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Abstract: This paper presents an in-depth study of the stress wave behavior propagating in a Rayleigh-Love
rod with a sudden cross-sectional area change. The analytical solutions of stress waves are derived for the
reflection and transmission propagation behavior at the interface of the cross-sectional area change in the rod,
considering inertia and Poisson’s effects. Examples solved by the finite element method are provided to verify
the correctness of the analytical results. In addition to the forward analysis of Rayleigh-Love wave propagation
in rods impacted by a striker rod, a nondestructive testing method is proposed to conduct the defect assessment
in the rod type of the structure component with a sudden cross-sectional area change within a cover medium
by using the measured signals at the measurable zone of the rod to be inspected.

Keywords: nondestructive testing; impact echo; stress wave propagation; Rayleigh-Love rod; Poisson’s effect;
cross-sectional area variation; transmitted and reflected stress waves

1. Introduction

Stress wave propagation, particularly concerning the nondestructive testing (NDT) of structures,
is an important field in engineering. The NDT method is crucial for assessing the safety, reliability,
and efficiency of structures [1-5] because it allows for the evaluation of structures and component
integrity without causing damage. This approach is particularly vital for detecting defects or fractures
in engineering structures [6-10]. It is also used for structural analysis and optimization to enhance
the bearing capacity of a structure [11,12]. The detection of the damage condition in rod-type
structure elements embedded inside the medium is an important topic in the NDT field. Among the
various theories introduced to understand the longitudinal wave propagation for the impact echo
NDT method, Rayleigh-Love rod theory [13] presents the closest modeling to the observed real
behavior. This theory combines the effects of lateral inertia and Poisson’s ratio, often neglected in the
traditional model of D’Alembert [14]. Incorporating lateral inertia and Poisson’s ratio is crucial for
analyzing longitudinal stress wave propagation in rods because it considerably affects wave
behavior, as evidenced by the research provided by Yang et al. [15,16].

The primary goal of this research is to develop an NDT method aimed at identifying the
positions of cross-sectional area changes based on forward analysis of stress wave propagation in
rod. Since the exhibiting abrupt changes in cross-sectional area of a rod often indicates damage or
defects in the rod type structure member. The theoretical foundation of this research is grounded in
Rayleigh-Love rod theory [13], which provides a comprehensive understanding of stress wave
propagation in rod, particularly in the context of sudden cross-sectional changes. This complex
theoretical approach enables a detailed analysis of the complex dynamics of wave propagation,
including the critical effects of lateral inertia and Poisson’s ratio.

As depicted in Figure 1, the model for this research is developed to determine the changing cross
section A2 and length L1 based on stress wave propagation signals. The analysis delves into the
reflection and transmission of waves in rods undergoing sudden changes in their cross-sectional area.

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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These changes may be regarded as the main defects, such as cracks, necking, and corrosion in the
rod. This aspect is crucial because the shape and intensity of stress waves are significantly affected at
the discontinuity interface within a structure [17,18]. Previous studies [17,18] have documented the
substantial influence of boundaries on wave behavior, particularly noting how sudden changes in
cross-sectional area can modify wave propagation. However, these studies do not fully consider the
specific effects of lateral inertia and Poisson’s ratio on stress wave propagation.
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Figure 1. Model for determining the changing cross section A2 and the length L1 embedded in a
medium (x > Le) based on stress wave propagation theory. (Note: o1, or, and o1 represent the incident,
reflected, and transmitted stresses, respectively; A1and Az are the cross-sectional areas of segments 1
and 2 of the semi-infinite rod, respectively; Ei, p1, and u1 are Young’s modulus, mass density, and
Poisson’s ratio of the rod, respectively.).

This research seeks to enrich the understanding of stress wave propagation in structures with
abrupt cross-sectional changes by investigating the interaction between wave behavior and
discontinuous cross-section areas. Moreover, the practical application of this research involves the
numerical verification of an impact echo testing method. The striker rod is moved with an impact
velocity of 2v0. Then, an incident wave and a contingent reflection wave are generated at the position
of a cross-sectional area change. A signal is measured at a sensing site for back-calculation to
determine the position and severity of a cross-sectional area change. This study aspires to advance
the theoretical knowledge in the field and contribute practically to the NDT of defect assessment in
rods.

2. Fundamental Theory of Stress Wave Propagation in a Rayleigh-Love Rod

This section provides the fundamental theory of stress wave propagation in a Rayleigh-Love
rod, followed by the derived solution for the stress wave propagation equation in a Rayleigh—Love
rod with a sudden variation in cross-sectional area.

2.1. Fundamental of Rayleigh- Love Theory

The Materials and Methods should be described with sufficient details to allow others to
replicate and build on the published results.

The behavior of stress waves in a material is typically described by the wave equation. It also
captures the relationship between the displacement of particles within the material and the rate at
which these displacements change over time and space. This dynamic phenomenon is often
attributed to the transmission of energy and momentum through the medium. The traditional wave
equation for one-dimensional wave propagation in a rod is given by [14]

ou_ , 0%

e @



Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 March 2024 d0i:10.20944/preprints202403.1159.v1

where u (x, t) represents the axial (longitudinal) displacement of a point located at position x in the
rod at time ¢, and co is the wave velocity without considering Poisson’s ratio effect. Herein, wave velocity

is related to the mass density pand Young’s modulus E of the rod by using the equation ¢, =/E/ p .

Equation (1) provides a foundational understanding of wave propagation in rods. However, it
does not fully reflect the wave behavior in rods as observed in the real world. Rayleigh and Love [13]
recognized this limitation. They conducted a study that resulted in the development of a revised wave
equation that is in keeping with the dynamics of wave propagation in rods. An important feature of
this modified equation is the incorporation of Poisson’s effect, an aspect that clears light on the
transversal deformations during the wave’s movement. The detailed derivation of the modified wave
equation presented by Rayleigh and Love [13] is shown in Appendix A. This derivation incorporates
Poisson’s effect and provides a generalized representation of the deformation process. Applying
Hooke’s law to correlate lateral strain with longitudinal stress and assuming uniaxial stress can
simplify the complex relationships in the rod’s deformation. Then, the derivation utilizes the energy
method, calculating the kinetic and potential energy densities to elucidate the rod’s dynamics. This
step involves integrating these energy expressions over the rod’s cross section, with a focus on
longitudinal and lateral displacements. A balance is established between the internal and external
forces acting on the rod by employing Hamilton’s principle. Finally, an equation is derived using the
variational method, accurately describing the stress wave propagation in the rod as follows

2 2 4
gt—l; =c’ % +U°K? —afzgtz , 2)
where u is the axial displacement in the axial direction of stress wave propagation, v is Poisson’s
ratio, and « is the radius of gyration of the cross section. Subject to the following boundary conditions,
as shown in Eq. (A19) of Appendix A, the stress equation can be expressed as

3

ou 22 OU
=E—+ pvk ,
TTEX TP e

atx=0and x=L. (3)

Various methods, such as separation of variables [19-21], D’ Alembert’s solution [22,23], finite
difference method [24], finite element method (FEM) [25,26], or Laplace transform [27-29], can be
employed to solve Eq. (2). The Laplace transform, a mathematical tool that transitions functions from
the time domain to the s-domain, offers an elegant method for simplifying and solving differential
equations [30]. When applied in wave propagation, this transform converts the original differential
equation problem into an algebraic equation, making managing and solving easy. The solution is
then converted back to the time domain using the inverse Laplace transform, which provides an
accurate solution to the original wave propagation problem. Therefore, the Rayleigh-Love rod model,
which considers the effects of lateral inertia, can be effectively solved with the Laplace transform.
This analytical approach contributes to a detailed interpretation of the wave propagation dynamics
and the consequential stress distribution, thereby providing substantial insights into the dynamic
response of materials under stress wave propagation.

2.2. Solution of the Stress Wave Propagation Equation in a Rayleigh—Love Rod with a Sudden Cross-
Sectional Area Variation

This research sets the approach based on the results of the Laplace transform method derived
from Yang et al. [16], and the exact solution for the transmitted and reflected stress waves in a
Rayleigh-Love rod with a sudden cross-sectional variation is derived. Subsequently, a backward
analysis method can be developed to determine the position of the changing cross section and the
ratio of the reduced area to the original area, as illustrated in Figure 1.

Yang et al. [16] focused on building an impact model based on split Hopkinson tests. The process
begins with a semi-infinite rod, known as the incident bar, being struck longitudinally by a striker
bar. The traditional one-dimensional theory suggests that the resulting impact generates a
rectangular pulse if both rods are composed of the same material and have identical cross-sectional
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areas. However, the distortions of the pulses are expected on theoretical grounds and observed
during experiments. Yang et al. [16] derived the analytical solutions for the longitudinal impact
problems in dispersive rods. Their discussion focused on a situation where a semi-infinite Rayleigh—
Love rod was impacted by a striker rod of length L with the same material and cross-sectional area
as the Rayleigh-Love rod, as depicted in Figure 2.
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Figure 2. Scheme of a semi-infinite rod under the impact of a striker rod. (Note: o1is the incident stress, D1
and A1 are the diameter and the cross-sectional area of the striker rod and the semi-infinite rod,
respectively; E1, pi, and u1 are Young’s modulus, mass density, and Poisson’s ratio of the two rods,
respectively; 2vo is the impact velocity, used to facilitate the application of the Laplace transform in
later derivation.).

At the initial time t = 0, a finite striker rod moving coaxially at an impact velocity of 2o hits a
stationary semi-infinite rod, with both rods assumed to be unstressed. Consequently, the initial
conditions relating to the axial displacement u can be expressed as follows:

u(x,0)=0, W=2vo, -L<x<0, 4)
ux0) =0, MO 6 5oycoo. 5)

The boundary conditions at the free end, where X = —L, and at infinity are determined by
o(-Lt)=0, |u(eo,t)|=0. (6)

If the two rods are tightly bonded without separation following the collision, then the coupled
continuity conditions at the contact surface x = 0 can be established as

u(©,)=u(0*,t), (0 ,t)=0c(0%1). @)
Yang et al. [16] converted the values to dimensionless quantities for easy transformation by
— — V
setting U:E, y:l, t =C—t, L =£, b=v1?=v£, vy =L and 5=£.TheLaplacetransformis
D D D D D c E

employed to solve Eq. (2). The results in the s domain are obtained as follows:

2, 2 2— _

U s g B [cx<o

dx° 1+Db°s 1+b%s @)
dU s _ ’

& Lebe o 05X

where U(X,s) =L {u(X,T)} is the displacement in the s domain.

Solving Eq. (8) with the boundary conditions can obtain the displacement function in the s
domain as follows:
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Utilizing an inverse Laplace transformation in Eq. (9) obtains the result in a semi-infinite rod as

(x +0O)p 1
sin sin(tn)—dn, 0<X<oo. (10)
J. \/1 bz 2 \/1 bz 2 ( ),72
The stress formula in Eq. (3) in a semi-infinite rod is determined as
3—
F(x D) =M pr 20
X oxot

a(x,t)=

(11)

From Eq. (10) and (11), Yang et al. [16] provided the results of stress wave propagation in the
semi-infinite Rayleigh—Love rod as follows:

oy A Ly . (Y"' E)’] - 1-b’n’
t t ~———|dn.
&(x,t) ISI N m\/l_bZ?72 sin( n)( . ] n (12)

Equation (12) can efficiently present the stress wave propagation in the Rayleigh—Love rod

model with a sudden cross-sectional variation, which is embedded inside a medium with x > Le. It
cannot be identified from outside the structure, as depicted in Figure 3. Interactions occur at the
interface when a wave motion encounters a discontinuity in a rod. The incident wave approaches the
disruption, leading to reflected and transmitted waves. The distinctiveness of the Rayleigh-Love
model lies in its acute focus on the effects of lateral inertia, providing deep insights into the dynamics
of wave behavior at rod discontinuities. This model, illustrated in Figure 3, offers a comprehensive
vision and theoretical representation of the problem to be investigated in this study. Converting the
dimensionless quantities from Eq. (12) into dimensional quantities can simplify the analysis and
obtain the following result:

o (xt)——4pCV° s L1 X2 [tc ) LD dz (13)
o 7 0 D 1-bp? D1-b% 7 '
_ I
where b=vk, K =§, K= Kl , 7 is a variable in the contour integration of the Laplace
1

inverse transform, p is the mass density, c is the longitudinal wave velocity of the elastic material,
and vo is the impact velocity.

cover medium

O o ©
D1, A T
}[ LAl th DZ, AZ, E1’ P, Ut
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D1, As, E1, p1, U1

-L O Le Ll



Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 March 2024 d0i:10.20944/preprints202403.1159.v1

Figure 3. Scheme of a Rayleigh-Love rod with a sudden cross-sectional area change within a cover
medium of x > Le. (Note: o1, or, and or represent the incident, reflected, and transmitted stresses,
respectively; D1is the diameter of the striker rod and rod segment 1; D2 is the diameter of rod segment
2; A1 is the cross-sectional areas of the striker rod and rod segment 1; Az is the cross-sectional area of
rod segment 2; E1, pi, and u1 are Young’s modulus, mass density, and Poisson’s ratio of the rod,
respectively.).

In this study, the incident stress result is considered to determine the reflected stress (o) and
transmitted stress (o) ina Rayleigh-Love rod with a sudden change in cross-sectional area under

the effects of Poisson’s ratio and lateral inertia. Based on the balance of forces at the interface between
two segments, the total force applied by segment 1 (from the incident and reflected waves) must be
equal to the total force applied by segment 2 (from the transmitted wave), as shown in Figure 4. Thus,
the following equation is obtained:

Ao, +og) = Aoy, (14)

where A1 and A: are the cross-sectional areas of segment 1 and segment 2, respectively; o1, o&, and
or are the incident, reflected, and transmitted stresses, respectively.

Segment 1
20, X, & Segment 2
— | > |
T Az, E1, p1, U1
X = Xg A1, E1, p1, 1 | UR, O, UR X=X
* ——> ® > @ o
: v1, 01, Ul ' ]
A 0T, OT, UT 1
1 x| !
1 p j
1
1 Xs X, =2L —x, !
1 Xp I
.
| 1 X
[ I >
-L O L1

Figure 4. The interface between the two segments of a Rayleigh-Love rod with the same material but
different cross-sectional areas. (Note: vi, o1, and wur are the incident velocity, incident stress, and
incident displacement of segment 1, respectively; vr, or, and ur are the reflected velocity, reflected
stress, and reflected displacement of segment 1, respectively; vr, or, and ur are the transmitted
velocity, transmitted stress, and transmitted displacement of segment 2, respectively; A1 and A: are
the cross-sectional areas of segment 1 and segment 2 of the semi-infinite rod, respectively; E1, p1, and
u1 are Young's modulus, mass density, and Poisson’s ratio of the two rods, respectively; x1, xr and xt
are the positions determined for the incident, reflected, and transmitted stresses in the semi-infinite
rod, respectively; xs is the position determined stress in the striker rod).

Based on the continuity of velocity in Figure 4, the velocity of the interface between the two
segments must be the same, which is expressed as
v, —Vg =V, . (15)
The relationship between stress and velocity in the rod is shown as follows (Appendix B):
o= pCv, (16)

where c is the longitudinal wave velocity of the elastic material, and v is the velocity of the
material point under stress o

Based on Eq. (16), the velocity for incident, reflected, and transmitted waves can be, respectively,
presented as
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7
o
v =—-, (17)
PG
Or
VR=""", (18)
" PG
o7
Vp = . (19)
! P2C;
Substituting Egs. (17) to (19) into Eq. (15) can obtain
o, oOg o 0)

AC PG PGy

Solving Egs. (14) and (20) can obtain the reflected stress oy and transmitted stress o7 as follows:

oo = Ap,C, —APC o

=Rxo,, 21
i Apc +Ap,C, I I @

2Ap,C,

- = T 7
Apc + A p,C, “ o @)

T

where the reflected ratioisR = M , and the transmitted ratio is
Apc + A p,C,

___2APC
Apc + A p,C,

According to Figure 3, the stress wave propagation o1 traveling along segment 1 is determined

(23)

as

o,(x,t) =0o,(x,t)+o, (2L, —x,t), (24)

1 h_h2,2
.[Bsin Ly sin (x+ L) sin(t—cn] Nizbn” dn, (25)
° T DI-b%2  D1-b% D, n

%sin L7 sin(ZLi_erL)nsin[t—Cn][—m]dnr (26)
n

where o, (X,t)=—4'DCV°
7

o (2L, —x,t)=—4pCV°RJ'

T 70 D1-b%?  Df1-b%p? D

1

Xe [0, L1] , Where x is the positions determined for the incident and reflected stresses (see Figure

4).
The propagation of the transmitted stress propagation o» traveling along segment 2 is

_4pcvoTI;sin b g (x+L)n sin(t—cn) N
x % pfi-py? Di-bp? D n

Xe [Ll,OO] , where x is the position determined for the transmitted stress.

determined as

o,(xt)=0; = dn, (27)

The stress wave propagation in the striker rod is determined as follows:
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1 h_p2n?
as(x,t)=‘4pcv°'[55in Y gin (x+L)n sin[t—cn](l—andn, -L<x<0, (28)
n

T D\1-b?  Dyl-b%? D

1

Xe [—L, 0] , where x is the position for the determined stress wave in the striker rod.

When the Poisson’s ratio is set as zero, the incident stress, reflection stress, and transmitted
stress are, respectively, expressed as follows:

X X+2L
—pCVO, E<t< c
4 o . . (x+L)y .
0'(X’t):_%jo sm%sm(D_)”sm(tD—Cn](ljdn: PO X _X+2L, (29)
1 1 1 n 5 ¢ c
0, otherwise
_ 2L _
-pCVR, 24 Xete (LrL)=x
c c
© 2L -x+L
o, (2L — Xt :_M Sinﬂsinwsin t_cn 1 d;]: —pcV.R L —x 2(L+L)-X, (30
R POV, L L (30)
T D, 1 1 n 2 b= c = c
0, otherwise

—pev,T, Xct< xval
c

c
» X+L
aT(x,t)z—Mj sinﬂsingsin t_cn 1 dn =1 —pcv,T X, x+2L. (31
oD D =, t=—t=
4 1 1 1 n 5 ¢’ c

0, otherwise

The numerical integration provided by Yang et al. [31] was utilized to obtain the stress wave
propagation in a Rayleigh-Love rod to solve Egs. (24) to (28). The process for solving Egs. (29) to (31)
can be seen in Appendix C. The results obtained are subsequently compared with those from the FEM
to verify the correctness of the proposed modeling and solving algorithm.

3. Validation and Verification Examples

3.1. Example 1

The condition in Example 1 is set as a rod with two segments of different cross-sectional areas,
where cross-sectional area A: is greater than cross-sectional area A1, as shown in Figure 3. First, the
accuracy of Egs. (24) to (28) must be confirmed. Finding the difference between the results derived
from these equations and those obtained from the FEM is necessary.

The geometrical shape and finite element mesh of the Rayleigh-Love rod model are plotted in
Figure 5a,b, and the relevant parameters used in the Rayleigh—Love rod model are shown in Table 1.
Based on Eq. (B3), the elastic material wave velocity ¢ is computed as 5,782.69 m/s. In the Abaqus-
based FEM simulations, the solid element-type C3DS8R is employed, with 10,947 nodes and 8,448
elements in the model, as shown in Figure 5b. The detailed stress variations are demonstrated in
Figure 5¢c,h at the time from the initial state to 450 ps.

Table 1. Parameters used in the Rayleigh-Love rod model.

Parameters Values
Diameter of the striker rod 30 mm
Diameter of segment 1 30 mm

Diameters of segment 2 30,42, 52, 60, 67 mm
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Young modulus, E 195 GPa
Poisson’s ratio, v 0.3
Mass density, p 7,850 kg/m?
Striker rod length, L 0.15m
Length of segment 1, L1 1m
Length of segment 2, L2 1.5m
Impact velocity, 2o 11.6 m/s
2o
a) Model T=*_
Striker rod segment 1 segment 2
k =U. x=15m
b) Mesh mode]l ot
| | A ]
L=0.15m | < Li=1m < [o=15m .
] T b >
S5, 511
+0.000¢+00 C) Initial state
E +0.000e+00
+0.000¢+00 ]
+0.0006+00
+0.000c+00
+0.000e+00
+0.000e+00
+0.000e+00
s, 811 d) The impact of the striker rod on segment 1 causes stress at £ =17.1 us
+3.807¢+07
E 1.3000+07 <~ >
-6.388e+07 S .
-1.179¢+08 x10° 7
-1.698¢+08 1 0 E
2218¢+08 F\ / j-l.i z
-2.738¢+08 | | | 1 | | 1 | | 1 | | ! 1 ! | 3 _
3.258¢+08 015 0 015 03 045 06 075 09 1.05 12 135 1.5 165 18 195 2.1 225 24 6
Distance (m)
e) Incident stress propagating in segment 1 at  =121.3 s
s, 811 .
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f) Stress propagating in the rods at f = 276.8 s
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Figure 5. Stress wave propagating in a Rayleigh-Love rod model using solid elements for cross-
sectional area ratio A2/A1=2
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For the cross-sectional area ratio A2/A1=2, i.e., A2=1.41 x 10-* mm?, the comparisons of the stress
responses over time at varying positions at the striker rod, segment 1, and segment 2 between both
methods are illustrated in detail in Figures 6-8, respectively, through the whole wave propagation
duration. A high consistency presents positive evidence for a high degree match between the
analytical solutions expressed by Egs. (24)-(28) and FEM simulation results. It verifies that the
correctness of the numerical algorithm used to solve Egs. (24)—(28) in this study.
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Figure 6. Comparison of the stress wave propagation in the striker rod between the analytical solution
and FEM results for the cross-sectional area ratio A2/A1 =
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Figure 7. Comparison of the stress wave propagation in segment 1 between the analytical solution
and FEM results for the cross-sectional area ratio A2/A1 =
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Figure 8. Comparison of the stress wave propagation in segment 2 between the analytical solution
and FEM results for the cross-sectional area ratio Az/A1=2.

Figure 9 presents the two types of stress responses, incident and reflected stresses, at x =0.5 m,
i.e., point A in Figure 5b, in segment 1, within the rod based on Eq. (24). The shape of the incident
stresses remains unchanged at the period of 90-140 ps as expected. By contrast, the reflected stress at
the period of 260-310 ps significantly varies with cross-sectional area Az. In particular, an increase in
cross-sectional area Az results in a corresponding increase in the magnitude of the reflected stresses.
When the cross-sectional areas are equal, i.e., A1 = Az, no reflected stresses are observed, signifying
the absence of reflected stresses. Moreover, the incident and reflected stresses exhibit the same
negative-valued responses.
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Figure 9. Stress wave propagation for the incident and reflected stresses in some cases of A2> Ai
observed at x = 0.5 m (impact velocity 2vo = 11.6 m/s).
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Figure 9 also shows the stress responses without considering Poisson’s effect. The peak stress
values of the incident stress wave are —-333.24 and -263.286 MPa, respectively. This finding indicates
that the stress under Poisson’s effect increases by 25.57% compared with that without Poisson’s effect.
Table 2 shows that the reflected stress values range from 23.84% to 24.55% for the cross-sectional area
ratio, A>/Ai1, varying from 2 to 5. This finding demonstrates that Poisson’s effect has similar stress
responses for different cross-sectional area ratios.

Table 2. Reflected stresses in case of A2> A1

Az/Ax oy () oy (b=0) Diff. (%)
1 0 0 -
2 -108.688 -87.762 23.84
3 -163.362 -131.643 24.09
4 -196.481 -157.972 24.38
5 -218.610 -175.524 24.55

Figure 10 illustrates the stress responses at x = 1.5 m, i.e., point B in Figure 5b, in segment 2
within the rod based on Eq. (27). The first peak values of this transmitted stress vary with cross-
sectional area Ax. The transmitted stresses are equal to the incident stress values when the cross-
sectional area Ai is equal to A2. In particular, the resulting transmitted stress responses become
increasingly intensive as the cross-sectional area A: increases. Table 3 shows that the stress values
have similar stress responses, with and without considering Poisson’s effect and the Poisson’s effect
for different cross-sectional area ratios, A2/A1. The waveforms of nonzero Poisson’s ratio oscillate
about the waveform of zero Poisson’s value.
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2200 - 7+7A2:5A1
----- No Poisson's effect
=250 +
-300 +
Transmitted
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Figure 10. Stress wave propagation for the transmitted waves in some cases of A2> A1 observed at x =
1.5 m (impact velocity 2vo =11.6 m/s).

Table 3. Transmitted stresses in case of A2> Au.

AZ/Al UTp (U) O-Tp (U = O) lef. (%)
1 -333.24 -263.286 26.57
2 —222.16 -175.524 26.57
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3 -166.62 -131.643 26.57
4 -133.296 -105.314 26.57
5 -111.08 -87.762 26.57

3.2. Example 2

The condition in Example 2 is set as a rod with two cross-sectional areas, where cross-sectional
area A: is less than cross-sectional area A1, as shown in Figure 11. Except for the diameters of segment
2, the relevant parameters used in the Rayleigh—Love rod model are listed in Table 1. The diameters
of segment 2 are set as 30, 21, 17, 15, and 13 mm instead.

20,
> cover medium
D1, A, i Do As E o
o Eiup,u i OR ; or v Ay 5L oL O
D1, As, E1, p1, 1 -
| I | I >
_L O Le Ll

Figure 11. Scheme of a Rayleigh—Love rod with a sudden cross-sectional area change from large to
small embedded in a cover medium of x > L. (Note: o1, o), and ot represent the incident, reflected,
and transmitted stresses, respectively; Diis the diameter of the striker rod and rod segment 1; D2 is
the diameter of rod segment 2; A1 is the cross-sectional areas of the striker rod and rod segment 1; A2
is the cross-sectional area of rod segment 2; E1, p1, and v1 are Young’'s modulus, mass density, and
Poisson’s ratio of the rod, respectively.).

Figure 12 depicts the stress responses, incident and reflected stresses, at x =0.5 m, i.e., point A in
Figure 5(b), in segment 1, within the rod based on Eq. (24) when cross-sectional area A1is greater than
cross-sectional area Az. The shape of the incident stresses remains invariant at the 90-140 ps period
regardless of the changes in the cross-sectional areas A> as expected. Conversely, the reflected stress
at the 260-310 pus period significantly varies with alterations in the cross-sectional area A2. A small
cross-sectional area A: leads to intensive reflected stresses. When the cross-sectional areas are equal,
i.e.,, A1= Az, no reflected stress responses are observed, signifying the absence of reflected stresses. In
this scenario, the incident and reflected stresses exhibit opposite signs, indicating that the reflected
wave phase is strongly affected by the cross-sectional area ratio at the interface. Table 4 shows that the
stress values have similar stress responses with and without Poisson’s effect for different cross-sectional
area ratios.
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Figure 12. Stress wave propagation for the incident and reflected waves in some cases of A2 < A
observed at x = 0.5 m (impact velocity of 2v0=11.6 m/s).

Table 4. Reflected stresses in case of A2 < A1

Ar/As o (v) of(v=0) Diff. (%)
1 0 0 -
1/2 114.9129 87.762 30.94
1/3 170.8699 131.643 29.80
1/4 204.1672 157.9716 29.24
1/5 226.3654 175.524 28.97

Figure 13 illustrates the stress responses at x =1.5 m, i.e., point B in Figure 5b, in segment 2 within
the rod based on Eq. (27) when cross-sectional area A1is greater than cross-sectional area Az. Similarly,
a small cross-sectional area Az leads to highly intensive reflected stresses. When the cross-sectional area
Aiis equal to Az, the transmitted stresses are equal to the incident stress values. In particular, the resulting
transmitted stress responses become increasingly intensive as cross-sectional area A: increases. Table 5
shows that the stress values have similar stress responses, A2/A1, with and without considering Poisson’s
effect and the Poisson’s effect for different cross-sectional area ratios.
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Figure 13. Stress wave propagation for transmitted waves in some cases of A2 < A1observed at x =1.5m
(impact velocity of 2v0 =11.6 m/s).

Table 5. Transmitted stresses in case of A2 < A1

Az/A1 of (v) ol (v=0) Diff. (%)
1 -333.240 —263.286 26.57
1/2 -444.320 -351.048 26.57
1/3 -499.860 -394.929 26.57
1/4 -533.184 -421.2576 26.57
1/5 -555.400 -438.81 26.57

4. Identifying the Positions of Cross-Sectional Area Change and Cross-Sectional Area Ratios in a
Rod

4.1. Transmission and Reflection of Stress Wave at Interface

In some engineering diagnosis problems, the damaged position and the condition of the rod
inside a cover medium must be identified. The impact-echo method is usually applied for this
purpose. The variations in the reflected and transmitted stresses can be presented in terms of cross-
sectional area ratio A2/A1 to illustrate the influence of the cross-sectional area change in the rod. The
reflected stress 0z and transmitted stress 0; can be expressed as follows by letting a = A2/A1 and

substituting it into Eq. (21) and Eq. (22):

o — ap,C, — PG o, (32)
PG +ap,C,
2p,C
o, = PG o

= (33)
PG +ap,C,
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Egs. (32) and (33) show the relationship between the cross-sectional area ratio and the reflected
and transmitted stress. When the cross-sectional area ratio A/ A approaches 0, the crapproaches -

o1, and ot approaches 2c; as A /A approaches o, the or approaches o1, and ot approaches 0.
Suppose one knows the first peak stress values, labeled o as the peak incident stress and o

as the peak reflected stress. In this case, one can determine the change in the cross-sectional area A2
from the measurement. From Eq. (32), the cross-sectional area ratio o can be rewritten as

A PG (O-Ip + O-Ig) PG (1+ oy /O-Ip )
a="2= - . (34)
A pG (O-Ip —og ) P2, (1_ oR /O-Ip)

Assume that one measures the wave traveling time ¢, which is the interval of the first peak of the
wave traveling from the sensing point and the first peak of the reflected wave received at the same
sensing point. In this case, one can determine the length of Lm between the sensing point and the
reflected interface as

1
L, =tc (35)

where c1 is the longitudinal wave speed of the rod material. The sensing point is located at a
distance Ls from the rod end that is smaller than the embedded length L., as shown in Figure 14.
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Figure 14. Diagram for determining the length Lm and cross-sectional area A-.

We assume that p, =p,, ¢, =c,. Figure 15 shows the relation curve (labeled as a red line)
between the cross-sectional area ratio A,/ A and the reflected ratio /o and the relation curve
(labeled as a blue straight line) between the length L. between the sensing point and the reflected
interface and the wave traveling time t. ¢} /oP =1 implies that A, =0, indicating that the reflected
wave is equal in magnitude but opposite in sign to the incident wave. It also represents a free surface
at position L. o /oP =1 implies that A, -0, indicating that the reflected wave is equal to the

incident wave in magnitude. When of /! =0, this scenario implies that A,/ A =1. If no reflected
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wave is received, the cross-sectional area in segment 2 remains unchanged, i.e., A2 = Ai. For
-1<of/oP <0, the cross-sectional area A» is smaller than A1. When 0<af/af <1, the cross-

sectional area A: is greater than Ai. The length of L1 = Lm+ Ls can be determined from Figure 14. The
application in Figure 14 is demonstrated in the following subsection.

4.2. Case Study

1. Case A: Cross-sectional area ratio A2/Ai1=5

As shown in Figure 15a, Case A indicates the stress responses at the position of x = Ls = 0.2 m by
using Eq. (24). The relevant parameters used in the Rayleigh-Love rod model are identical to those
used in Example 1, i.e., Table 1. The diameter of segment 2 is chosen as 67 mm. The first peak incident
stress is o =-327.257MPa, and the first peak reflected stress is o} =-220.398MPa, leading to a

reflected ratio of of/c! =0.67 . Figure 15 shows the corresponding cross-sectional area ratio
A,/A =5, which implies A2 = 5A1. The signal received by the reflected stress at time ¢t is 458.9 s,

indicating that Lm = 1.3 m, from the corresponding curve in Figure 14. Given that Ls = 0.2 m is chosen,
L1 is calculated as Lm + Ls, equal to 1.5 m.
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Figure 15. The cross-sectional area A2 and length L1 determined based on the stress signal measured
at x = Ls: (a) A2> Az, (b) A1> Ao

2. Case B: Cross-sectional area ratio A2/A1=0.2

As shown in Figure 15b, Case B indicates the stress responses at the position of x = Ls = 0.2 m by
using Eq. (24). The relevant parameters of materials are identical to those used in Case A except for
the diameter of segment 2. The diameter of segment 2 is set as 13 mm. The first peak incident stress
is o =-327.257TMPa , and the first peak reflected stress is of =220.411MPa , indicating the

reflected ratio of o/} =-0.67 . Figure 15 shows the corresponding cross-sectional area ratio
A,/A =0.2; thus, A, = A/5. The received signal of the reflected stress at t = 282.8 us corresponds to
L =0.8 m in Figure 14. Given that Ls = 0.2 m is chosen, L is calculated as Lm + Ls, equal to 1.0 m.

3. Case C: Influences of different impact velocities and striker lengths on the characteristics of
response signals

All parameters of case C are identical to those of case B, except for the different impact velocities
and striker lengths. As shown in Table 6, the length of the striker rod was varied to 0.15 m and 0.075
m, respectively. Velocities were used for the cases as 2.9 m/s, 5.8 m/s, and 11.6 m/s, respectively. The
impact energy of each case that the striker applied on the rod is also listed in Table 6. Stress responses
for the different cases of (impact velocity, striker length) combination are shown in Figure 16. This
figure demonstrates that the fist peak stress values varied with the impact energy of the striker input
to the rod. It is noted that the time interval ¢ between the first peak of incident and reflected wave
signal is fixed as t = 282.3 pus and the stress ratio obtained between the cases of reflected and incident
waves is the same for all cases as calculated in Eq. (36).

ol o} =-110.438/163.756 = —220.411/327.257 = — 441.461/655.022 = —0.67 . (36)
500 T T
ol =441.461MPa
400 - ——L=0.15 m,V0:2.9m/s - - =L=0.075 m,V0:2.9m/s 7
—L=0.15 =58m/S —-mam L=0.075 =5.8m/
300 - Yo TR mE Yy o mE ol =220411MPa -
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Figure 16. Determine the cross-sectional area A2 and length L1 based on the stress signal measured
with different velocities and striker lengths at the position of x = Ls, A1> A2, a=0.2.
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Table 6. The initial impact kinetic energy (],/ 2 mvg ) of the striker in each case in Figure 16.

Cross-section Density ~ Impactlength  Initial velocity ~ Kinetic energy

No.
(m?) (kg/m®) (m) (m/s) J)
1 2.9 3.500
2 0.15 5.8 14.000
3 11.6 55.999
7.069*104 7850
4 2.9 1.750
5 0.075 5.8 7.000
6 11.6 27.999

Since all the cases have the same arrival time interval t and the same first peak stress ratio o} /o,
then have the same length Lm and cross-sectional area Az from Figure 14. Form this case study, it
shows that the impact echo test method proposed in this paper is just provide a suitable impact
energy to the inspected rod and measures the response signal at a sensing point. The measurements
of the impact velocity and the length of the striker are not required. The location and cross-sectional
area ratio of the rod with cross sectional area jump can be identified through the curves in Figure 14.

5. Travel Time History

Given the model in Figure 5, Figure 17 illustrates the stress wave travel time history at varying
positions in a Rayleigh-Love rod. The stress propagation in the striker rod is presented at Points I,
Iz, Is, and Po (left). Points Po (right) to Ps represent the presence of the incident and reflected waves.
Points Ps to P7 describe the transmitted wave in the semi-infinite rod. The dotted lines represent stress
in the striker rod, the solid lines represent the incident and reflected waves, and the dashed lines
correspond to the transmitted wave.
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Figure 17. Stress wave travel time history at various positions in the striker rod and Rayleigh-Love
rod with a sudden cross-sectional area variation for the incident, reflected, and transmitted waves
depending on position and time.

The interface of the cross-sectional area jumps off the rod, and all three types of waves (incident,
reflected, and transmitted waves) are observed at Ps. The incident and reflected waves are detected
on the left side of Point P4, whereas the transmitted wave is discernible on the right side. The
oscillations of the wave, influenced by Poisson’s effect, are consistently found at each position,
leading to stress values surpassing those from traditional wave equations that disregard Poisson’s
effect. The phase velocity of the stress waves is equal to c and is determined by Eq. (B3). This finding
emphasizes the pertinence of the theoretical approach in aligning closely with the actual wave
propagation observed in real tests, suggesting its applicability to structural analysis works.

6. Conclusions

This paper presents a detailed study of the stress wave propagation in a Rayleigh-Love rod
characterized by a sudden change in the cross-sectional area after a distance from the impacted end
of the rod. Based on the analytical solution by Yang et al. [16], the analytical solutions of the
transmitted and reflected stresses in a Rayleigh-Love rod with sudden cross-section variation are
obtained. This study highlights the influence of a sudden cross-sectional variation on wave behavior,
triggering the reflections and transmissions at the interface of discontinuity. The role of Poisson’s
effect is emphasized, shedding light on how it modulates wave behavior by generating additional
waves and modulating the amplitudes of both reflected and transmitted waves.

Analyses for impact echo testing cases are also presented to identify the interface positions and
cross-sectional area ratio in a Rayleigh-Love rod from the signal variations at specific positions.
Examples solved by the FEM are provided to verify the correctness of the modeling and numerical
algorithm to the analytical results of this study.

In addition to the forward analysis of Rayleigh-Love wave propagation in rods impacted by a
striker rod, an NDT method is proposed to conduct the condition assessment of the rod type of the
structure component with a sudden cross-sectional area change within a cover medium based on the
measured signals at the measurable zone of the rod to be inspected.

Investigation results show that when determining the cross-sectional area using the or/o ratio,
the decision to consider or not consider Poisson’s ratio has little influence on the final ratio (Figure
14). Including Poisson’s ratio leads to a similar rate of increase in amplitudes in the incident and
reflected stress waves. As a result, the reflected ratio o} / o/ remains nearly the same values,
regardless of whether Poisson’s ratio is accounted for or not. However, in practical application, the
first peak 0 and o} values can be easily determined through measured signal, and the technique

proposed in this study can be applied to conduct the nondestructive evaluation of the location and
the ratio of the cross-sectional area change of a rod within a cover medium.

The condition in Example 1 is set as a rod with two segments of different cross-sectional areas,
where cross-sectional area A: is greater than cross-sectional area A1, as shown in Figure 3. First, the
accuracy of Egs. (24) to (28) must be confirmed. Finding the difference between the results derived
from these equations and those obtained from the FEM is necessary.
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Appendix A

Derivation of the Rayleigh-Love equation of stress wave propagation in the rod.
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Note: S is the whole surface of the rod, V is the volume of the rod, Q, fy, and fz are the
components of the body force in the X, y, and z directions, respectively.

Figure Al. The rod and the cross section illustrate the longitudinal and lateral displacement
components due to Poisson’s effect.

The strain—stress relationship from the general Hooke’s law is presented as

_1+o L5
& _?Gij _Eakk i N
o; = E & + vE EwO; , D
1710 (L o)(1-20) K
where E is Young’s modulus, and v is Poisson’s ratio of the rod material.
We assume that uniaxial stress still holds, so that o, =, =0. Thus, Eq. (A1) becomes
ou
&, =& 2_%0} =-veg, =—u&. (A2)
The lateral displacements are determined as follows:
v=egy, W=¢gz, (A3)

where y and z are the coordinates of a point in the cross-section. Substituting Eq. (A2) into Eq.
(A3) enables the lateral displacements to be expressed in terms of the longitudinal motion as

ou ou
V=—Dy—, W=—-0Z—. A4
vyS vz (Ad)

The expressions for the kinetic and potential energy are required in applying the energy method
for the derivation of the equation of motion. The kinetic energy density is

T=E(u2+v2+w2). (A5)

The strain energy density of this axially loaded rod is determined as follows:

V= %axgx , (A6)

Then, Hamilton’s equation becomes
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j; SWdt + 5]{? (T-Vit=0, (A7)

f—jv/;(u FV2 W )dV
where V :Ivaaxgxdv , (A8)

W =Wooy, + W, e = IV QudV + IS quds

where W is the work done by the external forces, including Q as the body force and g as the surface force.
The preceding expressions can be integrated over the area of the section. From Eq. (A4), we can
obtain the following by considering the kinetic energy integral:

2 2
ve—oy 2L e Y (A9)
ot oxot
Then, the following is obtained by substituting Eq. (A9) into Eq. (A8):
L Yol o°u ?
o Pl 32 2(.,2 2
T—J‘0 de.AZ[u +0 (y +2 )(axatJ ]dA. (A10)

The longitudinal displacement u(x,t) does not depend on the coordinates y and z. Thus, the area
integral may be evaluated exactly. The result is

2 2
S L pA .2 21,2 82U . L pA 5U 2 52

where k*=1/A (Iis the second moment of area, and A is the cross-section area of the rod) is
the radius of gyration of the cross section. The potential energy density is determined as follows:

*=j0dejA Ee, )e,dA= jdxj LEs2da- jEA 2% = :%(%de. (A12)

The only stress that exists here is ox. Thus, only the body and surface forces compatible with o
exist. Moreover, only the axial body force Q and the end applied tractions ¢(0,t) and o(L,t) exist. Thus,
we obtain

oW = 5(fv QudV + J'AaudA) = JV QsudV + .[AG5UdA = A(KQ&udx +oduls ) . (A13)

The variation of the kinetic and potential energy is

Ve e auY Lo, oY a
s1=5[ (T-Viit=5| [ dt], A[%{(E“j + 0%k (6X:;J} 7(6‘3 }dx . (Al14)

We obtain the following through the procedure of the calculus of variation method:

+J' au5udx}+J. dx{pAgt suly J.t Agt—u5udt}

2 2 2 2
+f " dx ootk SO sy [Pt O oAtk 28 | sult [ 2| pavtke Y | sudxt =
0 oot Jox - e T o oxat o oxat oxat

We obtain the following by rearranging Eq. (A15):

I (I Q5udx+05u|0)dt—EAj dt{ ou

(A15)
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ol el 82u_a"u+ 2k? o 2 5udxdt—jt1 EM oo 2k2ﬂ ou || dt
JoJo P& G T e o Wl Cax TP e )|

L au a3u ! (A16)
+IO p|:a+pl)2k2 m}gu E dXZO

where ¢, =\E/p.

We can obtain the following by applying the calculus of variation analysis:

2 2 4 3
.[tllep @0U_0U e OU L Qlsaxdt—[* Ea—u—a+pu2k2 6u2 Sullsdt=0. (A17)
ty J0 fo OX oxot

i ot p

According to variation theory, each expression within the square brackets of the first and second
terms in Eq. (A17) must be zero, and body force Q must be neglected. These latter conditions lead to
Rayleigh-Love’s equation of motion.

Fu_

o'u
_ 2,2
E—CO +0°k

o TV e (A9

They are simultaneously subjected to the essential boundary condition at the ends as follows:

3
0'=Ea—l'|+pu2k2 ou
oX

atx=0, and L. (A19)

27

Appendix B

Derivation of the relationship between stress and velocity in a rod.
According to Newton’s second law, we have the following relation for the affected part in Figure
B1:

Fdt=mv, (B1)

where M= pAdL = pAcdt is the mass of the stress wave affected part in a time interval dt, and v

is the velocity of the mass m due to the stress wave. The forceis F =cA.

affected part stress-free state (undisturbed part)
— W/m 7 x
o Wi ______________________________________________ >
—>
N

I<L>| wave front

Figure B1. Schematic of the affected and undisturbed parts of the stress wave propagation in a rod
under compression.
After using the above relations, Eq. (B1) becomes

o= pCv, (B2)

where ¢ is the wave velocity of the elastic material and is determined as follows:

Cz\/mzy: (1-v)E :J (1-v) E_ [ 1-0v) ., ®3)
ol Q+v)1-2v)p Q+o)1-2v)\ p 1+0)1-2v)

where A and p are Lame’s constants; E and v are Young’s modulus and Poisson’s ratio, respectively.
The influence of Poisson’s ratio v on the wave propagation velocity is illustrated in Figure B2.
As Poisson’s ratio approaches -1 or 0.5, the ratio c/co tending toward infinity indicates a highly
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sensitive relationship with the extreme values of Poisson’s ratio. This observation reflects the
substantial influence of Poisson’s ratio properties on the velocity of wave propagation.

c/c0

N W AR LY N 0 O

0 | | I I | I I | I I I | I I
-1 -09 -08 -07 -06 -05 -04 -03 -02 -0.1 0 01 02 03 04 05

Poisson's ratio (v)

Figure B2. Relationship between Poisson’s ratio and ratio of c/co.

Appendix C

Integration of Egs. (29) to (31).
Equation (29) calculates the stress value at x1 at time ¢ of the incident wave as follows:

dpov, = Ly . (x+L)g . (e (1
x,t) =——=2 | “sin—Lsin~——""sin| —7 || = |d7, 1
o () =-""2] 5, "5, 5.7 )07 (C1)

where x is the position determined for the incident stress.
First, the product-to-sum formula is applied to the first two sine functions to conduct the
integration in Eq. (C1). The product-to-sum formula for two sine functions is expressed as
. . 1
sin AsinB = E[cos(A— B) —cos(A+B)]. (C2)
Then, the product-to-sum formula, combining a sine and a cosine function, is applied as follows:

sin AcosB:%[sin(A+ B) +sin(A—-B)], (C3)

which is also applied. Eq. (C1) can become as follows:

o,(xt)= —&jj{sin[%ﬂj—sin[(x ;C)UJ—sin[(2L+é+tc)ﬂJ+sin[MH%dn. (C4)

% 1 1 1 D,

The integral properties of the sine function are used as follows:

T
—, a>0

| :rosin(an)dnz 2

o . (C5)

Eq. (C4) is transformed as
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X X+2L
—-pev,, —<t<
C C
o, (xt)=1_ pcy, (X t_x+2L. (C6)
2 c’ c
0, otherwise
50
0
~ -50 i
& _x+2L
Z 100 al T
7 B r=— n
g c Nal . ~/ ____________ oo PN
@150 F 2 -
<
&
< 200 x+2L =
<
—<t / ¢
-250 - coo W & =~ pov, .
300 1 1 | | | | | |
0 50 100 150 200 250 300 350 400 450
Time (us)
Figure C1. Stress wave propagation without Poisson’s effect is plotted from Eq. (C4) (vo=5.8 m/s, c =
5782.69 m/s, p=7850 kg/m? D1=0.03 m; L =0.2 m; x = 0.5 m; t = 0~450 us).
Similarly, the results for Eq. (30) and (31) are, respectively, expressed as
2L, —x 2(L+L,)—x
-pCVyR, L <t< (L+L)
c c
og (2L, —x,t) =1 —pcv,R (o 2L-x t_2(L+L1)—x, (€7)
2 c ' c
0, otherwise
X X+2L
—-peV,T, —<t<
c c
o (X, t) =< —pcv,T X X+2L, (C8)
2 c’ c
0, otherwise

where x is the positions determined for the reflected or transmitted stresses.
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