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Abstract: This paper provides a new discovery that adds to the contemporary theory of modelling of non-
stationary queues, by capturing analytically the behavior of the root parameter, a(a € (0,1)) for the 61/M/1
PSFFA model of non-stationary E;/M/1 queue. Additionally, it has been also revealed that the resulting root
parameter reduces to the G1/M/1 PSFFA model of non-stationary D/M/1queue. Potential applications of
PSFFA to Computer engineering are provided. Some challenging open problems are addressed combined
with closing remarks and future research directions.
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I. Introduction

Customers' arrival processes in communication networks and other real-world queuing systems
are frequently non-stationary, meaning they vary over time because of non-stationary input loads,
routing and flow control modifications, and load sharing[1-8]. This is a critical factor to consider as
communication networks grow and manage more complicated traffic kinds with different
requirements for quality of service, which results in intermittent and non-stationary network traffic.
Queuing theory addresses problems involving waiting, such standing in queue at a grocery store or
bank, waiting for a computer to respond, expecting a piece of equipment to break, or waiting for
public transportation.

In queuing theory, there are several ways to analyze dynamic arrival or service rates in systems.
These methods include transient analysis, non-stationary analysis, applications of analysis methods,
and simulations. It's critical to understand the distinction between transitory and non-stationary
activity. Non-stationary behaviour is brought on by time-dependent arrival and/or service rates,
whereas transient behaviour happens when the system is switching from one stationary load to
another. To examine the behaviour of the system as a function of time, simulation methodologies
entail executing several simulations and averaging the outcomes [1-8]. Nevertheless, rather than
attempting to determine the transient behaviour analytically, researchers have concentrated on
quantitatively identifying it, as it might be challenging to generate a closed form expression from the
transform expression.

This current paper’s flowchart reads:
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II. PSFFA

The PSFFA approach simulates the average number of consumers in the queue by using a non-
linear differential equation. It has been demonstrated to be accurate and is based on steady state
queueing relationships. This is a generalization of earlier fluid flow models and can be used for non-
Markovian queues as well. Its advantages include being computationally efficient and simple to use,
and it can serve as a basis for the development of dynamic network’s controllability [1].

Consider a single server queueing system with a non-stationary arrival mechanism. Assume that
the underlying queue’s mean arrival and service rates are respectively, A(t) and pu(t). Define,

(x (@) = d);(:)), to be the state variable’s temporal change.
Let fi(t) and fy,.(t) define the system’s temporal flow in and out , respectively. x(t) (c.f.,, [1])
reads:
x(© = —fou(®) + fin(t) (1
fout (t) reads:
four () = u(@®)p(t) 2
Moreover,
fn@®) = At (©)
Therefore,
x(®) = —pOO+ AD), 1> p() =5 >0 (4

u(t)

In a stable queue(ie., x'(t) = 0),

x = Gi(p) ®)
As G,(p) isinvertible, it reads:
p=Gi'(x) (6)
Consequently,
x(® = —u®GT @) + AD) (7)

More specifically, G1/M/1 PSFFA models for both non-stationary D/M/1 and E;/M/1
queues, respectively read as:
(o-1)

x(@)= —pux()A-0)+At),=0c=e » =0p/m/;1,p= % ,o(0 €
(0,1)) (8)
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x(t) = —ux(®)(1—0)+At),0 = (ﬁ)k = O, /m/1 P = % o(1>0>
0) )

ITI. UNLOCKING THE ROOT PARAMETER OF THE UNDERLYING QUEUE (c.f., (9))

Theorem 1 At an infinte phase, 0g_/m/1= 0p/m/1

Proof
Following (9),
~(oro—)
N+ -0
Hence,
kp
_ v\ _ i)
Ino = kin (k,,+ (1_0)) = 2 (10)

k

Using Hopital's rule,

(i)
1

limy,olno = limy_,
k

1 /p(kp+(1—a))—kp2)

k, 2
N )
1

= limk_)m
k2
1 (p(kp + (1 —0)) —kp?
ko ko + (1 - 0))°
. (kp+(1—a)) (kp + (=)
= im0 1
T k?
(1 _ i k — (o-1)
=—(1-o)limy_ ) P (11)
Communicating (11) and (9), implies
OEw/M/1= ODp/M/1 (12)

V. SOME PSFFA APPLICATIONS TO HOSPITALS” EMERGENCY DEPARTMENTS

In a dynamic queuing system, the PSFFA approach [9] is used to predict the length of the
patient’s wait by calculating the average utilization rate and the expected number of patients served
by the on-duty physicians. By streamlining the intricate link between utilization rate and queue
length in a steady-state queuing system, this technique makes it possible to estimate the queue length
at the conclusion of each session.
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To overcome the nonlinear nature of the queue length function and enhance analysis and
decision-making in patient queue management, a Minimum Error Area (MEA) approach is
recommended.

The logic-based Bender decomposition (LBBD) method is used in the context of the scheduling
problem discussed[9] to effectively handle the staffing and scheduling problems by iteratively
optimizing the number of physicians required for each period and assigning work shifts to them.

The LBBD approach [9] involves a master problem focusing on staffing needs and a subproblem
addressing scheduling, both formulated as Mixed Integer Programming (MIP) models. By iteratively
solving these problems and incorporating logic-based Benders cuts, the algorithm aims to converge
on the optimal solution for the primary MIP model, enhancing the efficiency and accuracy of the
scheduling process.

In the context of the scheduling problem [9], the flow chart of the logic-based Bender
decomposition (LBBD) algorithm is depicted in Fig.1(c.f., [9]). The LBBD algorithm alternates
between solving a master problem, which focuses on determining the required number of physicians
for each period to manage queue length, and a subproblem, which addresses the allocation of work
shifts to individual physicians. This iterative process aims to optimize staffing decisions and
scheduling assignments efficiently.
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Figure 1. Branch-and-Bound (BD)
physician requirements, while Column Generation (CG) efficiently handles the complex scheduling

is used to solve a subproblem related to working costs and

by iteratively assigning physicians to shifts and determining the most valuable shifts to meet staffing
needs. This approach streamlines the scheduling process by optimizing physician assignments and
ensuring adequate coverage in fever clinics.

The proposed method[9] for physician scheduling in fever clinics during the COVID-19
pandemic results in an average weekly cost of $505.42, which is 9.75% lower than the current three-
shift schedule cost of $560. Instance 8 shows the lowest total cost of $481, representing a 14.11%
reduction. Additionally, the algorithm [9] helps manage patient queue lengths effectively, reducing
the risk of cross-infection during peak periods compared to the existing schedule.

In the context of the study on physician scheduling in fever clinics during the COVID-19
pandemic, Figure 2 (c.f., [9]) shows that patient queue lengths frequently surpass the acceptable
limit during peak hours at 9 a.m. and 9 p.m. This indicates potential overcrowding and increased risk
of cross-infection during these peak periods under the current three-shift schedule used in the
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hospital. The proposed scheduling method aims to better match physician staffing with patient
arrival rates, reducing queue lengths and improving service efficiency, especially during peak
demand periods.
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Figure 2. The management of patient queues during a severe pandemic using algorithmic
scheduling.

In summary, to effectively manage patient care during the Covid-19 pandemic, [9] addressed
the significance of optimizing physician schedules in fever clinics. To efficiently address the
scheduling problem, it presents a method that combines benders decomposition and column
generation. It also introduces a mathematical model (MIP) to compute patient queue length.
Comparing this method to the conventional three-shift schedule, the study demonstrates that it
reduces physician costs and lengthens patient wait times. This makes it a viable option for handling
high patient demand during serious pandemics.

The Physician Scheduling for Fixed Appointment PSFFA model is extended by the authors to a
queuing network with two stations, designated as station 1 and station 2, in the context of physician
scheduling for emergency departments[10]. The system state at the end of each period in these
stations is represented by symbols like g, ; and q, ¢, where patients are serviced according to the First-
Come- First-serve (FCES) system, with no preference given to returning patients, and where patients
are evaluated alongside newly arrived patients. In Figure 3(c.f., [10]), the balance of patients between
the two stations over time is displayed, illustrating the fluid equilibrium of the queuing model.
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Figure 3. In the context of the study on physician scheduling for emergency departments, the text
refers to the fluid equilibrium within their queuing model. This equilibrium is depicted as essential
for understanding the system state at different stations within the queuing network.
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In the context of solving physician scheduling problems, a Tabu Search (TS) algorithm is
designed as a common method for addressing discrete optimization challenges, which iteratively
explores neighborhood solutions, and updates based on specific criteria until a stopping condition is
met. This approach has been successfully applied in physician scheduling, as demonstrated in
previous studies, for a more detailed survey, consult[10].

VI. CONCLUSION, OPEN PROBLEMS AND FUTURE WORK

This paper is concerned with finding the analytic form for the root parameter of the G1/M/1
PSFFA model for E,/M/1 queue at an infinte phase. More potentially, some PSFFA applications to
hospital’s emergency departments are provided.

These are some emerging hard research questions:

e Isit mathematically viable to solve the root equation

_ ko \oo 2
7= (kp+(1—a)) p=-,0(1>0>0) (cf.,9)

For the 1¢t, 2nd, 3rd | 7th phases? i.e., corresponding to k = 1,2,3,..,7

e Is op/y/(ctf, (8)) solvable?

Future work involves attempting to solve these research questions and searching PSFFA’s
applicability to other multi-interdisciplinary fields of human knowledge.
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