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Abstract: In this paper, two double Jordan-type inequalities are introduced based on the papers [1-5]. These
inequalities generalize the inequalities obtained in [1-5]. As a result, some new upper and lower bounds of the
sinc function are obtained. This extension of Jordan’s inequality is enabled by considering the corresponding
inequalities through the concept of stratified families of functions elaborated in [6]. Based on this approach, some
optimal approximations of the sinc function are derived by determining corresponding minimax approximants,

also described in the paper [6].
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1. Introduction

The function:

sincx = x
1, x=0

has numerous applications in mathematics. The basic approximation of the sinc x function is given by

the well-known Jordan’s inequality:

Theorem 1 ([7]). For x € (0, g} it holds:

2 sin x
=<
s X

<1 1)

Since then, many authors have worked on extensions and improvements of Jordan’s inequality
[1-5,8-23] . In [8], F. Qi, D.-W. Niu and B.-N. Guo did the elaborate research, summarizing previ-
ously discovered improvements and applications of Jordan’s inequality, along with related problems.
Motivated by some of the following results, this paper provides an additional contribution to this
topic.

F. Qi and B.-N. Guo, in the paper [1], provided an enhancement of Jordan’s inequality through
the following assertion:

Theorem 2. Let x € (O, g} Then, it holds:
T—2
2

2 2 sin x
—+ —=(r—2x) >
7'L'+71'2(7T x) 2 x

> %4‘ (7 —2x). )

F. Qi then, in the paper [2], provided further improvement of Jordan’s inequality through the
following assertion:

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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s .
Theorem 3. Let x € (0, E} . Then, it holds:
2 1/, > sinx 2 m—2/ , 5
4= — < < — - .
7t+7r3<7r 4x)_ x Sal o (7r 4x> ®)
In the paper [3], K. Deng contributed to improvements of Jordan’s inequality by proving;:
T .
Theorem 4. Let x € (O, E} . Then, it holds:
2 2 3 3 sinx 2 m—2/ 4 3
4 = — < < — - .
7'L'+37T4<7T 8x>_ x Sn T (n Sx) @

Based on the inequality (3), W. D. Jiang and H. Yun provided further extension of Jordan’s
inequality in their paper [4] through the following theorem:

Theorem 5. Let x € (0, %} . Then, it holds:

%+2%( 4—16x4) Ssjl;xﬁ%+n7_[_52(7t4—l6x4). (5)

Shortly afterwards, in the paper [5], J.-L. Li and Y.-L. Li provided a more general statement that
encompasses the previous inequalities, (2), (3), (4) and (5), introducing an entire family of inequalities.
Namely, the theorem holds:

Theorem 6. Let x € (O, g} Then, it holds:

2 2 sin x 2 mT—2
il S > > = — 6
— 5(m—2x) > T 2T (7t —2x) (6)
2 2 sin x 2 m—2
7t (0 (@)) S == S o e (7= (2)7) (forn €N n22). @)

Inspired by Theorems 2, 3, 4, 5 and 6, in this paper, based on the concept of stratification of
corresponding families of functions from the paper [6], we introduce a new extension of Jordan’s
inequality. Namely, by applying stratification, it is possible to extend the inequality (7) so that the
parameter n can be a positive real number. The extension of inequalities for real parameters has
recently been the subject of various studies [24-27], see also [28-31]. Additionally, we provide the best
constants for this type of Jordan’s inequality, as well as an analysis of upper and lower bounds and
minimax approximations of the sinc x function based on the inequalities (2), (3), (4), (5), as well as on
the newly obtained inequalities.

2. Preliminaries

Recently, in the paper [6], the authors considered families of functions ¢, (x), where x € (a,b) CR*
and p € R, which are monotonic with respect to the parameter p. In that paper, such families of
functions are referred to as stratified families of functions with respect to the parameter p. If, for each
x € (a,b) it holds:

(VP p2€RY) p1 < p2 = gp (x) < ppa (%),
then the family of functions ¢, (x) is increasingly stratified with respect to the parameter p. If, for each
x € (a,b) it holds:

(VP p2€RY) p1 < p2 = gp (X) > 9py (%),

then the family of functions ¢, (x) is decreasingly stratified with respect to the parameter p.
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If it is possible to determine a value of the parameter p = po € R™ for which the infimum of the
error is attained:

do =d(po) = sup |gp,(x)

x€(ab)

4

then the function ¢, (x) is the minimax approximant of the family of functions ¢, (x) on the interval
(a,b). Based on the stratifiedness, the parameter value p = py is unique.

In this paper, we consider the inequalities (2), (3), (4), (5), (6) and (7) by introducing the corre-
sponding stratified families of functions. When proving inequalities, we will utilize L’'Hopital’s rule for
monotonicity, as well as the method for proving MTP (Mixed Trigonometric Polynomial) inequalities
described in the paper [32].

L’Hopital’s rule for monotonicity was described by the author I. Pinelis in the paper [33]. In this
paper, we use the following formulation:

Lemma 1 ([34]). (Monotone form of L'Hopital’s rule). Let f and g be continuous functions defined on [a, b]
and differentiable on (a,b). Suppose f(a) =g(a) =0or f(b) = g(b) =0, and assume that g'(x) # 0 for all
x€(a,b). If f'/ ¢ is an increasing function on (a,b), then so is f/g.

The method to prove inequalities of the form f(x) > 0 on the interval (a,b) CR, where f(x) is an
MTP function, as outlined in [32], is based on determining a downward polynomial approximation
P(x) with respect to the observed function f(x). In [32], the determination of a polynomial P(x)
as a polynomial with rational coefficients is considered. If there exists a polynomial P(x) such that
f(x) > P(x) and P(x) > 0 on the interval (a,b), then f(x) > 0 holds on the interval (a,b). The
polynomial P(x) > 0 is determined as a polynomial with rational coefficients and is examined on the
interval (a, b) with rational endpoints. Then, the proof of the inequality P(x) > 0 is an algorithmically
decidable problem based on Sturm’s theorem, see Theorem 4.2 in [35]. In this paper, the application of
Sturm’s theorem will not be necessary for proving polynomial inequalities.

3. Main Results

In this section, several statements are presented and proven, with a special emphasis on the
connection between Jordan’s inequality and stratification. Particularly, for each family of functions
induced by the aforementioned inequality (7), the best approximations derived from the minimax
approximants are identified in Statements 1 and 2.

Lemma 2. The two-parameter family of functions:

sinx 2

= — p(t - (2x)7)

Ppq(x) =

X

is individually decreasingly stratified both with respect to the parameter p € R™ and with respect to the parameter
q € R™ on the interval (0, 7/2).

Proof. For the first derivative of ¢ 4(x) with respect to p, it holds:

M:Qxy_nq<o

ap

for x€ (0,71/2) and g € R*. For the first derivative of ¢, 4(x) with respect to g, it holds:

a%(,_;;(x) = p((2x)7In(2x) — 7In(m)) <0

forx€(0,7/2) and p,geR*. O
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Based on the inequality (7), we introduce the following stratified families of functions in the
auxiliary statement:

Lemma 3. Let:

2 2
Ag) = e and B(q) = e
Then, it holds:
(#) The family of functions:
sinx 2
Pag)q(x) = ~ a1 A(q) (7 — (2x)7) 8)

is decreasingly stratified with respect to the parameter g € R™ on the interval (0, 7t/2).
(i1) The family of functions:

sinx 2

¢B(q),q(x) = - B(q) (7-(‘7 - (Zx)q) )

X T

is increasingly stratified with respect to the parameter g € R on the interval (0, 71/2).

m—2 . . .
———, we obtain the one-parameter family of functions:
g+1

s
i 2x\ 7 2
Pa(g)q(¥) = 5123( -1+ <7:> (1 - 7_[) (10)

The first derivative of ¢ 4, ,(x) with respect to g is:

0Pama®) _ (1 2 (2x\", 2
g )\ ’

Proof. (i) Since A(q) =

It is evident that: 5
x
9Pawa®) _
9q

on the interval (0, 7t/2) for g€ R, which concludes the proof.

(#1) Since B(q) = we obtain the one-parameter family of functions:

sinx 2 2 29t1lxa

PB(g),q(¥) = x 7 gm + pr (11)

The first derivative of ¢p,) ,(x) with respect to parameter g is:

99p(g),4(%) _ 2 n 21 ¥ (gIn 24+ gln x —gIn T — 1)
9q g2

2 /2x\1 2x\17 TN\
) (%) + () )

2 q
Lett = <7:> . We now form the function:

B

g(H)=In(t)+ 1 ~1: (0,1) » R,

d0i:10.20944/preprints202403.1726.v1
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dg(t) 1 1

Since =;2< 0 for t€(0,1), the function g(t) is decreasing on the interval (0,1). Consider-

ing that g(t) is a decreasing function and that g(1) = 0, we conclude that:

g(t) >0

for t€(0,1). Thus, it follows:
IPB(g),4(x)
99

on the interval (0, 71/2) because g(t) > 0 on (0,1). This finishes the proof. O

>0

Statement 1. Let: 2
1= =175193... and gp=2.

Then, it holds:

(i) If g€ (0, g1], then the lower bounds of the function smt

are given by:

T sinx _ 2
xe(O,E) = > ;+A(q1)(7t’71 —(2x)T) >

SEES

+A(q) (" = (2x)7)

and the constant q is the best possible.
(i1) If g€ (91, 92), then the equality:

Si;‘x - % — A(g) (7 — (2%)7) =0

(PA(q),q(x) =

has a unique solution x(()q) and it holds:

sin x

xe (0, x(()q)> = > % + A(q) (7 — (2x)7)

and )
sin x

< % + A(g) (1 — (2x)7).

iii) If g € |go, +00), then the upper bounds of the function smx are given by:
qg<lg pp P 8 Y

xG(O 71) N sin x

7z <24 A@) (" - 20") < 2+ A (27 - (20

and the constant q; is the best possible.

(iv) Each function from the family ¢ (g 4(x), for q € (q1,92), has exactly one maximum and exactly one
minimum at certain points mgq), mgq) € (0, 7t /2) respectively on the interval (0, 71/2). Additionally, it holds

mgq) < mgq). The function @ 4(g) 4(x), for q = qu, has exactly one maximum on (0, 7t/2), and for q = qo has
exactly one minimum on (0, 77/2).

(v) The equality:
20 (m1")| = [oaa (")}

has the solution q = qo, for the parameter q € (q1,q2), numerically determined as:

o = 1.84823... .
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For value: ) )
— q — g —
do = ‘(PA(‘JO)/QO (ml 0 ) ‘ = ’QDA(%),% (m2 0 ) ‘ = 0.0026604.. .,
it holds:
dy= inf  sup |@a(,.(x)].
qE(O,oo) XG(O,T(/z) ’ (q) q ‘
Hence, the minimax approximant of the family of functions @ 5 (g ,(x) is:
sinx 2
4’A(ffo),qo(x) = a1 A(qo) (70 — (2x)7),
which determines the corresponding (minimax) approximation:
SINY 2 40043803 (e 34825 (20)8983), (12)
s
Proof. (i) Letus notice that the assertion is equivalent to ¢ 4(4) ,(x) > 0forg < — and x€ (0, 71/2).
Based on (10), it holds:
In x(mr—2)
T(x —sinx
Paa®) =0 = g =gl = L 13
2x
We first prove that the function g(x) is monotonic on the interval (0, 77/2) using L’'Hopital’s rule for
N : _ o, x(T=2) i~
monotonicity (Lemma 1). Let us form the functions f;(x) = In lx —sinx) and f>(x) = In oz o
(0, 7t/2]. Note that f1(71/2) = 0and f,(7r/2) = 0. It holds:
fi(x)  —xcosx+sinx
filx)  x—sinx
We now examine the monotonicity of the function i(x) = M. The first derivative of the

X —sinx
function h(x) is:
X cosx + cosxsinx + x2sinx — sinx — x
(x — sinx)?2

H(x)=

To examine the sign of the function /’(x), let us examine the sign of the MTP function:

1

hy(x) = xcos x 4 cos xsinx + x*sinx — sinx — x = x cos X + 5 sin2x + x?sinx — sinx — x
on the interval (0, 7t/2).
We prove that 111 (x) < 0 using the method from the paper [32]. If we approximate the functions cos x
and sin 2x by Maclaurin polynomials of degrees 4 and 9 respectively, and approximate the function
sin x by Maclaurin polynomial of degree 5 in the addend x? sin x and by Maclaurin polynomial of
degree 7 in the addend — sin x, then the function / (x) has the upward polynomial approximation:
2 o 1 7

X

P) = 5g35% ~ am0™

It is evident that P (x) < 0 on the interval (0, 7t/2). Thus:

hl(x) <0

d0i:10.20944/preprints202403.1726.v1
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on the observed interval. From here, we conclude that:

W(x) <0
. 1(x) . . . .

on the interval (0, 7t/2). Thus, h(x) = ) is a decreasing function on the interval (0, 7r/2). Further-
more, since f1(7r/2) = 0and f,(7r/2) = 0, based on L’'Hopital’s rule for monotonicity, it follows that
g(x) = {%Ei; is also a decreasing function on the interval (0, 77/2).

By applying L’'Hopital’s rule, it can be shown that:

2
A 8 =25

Considering that g(x) is a decreasing function on the interval (0, 71/2), we conclude that the function
2
Pa(g),q(x), forqg=q1 = o does not have a root on the observed interval. Since ¢ 4(,,) 4, (7/4) =

27 (1 —2) — T+ 2V/2
7T

= 0.0082048... > 0, we conclude that:

PA(q1).m (x) >0

for x € (0, t/2). Additionally, based on the stratification (Lemma 3), it holds:
Pa@a(¥) > P (¥) >0

forg <

2
on the interval (0, 7t/2).
m—2

(ii) Itis easily seen that lim ¢4, ,(x) =0and Lim @4, 4(x) = 0. In the part (iv) of this proof,
x—0+ ! x—7/2— !
it will be shown that each function ¢ 4(,) ,(x), for g € (1, 92), has exactly one maximum and exactly

one minimum on the interval (0, 71/2) respectively. Hence, the stated inequalities follow.

(#1i) Continuing from the part (i) of this proof, by multiple applications of L’'Hopital’s rule, it can be
shown that:

xli%leg(X) =2

Considering that g(x) is a decreasing function on the interval (0, 71/2), we conclude that the function
P A(q),4(x), for g = g2 = 2, does not have a root on the observed interval. Since ¢ (,,)q,(7/4) =
8V2-2-37 _ 0088386 < 0, it holds:
4r

PA(g)2(*) <O

for x € (0, t/2). Additionally, based on the stratification (Lemma 3), it holds:

Pa(),4(X) < Pa(g),9,(X) <O

for g > 2 on the interval (0, 71/2).
(iv) Let us examine the monotonicity of functions from the family ¢ 4, ,(x) for g € (41, 42) on (0, 77/2).

The fourth derivative of ¢ 4, 4(x) with respect to x is:

P*Pai(*)  xTfy(q) + hy(x)
x4 o x5 ¢

d0i:10.20944/preprints202403.1726.v1
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where
fa(q) = m7971274(q — 1)(q — 2)(q — 3)(7 ~ 2)
and
hy(x) = 4x (xz - 6) cos x + (x4 —12x% + 24) sinx.

Moreover, the function h4(x) is defined at both endpoints of the interval (0, 71/2), which we will use
in the subsequent proof. The first derivative of the function h4(x) with respect to x is:

ny(x) = x*cosx >0

for x € (0, 1/2). Therefore, the function h4(x) is increasing on the interval (0, 7t/2). Since h4(0) = 0, it

holds that:
h4(x) >0
on the interval (0, 7t/2). It is evident that:
fa(q) >0
for g€ (q1,42). Hence, we have:
a4§0A(q) q(x)
Z A9 14
Py >0 (14)
> PA)q (X)

on (0, 71/2) for g€ (q1,492). Consequently, each function , for g€ (g1, 92), is increasing on

ax3
(0,71/2). The third derivative of ¢ 4, 4(x) with respect to x is:

Pag,e(X) 2T f3(q) + ha(x)

ox3 xt !

where
f3(q) = m T 1299(g —1)(g — 2)(mr —2) and h3(x) = (—x3 + 6x> cos x + <3x2 - 6) sinx.
It is evident that f3(q) < 0 for g€ (q1,42). It holds:

. f3(q) . h3(x) . hé(x) . x3sinx
— = -0 — 1 —
xhr(r)1+ prcmr (forge(q1,92)) and xhr(r)1+ 4 = hm ) A e

Hence, we have:
> PA( (x)
. 7)49 _
e (15)

for g€ (q1,42)- It holds:
P9a9)4(x) _ (87 —16)4° + (48— 2470)q® + (167 — 32)q + 127> 96

Jm —s = — = k3(q).

S|

Since k(q) = %(qu —6q+2)(r—2) > 0 for q € (q1,492), it follows that k3(g) is an increas-

ing function for q € (q1,42). Considering that k3(q) is an increasing function and that k3(q1) =

1270 — 487* — 1671 + 160
3 (mr—2)2

=0.19968... > 0, it can be concluded that:

83(/’1‘\(11),'7(’“)

>0 16
x—=5— dx3 (16)
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9 (PA(q),q (x)
2

for g€ (q1,92)- Based on (14), (15) and (16) each function , for g€ (g1, 92), has exactly one

minimum on (0, 77/2). The second derivative of ¢ 4(,) ,(x) with respect to x is:

PPaiq(*)  xTfo(q) + ho(x)
ox2 o x3 !

where:
folg) = w7 1299(g —1)(r —2) and ho(x) = —2xcosx — <x2 - 2) sinx.

It is evident that f>(q) > 0 for g€ (q1,42). It holds:

—10) . ha(x) .. Hh(x) . —x?cosx 1
e (for g€ (1,42)) and R 1 (x3) o0t 322 3
Hence, we have:
PP a(q),4(%)
lim ——51— = 17
in(I)L 0x2 too ( )

for g€ (q1,42). It holds:

_ Peage(®)  (4m —8)q2 + (—4m +8)g — 27% + 16
xlgl)l%lﬁ 0x2 - 3 = ka(q).

4

Since k}(q) = 3

(29 —1)(mr—2) > 0 for g € (q1,92), it follows that ky(g) is an increasing function

-2 +4m+8

for g € (41, 92). Considering that k,(g) is an increasing function and that k,(q1) = o e

0.073414... > 0, it can be concluded that:

2
lim J @A(q),q(x)

1
x—=5— dx2 >0 ( 8)

82 (I)A(q),q (x>
0x2

minimum on (0, 7t/2). Therefore, based on (17) and (18), for functions

for q € (q1,92). We have proven that each function , for q € (q1,42), has exactly one

IPa(g),9(¥)
DI for g € (g1,92),
there are two possibilities: either they are increasing or they have exactly one maximum and exactly
one minimum on (0, 77/2) respectively. We will prove that:

(+) x1i>r51+ ox Py ox

9PA(g)4(¥) _ 0 lim 99 A(g).4(%) >0 and (aq’A(q),q)(x)
’ ox

=
Il
Lt

) x
(m(gjc'q(), for g € (91,42), has exactly one

for g € (91,42), thus, it will be clear that each function
maximum and exactly one minimum on (0, 71/2) respectively. The first derivative of ¢ 4( 04 (x) with

respect to x is:

a(PA(q),q(x) o qurlfl(q) +hl (x)

ox x2 ’
where:
filg) = w1 120g(r—2) and n(x) = xcosx —sinx.
It holds: fl0) hy(x)
. 1) _ i LS.2 .
xlg&r w11 =0 (forge(q1,q2)) and xlg& x2 =0
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Hence, we have:
. a¢A(q),q(x)

i P o ®

for g€ (q1,42). It is easily seen that:

) x —2)—
m PA0at) _2a(r-2)-2) 0)
x> I ox s

for q € (q1,92). We now examine the sign of the functions ¢ 4(,) ,(x), for g € (q1,92), at the point
x = 7t/4. It holds that:

9P A(g)q 279q(4m = 8) +2v2 (1 — 4)
(ax)(x) x=1 = ) =ki(q)-

) , —4279(m—2)(gIn2 —1) . hat k- () is a d o f
Since k}(q) = = < 0 for g€ (q1,42), it follows that kq (g) is a decreasing func-
tion. Considering that ki(q) is a decreasing function and that kqi(q1) =

3m—8 47—-10

T— — D=2 2 _
2rEm o2 4R 124 1OV2 G hosags. . < 0, it can be concluded that:

(r —2)m2
99 A(9).4
( o )(x) vy <0 21)
9P 4(g),9(¥)

for g € (41, 92). Hence, each function , for q € (91, 42), has exactly one maximum and exactly

one minimum on (0, 71/2) respectively. Note that () is a substitution for the conjunction (19), (20),

d
M, for g€ (q1,92), and (x), we

(21). Additionally, based on the monotonicity of the functions

can conclude that each function ¢ 4(,) ,(x), for g € (41, q2), has exactly one maximum and exactly one

minimum on (0, 7t/2) respectively.

Ch PA@G)4 (X) >’ PA@G)4 (x) > PAG)4 (x) a(PA(q),q (X)
oxt ox3 7 oxz x

and @4y 4(x) for g = g1 and for g = g5, in a similar manner, it can be concluded that the function

PA(g),4(x), for g = g1, has exactly one maximum on (0, 77/2), while the function ¢ 4, ,(x), for 4 = g2,
has exactly one minimum on (0, 77/2).

By analyzing the monotonicity of the functions

(v) Note that the infimum of the error d(q) = Sup.c (o x/2) [94(g),4(¥)|, for g € (q1,92), exists and is
attained when:

‘9"A(q),q (’”gq))‘ = ‘(PA(q),q (méq)) ‘ (22)

The equation (22) can be numerically solved using the Computer Algebra System Maple, yielding in
the value of the parameter g = qo being numerically determined as:

o =1.84823...,

which determines the minimax approximant ¢ 44, 4,(*) of the family of functions @ 44 4(x). O

Figure 1 illustrates the stratified family of functions ¢4, 4, see (8). Cases for all values of the
parameter g € R™ are shown, with a special emphasis on the cases with constants obtained in Statement

1.
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q=2

0.01 +
q = 1.84823...

2
q_7r—2 R

Figure 1. Stratified family of functions ¢ 4,) 4, see (8).

Statement 2. Let:

—n—2—1—146740 and —L—175193

Then, it holds:

i) If g€ (0, q1], then the upper bounds of the function smx are ¢iven by:
q q pp P 8 Y

T sinx 2 2
_ = q1 _ mny < = q_ q
xe(0,7) = 5 < Z+B(g) (" — (20)") < = +B(g) (=7 - (2x)")
and the constant qy is the best possible.
(i1) If g€ (91, q2), then the equality:
sinx 2
q)B(q),q(x) = x 1 B(q)(n’q - (Zx)q) =0
has a unique solution x(()q) and it holds:
sinx 2

xe (O, x(()q)> - <+ B(q)(m? — (2x)7)

and

T sinx _ 2
x€ (x(()q),a) = > + B(q) (77 — (2x)7).

sin x

(i1i) If g € [go, +00), then the lower bounds of the function are given by:

SEES

xe(O,%) = S“;x > %—FB(qz)(n‘h — (2%)%) > = 4 B(q) (7 — (2%)7)

and the constant q; is the best possible.

(iv) Each function from the family @p(,) .(x), for q € (q1,q2], has exactly one maximum at a point m) e
(0, 7t/2) on the interval (0, 7t/2).

(v) The equality:
’¢B(q),q(0+)’ = “PB(q),q (m(q))‘
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has the solution q = qo, for the parameter q € (q1,42), numerically determined as:
qgo = 1.72287 ... .
For value:
40 = |5(40)0(0+)| = | P5(g0).00 (™) | = 0.0061296.....,
it holds:
dy= inf sup |@p(,,q(x) ‘
q€(0,00) x€(0,7t/2) ‘ @4
Hence, the minimax approximant of the family of functions @) 4(x) is:
sinx 2 %0 0
PB(q0) .90 (x) = x 1 B(qo) (710 — (2x)™),
which determines the corresponding (minimax) approximation:
SINY 2 4 0.051415... (n1'72287"' - (2x)1'72287'“). (23)
x s
T2
Proof. (i) Let us notice that the assertion is equivalent to ¢p,) 4(x) < 0 for g < T 1. We begin

2
by proving that ¢p(,),(x) is monotonic function on the interval (0, 77/2) for g = % — 1. Through

elementary transformations, based on (11), it can be shown that the following equivalence holds:

q+1
a(PB(q),q(x) B XCOSXx —sinx + (n) Y

ox B x2
24
oy (24)
In m(—xcosx + sinx)
— g=g(x) = = .
In —
2x
72

It is necessary to prove that g(x) # T 1 for every x € (0, 7r/2) in order for the function ¢p(,) ,(x)

2
to be monotonic on the interval (0, 7r/2) for g = % — 1. We first prove that the function g(x) is

monotonic on the interval (0, 71/2) by applying L'Hopital’s rule for monotonicity. Let us form the

functions f1(x) = In 2 and fo(x) =In % on (0, 7t/2]. Note that f1(71/2) = 0 and

7t(—x cos x + sin x)
f2(rt/2) = 0. It holds:
fi(x)  xcosx+x?sinx —sinx

f3(x) —X COs X + sin x

2 .
. - . XCOsX + x“sinx — sinXx . .
We now examine the monotonicity of the function /1(x) = - . The first derivative
—XCOs X + sinx

of the function h(x) is:
—x(x cos xsinx — 2sin® x + x?)
(—xcosx + sin x)?

W (x) =

Let us examine the sign of the MTP function:

1
hi(x) = xcos xsinx — 2sin x + x* = cos2x + Exsin2x+x2 -1.
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If we approximate the functions cos2x and sin2x by Maclaurin polynomials of degrees 6 and 7
respectively, then the function /1 (x) has the downward polynomial approximation:

It is evident that P;(x) > 0 on the interval (0, 7t/2). Thus:
hl(x) >0

on the observed interval. From here, we conclude that:

W(x) <0
- AG) . , .
on the observed interval. Thus, h(x) = e is a decreasing function on the interval (0,7/2).
2
Furthermore, since f1(71/2) = 0and f,(7t/2) = 0, based on L’'Hopital’s rule for monotonicity, it follows
that g(x) = jil Eﬁ; is also a decreasing function on the interval (0, 71/2). By applying L'Hopital’s rule,
2
it can be shown that:
I LA
im g(x)=— —1.
x—=5— ( ) 4
2 2
Hence, g(x) > T~ 1 on the interval (0, 71/2). Thus, the function ¢, ,(x), forg = g1 = T~ 1,is
2—2m—4
monotonic on the interval (0, 77/2). It holds that Ilir(r)l+ PB(g1)0, (X) = % = —0.070461... <0
and x_l}i;r/g_ ?B(q,),3: (X) = 0. Therefore, gp(,,) 4, (x) is an increasing function and negative on (0, 7/2).

Considering that ¢p;,) 4, (x) < 0, based on the stratification (Lemma 3), it holds:

PB(q),(X) < PB(gy),q,(*) <O

2

forg < % — 1 on the interval (0, 71/2).

(i1) Continuing from the previous part of the proof, (i), by multiple applications of L'Hopital’s rule, it
can be shown that:
li =2.
xi>r(1)1+g(x)
The function g(x) from (24) determines the values of the parameter g for which the family of functions

®B(g),4(x) have extremes or inflection points on the interval (0, 77/2). Considering that the function
2

g(x) is monotonic on (0, 71/2) and that lim g(x) =2and lim g(x) = T 1= q1, every function
x—0+ x—71/2— 4

from the family (pB(q),q(x) has either exactly one extremum or exactly one inflection point on the

2
interval (0, 7t/2) for g € (Z - 1,2) , and therefore for g € (41, 42], where g, = —— since qp < 2.

Let us prove that each function ¢p,) , (x), for q € (q1,92), has exactly one maximum on the interval
(0, t/2) by proving that all these functions are negative in the right neighborhood of zero and positive
and increasing in the left neighborhood of 7r/2.

It holds:
(1—=2)q—-2

lim goB(q),q (X) = q

x—0+

Therefore, there exists a right neighborhood of zero such that:

q)B(q),q(x) <0 (25)

d0i:10.20944/preprints202403.1726.v1
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for g € (q1,42). The Taylor expansion of the family of functions ¢ B(q),q(x) around 77/2 is:
mrgate) = -5 (e T ro( (- 3))
Therefore, there exists a left neighborhood of 77/2 such that:
¢(g)4(x) >0 and a(PB(gzj(x) >0 (26)

for q € (q1,92). Based on (25) and (26) the functions @p(,) ,(x), for g € (q1,42), have exactly one
maximum on the interval (0, 71/2) and the stated inequalities follow.

2
(iii) The assertion is equivalent to ¢p() 4(x) > 0 for g > P Let us notice that A(g) = B(q)

7T

for q = %, where A(q) = 71”7;*12 In Statement 1, it has already been proven that ¢ () ,(x) =

PB(g),4(x) > 0forg =g = — 5 on the interval (0, 7/2). Given that the family of functions ¢p(,) ,(x)

7T

2
is increasingly stratified with respect to the parameter g based on Lemma 3, for g > p—
hold that:

it will al:
5 itwillalso

PB(g).4(X) > PB(gy),9,(%) > 0
on the interval (0, 77/2).

(iv) It has been established in the part (ii) of the proof for g € (41, 42). Similarly, the proof holds for
q= 92

(v) Note that the infimum of the error d(g) = SUP.c(0,7/2) |#B(g),4(x)], for g € (91,92), exists and is
attained when:

)GDB(q),q(OH’ = ‘(PB(q)fq (m(q)) ) (27)

The equation (27) can be numerically solved using the Computer Algebra System Maple, yielding in
the value of the parameter g = g being numerically determined as:

qgo=1.72287...,

which determines the minimax approximant @p,) 4, (x) of the family of functions ¢p 4 ,(x). O

Figure 2 illustrates the stratified family of functions ¢p,) 4, see (9). Cases for all values of the
parameter g € R™ are shown, with a special emphasis on the cases with constants obtained in Statement
2.

0.01

q =1.72287...

Figure 2. Stratified family of functions ¢p,) ., see (9).

d0i:10.20944/preprints202403.1726.v1
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In the style of writing Theorem 6, based on Statement 1 and 2, we present the following assertion:

Statement 3. Let x € (0, g} Then:

2
(i) For g1 € (O, 712_2] = (0,1.75193.. .| and g, € <O, % - 1} = (0,1.46740.. ], it holds:
2 2 sinx _ 2 mw—2
i — 7§ - 7 = 12 _ 72
o (e @o") 2 B 2 T e ) 9

ii) For g; € L 400 | =[1.75193...,+00) and g, € [2, +00), it holds:
q q

T—2'
2 2 sin x 2 T—2
_ qn _ n = 1 _ q2
© (1 — (2x)T) < p < R (%2 — (2x)7). (29)

Remark 1. The equalities in (28) and (29) clearly hold for x = /2.

Remark 2. Note that the inequalities (28) and (29) reduce to inequalities (6) and (7) respectively when
q1,92 € N.

4. Applications

In this section, we present two applications. The first application is about the improvements and
expansions of Theorems 2, 3, 4 and 5. The second application refers to obtaining some approximations
of the sinc function based on some upper and lower bounds of this function and minimax approximants
of the corresponding families of functions.

4.1. Improvements of Theorems 2, 3, 4 and 5

In order to obtain a generalization of all inequalities from Theorems 3, 4, 5 and 6, for the stratified

family of functions ¢, 4(x) from Lemma 2, we considered the values of the parameter p = A(q) =

2

T2 and p=B(gq) = 7 as functions depending on the parameter 4. It is possible to consider the
T

q+1 9+
family of functions ¢ 4(x) from Lemma 2 by fixing either parameter p or g to some real value. For the
casesq =1,9 = 2,9 = 3 and q = 4, by applying Statement 1 and 2, improvements and extensions of
Theorems 2, 3, 4, 5 respectively can be obtained, as will be shown in the following. Particularly, for
each family of functions induced by the considered inequalities, the best approximations derived from
the minimax approximants are identified in Statements 4, 5, 6 and 7.

In order to improve and extend Theorem 2, we consider the family of functions ¢, 4(x) for the

case g = 1. The family of functions ¢, 1(x) reduces to:

_sinx 2

Pp,1 (x) = T p(m—2x) (30)

and is decreasingly stratified with respect to the parameter p € R* on the interval (0, 71/2), as proven
in Lemma 2. For this family, the following statement holds:

Statement 4. Let:

T—2 2
p1= = =0.11566... and p22?20.20264....

Then, it holds:
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(i) If p€ (0, p], then:

7T sinx 2 2
— — — > — — .
xE(O, 2) = = 7_[+p1(7r 2x) > 7_[+p(7r 2x)

(i1) If p€ (p1, p2), then the equality:

sinx 2

¢p,1(x) == —E—p(n—Zx) =0

has a unique solution x(()p ) and it holds:

X€E (O,xép)) = su;x < %+p(n—2x)
and T sinx _ 2
xX€ (xép),i) = > + p(m —2x).
(iii) If p € [p2, +00), then:
xXe (0,%) == Sizx < %—i—pz(n—Zx) < %—Q—p(n—Zx).

(iv) Each function from the family ¢, 1(x), for p € (p1, p2], has exactly one maximum at a point m(P) €(0,7/2)
on the interval (0, 71/2).

(v) The equality:
20104)] =g (")

has the solution p = po, for the parameter p € (p1, p2), numerically determined as:
po =0.13323... .
For value:
do = |9po1 (04)] = |@poa (™)) | = 0055187,

it holds:

do= inf  sup |@p1(x)|.
p€(0,00) x€(0,7/2) | ¢ |

Hence, the minimax approximant of the family of functions ¢, 1(x) is:

sinx 2

x _E_p[)(n—_zx)/

q)p(),l (x) =

which determines the corresponding (minimax) approximation:

sin x
x

2
~ 4013323 (71 — 2x). (31)

Proof. (i) The claim follows directly from Statement 1 and based on the stratification. Namely, for

. w—
g =1,it holds that A(g) = T =P

(ii) Let us examine the monotonicity of functions ¢, 1(x) for p € (p1, p2) on the interval (0,77/2) ina
similar manner as in the proof of Statement 1. The second derivative of ¢, 1 (x) with respect to x is:

Ppi(x)  f(x)
a2 K8
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where the function f(x) is an MTP function given by:

2

f(x) = —2xcosx —x“sinx + 2sinx.

Let us note that:
f'(x) = —x*cosx < 0

on the interval (0, 71/2). Thus, the function f(x) is decreasing on the observed interval. Considering
that f(x) is a decreasing function on the interval (0, 71/2) and that f(0+) = 0, it follows that:

f(x) <0

for x € (0, 7t/2). Hence:
82 (Pp,l (x)

Sy <0 (32)

for xe(0,7/2).

The Taylor expansion of the family of functions ¢y, 1(x) around zero is:

— 2 2
Pp1(x) = <1 - prc) +2px + O(x )
Therefore, there exists a right neighborhood of zero such that:

a(Pp,l (x)

@p1(x) <0 and pye

>0 (33)

for p € (p1, p2). The Taylor expansion of the family of functions ¢, »(x) around 7t/2 is:

Ppa(x) = (—7;12 +2p> (x— g) +O<(x— ;>2>

Therefore, there exists a left neighborhood of 7r/2 such that:

a(Pp,l (x)

0 d
Pp,1 (x) > an :

<0 (34)

for pe (p1, p2)- ,
0 0
By analyzing the monotonicity of the functions (Papx 12(x) , gopa;(x) and ¢,,1(x) for p € (p1, p2) on

the interval (0, 71/2), in a similar manner as in the proof of Statement 1, based on (32), (33) and (34),

it can be concluded that each function ¢,1(x), for p € (p1, p2), has exactly one maximum on the

interval (0, 77/2). From lim ¢,1(x) <0Oand lim ¢,1(x) > 0, for p € (p1, p2), the corresponding
x—0+ x—7/2—

inequalities follow.

(#ii) The claim follows directly from Statement 2 and based on the stratification. Namely, for g = 1, it

holds that B(q) = preree] = p2.

(iv) It has been proven within the proof (ii).

(v) Note that the infimum of the error d(p) = sup,¢ (g /2 |@p,1(x)|, for p € (p1,p2), exists and is
attained when:

(991 (00)] = |9y (m) | (35)
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The equation (35) can be numerically solved using the Computer Algebra System Maple, yielding in
the value of the parameter p = pg being numerically determined as:

po = 0.13323...,

which determines the minimax approximant ¢, 1(x) of the family of functions ¢,,1(x). O

In order to improve and extend Theorem 3, we consider the family of functions ¢, 4(x) for the
case q = 2. The family of functions ¢, (x) reduces to:

sinx 2
(pplz(x) = T p(nz — 4x2> (36)

and is decreasingly stratified with respect to the parameter p € R on the interval (0, t/2), as proven
in Lemma 2. For this family, the following statement holds:

Statement 5. Let:

+ =0.036818... .
7T

1 7T
pP1 = ? =0.032251... and P2 =

Then, it holds:
(i) If p€ (0, p1), then:

xe(O,g) — sir;x > %+p1(nz—4x2) >

SRS

+ p<n2 - 4x2).

(i1) If p € (p1, p2), then the equality:

_sinx_Z_ 2 4.2\ _
(pprz(x)— . p p(n 4x)—0

has a unique solution x(()p) and it holds:

xe(O,xép)) — sizx > %+p(n2—4x2>
and .
xe(xép),g) — su;x < %+p(7‘£2—4x2).

(iii) If p € [p2, +00), then:

xe(O,%) - si;lx < %+p2<n2—4x2) <

SRR

+ p(nz — 4x2>.

(iv) Each function from the family ¢, (x), for p € (p1, pa), has exactly one minimum at a point mP) € (0, 7t/2)
on the interval (0, 71/2).

(v) The equality:
902009)] = [gpz (")

has the solution p = py, for the parameter p € (p1, p2), numerically determined as:

po = 0.036014... .
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For value:
do = |9po2(00)] = |y (m))| = 0.0079283....,
it holds:
do= inf sup |@p2(x)|.
PE(0,2) xe(0,7/2) o |
Hence, the minimax approximant of the family of functions @, »(x) is:
__sinx 2 5 5
qopg,z(x)_ X _%_pO(T[ —4x )/
which determines the corresponding (minimax) approximation:
i 2
Y o~ 2 40.036014. .. (n2 - 4x2>. (37)
T

Proof. (i) The claim follows directly from Statement 2 and based on the stratification. Namely, for

g = 2, it holds that B(g) = W = p1.

(i) Let us examine the monotonicity of functions ¢, »(x) for p € (p1, p2) on the interval (0, 77/2) in a
similar manner as in the proof of Statement 1. The third derivative of ¢, >(x) with respect to x is:

Popa(x)  f(x)
a3 A

where the function f(x) is an MTP function given by:
f(x) = —x®cos x + 6xcos x + 3x?sinx — 6sinx.

Let us note that:
f'(x) = x®sinx > 0

on the interval (0, 71/2). Thus, the function f(x) is increasing on the observed interval. Considering
that f(x) is an increasing function on the interval (0, 71/2) and that f(0+) = 0, it follows that:

f(x) >0

for x € (0, 7t/2). Hence:
0’ Pp,2 (x)

oy >0 (38)

forxe€(0,7/2).
The Taylor expansion of the family of functions ¢, »(x) around zero is:

Pp2(x) = (1 - % - P7Tz> + <—2 +4p>x2+0<x4).

Therefore, there exists a right neighborhood of zero such that:

d 92
¢pa(x) >0, 9902() o ng T02%)

e 912 <0 (39)

for p € (p1, p2). The Taylor expansion of the family of functions ¢, »(x) around 7r/2 is:

e = (<A vam) (- 3+ (5= L) (- 370 (-3))

d0i:10.20944/preprints202403.1726.v1
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Therefore, there exists a left neighborhood of 77/2 such that:
9¢p2(x) 92 Pp2(x)

for pe (p1, p2)- \ )

0 x) d x) d X
By analyzing the monotonicity of the functions Qoapx23( ), (’;px 22( ), #p2(x)
(p1, p2) on the interval (0, 7t/2), in a similar manner as in the proof of Statement 1, based on (38), (39)

and (40), it can be concluded that each function @, (x), for p € (p1, p2), has exactly one minimum on the
interval (0, 7t/2). From lir(1;1Jr @p2(x) > 0and lin;l2 ¢p2(x) <0, for p € (p1, p2), the corresponding
X— X—7/) 22—

and @p2(x) for p €

inequalities follow.

(#1i) The claim follows directly from Statement 1 and based on the stratification. Namely, for g = 2, it
mT—2

(iv) It has been proven within the proof (ii).

(v) Note that the infimum of the error d(p) = sup,c (g /2) |¢p2(x)|, for p € (p1, p2), exists and is
attained when:

|9p2(04)| = |gpa (m?)]. (41)

The equation (41) can be numerically solved using the Computer Algebra System Maple, yielding in
the value of the parameter p = pg being numerically determined as:

po = 0.036014. ..,

which determines the minimax approximant ¢, 2(x) of the family of functions ¢,2(x). O

In order to improve and extend Theorem 4, we consider the family of functions ¢, 4(x) for the
case q = 3. The family of functions ¢, 3(x) reduces to:

sinx 2
¢p,3(x) = T p(n3 - 8x3) 42)

and is decreasingly stratified with respect to the parameter p € R* on the interval (0, 71/2), as proven
in Lemma 2. For this family, the following statement holds:

Statement 6. Let:
2 T—2
P=z3= 0.0068439... and p; = = 0.011719....

Then, it holds:
(i) If p€ (0, p1), then:

xE(O,%) = sir;x > %+p1(ﬂ3—8x3) > %+p(n3—8x3>.

(i) If p € (p1, p2), then the equality:

_ sinx 2 3 o.3) _
Ppa(x) = . p p(n 8x)—0

d0i:10.20944/preprints202403.1726.v1
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has a unique solution x(()p) and it holds:

sin x

xG(O,xép)) = > %+p(n3—8x3)

and

xe(x(()p),§> = si;x < %+p(ﬂ3—8x3).

(iii) If p € [p2, +0), then:

xE(O,%) - Sﬂ;x < %4—;92(%3—83(3) <

Al

+p(m® —8x%).

(iv) Each function from the family ¢, 3(x), for p € (p1, p2), has exactly one minimum at a point m(P) €(0,7/2)
on the interval (0, 71/2).

(v) The equality:
|#p3(0+)| = ’(Pp,?) (m(”))’
has the solution p = py, for the parameter p € (p1, p2), numerically determined as:
po = 0.010441 ... .
For value:
do = | ppo3(0+)| = ‘(Ppo,B (m(Po))‘ — 0.039635... .,

it holds:

dy= inf sup |@p3(x)|
p€(0,00) x€(0,7/2) | b |

Hence, the minimax approximant of the family of functions @, 3(x) is:

sinx 2

Ppy3(x) = P U (7T3 - 8x3>,

which determines the corresponding (minimax) approximation:

sin x

2 3 3
~ = 4001041 . (n —8x ) (43)

Proof. Analogously to the proof of Statement 5. [

In order to improve and extend Theorem 5, we consider the family of functions ¢, 4(x) for the
case g = 4. The family of functions ¢, 4(x) reduces to:

_ sinx 2 4 1,4
gpalx) = == =~ —p(n* —16¢) (44)

and is decreasingly stratified with respect to the parameter p € R™ on the interval (0, T/ 2), as proven
in Lemma 2. For this family, the following statement holds:

Statement 7. Let:

1
pr =55 =00016338... and pr— TS = 0.0037304. .. .

mw

Then, it holds:
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(i) If p€ (0, p], then:

xe(O,n) — sizx > %+p1(7r4—16x4) > %+p(7r4—16x4).

2
(i1) If p€ (p1, p2), then the equality:

sinx 2
Ppalx) = —-—=- p(rc4 - 16x4> =0

X 7T

has a unique solution x(()p) and it holds:

ve (040)) — X2 2y (1)

and

xXe (xép),g) = sizx < %+p<7r4—16x4).

(iii) If p € [p2, +0), then:

xe(O,%) - sizx < %+p2(n4—16x4) < %+p(n4—16x4).

(iv) Each function from the family ¢, 4(x), for p € (p1, p2), has exactly one minimum at a point m(P) € (0,7/2)
on the interval (0, 7t/2).

(v) The equality:
[9pa(0+)] = | ppa(mP)]

has the solution p = py, for the parameter p € (p1, pa), numerically determined as:
po = 0.0031146... .
For value:
do = |9pa(0+)] = |gpoa (™)) | = 0.059981....,

it holds:

do= inf sup |@pa(x)|.
PE(0,2) xe(0,7/2) | g |

Hence, the minimax approximant of the family of functions @, 4(x) is:

_ sinx 2 4 1.4
Ppoax) = = — = —po(nt —16x*),

which determines the corresponding (minimax) approximation:

sin x 2
T

+0.0031146 (7‘[4 - 16x4). (45)

Proof. Analogously to the proof of Statement 5. [J

Figure 3 illustrates the stratified families of functions ¢,1(x), ¢p2(x), @p3(x) and ¢, 4(x) respec-
tively, see (30), (36), (42) and (44). For each family, cases for all values of the parameter p € R™ are
shown. Particularly, cases with constants obtained in Statement 4, 5, 6 and 7, some of which are also
obtained in Theorems 2, 3, 4 and 5, are singled out.

d0i:10.20944/preprints202403.1726.v1
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0.1

0.01

0.1

p = 0.0031146...

p=0.010441...

(©) ¢p;3(x), see (42) (d) ppa(x), see (44)
Figure 3. Stratified families of functions: (a) ¢,,1(x), (b) ¢,2(x), (¢) ¢p;3(x), (d) @pa(x) -

4.2. Approximations of the Sinc Function

In this subsection, we provide some approximations of the sinc function and analyze the maximum
approximation errors. The previously obtained upper and lower bounds of the sinc function can be
used to derive some approximations of this function. Further, more optimal approximations can be
obtained through the corresponding minimax approximants.

In Table 1, we present some upper bounds of the sinc function derived from Theorems 2, 3, 4
and 5, that is, Statements 4, 5, 6 and 7 and Statements 1 and 2. It is noteworthy that the upper bound
from Theorem 3 (the best upper bound from Statement 5) is identical to the best upper bound from
Statement 1.
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Table 1. Upper bounds of the sinc function

Maximum deviation
from the sinc x function

Upper bound of the sinc x function
over the interval (0, 7t/2)

. PR —3
e st S T2 027323,
x T T
i 2 -2
sinx 2 o200 g 0.011612. .
X 7T
i 2 -2
sinx 2 o200 gy 0.065358 ...
X 7T
i 2 -2
X 2 T2 e 0.10245. .
X 7T
. 2 2 2 n? —2 2 4
sinx _ 2 (n T-1_ ()% 1) AR 0.070461 ...
p s s —4

In Table 2, we present some lower bounds of the sinc function derived from Theorems 2, 3, 4 and
5, that is, Statements 4, 5, 6 and 7 and Statements 1 and 2. It is noteworthy that the best lower bound

from Statement 1 is identical to the best lower bound from Statement 2.

Table 2. Lower bounds of the sinc function.

Maximum deviation
from the sinc x function

Lower bound of the sinc x function
over the interval (0, 7t/2)

E + L_Z(n—_zx) < sinx
- =" p 0.082395...
2 1 sin x _
“ 4 (rr-aw?) < 2 T3 0.045070. ..
T
2 2 sin x _
3 3 3 —8
;+3?(7r —8x%) < =0.15117...
2 1 s 4 sin x 2mr—5
- —16 i _
7r+27'(5 (77 X ) < . 7o =0.20422...
2 T—2 2 2 sin x
—t+ (nH - (2x)”*2) <— 0.0085153....

T T2

In Table 3, we present some minimax approximations of the sinc function derived from the

minimax approximants of the families ¢;,1(x), ¢p2(x), @p3(x), Ppa(x), Pa(y),q(x) and @pg) 4(x)
respectively. These families are considered in Statements 4, 5, 6 and 7 with the aim of improving

Theorems 2, 3, 4 and 5, respectively, and in Statements 1 and 2.
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Table 3. Minimax approximations of the sinc function

Maximum deviation
Minimax approximation of the sinc x function from the sinc x function
over the interval (0, 7t/2)

sin x 2

~ 2 4013323...(m—2
- — +0.13323.... (7 — 2x) 0.055187 ...
ST 2 0.036014. .. (2 — 422)
o~ +0 0.0079283.. ...
ST 2 0.010441... (7 — 827
~ - +0. 0.039635. ...
sin x N 2 4 4
~— ~ — +0.0031146 ... (m* —16x%) 0.059981 . ..
sin x ~ 2 1.84823... 1.84823...
oo +0.043803. .. (n —(2x) ) 0.0026604 . . .
sinx 2 1.72287... 1.72287...
a2 0051415, (7‘( ~ (2x) ) 0.006129 . .

5. Conclusion

In this paper, two double Jordan-type inequalities have been derived, encompassing the inequali-
ties obtained in the papers [1-5]. These inequalities were explored in the context of stratified families
of functions, a concept introduced in recent research [6]. The introduction of stratified families of
functions enables the derivation of known results for specific parameter choices, including the analysis
of parameter values previously unknown in the Theory of Analytic Inequalities. Furthermore, we
identify parameter values within each examined family of functions for which the function, as a
member of that family, exhibits some optimal properties (minimax approximant). Based on these
minimax approximants and functions representing the upper and lower bounds of the sinc function,
we provided some approximations of the sinc function. Additionally, we analyzed the errors associated
with all mentioned approximations.

It is crucial to emphasize that the minimax approximant of the stratified family of functions is
the function for which the minimal error in approximations is obtained within the given family of
functions. Therefore, identifying those parameter values is significant Approximation Theory.

By considering the stratified family of functions individually with respect to two parameters, we
were able to analyze Jordan-type inequalities in a unified manner, resulting in both previously established
and novel findings. Future research endeavors will focus on extending this approach even further.
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