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DETERMINISTIC QUANTUM MECHANICS - Part
II - The Linearized Temporal-Azimuthal Wave
Solution

Peter Vadasz

Department of Mechanical Engineering, Northern Arizona University, Flagstaff, AZ, USA;
peter.vadasz@nau.edu

Abstract: This is the second paper in a series introducing a deterministic quantum mechanics theory that is
shown to be consistent with the current mainstream statistical quantum theory as well as with classical physics.
The first paper in this series demonstrated how causality, physical reality, and determinism are restored and
concerns that were raised by results from the current mainstream statistical quantum theory were explained in
simple form. The meaning of particle-wave duality and complementarity, the possibility of a particle, like the
electron, to cross through the nucleus as it does when the angular momentum of the electron is zero, the
possibility of a point-size particle to have an “intrinsic spin”, the possibility of “quantum jumps” as the electron
transitions instantaneously from one stable orbital to another and does that at irregular time intervals, the
natural collapse of the wave function as part of the solution, as well as consistency with the phenomenon of
entanglement were some of the results that emerged from the proposed deterministic quantum mechanics
theory. While the first paper presented overwhelming evidence of the latter, the present paper is the first to
produce actual solutions that are consistent with current mainstream quantum theory as well as with classical
physics. Analytical solutions are presented via a linear stability method. The Bohr-Schrodinger energy levels
leading to the experimentally confirmed spectral lines, as well as the fine structure constant emerge directly from
the solution of the equations governing the proposed deterministic quantum mechanics. Recommended
follow-up solutions as well as generalizations are being presented at the end of the paper.

Keywords: deterministic quantum mechanics; statistical quantum mechanics; intrinsic spin; quantum jumps

1. Introduction

This paper is the second in a series of papers introducing a deterministic quantum mechanics
theory that is shown to be consistent with the current mainstream probabilistic quantum theory as
well as classical physics. The first paper in this series [1] introduced the conceptual framework and
presented overwhelming evidence to support the proposed theory. The proposed deterministic
quantum mechanics uses only one postulate, i.e. that the electron and most likely other subatomic
particles are in reality compressible fluids. In the first instance the proposed theory focuses on the
electron in the hydrogen atom. As such, the governing equations are the inviscid Navier-Stokes
equations (Euler equations) for compressible fluids (Landau and Lifshitz [2] and the Maxwell
equations (Griffiths [3], Jackson [4]) for electro-magnetism. Generalizations are straightforward and
will be presented at the end of the present paper. Since the electron-fluid mass density and electric
charge density can vary in space and time one can introduce a definition of the center of mass. By
introducing the definition of the center of mass of the electron-fluid it becomes possible to regard the
motion of the center of mass as the motion of the quantum “particle”, while the electron-fluid itself
represents the detailed wave motion. The link and equivalence between the definition of the center
of mass of the electron-fluid based on the proposed deterministic quantum theory, and the
expectation of finding the electron in a specific location as applicable in the statistical interpretation
of the current mainstream quantum mechanics (Born [5]) was demonstrated in [1]. In addition, it was
shown that the center of mass (electron-particle) of the electron-fluid can pass through the nucleus as

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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Eiseberg and Resnick [6] indicated, while the electron-fluid material remains outside the nucleus at
all times, a fact that is consistent with zero angular momentum. For the same reason the electron-
fluid can have a “spin” in addition to orbital motion, a consequence of magnetic effects, and this spin
can be associated then with the center of mass, i.e. with the electron-particle. Also, in [1] it was shown
that the inviscid Navier-Stokes (Euler) equations are equivalent to the Schrodinger equation
[7,8,9,10,11]. A slightly modified version of the Schrodinger equation that resulted by including the
pressure term from the inviscid Navier-Stokes equations (Euler equations) via an additional potential
to the Schrodinger equation converts the latter into a nonlinear form. Consequently, this causes the
natural collapse of the wave function because a superposition of the individual eigenstates is not
anymore possible as a general solution due to the nonlinearity. “Quantum jumps” postulated by Bohr
[12,13,14,15,16] indicating that the electron radiates as it moves from one stable orbit to another stable
orbit but can never pass through the space between these orbits during these “jumps” were shown
to be plausible solutions of the governing equations representing shock waves, as typically occurs in
compressible fluid dynamics. Like in compressible flow it was shown in [1] that an electron-fluid
Mach number is a dimensionless group controlling the occurrence of the shock wave. The specific
fact that the electron does pass through the space in between the orbitals when such shock waves
occur was supported by the recent experimental evidence provided by Minev et al. [17], which
reveals the latter by “catching and reversing a quantum jump mid-flight”. The fact that such jumps
occur at irregular time intervals (Baggot [18]) was explained in terms of the possibility of having
chaotic solutions, which are typical too in fluid dynamics. Electro-magnetic induction as well as
electrostatic pressure distribution were shown to be the reason that a free electron cannot spread
indefinitely but rather expected to produce an expansion-compression oscillatory motion or a
stationary solution instead. The reason for the instantaneous “communication” between two
entangled electrons (or photons) was established as the fact that the measurement of the spin
(polarization in the case of photons) consists of measuring locally a global property. The spin being
such a global property was demonstrated in [1].

The governing equations for the dynamics of the electron-fluid in the hydrogen atom that were
introduced in [1] can be solved numerically in three dimensions. There is available commercial
software for 3D computational fluid dynamics that might need some adaptation to the specific
application considered here. However, prior to undertaking numerical experiments it is always
advisable to perform analytical work that provides insight into the expected type and form of
solutions. The applied methodology follows the proven sequence that is applied successfully for the
solution of nonlinear natural convection problems such as Malkus and Veronis [19], Segel [20],
Newell and Whitehead [21], Daniels [22], Vadasz [23]. This sequence consists of performing a linear
stability analysis of a basic stationary solution that produces eigenvalues and eigenfunctions essential
for the next step. It also produces stability conditions for the basic stationary solution. The linear
stability solution does not produce the values of the amplitudes of the solutions, and not the final
quantitative values of the frequency of oscillations, when oscillations are anticipated solutions. The
next step is undertaking a weak nonlinear analysis based on the results of the linear stability
solutions. The weak nonlinear analysis is an asymptotic method using asymptotic expansions to
produce solutions for the amplitudes and frequencies (or frequency corrections) related to the linear
stability solutions. A third step can be a further development of a spectral system of equations to
represent more accurately the dynamics of the problem as well as extend the validity domain of the
solutions beyond the asymptotic limit of the weak nonlinear method. This third step requires
information that is obtained from the weak nonlinear solutions. This specific methodology is to be
applied in the present paper consisting of the first step, i.e. obtaining the linear stability solutions as
well as the stability conditions. The information obtained will be used in follow-up papers for the
next two steps as indicated above. The focus in the present paper is in demonstrating possible
solutions that extend beyond just stationary states and possibly represent even transitions between
orbitals when excited. The Bohr-Schrodinger energy levels leading to the experimentally confirmed
spectral lines, as well as the fine structure constant emerge directly from the solution of the equations
subject to one assumption. The anticipation is that eventually as the complete solution is obtained,
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the Plank constant [24] A = 6.62607 x10™* [JXS] will emerge naturally from this solution, and

consequently Bohr radius [12, 13,14,15,16], and energy levels will emerge too without any
assumptions. Note that the latter emerge from the solution to the Schrédinger equation only because
Plank constant appears explicitly in the equation. The governing equations to be used in this and
follow-up papers do not include explicitly or implicitly the Plank constant or Bohr radius as they are
expected eventually as part of the solution.

The multiplicity of symbols imposes severe restrictions on the available choices. Therefore, for
clarity, subscripts are being used to distinguish among different variables. For example while E, is

the electric field due to the electron-fluid and Ep is the electric field due to the proton, the symbol

E refers to total energy, and E to the energy in the n" orbital. Also for volume the use of a tilde

above the symbol v distinguishes it from the symbol representing the potential energy V.
Asterisks as subscripts are being introduced to represent initially dimensionless variables but they
are being dropped eventually for clarity of the presentation when all derivations are being performed
using dimensionless variables and equations. At some following stages when dimensional variables
are being reintroduced a tilde above the symbol will reflect that it is dimensional.

2. Governing Equations and the Basic Equilibrium Stationary Solution

2.1. Electron-Fluid (Subatomic-Fluid) Governing Equations

The proposed deterministic quantum mechanics uses only one postulate, i.e. that the electron
and most likely other subatomic particles are in reality compressible fluids. They posses mass density

p(x,t ) [kg/ m3:|, and if they are charged particles like the electron they posses electric charge

ensity too X, m- |, both allowed to vary in space as well as in time. As the mass densit
density too p, (x,t) [ C/m’ |, both allowed y in sp 1l as in time. As th density

is space dependent it becomes appealing to define the center of mass X, in the same form as

applied to rigid bodies
J- p(x,t)xdV

[otenar

me =

where the electron-mass contained in the volume V/ is the denominator in equation (1) and it is

therefore constant. For one electron system this is

m, = Jp(x,t)dV = const. (2)
Vo

where m, = 9.11x107* [kg] is the mass of the electron. The center of mass of the electron-fluid (1)

is defined as the electron-particle.

The equations will be presented for application to the one-electron one-proton hydrogen atom.
The generalization for multi-electrons multi-protons atoms as well as to molecules is straightforward
and will be presented at the end.

The equations governing the flow and electro-magnetic effects due to the motion of the electron-
fluid are the inviscid Navier-Stokes (Euler) equations (Landau and Lifshitz [2]) from fluid dynamics
and Maxwell equations (Griffiths [3], Jackson [4]) from electro-magnetism. The inviscid Navier-
Stokes (Euler) equations represent conservation of mass and linear momentum per unit volume of
fluid. It is assumed that there are no shear stresses present, the latter causing dissipation effects and
we lack evidence of such effects being present at the subatomic level at the leading order. Also the
electron-fluid occupies the empty space and therefore using Maxwell equations for empty space is

appropriate. The electric current density (charge flux) J, [A/ m2:| in Maxwell equations is
identical to the charge density multiplied by the electron-fluid velocity, ie. J, = p,v, where
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v(x,t ) [m/ S] is the electron-fluid velocity. Consequently, we have the following governing

equations of mass and charge continuity, linear momentum, Coulomb law in field form, Ampere law,
Faraday law of induction, and Gauss law for the magnetic field.

%_/;W.(pv):o @ %+Vo(pev)=0 (b) (3)

p{g—’h (ve V)v} =-VP+p,E,+p,E,+p,(vXB) (4

where E, (x,t ) [N/ C] is the dependent variable representing the intrinsic electrostatic field due
to forces that differential electron-fluid elements impress on each other, E » [N/ C] is the
electrostatic field impressed on an electron-fluid position by the nucleus’s proton, B (x,t ) [T] is

the dependent variable representing the magnetic flux density, and P (x,t) [Pa] is the pressure
resulting from the normal components in the stress tensor. The combination of the terms
p,E,+pE » TP, (’U X B ) represents the Lorenz force per unit volume.

1 1
V.E =—p, @ ; VeE,=—p, (b) (5)
o 8()
where & = 8.854 x10™* [F/ m] is the permittivity of vacuum, and where the proton electric charge
density is
- 3 3
L’E= ‘e|3 for r<r,
dnry  4mry
P, =1 (6)
0 for r>r,

and where ¢, = ‘e| =1.6022-107"[C] is the electric charge of the proton (assumed in the first

instance to be homogeneously distributed within the nucleus), and 7, =8.783-107°[m] is the

radius of the nucleus. Solving the proton electric field equation for Ep in spherical coordinates, i.e.
(1/r2 )I:d(rzEr )/dl’:l = pp/So gets the familiar form of Coulomb law E, = [|e‘/(4ﬂ80r2)j|ér
where e=-1.6022x107"° [C] is the electron charge.

1 dE 0B
B= +— : E =———
VXxB=pu,p,v 2o, (a) VXE, t

(o) ; V-B=0 (c) (V)

where the term 0E » / 0t in (7a) was removed because it vanishes identically when using the
solution for E » (r) and the term including E ) (r) in (7b) was removed because V X E » (r) =0
identically when using the solution for E » (r) Not all the equations need to be solved, as it is simple

to show that satisfying equations (5a) and (7a) leads to identical satisfaction of equation (3b) as they
are equivalent.
Also the following additional assumption is being made

B, = ‘pi - "Z =5.685-10""[kg/C] (8)
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Equation (8) implies that the ratio between the mass density and electric charge density is
constant and equals to the ratio between the electron mass and the electron charge. The justification
for this assumption lies in the fact that it is difficult to imagine the electric charge moving
independently of the mass sustaining it. One cannot have an electric charge in the electromagnetic
sense without a mass carrying it. If a different relationship exists, then equation (8) will represent a
first order Taylor expansion of such a relationship. A relaxation of this assumption might be needed
in due course. An additional approximation is needed to reflect the constitutive relationship between
the mass density and pressure in a compressible barotropic fluid (i.e. mass density depends on
pressure only). For macro-level fluids such relationships have been established experimentally. For
the electron-fluid this relationship is unknown and therefore a linear approximation is adopted in

the form p=p, [1+ B, (P _P"):I , where P and [r, are reference values of pressure and
B, = (a p/oP ) / p, = l/ p,v. = const. [Pa_l] is the compression coefficient which is constant,
and v, = JaP / d p [m/ S] is the constant “speed of propagation of the electron-fluid wave” in

analogy to compressible fluids, assuming isentropic wave propagation as customary in compressible
fluid dynamics. The inverse relationship needed for substitution into the momentum equation (4) is
obtained in the form

P=pA—(p=p) =R +1i(p=p) ©)

Taking the gradient of equation (9) and substituting it into the momentum equation (4) produces
the following equation

p{g—’; +(ve V)v} =-0,Vp+pE +p.E,+p, (vXB) (10)

Substituting equation (8) into equation (10) leads to

—&m{

v

Rt V)v] =B.v,Vp.+p.E, +p.E,+p, (vXB) (11)

where vf = 1/ P, B p» - By neglecting the magnetic field, the latter being a second order effect leading

to the “fine structure” [25, 18] the electron-fluid equations (7a) and (11) become

E , pv=0 (12)

80
ot

v

2
_ﬁepe{at+(v.v)v}= evovpe+peEe+peEp (13)
with the solution for E = E e, as presented in the text preceding equation (7).

2.2. Basic equilibrium stationary solution

A spherical coordinate system is being considered for the electron-fluid hydrogen atom as
presented in Figure 1, where @ € [O, 2 ] is the azimuthal angle, and 0 € [0,7[ ] is the polar angle.
Assuming the existence of an electro-static equilibrium such that the mass and charge densities
and [r, vary in the radial direction only, i.e. the mass and charge densities distribution in the

angular directions J and @ is homogeneous, and consequently v =0, Ee(p =E,=0,
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a()/ae = a()/ago =0 and Ee =E, (r)ér , PE p(r), p,=p, (r) when substituted into
(12) yields J0E . / 0t =0, and when substituted into (13) and (5a) leads to

v, % +p.E, +pE, =0 (14)
r

Ve
o (r.6,0)
/&
o/
N >y
SN SNNNY
X
Figure 1. The spherical system of coordinates.
2
1d(r°E,) 1
D
r dr €

o

Substituting (15) into (14) leads to

mzi{i_d(f Eer>]+(Ee, v, ) g
r

2
dr|r dr r

and substituting the solution for E » (r) into (16) gives

ﬂvzi{i_d(’”zEer)}(Ew+ﬂijid_(jE")=o (17)
r

“dr|rt  dr 4re, )

The solutions for p, (r) and E, (r) have to comply with the following boundary and

integral conditions

r—e:p =0;E, =0 (18)

[p.aV=ax[p (r)r*dr=e (19)
‘70 n

or

r)ridr=— (20
rfpe( )ridr=—— (20)
Using the following notations in equation (17)
_ld

b, = ﬁevj; b, = 471'_8 ; E= rzEer (21)

0
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produces the equation

b i[i£}+(&j+bz) Lds (22)

Yar| r2 dr r_4d

An equivalent form of equation (22) can be obtained by expanding the first term and multiplying

the whole equation by r / b, leading to
d’ +b d
r2—§+ L—2r —§=0 (23)
dr b, dr

Equation (23) is a nonlinear ordinary differential equation and might possibly have multiple

solutions. One such solution is obtained by observation that the coefficient of the term ¢.X / d7r can

be zero, i.e. (g +b, ) / b, —2r =0 leading to the solution
E=2br->b, (24)

This can be a solution to equation (23) only if the remaining term is also zero and the boundary
and integral conditions (18) and (20) are also satisfied, i.e.

478
rPo3=0 P £=Cr+C,(25)
The solution f =C s C2 to equation (25) can be identical to solution (24) if the integration
constants are C, =2b, =2 ﬁevj and C, =-b, = —|e| / 4re, , therefore the solution (24) is a
solution to equation (22). Reverting back to E, by using (21) into (24) yields

_2Bv, |4

E

er

r 47r<€‘0r2 (26)

and this solution for £ satisfies the boundary condition (18) for E, =0 as r — oo.Substituting
(26) into (14) leads to

4P 2p =0 (1)
dr r

Integrating (27) produces the solution
C

The anticipation is that the integration constant C, can be evaluated from the integral

condition (20). Introducing (28) into the integral condition (20) leads to
Tt e
C,[dr=-—" (29)
ir
N
However, it is obvious that this integral diverges. The conclusion is that there must exist a finite

external radius so that the electron-fluid is confined within it. By introducing this finite radius as 7
the integral condition (29) converts to

T e
C3J-dr=E (30)

d0i:10.20944/preprints202405.1096.v1


https://doi.org/10.20944/preprints202405.1096.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 May 2024 d0i:10.20944/preprints202405.1096.v1

8

and the integration constant is then evaluated to be C, = e/ 4r (rw - rN) generating the solution

for r B in the form

e
4r (r - r,\,)r2 (D

oo

P.=

By using the relationship (8) between £, and [ one obtains the solution for the mass density
at the basic equilibrium as
me

G T

Equations (26), (31) and (32) could have been the equilibrium solution, however, substituting
(26) into (15) produces a positive value for the electron charge density and certainly not consistent
with the negative solution (31). This result would be the first manifestation of how the equations have
the ability to produce results consistent with annihilation and creation of particles, e.g. annihilation
of the electron and creation of a positron under certain conditions. However, since for now the aim
is at investigating the usual behavior of the electron in the hydrogen atom such an equilibrium as
obtained should be avoided. Consequently, the electric field due to the electron charge at leading
order (i.e. at static equilibrium) is to be excluded, producing E, =0 at equilibrium. Such a choice
is consistent with a weak compressibility assumption, i.e. the mass density / is assumed constant
everywhere except in the momentum equation (10). The charge density at equilibrium will be
established from the balance to the proton electric field only. Substituting £, =0 in equation (14)

and solving the differential equation subject to Ep = Ep,é, = D€| / (47[80r2):|ér produces the
equilibrium solution

e

r= e (33)
apl,,
where
eZ Iy
rp=— I =7r2e" dr (34
* dremu’ « =0 (34)

v
The necessity of keeping a finite radius 7, confining the electric charge remained, as the
integral in (34) diverges when 7 [J [].From (33) the mass density is evaluated by using (8) leading

to

r=-"e_gul" (35)
apl

eq

Equations (33), and (35) represent the basic equilibrium solutions for the electron-fluid in the
hydrogen atom. The basic equilibrium solution for the electron-fluid mass density has the same shape
as the solution for the ground state obtained from the Schrédinger equation, i.e. leOyIOO although

not identical. The next step is to evaluate the stability of these basic equilibrium solutions by invoking
a linear stability analysis. The objective of this analysis is mainly to derive the azimuthal solution and
test the consistency with the projected framework presented in [1].
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2.3. Dimensionless Governing Equations

As the following derivations and solutions are being undertaken in a dimensionless form it is
sensible to render the basic equilibrium solutions into dimensionless form at this point. While
originally the only known length scale was the nucleus radius, the basic equilibrium solution and the
integral condition imposed the existence of an external radius 7,, and consequently it will be used

as a characteristic length scale r, =r, . Introducing the additional characteristic values or scales

p,=p.=m, / r: ;P =|e| / r: for mass density scale and electric charge density scale,
1/2
respectively, AP, = povj = mevoz / rj for pressure scale, f, = (m r.E, / e ) for time scale,
= (.2 / 12 . 2 . .
v, ( m,, w) for velocity scale, EC =|e| / Er, for electric field scale,

2 5\Y2 . . 2
B =me / (me€0r¥) for the magnetic flux density scale, and (e / £ Ol’m) for energy scale. An

asterisk () as a subscript will be used initially to represent dimensionless quantities and variables.

Therefore, 7, =r/ , p*=prf,/m , Pe*=Pem —r3P/m’U , L _l‘e/(mfn"‘c"f?)l/2 ¢

v, m Er /e E,.=Eg,r Ep* = Epé‘orm/|e ,and B, = B(meé’or¥ //77062 are

e 0 o e 0 %
the d1rnens1onless variables. Consequently, the integral conditions (2) and (19) can be presented in

kS

the following dimensionless form

[p(x)avi=1 @ Jpe* x.t.)dV.=—1  (b)(36)
V. V.
For the basic equilibrium solution these conditions convert into
1 1 1 1
gldn=— a) gidr=—— b) (37
[pridr=— (@ Jprtdr=- )@

Py s

The dimensionless form of the basic equilibrium solutions (33), and (35) is (E, . = 0)

1 1

— Tye /1 . — Ty 1
L =——¢€ a) ; , =———e b) (38
p. anl, @) Jy anl (b) (38)
where
1 2
* M
L.= Qe dr v, = 2 (39)
ap

Iyn*

and the electron-fluid Mach number emerged and is defined by

U? 82
—<=——— (40)

v mSI”U2

o € 0 0

Ma* =

and ry, =1, /r, isthe dimensionless nucleus radius.
The relevant governing equations (5a), the solution for E » (r) in the text prior to equation (7),

as well as equations (7a,b), (11), and (8) expressed in a dimensionless form are

1 1.
V* .Ee* = pe* (a) ; E‘p>1< = 4——28 (b) (41)
JE,. _ 1 JB.
n +p,0.=VxB, (@) ; V.xXE,= o (b) (42)

e
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dv. 1 1
pe*a_t*-'-pg* ('U*°V>:«-)’U>:< = _Maz V*pe* _pg*Ee* _pe*Ep* _M—ezpe* (U*XB*) (43)

where the magnetic number A/, emerged as an additional dimensionless parameter in the form

M?= _Ze’”j (45)

o

Neglecting magnetic terms that are second order effects leading to the fine structure yields

aalje* +po.=0 @ ; V.xE.=0 (b)(46)
o al: g Maz e e e 4 14

3. Linear Stability Equations

As from now on the derivations and solutions are presented in dimensionless form by using
equations (36)-(38) and (46)-(47) the asterisk is being dropped understanding that all variables are
now dimensionless. When reverting in some specific circumstances to dimensional variables an
identification of the dimensional variables will be then specified.

Taking the time derivative of equation (47) and using equation (41b) leads to

2
v wdp, 3(pv V)'v=_[

Pe at> 9t 9t ot

1 ap oE
V+E +E, |—- < (48
Ma® e ”] ar P (48)

At this stage the linear stability analysis is being pursued by assuming a two-dimensional
solutioninthe 7 and J directions, evaluating the equations as an “average” over the § direction

allocated at €@ =7m/2 . In two-dimensional spherical coordinates E,=E,e, +Ee(pé¢ ,

v= Urér + v(péw, and the position vectoris x =r ér, where ér and e 2 are unit vectors in the radial

7, and azimuthal J directions, respectively. Introducing perturbations around the basic static

equilibrium (38) in the form

E, =E"(r.0.1) (a).; E,=E,) (r.p.) (b) (49)
p.=p(N+pl(rptr) @ 5  p=p(r)+p"(rer)  (b)(50)
v =0 (r,,1) @ ; v, =, (r..t) (b) (51)

where p” (r), and p'” (r) are the basic static equilibrium solutions (38a), and (38b) respectively,
(1 (1 1 (0] 1 )]

and E))(r,@,1), p" (r.@.t), pV(r,@.1), E (r.@.t), v\"(r.p.t),and v, (r.@.t) are the

small perturbations around the basic equilibrium solutions, leads to the linear stability equations.

Note that superscripts in parenthesis, e.g. (-)(1), represent asymptotic orders and not powers, the

latter appearing without the parenthesis. Substituting (49)-(51) into equation (41a), (46a), and (48),
using the basic equilibrium solutions (38a,b), and neglecting terms that are products of perturbations

d0i:10.20944/preprints202405.1096.v1
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that are of second order and therefore negligible at the linear stability order, leads to the following
linearized equations

V.E" =p'" (52)

(1)
a; +p@v" =0 (53)

az ,v(l) ap(l) a E(l)
(0) =_ V+E 0~ (54
PP [Ma * ] o P ©Y

Substituting (52) into (54) yields

2 (1) () (1)
pg‘”a v =_[ VeE ]V (aEe ] pio)aE (55)
Ma?

at’ ot ot

and substituting (53) into (55) leads to a linear equation for the velocity perturbation in the form

9’ v" [ 1 ] 2
(0) = V+E |V. (0),0(1) (0) ,U(l) 56
pe a t2 Ma2 p (p ) (pe ) ( )
where the basic equilibrium solution péo) (r) appears as coefficients. Dividing (56) by I’io) leads

to the final form of the linear stability equations to be solved, presented explicitly in scalar component
form

o (0) ™
az Ufl) =|: 1 a 1 i| ia(r p( )U(l)) la( (0 ) +peo) 1) (57)

—+
ot’ Ma’p!” or  4nr’ || 1’ ar r 10,

821);,1) B | a1 B(r p(")v“))+ a(pé”) (1)

= ) + 0% (1> 58
o’ Ma’p\”r 8(0 = ar ro 09 Py (38)

4. Linear Stability Method of Solution

4.1. Separation of Variables

In solving equations (57) and (58) the method of separation of variables is employed in the form

W =T (1)Y, (9)R. (1) (59)

v =T(1)Y,()R,(r) (60)
Substituting (59) and (60) into (57) and (58) and dividing (57) by 7'Y. R and (58) by T’ Y; Rj

produces the following equations separated between the time dependent variables and the space
dependent variables

Pl [ 1 d 1 }{N(r p(”)R)] I (pg”)R ]+ R, 4% o (61)

?_ (0) 2 + 2 2 (0)
p.”R | Ma” dr A4nr dr Ma’*p”R, dr r 4zr’RY, do

2

o1 d(PpfR)1dy, 1
T

= + ) (62
Ma’r’p”R,  dr Y(p do  Ma’r’y, d¢’ p." (62)
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where the Newtonian notation for time derivatives was used, i.e. T=d*T / de*.

4.2. The Solution in Time

The left-hand-side of equations (61) and (62) are functions of time only, while the right-hand-
side are functions of the space variables 7 and J only. Consequently, each side has to be equal to
a separation constant C. From the left-hand-side of both equations one obtains the equation for the

variations in time in the form
d*T
dr?

—xT =0 (63)

where the separation constant can be real or complex. The solution to equation (63) produces two

eigenvalues i\/; .

42.1. C isreal

If C is real there are two possibilities, namely ¥ <0 and ) >0 with the special case of

X =0 separating between the two.

e Thecaseof )Y <0 producesimaginary eigenvalues i ‘ X | leading to the oscillatory solution

T =q, ey a, e V7 (64)

and the basic equilibrium solution represented by equations (38a) and (38b) is neutrally stable.
This neutrally stable equilibrium will have oscillatory perturbations in time that do not decay,
nor amplify.

e Thecaseof Y >0 produces real eigenvalues i\/z leading to the solution

T =a,e +a,e"*" (65)

The +./)t term causes the exponential term to diverge, and consequently the basic

equilibrium solution is unstable.
Therefore the stability condition for this caseis ¥ <0 for real values of C.
422. C is complex
When C is complex it can be represented in the form
x=x, +iy (66)

where C, and ¢ are real. Then

Jx=0,+io, (67)
where S, and S are real. This yields the solution
T =¢e%' (al e%'+a, e'“’"’) (68)

There are two regions to consider, i.e. ), >0 and }, <0 separated by the special case of
Zr = O )
e Thecaseof ), >0 produces
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12
12 2
cy,:i’f/E 1+ /1+% Yy, >0 (69)

c.o=1 X Yy >0 (70)

i > 1/2
21+ /1+%

From (69) it is evident that the positive root causes the solution (68) to grow indefinitely leading
the basic solution to be unstable with a basic frequency given by (70).

e Thecaseof ), <0 produces

x| / Z 1
o =F 1+4L —1 Vy <0 (71

o, =F 4 Vy <0 (72)

1/2 }(2 "
2l «/1+%"2 -1

From (71) it is evident that the positive root causes the solution (68) to grow indefinitely leading
the basic solution to be unstable with a basic frequency given by (72).

o The separation special case of ), =0 produces

Gr=0i=i%%y2 VZIZO (73)

Even at marginal stability, when J =0, perturbations still grow as one of the roots

o, = +)([.1/2/\/§ is positive as long as ), >0. Only when ), =0 both 0, =0, =0 creating
neutral stability.
Since the case when C is complex causes the basic equilibrium solution to be unstable with

perturbations growing with a frequency proportional to €, and neutral stability is established only
if ), =0 it is sufficient to focus on the case when C is real because the basic frequency for
complex C vanishes at neutral stability and the actual frequency is to be obtained from the solution
to the weak nonlinear solution. While the same conclusion can be drawn for the case when C isreal
the latter includes a neutrally stable solution for ¥ <O that is important to explore even before
pursuing a weak nonlinear solution.

At this point it becomes appealing to comment that when solving the Schrédinger equation the

time solution imposes a frequency «M )(| =v=E, / h, where h= h/ 2p is the reduced Plank

constant and F represents the separation constant eigenvalues that correspond to the energy
levels. In our case imposing such a condition is avoided in an attempt to eventually cause the Plank

constant to emerge naturally from the complete solution.
4.3. The Solution in Space

For the solution in space one considers the right-hand side of equations (61) and (62) to be equal
to the same separation constant C, leading to

My = 1 [d . Md ]{ld(rzpium,)} 1 d (p§a>R¢J+ Ma’R, %+Ma2p(”) (74)
p e

pi‘”Rr E 4rr® || r? dr ;”)R,E r 47rr3RrYr do
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1 d(erf,")Rr)LdYr_'_ 1 dY,

Ma’y =
X r3p£”)R¢ dr Y, do rZY(p do’

4.3.1. The Azimuthal Solution

From equation (75) in order to separate the functions of 7 from the functions of J one needs
to require that (d Y, s / d§02 ) / Y 0 ="K ; = constant, producing the following ordinary differential
equation

2

Y 2
d(pf +x,Y,=0 (76)

that generates the eigenvalues tik , and the solution for YJ is
Y, =Be™"+B e’ (17)

where B is the complex conjugate of B that is required by the fact that the velocity and
consequently YJ have to be real functions. Therefore, the solution (77) can be expressed in terms of

trigonometric functions in the form
Y, =b,sin(k,p)+b,cos(k, ) (78)

The boundary conditions for the azimuthal solution are just continuity and smoothness for all
values of J . This implies that YJ and its derivative de / dg at ¢ =0 are identical to their

values at @ = 2T, ie.

dy dy,
(Y(D )(p=o = (Y(p)qj=2ﬂ.’ and [d—;J(FO - [d—(;](p:zn (79)

Applying the boundary conditions (79) to the solution (78) produces an equation for the
eigenvalues of K ; in the form

cos(2mc(p) =1 (80)
leading to the following eigenvalues
K,=m V m=0,%£1,+2,43,... (81)
The eigenvalues (81) are identical to the ones obtained from the solution to the Schrédinger
equation (Griffiths [25]). The specific eigenvalue of m = (0 produces a constant solution for IC-, a

result that would have been obtained from (76) directly if K, = 0 and applying the continuity

boundary conditions (79). This constant solution for IC is consistent with an orbital motion that

does not depend on J and its details will be presented in a following section. Substituting (81) into
(78) yields

Y, =D, sin(mg)+b, cos(mg) (82)

If we can set the origin of J insuch a way that ¥, =0 when ¢ = 0 then the solution (79)

can be presented in the simpler form

Y, =bsin(mp) Vm=%1,%£2,%3,.. (83)

d0i:10.20944/preprints202405.1096.v1
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which appliesto m #0.For m =0 the solution is

Y,=b,[cos(mp)]| =b, Vm=0 (84)

4.3.2. The Radial Equation

Returning now to equation (75) one needs to impose also that (d Y/ d(p) / Y(p =K,, = constant

,leading to dY, /dp =K D1 Sin (m(D) and establishing the solution for Y, (¢) in the form

Y = —(Kr(p/m)b1 cos(me) (85)

Substituting (83) and (85) into equation (75) allows expressing R, in terms of the remaining
terms that are functions of # only
d(r*pfR )

R,=f, (86)

where

_ K
Jor = rpg,,)l:mz + Ma*r (Z— P(EU)):I (87)

Also by using (83) and (85) one can find the term (dY f / dgo) / Y =- m’ / K,,- Substituting (83),

(85), and (86) into (74) produces an equation for R as

0 d2 2 Ma2 ]- 0 d 0
(147 fp ’)_n{rffpz - (—+w¢1p§ )H LM (p = z)n=0 (89)

2
dr r

r 4nr\r
where
h=r*r)R (89)
and
N 0 o) [IC
K, 2m? + Ma*r? 4((:— rgo))—rd I’ﬁ C
[] Q dl" ﬂ[
2= - 5 (90)
3 %nz +Ma2r2(C— rgo))%

The radial solution to equation (88) is the objective of a separate discussion. The focus of the
linear stability in this paper is in deriving the time and azimuthal eigenfunctions and demonstrating
their combined result.

5. Combined Solution in Space and Time

5.1. The Electron-Fluid Standing Waves

Meanwhile it is appealing to investigate the combination of the azimuthal solution with the time
solution for any radial solutions R, (r) and R " (r) . Considering the solution in time that is

consistent with a neutrally stable basic equilibrium, i.e. ¥ <O and using the notation @ = ‘” X |
one obtains from substituting (64) and (82) into (59) and (60) for m 1 0

v = R (r){A [sin(wr — mp) +sin (@t + mp)] + A, [cos (o — mp) —cos (wt + mp)]} (91)
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v = R, (r){B,[cos(wt — mp) - cos (w1 + mp)] + B, [sin(wt — mp) —sin(wt + mp)]} (92)

[

The solutions (91) and (92) represent standing waves just as the solution to the Schrodinger
equation yields standing waves. The latter result is applicable for m #0.For m =0 the solutions
are

v =0 ; o) = R, (r)[A,sin(o1) + A, cos(wr)] " m=0 (93)

[

Substituting solutions (91) and (92) as well as (38a) into (53) and integrating the result leads to
the solution for ES) and Eéjl-) in the form

(o)
ED= mllzf—aljrgr){AZ [sin (@t — mp) —sin (ot + me)| - A, [cos (ot — mp) +cos (ot + mp)[} (94)
or r

OR (r
p. ;:)2( ) {Bz [sin(a)t — m@) —sin(wr + mgo)] - B, [cos (w0t —mp) + cos(wr + mgo)]} (95)

E( =
Substituting (94) and (95) into (52) produces the solution for I‘S) in the form
p = =F, (r)[ sin(t — mp) —sin(@t + mp) |- F, (r)[ cos (ot — mp) + cos(wt + me) | (96)

and then by using (38) and (50b)

p=p” (r)+ pt (r.r,0) = e + p" (r.r.9) (97)

drl

eq

where

p = F, (r)[ sin(ot — mp) - sin(wt + mp) |+ F, (r)[ cos (ot — mp) + cos(wt + me) | (98)
ad B() E(r)

dl+20R BoR
Fi(}"): A22 (r pe r(r)) _ lpe (p(r) (99)
Kot dr r

A d(7pR)  B.plR,(r)
K(prr2 dr r

Fy(r)== (100)

The solutions (91), (92), (93), (94), (95), (96) and (97) provide the evidence of the “wave” part
from the “wave-particle” duality. The next section will focus on identifying the “particle” motion.
The solution (97) for the mass density is presented graphically in Figure 3 as density plots at a
constant value of 7. From the figure one can observe two branches of the electron-fluid density each
compressing and expanding periodically in the azimuthal J direction. More discussion on this

figure will follow in section 5.3.

5.2. The Electron-Fluid Linear and Angular Momentum, and Kinetic Energy

The local linear momentum of the electron-fluid, i.e. the linear momentum per unit volume is
defined by

pf = p(O)v(l) = prér + p¢é¢ ’ Where pr = p(())vil) ’ p(p = p(O),U(le) (101)
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The total linear momentum p is then the integral of the local linear momentum over the whole
volume occupied by the electron fluid
p= jp Dav = Ip(" Ddveé + J puPdve, (102)
7 l) ‘7()

dv =r sm0drd0d(p

The local angular momentum of the electron-fluid, i.e. the angular momentum per unit volume
is defined by

where

L =xxpv= (re,)x pv = rv(1 [p(”) (r)+ oW (t,r,(p):léo = p(o)vg)rég (103)

The last term in (95), i.e. rv p is of second order of magnitude and is therefore discarded at

the linear stability level.

The total angular momentum L is then the integral of the local angular momentum over the
whole volume occupied by the electron-fluid, which for the two-dimensional system considered is
given by

L= 2jd(pj L, (t,r,¢ dr—zjdgojp(O) W3 dre, (104)
By substituting the solution for p(o) = (1/ 47tleq)er”/ " from equation (38b) and US) from
equation (92) into (104) leads to (applicable for m #0)

If )d<pj R (r)rPdré,  VYm#0 (105)

6’(10

where

£, (@)= B,[sin(wt — mg) +sin(wt + mg)] + B [cos (ot — mp) — cos (@t + myp)] (106)

2 27
The integral in J vanishes as J- cos(wt £ mp)de = J. sin(wt £ mp)dp =0, except
0 0

when m =0 in which case v(fjl) =R, (r) [A1 sin (a)t) + A, cos (a)t)] from (93) leading to

L=%[A1 sin(wt)+ A, cos(wr)]é, YV m=0 (107)
eq
where
I, = je’“/’ R, (r)r’dr (108)
However, even in this case of m : 0 an average over the period of oscillation 2,0/ W still

produces a vanishing total angular momentum. Then consequently the total angular momentum for
m # 0 is zero as is the total angular momentum averaged over a period of oscillations for m =0,
ie.

L=0 (109)

We will see that the total kinetic energy is in all these cases non-zero, and the meaning of this
result will be presented and discussed in connection with the motion of the electron-particle, i.e. the
center of mass of the electron-fluid.

The local kinetic energy K  of the electron-fluid, i.e. the kinetic energy per unit volume is

defined by
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2
p(o),v(l) m L p“’)[( (1)) +(20) } (110)
For m =0 the total kmetlc energy becomes

K =300 -

)/rRZ(

871 |:A2 sin’ (wt) + A] cos” (wt) + AA, 5111(2601‘)] " m=0(111)

and for m # (0 the local kinetic energy is

K, =2 o0 () =L (R 4 2 oo (m) +

8xl " om#0 (112)

eq

(atiR2 +a;R, )sm2 (mo) + (alaer2 +aa,R, )sin(2m(0)

The total kineticenergy K is then the integral of the local kinetic energy over the whole volume
occupied by the electron-fluid, which for the two-dimensional system considered is given by

K= 2jd¢jr K dr—J'dgojp Vev?dre, (113)

For m =0 the total kinetic energy becomes
1 . .
K= ZL[AI2 sin’ (@) + A; cos” (wt) + A A, sin(2wt)] ¥V m=0 (114)
eq

where

|
I, = J-er”/r R; (r)r*dr (115)
and the average of the total kinetic energy over a period of oscillation 2 p/ W is

I
K,=-%" (A2 +42)20 ¥V m=0 (116)
21, .0

eq
For m# 0 the total kinetic energy becomes
I, .
K =—%sin’(wt)20 V m=#0(117)
41,
where

1
= J.[AfRf (r)+ AR, (r):le"'/’ r’dr (118)

N

An average of the total kinetic energy over a period of oscillation 2p/W is

Kav I
41, o

All values of the total kinetic energy for the values of m =0, m=%1,£2,£3,... ended up

non-zero, while their angular momenta are all zero. The explanation of how this can occur is
presented in the next section dealing with the motion of the electron-particle, i.e. the motion of the

center of mass of the electron-fluid.
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5.3. The Electron-Particle Motion as the Electron-Fluid Center of Mass

The center of mass of the electron-fluid is regarded as the electron-particle and is defined in the
form (1) that is presented in spherical coordinates as follows

jd@sin@Td(pjdrﬁp(t,r,(p)
Xow =Tonb, =7 1 é, (120)
J‘desine‘[dgojdrrzp(t,r,q))
0 0

N

The denominator represents the mass of the electron, which has a dimensionless value of 1,
consequently (120) becomes

cm cmor

T 2r 1
X, =16, = [dOsing [ dp[drrp(r.r.p)é, (121)
0 0 Iy

and for the two-dimensional problem considered it is presented in the form

2r 1
X, =16, =2[dp[drrp(t.r.p)é, (122)
0 Iy

By substituting the solution for p(o) = (1/ Arl eq)er”/ " from equation (38b) and substituting
(97) into (122) yields

2r 1
Xou =18, =| 1, +2[ do[r'p® (1.r.0)dr [é, (123)
0 Iy

quo = ]o/qu'

where

For m =0 the value of p(l) =( and therefore the center of mass is
x, =r e =1_e¢ (124)

For other values of m one can use equation (97) into (123) to evaluate the center of mass, i.e.

2z

2r 1 1

ru=|L, +2’"T(“’){ [ sin(me)ao] £ (r)r*ar= [[eos(mo)]ao zsz} i, (125)
0 Ty 0 v

The integrals in J from (125) vanish resulting in the radial location of the center of mass

identical to equation (124).
However, in order to establish the motion of the center of mass, if any, one needs to convert the
location of the center of mass to Cartesian coordinates before evaluating the integrations, as follows

dr=dre, = dr[cosgoéx + sinqoéy:I (126)

where éx, e , are unit vectors in the x and y directions, respectively, and x,,, =X, éx +y., éy.
Then equation (123) becomes
1 2r 1 2z 1 (127)
= — o Noe r/r .3 5 SN 3 (1)
Xou = |5 [005(pex+smgoey:|dgo_|‘e r dr+2‘£|:costpex+s1n(pey:|d(p;[r oV (t,r.@)dr

eq 0 Iy N

Since for m =0 the value of p(l) = (0, the location of the center of mass in Cartesian

coordinates is at the center of the nucleus, i.e. x,, = Oéx +0e y = 0.
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However, for m =*1,%2,13,... the location of the center of mass in Cartesian coordinates is

evaluated from (127) to become

2r
x, =r,é = 2—mcos(a)t) I {Icm1 [cos((p)éx + sin((p)éy]sin(m(p) -
@ 0 (128)

I, [cos((o)éx +sin((0)éy:|cos(m(p)}d(0 Vm#0

leading after integration to

X, =X,€ = 2—”[ O - Icmzéy]cos(wt) " m=41 (129)
and
X, = X,e, =0e +0e " om=%2,£3,.. (130)
where
1 1
I,, =JE(r)r3dr ; I,, =_‘-F2 (r)r’dr (131)

and F(r),F, (r) are defined by equations (99) and (100). Equation (129) describes the motion of the

electron particle in the horizontal direction from one side to the other of the circle of radius /.0 for

1.=2yI szl +1 fmZ / W, showing that the electron-particle while oscillating crosses the nucleus with

the electron-fluid itself being at all times outside the nucleus, as Eiseberg and Resnick [6] described.
This horizontal motion is described in Figure 2 as well as in Figure 3, where the electron-particle
motion overlaps the electron-fluid motion presented as a density plot of the mass density solution on
an annulus in the J direction. The density plot of the electron-fluid motion was accomplished by

using Mathematica™ (Wolfram [29]). From Figure 3 it can be observed that the electron-fluid performs
an “embracing” motion as its differential elements repel each other in the J direction. At the same
time the electron-particle (center of mass) follows a horizontal motion from one side of the annulus
to the other and back (from @ =0 to ¢ = 7 and back horizontally). The third and seventh of the
annuli in Figure 3 show the electron-particle located at the center of the nucleus, while the electron-
fluid is outside the nucleus at all times. The radial mass density variations are omitted here for clarity
purposes. For m==%2,13,... the center of mass in Cartesian coordinates is obtained from
performing the integrations in (128). The latter causes the integral to vanish and as a consequence the
Cartesian coordinates location of the center of massis X, = Oéx + Oéy =0.

electron-particle
nucleus

= P (—.)—{>—|
I.7
t:g t:l I:O,zj
W 2w 1)
&
3
;o

2w

Figure 2. The electron-particle motion (center of mass).
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Figure 3. The electron-particle motion (center of mass) overlapping the electron-fluid motion
presented as a density plot on an annulus in the J direction.

The results show that in the cases of m =0 and m=1£2,£3,... the electron-particle is

stationary and located at the center of the nucleus, a result that was seen as “objectionable” by
Einstein while criticizing Bohm’s position regarding “de Broglie-Bohm pilot wave theory” (Bohm
[26], Myrvold [27], Einstein [28]). The classical visualization presented in this paper demonstrates
how the “static” electron-particle is perfectly consistent with the orbital motion of the electron-fluid,
making the results “unobjectionable”.

5.4. Consistency of the Results with the Solution to the Schrodinger Equation, the Binding Energy Levels,
and the Fine Structure Constant

It is difficult to compare the results obtained so far with the solution to the Schrodinger equation
because of three reasons. First, the results presented in this paper are for a two-dimensional model.
Second, the amplitudes of the solutions obtained in this paper from the linear stability analysis are
undefined yet. They will be defined once the next step of the finite amplitude weak nonlinear analysis
is undertaken. Third, the Schrodinger equation was shown in [1] to be identical to the inviscid Navier-
Stokes (Euler) equations in the limit of large values of the electron-fluid Mach number Ma >>1.In
the present paper the electron-fluid Mach numbers are of unit order of magnitude and therefore not
complying with the latter condition. Nevertheless, there are already quite a few similarities that are
worth identifying.

In order to do so one needs to convert back some of the results to dimensional form. The
following notation is then used to provide a distinction between the dimensionless variables and the

dimensional ones. The dimensional variables will be identified by a tilde () over the symbol. For

example, r, is the dimensionless center of mass, while }z n 1S the dimensional counterpart. The
result for the radial location of the center of mass of the electron fluid for all values of m was
equation (124),ie. r, =1 eqo" The dimensional counterpart is

Fo=1 7 (132)

cm eqo e

If the radial location of the center of mass obtained from the present model corresponds to the
orbital location obtained from the Schrodinger equation (i.e. the highest expectation value) then
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2
_ dreh n’ =7n’ (133)

cm o,n

2
m,e

where n=1,2,3,... is the principal quantum number, and 7, is Bohr radius. Combining (132) with
(133) defines 7. by

T =I—n for n=1,2,3,... (134)

Evaluating now the binding energy of the electron-fluid by adding the potential energy U due

to the proton Coulomb potential to the total kinetic energy K evaluated in the previous section, i.e.
converted back into a dimensional form, produces

2

2
G=-—"— @ : k=22 ()@
dme,r., 2wl,, &,
1
be=I,(AT+A)) Vm=0 ; I, = 0rie”" Ri(r)dr (136)
1
by = %K Vm#0; I = [FAZR (r)+ AZR: (r)r%e” dr (137)

The binding energy is then expressed in the form which upon substitution of (134) and (135) and
y= 47t€0h2 / mee2 from (133) becomes

o lane, 2] @ Y om o1
E=U+R=|"22c_ 2 || 2| 2 (138)
ol, 1,,[\4re, ) 20" n

Therefore, if the amplitudes of the solution from the forthcoming weak nonlinear analysis were
such that b, = @I, (2[ w1, ) / 4’1 ,» then the binding energy of the hydrogen atom obtained

from the current model is identical to the ones obtained from the Schrodinger equation as well as to
the ones obtained from the Bohr model of the atom that were confirmed experimentally, i.e. equation
(138) becomes

) 2
E=-| | 2l for n=123..(139)
dre, ) 2h° n

Substituting the value of 7. from (134) and using 7, = 47[80h2/ mee2 from (133) into the

emerged magnetic number A, in equation (45) reveals the fine structure constant,

a=7.2976"10" 1/137, the latter being related to the reciprocal of M, in the form

4
M, =2 ( ”E;hcj= L Y n=12.3,.. (140)
J2rl, J2rl,

e
Therefore, these derivations show that the fine structure constant emerged naturally as a
dimensionless parameter in the momentum and the Faraday law equations. This occurred only by
assuming that the center of mass of the electron-fluid is identical to the orbital radius obtained from
the solution to the Schrodinger equation and from Bohr’s model of the atom.
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6. Generalizations and Follow-Up Solutions

The model presented in this paper applies to the hydrogen atom, i.e. one-electron and one-
proton system. This can be easily extended to multi-electron and multi-proton systems. The neutrons
have no impact on the model as long as gravitational effects are neglected.

To include effects of multi-electrons one needs only to adjust the integral conditions related to
the total electron-mass and total electron-charge in the system, i.e. equations (2) and (19)

N,m, = [ p(x.)dV =const. (141)
v

N,e= J-pe (x,)dV = const. (142)
v,

where N, is the number of electrons.
To include effects of multi-protons in the nucleus one needs to evaluate the electric field due to
the protons by accounting for the latter, i.e. the amended equation becomes
Nyld 1

P Ame r? ¢, (143)

o

where N , s the number of protons in the nucleus.

The model can also be extended to consider multiple atoms as molecules by geometrically
locating one or more atoms in the vicinity of each other and transform the coordinates in such a way
that the different effects included in the present model are reflected in the coordinates transformed
system adequately.

Further work on the three-dimensional version of the model presented in this paper, the
inclusion of the magnetic effects, as well as the follow-up weak nonlinear analysis is anticipated to
provide the amplitudes of the solutions that the linear stability analysis cannot do. In addition, the
results for the frequency of oscillations are anticipated from such an analysis. The weak nonlinear
analysis is an asymptotic method that introduces expansion of all dependent variables in terms of a

small parameter 8(Ma2,M e2 ) At order € it is anticipated to obtain the linear set of equations

solved at the linear stability level with the value of )} =0, i.e. on the neutral stability curve. The
0(8 2) equations will then produce a non-homogeneous version of linear equations sharing the
same homogeneous operator as the O (8) solution leading to additional particular solutions due to

the non-homogeneous forcing. The final step occurs at order €® where a solvability condition in the
form of a nonlinear ordinary differential equation emerges. This equation is anticipated to be of the
form of a nonlinear oscillator that will provide the frequency of the oscillations in addition to the
amplitudes of the O (8) solutions. Another possible extension of the present work beyond the weak

nonlinear analysis is deriving a spectral system associated with the fundamental modes of the
solution and their evolution in time. These solutions while removing the weak compressibility
assumption form also part of the follow-up investigation.

A separate research effort is to be dedicated to the solution of the current problem as well as a
free electron while including magnetic effects that were neglected in the current model. The latter is
expected to reveal the electron-spin as well as the spread-less solutions of the free electron-fluid, that
were described in [1] based on the properties of the governing equations.

Solutions to the complete system of governing equations that include excitation via external
forcing are then anticipated to demonstrate the “quantum jump” from one orbital to another via a
shock-wave as it is common in compressible fluid dynamics. Eventually, numerical solutions are
anticipated to reveal the complete details.
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7. Conclusions

The solution presented in this paper revealed results that seem “objectionable” [27, 28] and even
“absurd” [30] when obtained via the statistical main-stream quantum theory or via the “de Broglie-
Bohm” pilot wave theory, such as the electron crossing via the nucleus or a static electron,
respectively. Simple explanations of such solutions were presented in the present paper, which show
how these solutions are perfectly consistent with classical mechanics as well as common sense. The
linear stability solutions presented in the present paper showed how one can observe the motion of
the electron-fluid and then convert it into the motion of the electron-particle (i.e. the corresponding
center of mass), i.e. from local variables to global properties. The solutions that were obtained are in
large part consistent with the solutions obtained from the Schrodinger equation. In particular, the
energy levels obtained were shown to be identical to the ones obtained from the solution to the
Schrodinger equation by assuming a certain value for the amplitude, the latter being anticipated from
the solution to the weak nonlinear formulation. The fine structure constant emerged naturally from
the equations subject to the only assumption that the position of the center of mass of the electron-
fluid as derived from the present model is identical to the Bohr- Schrodinger orbital radius.
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