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Abstract: This article describes an approach for optimizing sensor-controlled systems through minimal inter-
vention, utilizing Fuzzy Linear Systems of Equations (FLSE). Staring with a generalized model of the system
behavior, incorporating an array of control units, environmental sensors, and an expert knowledge base. The
described problems of detecting the level of intervention needed to change the system state to another is handled
with the help of developed methods for solving the inverse problem for FLSE. By achieving minimal interven-
tion, we ensure that system adjustments effective, economically optimal and non-intrusive. A MATLAB-based

implementation is presented.

Keywords: sensor-controlled systems; fuzzy linear systems of equations; inverse problem

1. Introduction

This article focuses on a type of generalized sensor-controlled systems and introduces a method
to alter their behavior while minimizing the level of intervention.
The described systems have the following components:

* An array of manageable control units
¢ A set of sensors providing information about the environment
* An expert knowledge module defining how the control units can change the environment

In that setup, assuming that we have a well defined expert knowledge, we can easily obtain
information about the current status of the environment based on the sensor readings.

Let’s assume that now we want to change the environment status. The task, object to this article is
to find the minimal possible change to the control units in order to achieve the new target state of the
environment. Le. if a system has a control units set to a state C; and the environment is in status Eq,
and if we want to achieve environment state Ej, in this article we will answer the question of how to
change the control units state to Cy, so that the difference between C; and C; will be minimal.

Remark 1. Assuming that we use sensors to measure the environment status, we will use the terms sensor
readings, environment status, and system behavior as interchangeable.

In the following sections we will use a fuzzy rule-based expert knowledge base to represent
our knowledge about how the control units influence on the environment. We will solve the inverse
problem in fuzzy relational calculus [1-3] to find all possible changes to the control units, leading to
the desired environment state, and will select the one closest to the current control units state.

We will use a fuzzy linear systems of equation (FLSE) of type A « X = B (see Chapter 3).

The fairly direct approach for this task is to use a fuzzy inference system [4-9] and [10] to define
our knowledge base as a set of fuzzy if-then rules. Then we can represent those rules as a FLSE (Section
3). Such representation is discussed and implemented in [11]. Another, more candid approach it to
directly define the relation between the control units values and the expected sensor reading with FLSE,
where the fuzzy matrix (FM) A will represent our knowledge base, the fuzzy matrix X will represent
level of activation for the control units, and the matrix B will represent the achieved environment
status.

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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2. Sensor Controlled System Examples

For the sake of completeness, let’s look at a few examples of sensor-controlled systems based on
the architecture represented by Figure 1. Many other examples can fall in that architecture.

Sensors — Control

~

Expert knowledge

Figure 1. System overview.

2.1. Smart Home System

These systems may use an array of sensors to monitor environmental conditions like temperature,
humidity, and light, along with manageable control units like thermostats, blinds, and lights. The
expert knowledge module might consist of rules about the homeowner’s preferences to adjust settings
for optimal comfort and energy efficiency.

2.2. Automated Industrial Manufacturing Line

In these systems, sensors may collect data on machine performance (e.g. time to produce a single
unit), product quality (e.g. analyzing final product photos), and environmental conditions. Control
units may include conveyor belts, robotic arms or CNC machines speed control, humidity control, etc.
The expert knowledge module would use rules to optimize production processes, reduce waste, and
maintain quality standards. In separate moments we may need faster production sacrificing on the
quality, or better quality sacrificing on the production speed performance.

2.3. Precision Agriculture Systems

These utilize sensors to monitor soil moisture, nutrient levels, and crop health. Manageable
control units might involve irrigation systems, fertilizer spreaders, and spraying drones. The system’s
expert knowledge may include rules to optimize watering schedules, fertilizer application, and pest
control, based on the current environment status, ensuring maximal crop yield.

2.4. Health Monitoring Systems

Having sensors tracking health status metrics like heart rate, blood oxygen levels, and blood
pressure levels. The control units could include notification systems or interfaces that communicate
with other devices like medication dispensers. The expert knowledge implements rules to send alerts
or adjust medication takings based on recommendations for the user.

3. Fuzzy Linear Systems of Equation (FLSE)

To represent the sensor-controlled system we will use a FLSE having one of the forms:
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(6!11 —rt, xl) V (Ellz —*t, X2) V...A (aln —t, xn) =b
((121 —t, x1) Vv (1122 —rt, XQ) V...A (Ilzn —rt, xn) = bz (l)
(lel —t, xl) V (ﬂmz —>t, xz) V... A\ (ﬂmn —>t, xn) = by

or

(a11 —s, X1) N (Ellz —>s, XQ) VANARRWAN (aln —s, xn) =bh
(a1 —>s, x1) A (a2 —s, X2) A oo A (a2 —s, Xn) = bo @)
(a1 —>s, 1) A (a2 —>s, X2) Ao oo A (@ —s, Xn) = by

Where the operations A and V, are respectively taking minimum and taking maximum, and the
operations —;, and —¢,, are according to the following Table 1 forr =1, ..., 3:

Table 1. t—norms and s—norms

’ t-norm name ‘ expression H s-norm ‘ name ‘ expression ‘

ts minimum, t3(x,y) = 3 maximum, Godel s3(x,y) =
Godel t—norm min{x, y} t—conorm max{x, y}
ty Algebraic tr(x,y) = xy 2 Probabilistic sum sa(x,y) =
product X+y—xy
ty Lukasiewicz t(x,y) = 51 Bounded sum s1(x,y) =

t—norm max{x +y — min{x +y, 1}

1, 0}

A generalized matrix representation of equations (2) and (1) is:

A*BLX:B (3)

where the fuzzy matrix (FM) A represents our knowledge of the system, the FM X represent the
control units settings, and the FM B represents the system behavior. Operation *pj, can be any fuzzy
multiplication (or fuzzy relational compositions) between A and X. For instance *py, can be max — min
(or s3 — t3), min — max (or t3 — s3), max — product (or s3 — t), etc.

FLSE based on different fuzzy relational compositions are studied in details over the years - see
[1,3,12-19]. In what follows we will focus on the max — min composition, which is the most popular
one. The presented method will be applicable by analogy for every other fuzzy relation composition
in Table 1.

Therefore, we will use FLSE in the form:

({111 /\Xl) V (llu/\Xz) \/...\/(aln/\xn) = b1

(a21 /\xl)\/(azzsz)\/...\/(a2n/\xn):bz @)

(a1 Ax) V (ama Ax2) VooV (@ N xy) = by

or

AeX =B )

4. Direct and inverse problems

The set forth in this chapter is according to [15]. The finite FMs A = (y{?)mx pand B = ( ]/15) pxn
are called conformable in this order, if the number of columns in A is equal to the number of rows in B.
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Definition 1. Let A = (y;?)mxp and B = (yg)pxn be finite conformable FMs. Obtaining the matrix C =

( y%)mm, written C = A e B is called max — min product of A and B, if foreachi, j,1<i<m, 1<j<n
it holds:

VZ.C]. = rnax]f:1 (min(yl‘.?c, y,lfj)), (6)

Definition 2. When the finite conformable FMs A and X are given, computing the product B = A e X is called
direct problem resolution for the max — min composition of the matrices A and X.

Direct problem is solvable in polynomial time. Software for direct problem resolution is given in
[20-22]. It provides all the operations and algorithms described in Table 1 in MATLAB environment.

Definition 3. When the finite conformable FMs A and B are given, computing the unknown matrix X is called
inverse problem resolution for the max — min FLSE.

Inverse problem is solvable in exponential time. Software for inverse problem resolution is also
given in [20-22]. It provides solvers for all the compositions in Table 1 in MATLAB environment.

4.1. Solutions of the inverse problem for (5)

For the fuzzy vectors X = (x;)1x, and Y = (y;)1xn the inequality X > Y holds iff x; > y; for each
j=1,.,n

Avector X0 = (x;))lxn with x? €[0,1],j =1,...,n,is called solution of the system (5) if A e X" = B
holds. The set of all solutions of the system is called complete solution set and it is denoted by X'.
If X0 £ @ then the system is called solvable (or consistent), otherwise it is called unsolvable (or
inconsistent).

A solution XY € XU is called upper solution if for any X° € X0 the inequality X9 < X? implies
X% = X9. A solution X? € X0 is called lower solution if for any X° € X° the inequality X° < X{
implies X? = X0 " If the upper solution is unique, it is called greatest (or maximum) solution. The
n-tuple (Xy, ..., X,,) with X; C [0,1] is called interval solution if any X° = (x?)nxl with x? € X for each
j =1,..,nimplies X0 = (x?)nxl € X0, Any interval solution whose components (interval bounds)
are determined by the greatest solution from the right and by a lower solution from the left, is called
maximal interval solution of (5).

It is well known [1,15], that any solvable max — min fuzzy linear system of equations has unique
greatest solution and one or many lower solutions. All the solutions in between the greatest solution
and any of the lower solutions are also a solutions of (5). In order to find all solutions of the solvable
system (5), it is necessary to find both its greatest solution and all of its lower solutions. Finding the
greatest solution is relatively simple task often used as a criteria for establishing solvability of the
system [14]. Finding all lower solutions is much more complex (from computational point of view)
task, and is reasonable only when the lowest solution exists.

Efficient algorithms for finding the complete solution set of (5) are given in [20-22]. A software
implementations are given in [3,21,22]. We will use the software implementation from [22].

5. Adjusting the Sensor Control System Behavior with Minimal Intervention

Let’s have a sensor controlled system called S, described by fuzzy linear system of equation (5):
A e X = B. We can obtain its current behavior (or environment status) through the control units status
and the knowledge base. When we represent our knowledge base with the fuzzy matrix A, and our
control units settings with the fuzzy vector X - we can either solve the direct problem in FLSE to obtain
the current system status or simply check it’s sensor readings. In case we want to adjust (or change)
its behavior we will need to solve the inverse problem. l.e. we can describe the new, target behavior
through the fuzzy vector B. Then we can solve the inverse problem in FLSE in order to achieve one or



Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 April 2024 d0i:10.20944/preprints202404.0372.v1

50f12

many possible ways to achieve this new status, then we need to adjust the system, so that the new
control units settings cover one of the possible solutions of the inverse problem. Finally, if we want to
achieve minimal adjustment to the system and still achieve the new target status, we need to choose
such a solution of the inverse problem, so that the difference between the current control status and
the target status is minimal. This process is described in the following algorithm:

Algorithm 1 Change system status with minimal intervention

Step 1: Input the initial parameters for the fuzzy matrix A, an e fuzzy vector X =
Stgg 2: ptiionalﬂgreéigt tﬁe current system stdtus - Solve ﬁ .dﬁ‘ = lkzo there A and 00 are known. In

5 ghaéc se I% will d%scribte Ehte current s sttem beha}gior. B
: ine the new target status of the system as a fuzzy vector
Stgg i Solve the inverse problem for ti‘le s%,stem e X = By, where we have the FM A, and the new

target statu1§1 B .
Step 5: é%tﬁm a gosslble solutions for the fuzzy vector X = X, .
Step 6: IF the systém is not consistent - the target status cannot’be obtained. Go to Step 9, ELSE go to

Step,7
Step 7: Pind a possible value form X, = X, . , such that |Xo — Xo; . | is minimal among all the

ossible values from X
Step B ?js?ng any Kind of acthators, change the system in such way, so the new sensor readings X are

e Xsol
Step9:qLﬁ{ﬁg S0lmin

Remark 2. Step 2 is given for completeness. In most cases more accurate information can be obtained directly
from the sensor readings. However, it can be a valid step if we experience sensor malfunction, or if we want to
validate either of out knowledge base or the accuracy of the sensors.

Algorithm 1, while straightforward, includes several steps that require further elaboration.

5.1. Step 1: Detect Current System Status

This step is described by Definition 1 and Definition 2. To approach this task, we will simply need
to calculate the max — min product of the matrices A and Xj. In the following example, we will utilize
the software from [22] for this calculations.

5.2. Step 3: Solve the Inverse Problem

This step is the most complex for the Algorithm 1. It is subject of great scientific interest. The
main results are published in [1-3]. They demonstrate long and difficult period of investigations for
discovering analytical methods and procedures to determine the complete solution set, as well as to
develop software for computing solutions. The first and most essential are Sanchez results [23] for
the greatest solution of fuzzy relational equations with max-min and min-max composition. Sanchez
gave formulas that permit to determine the potential greatest solution in any of these cases, often
used as solvability criteria. Universal algorithm and software for solving max-min and min-max fuzzy
relational equations is proposed in [3], and [13]. The relationship with the covering problem is subject
of [12]. Systems of fuzzy relation equations and fuzzy relation inequalities, based on different fuzzy
relational compositions are studied in details in [1,3,12-19].

The most advance software implementation for solving the inverse problem is developed by the
author [15,21,22]. It includes algorithm implementation for eight popular fuzzy composition (including
the max — min composition). In the following examples we will use the software from [22] to find
the complete solution set for the inverse problem for the system A e X = B. This software features a
great performance in finding the complete solution set, even for relatively large systems. For more
information about the computational and memory complexity, as well as experimental results and
comparison with the other available software, see [22].
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5.3. Step 6: Find the Closest to the Current State, Solution

For the system 5, every interval described by the greatest solution from the right the any of its
lower solutions from the left is called interval solution. Any value inside the interval solution is still a
solution of the system [1,15]. Therefore the system 5, has as many interval solutions as many lower
solutions. In order to find the solution (as a fuzzy vector), which is closest to some other fuzzy vector
(in our case, the initial control units settings) we can use the following straightforward algorithm:

Algorithm 2 Find the closest solution

Step 1: Define the current sensor r ingig(
Step 2: For everY interval solution [ Xy, g,o]:

S RS o

Step 5: o; is inside the interval [ X}y, , grj] .

Step 6: Then Xj_ is already in the taréet interval, so X;; = Xoj _

Step 7: E (}Ellsfe for X;; take either Xlowi]- or Xgr]., which is closer to the target X;;.
or

nd Fo _
Step 8: Erom aﬁ candidate solutions X;, the new Xj,.;, is the one which is mathematically closest to the

cur X,. Le. select candidate solution X;, such that ¥_; | X;. — Xp.| is minimal.
Step 9: Eﬁ&f) 0 ! Z%| g OJ

6. Example and MATLAB Execution
Example 1. Let’s have a max — min FLSE. It’s knowledge base will be represented by the FM A:

05 0.6 04 01 04
A= 01 04 01 02 0 (7)
09 05 02 02 09

This system has 5 sensors modeling the environment status a 3 rules describing how the environment
parameters (B) will change depending on the values (normalized as a fuzzy number) of the sensors (X). Each
sensor reading have it’s own level of importance in each rule.

In this example we will use the following sensor readings as a starting point for the system:

0.9
05

X=1| 05 (8)
03
0.9

Let’s implement Algorithm 1. We will use the software from [22] and will execute the algorithm steps in
MATLAB.

6.1. Algorithm 1, Step 1 - Initialize FMs

MATLAB Session 1
>> A = fuzzyMatrix([.5 .6 .4 .1 .4; .1 .4 .1 .2 0; .9 .5 .2 .2 .9])
A =
3x5 fuzzyMatrix:
double data:
0.5000 0.6000 0.4000 0.1000 0.4000
0.1000 0.4000 0.1000 0.2000 0
0.9000 0.5000 0.2000 0.2000 0.9000

>> X = fuzzyMatrix([.9; .5; .5; .3; .91)
X =
5x1 fuzzyMatrix:
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double data:
0.9000
0.5000
0.5000
0.3000
0.9000

6.2. Algorithm 1, Step 2 - Predict the Environment Status
MATLAB Session 2

>> B = maxmin(A,X)
B =
3x1 fuzzyMatrix:
double data:
0.5000
0.4000
0.9000

The system has 3 environment parameters. By executing this step, we can see in what degree
every ot this parameters is currently observed.

6.3. Algorithm 1, Step 3 - Define New Target System Status

Now let’s assume that we want to achieve another environment status by lowering the level of
degree with witch the third parameter is present (B3 = 0.9). Let’s try with two options - Byw,, and
Bjiew, for which by and by will remain the same, but we will try it lower b3 first to 0.4, and then to 0.5

MATLAB Session 3

>> B_new_1 = fuzzyMatrix([.5; .4; .41)
B_new_1 =
3x1 fuzzyMatrix:
double data:
0.5000
0.4000
0.4000

>> B_new_2 = fuzzyMatrix([.5; .4; .51)
B_new_2 =
3x1 fuzzyMatrix:
double data:
0.5000
0.4000
0.5000

6.4. Algorithm 1, Step 4 - Solve the Inverse Problem’

Now we create two FLSE (one for By, and one for Bjey,, and solve them. The accepted
parameters for the solve_inverse function are:

. The composition of the FLSE - In our case this will be max — min

. The matrix A

. The matrix B

. The matrix X - this is what we will try to find, so we can pass an empty array here

. A Boolean parameter to flag if we need to find the complete solution set, or just the greatest
solution

U= WO N =
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MATLAB Session 4

>> S1 = fuzzySystem(’maxmin’, A, B_new_1, [], true)
S1 =
fuzzySystem with properties:

composition: ’maxmin’
a: [3x5 fuzzyMatrix]
b: [3x1 fuzzyMatrix]
x: [6x1 fuzzyMatrix]
full: 1

inequalities:

0

>> S1.solve_inverse

ans =

fuzzySystem with properties:

composition: ’maxmin’
a: [3x5 fuzzyMatrix]
b: [3x1 fuzzyMatrix]
x: [1x1 struct]
full: 1
inequalities: 0O

>> 82 = fuzzySystem(’maxmin’, A, B_new_2, [], true)
52 =
fuzzySystem with properties:
composition: ’maxmin’
a: [3x5 fuzzyMatrix]
b: [3x1 fuzzyMatrix]
x: [6x1 fuzzyMatrix]
full: 1
inequalities: 0O

>> S2.solve_inverse
ans =
fuzzySystem with properties:
composition: ’maxmin’
a: [3x5 fuzzyMatrix]
b: [3x1 fuzzyMatrix]
x: [1x1 struct]
full: 1
inequalities: 0O

6.5. Algorithm 1, Step 5 - Obtain Solutions

First lets obtain all the solutions for Bjew, (i-e. S1)

MATLAB Session 5

>> S1.x
ans =
struct with fields:
rows: 3
cols: 5
help: [3x5 fuzzyMatrix]
gr: [6x1 double]
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ind: [3x1 double]
exist: O

contradict: 1

For 51 we can see that S1.x.exists = 0, which means that the system is inconsistent (i.e. the target
environment state cannot be obtained).

MATLAB Session 6

>> S2.x
ans =
struct with fields:
rows: 3
cols: 5
help: [2x5 fuzzyMatrix]
gr: [5x1 fuzzyMatrix]
ind: [3x1 double]
exist: 1
dominated: 3
help_rows: 2
low: [5x2 fuzzyMatrix]

For S; we can see that the system is consistent S2.x.exists = 1, and it has 1 greatest solution
(S2.x.gr.size(2) = 1), and 2 lower solutions (S2.x.low.size(2) = 2).
6.6. Algorithm 1, Step 6 - Check for Consistency

For the system S; we already determined that it is inconsistent so the algorithm ends here. Further

we will focus on the system S,.

6.7. Algorithm 1, Step 7 - Find the new control units settings

Let’s print the greatest and all the lower solutions of the system S,

MATLAB Session 7

>> S2.x.gr
ans =
5x1 fuzzyMatrix:
double data:
0.5000
0.5000
1.0000
1.0000
0.5000

>> 82.x.1low

ans =
5x2 fuzzyMatrix:
double data:

0.5000 0
0.4000 0.5000
0 0
0 0
0 0

From the greatest solution and the two lower solutions we know that the system has two interval
solution, which determines the complete solution set of Sy:
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05 [0,0.5]
0.4,0.5] 0.5
Xp=| [01] X;=| [01] )
[0,0.1] [0,1]
[0,0.5] [0,0.5]

Let’s find the closest to the initial X vector for both of the interval solutions:

MATLAB Session 8
>> closestVector_1 = min(max(X, S2.x.low(:,1)), S2.x.gr)
closestVector_1 =

0.5000

0.5000

0.5000

0.3000

0.5000

>> closestVector_2 = min(max(X, S2.x.low(:,2)), S2.x.gr)
closestVector_2 =

0.5000

0.5000

0.5000

0.3000

0.5000

We can see that it is the same vector for both interval solutions, so the new value for X should be:

05
05
Xpew = | 0.5 (10)
03
05

That means that we will need to adjust just the first control unit, lowering it with 0.4 and the last
control unit setting lowering it again with 0.4. This it the minimal intervention that we can achieve in
order to change the system behavior from B, to Byew, .

6.8. Algorithm Step 8

Depending on the real world implementation of the system, we now need to use our actuators
connected to the first and the last control units, in order to adjust them to the target values.

7. Conclusion

In this article, a method for adjusting sensor-controlled systems with minimal intervention, is
presented. It facilitates the methods for solving the direct and the inverse problems for fuzzy linear
systems of equations (FLSE). While here we have a generalized approach, it should be relatively
easy to use the same principles for mode specific systems. Using the presented here algorithms, we
can ensure that the change we want to achieve is either not possible, or if possible - done with the
minimal possible intervention. This is ensured from the algorithms backing the process of acquiring
the complete solution set of the system (5), presented in [21].

For the software implementation of the provided here example, we use the software from [22],
which is already proven to work efficiently, and able to find all possible lower solutions of the system -
a complex, non-trivial task.
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The most obvious next step in this research will be to introduce a method, as well as a way to
evaluate, a new state of the system, which is closest to the target, in the cases, when the target in not
possible (i.e. when the system (5) is not consistent.
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Abbreviations

The following abbreviations are used in this manuscript:

FLSE Fuzzy Linear Systems of Equations
FM Fuzzy Matrix
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