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Abstract

We derive an uncertainty principle for Lipschitz maps acting on subsets of Banach spaces. We show
that this nonlinear uncertainty principle reduces to the Heisenberg-Robertson-Schrodinger uncertainty
principle for linear operators acting on Hilbert spaces.
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1. Introduction

Let H be a complex Hilbert space and A be a possibly unbounded self-adjoint linear operator
defined on domain D(A) C H. For h € D(A) with ||k|| = 1, define the uncertainty of A at the point 1
as

Ap(A) = ||Ah — (Al h)h|| = \/Ilz‘lhll2 — (Al )2,

In 1929, Robertson [1] derived the following mathematical form of the uncertainty principle (also
known as uncertainty relation) of Heisenberg derived in 1927 [2] (English translation of 1927 original
article by Heisenberg). Recall that for two linear operators A : D(A) — H and B : D(B) — H, we
define [A, B] := AB — BA and {A, B} := AB + BA.

Theorem 1 ([1-6] Heisenberg-Robertson Uncertainty Principle). Let A : D(A) — H and B: D(B) —
H be self-adjoint operators. Then for all h € D(AB) N D(BA) with ||h|| = 1, we have

S (M2 4 3y (B) > L(Mu(A) + 3y (B))? > A (A)A(B) > S4B ()

N~

In 1930, Schrodinger improved Inequality (1) [7] (English translation of 1930 original article by
Schrodinger).

Theorem 2 ([7] Heisenberg-Robertson-Schrodinger Uncertainty Principle). Let A : D(A) — H and
B : D(B) — H be self-adjoint operators. Then for all h € D(AB) N'D(BA) with ||| = 1, we have

Y2+ |({A, B}h, h) — 2({Ah,h)(Bh,h)|2

Ap(A)YAL(B) > |(Ah, B} — (Al hy (B, hy| = YA Bl ]

Theorem 2 promotes the following question.
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Question 1. What is the nonlinear (even Banach space) version of Theorem 2?

In this short note, we answer Question 1 by deriving an uncertainty principle for Lipschitz maps
acting on subsets of Banach spaces. We note that there is a Banach space version of uncertainty
principle by Goh and Goodman [8] which differs from the results in this paper. It is interesting to note
that the uncertainty principle of Game theory, derived by Székely and Rizzo is nonlinear [9].

2. Nonlinear Heisenberg-Robertson-Schrodinger Uncertainty Principle

Let X be a Banach space and M C X be a subset such that 0 € M. Recall that the collection of all
Lipschitz functions f : M — C satisfying f(0) = 0, denoted by M* is a Banach space [10] w.r.t. the
Lipschitz norm

f(x) = fW)l
i = su ——
”fHL Po(M/C) x,ye/\/l},)x;éy Hx - y”

Let M C X be a subset such that 0 € M. Let A : M — X be a Lipschitz map such that A(0) = 0.
Given x € M and f € X satisfying f(x) = 1, we define two uncertainties of A at (x, f) € M x x#
as

A(A,x, f) = [|Ax = f(Ax)x],
V(f, A x) = [IfA = f(AX) fllLip,(m,c)-
Theorem 3 (Nonlinear Heisenberg-Robertson-Schrodinger Uncertainty Principle). Let X’ be a Banach

space and M, N C X be subsets such that0 € MNN. Let A: M — X, B: N — X be Lipschitz maps
such that A(0) = B(0) = 0. Then for all x € M NN and f € X* satisfying f(x) = 1, we have

(VA B f2) > (VA X) +AB,x,f))

2
> V(f, A x)A(B,x, f)
> |f(ABx) — f(Ax) f(Bx)|.

Proof.
V(f, A, x)AB,x, f) = || fA = f(AX) fllLipym,c) | Bx — f(Bx)x|
> |[fA — f(Ax)f][Bx — f(Bx)x]|
= |f(ABx) — f(Bx)f(Ax) — f(Ax)f(Bx) + f(Ax) f(Bx) f(x)]
= |f(ABx) — f(Bx)f(Ax) — f(Ax)f(Bx) + f(Ax)f(Bx) - 1|
= |f(ABx) — f(Ax)f(Bx)|.
O

Corollary 1. Let X be a Banach space and M, N C X be subsets such that0 € M NN. Let A: M — X,
B: N — X be Lipschitz maps such that A(0) = B(0) = 0. Then for all x € M NN and f € X* satisfying
f(x) =1, we have

V(f, A, x)AB, x, ) + | fBllLip,(v,0)AA %, f) = | f([A, Bx)|.

Proof. Note that
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) + (fB)[Ax — f(Ax)x]]

)| = [(fB)[Ax — f(Ax)x]]

)| = IfBllipy v, c) 1 Ax = f(Ax)x|
)| = 1 BllLipyv,c)A(A, %, £)-

O

Corollary 2. Let X be a Banach space and M, N C X be subsets such that0 € MNN. Let A: M — X,
B: N — X be Lipschitz maps such that A(0) = B(0) = 0. Then for all x € M NN and f € X* satisfying
f(x) =1, we have

V(f, A, x)A(B, x, ) + | fBllLip,(n,0)A(A, x, = f) = | f({A, B}x)].

Proof. Note that

V(f, A x)A(B,x, f) = |f(ABx) — f(Ax)f(Bx)|
= |f(ABx + BAx) — f(BAx) — f(Ax)f(Bx)]
= |f({A, B}x) — (fB)[Ax + f(Ax)x]|
> |f({A, B}x)| = [(fB)[Ax + f(Ax)x]|
> |f({A, B}x)| = || fBllLip,(v,c) [ Ax — (= f) (Ax)x|
= |f({A, B}x)[ = [ fBllLip, (v, c) A(A, x, = £).

O

Corollary 3 (Functional Heisenberg-Robertson-Schrodinger Uncertainty Principle). Let X be a
Banach space with dual X*, A : D(A) — X and B : D(B) — X be linear operators. Then for all
x € D(AB)ND(BA) and f € X* satisfying f(x) = 1, we have

1

(VA B f?) > (VA x) +AB,x,f))

> V(f, A x)A(B,x, f)
> |f(ABx) — f(Ax)f(Bx)|.

Corollary 4. Let X be a Banach space, A : D(A) — X and B : D(B) — X be linear operators. Then for all
x € D(AB)ND(BA) and f € X* satisfying f(x) = 1, we have

V(f, A x)A(B, x, f) + | fBIIA(A, x, ) = | f([A, Blx)].

Corollary 5. Let X' be a Banach space, A : D(A) — X and B : D(B) — X be linear operators. Then for all
x € D(AB)ND(BA) and f € X* satisfying f(x) = 1, we have

V(f, A x)A(B,x, f) + IfBIA(A, —x, f) = V(f, A, x)A(B, x, f) + || fBI|A(A, x, — f)
> |f({4, B}x)|.

Corollary 6. Theorem 2 follows from Theorem 3.
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Proof. Let H be a complex Hilbert space. A : D(A) — H and B : D(B) — H be self-adjoint operators.
Leth € D(AB) N D(BA) with ||| = 1. Define X := H, M := D(A), N := D(B), x := hand

fiH3u— f(u) = (uh)ecC.

Then
A(Bx, £) = DB, £) = |[Bl— F(BR)R| = [[Bl— (Bl || = &y (B),
V(f, Ax)=V(f,Ah) =|IfA=f(AR)f]| = [ fA - (Ah,h)f]
= sup [f(Au) = (Al h)f(u)| = sup [(Au,h) — (Ah ) (u, )|
ueM,|jul|<1 ueH,||lul|<1
= sup |(u,Ah) — (Ah,h)(u,h)|= sup |(u, Ah— (Ah,h)h)]|
ueH,||lul|<1 ueMt,|lul|<1
= ||Ah — (Ah, h)h|| = Ay (A)
and

|f(ABx) — f(Ax)f(Bx)| = |f(ABh) — f(Ah)f(Bh)| = [(ABh, h) — (Ah, h)(Bh, h)|
= |(Bh, Al) — (Ah, 1) (B, h)| = |(Ah, Bh) — (Ah, ) {(Bh,1)|.
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