0R = ) for different values of the Fresnel number 

of the transmitting aperture 0
 . 

 

Figure 7. Ratio of the integral coherence scales of partially coherent vortex Bessel—Gaussian vbgbm
  

and Gaussian gbm
  beams with 1.0 =  and 1m=  at different values of the Fresnel number of the 

transmitting aperture 
0

  for three source coherence levels 
c

q : (a) 0
c

q = ; (b) 0.1
c

q = ; (c) 1.0
c

q = ; 

(d) 10.0
c

q = . 
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The comparison of the results (see Figure 7) obtained for the integral coherence scale of 

collimated partially coherent Bessel—Gaussian beam vbgbm
  in a turbulent atmosphere  with that 

of the collimated non-vortex Gaussian beam gbm
  demonstrates a weak dependence of the integral 

coherence scale of the collimated partially coherent Bessel—Gaussian  beam vbgbm
  in a turbulent 

atmosphere on the initial radius 0
a  of the Gaussian factor of the beam field (1), that is, on the Fresnel 

number of the transmitting aperture 0
 . 

Thus (see Figure 7), the integral coherence scale of partially coherent vortex Bessel—Gaussian 

beam vbgbm
  in a uniform medium or a turbulent atmosphere for optical beams with high initial 

coherence ( 1.0
c

q  ) differs only slightly from the integral coherence scale of partially coherent non-

vortex Gaussian beam gbm
  in a uniform medium (see Figure 7) or a turbulent atmosphere, and 

their ratio (see Figure 7a,b,c) weakly depends on the Fresnel number of the transmitting aperture 0


. 

For optical beams with the low initial coherence ( 1.0
c

q  ) (see Figure 7d), the situation is exactly 

the opposite: the ratio of the integral coherence scale of partially coherent vortex Bessel—Gaussian 

beam vbgbm
  to that of the partially coherent non-vortex Gaussian beam gbm

  at the optical axes of 

the beams ( 0R = ) depends significantly on the Fresnel number of the transmitting aperture 0
 , but 

only weakly on the level of fluctuations q  caused by atmospheric turbulence. 

The described behavior of the integral coherence scale of vortex Bessel—Gaussian beam is 

associated with the fact that every ring of the Bessel beam carries approximately the same energy 

equal to the energy in the first ring of the Bessel beam, that is, the energy in the cross section of the 

Bessel beam is distributed more uniformly than in the Gaussian beam. 

7. Discussion 

The results obtained for statistical coherence characteristics of the partially coherent vortex 

Bessel—Gaussian beams propagating in a uniform medium or a turbulent atmosphere can be 

summarized in the form of the following statements. 

1) The main factors affecting coherence of partially coherent vortex Bessel—Gaussian beams 

propagating in turbulent atmosphere are the atmospheric turbulence and the partial coherence of the 

source of optical radiation. These factors exert not an additive, but a multiplicative distorting effect 

on optical radiation. 

2) The partial coherence of the source of optical radiation has a greater influence in the region of 

weak intensity fluctuations due to atmospheric turbulence than in the region of strong fluctuations. 

3) An optical vortex (helical wavefront of the beam) plays a certain role in the transition region 

from weak to strong wave intensity fluctuations due to atmospheric turbulence. 

4) Geometrical parameters of the Bessel and Gaussian components of partially coherent vortex 

Bessel—Gaussian beams propagating in a uniform medium or a turbulent atmosphere have a smaller 

effect on the coherence of these beams than the above factors do. 
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