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Abstract: Dual quaternions have wide applications in automatic differentiation, computer graphics,
mechanics and others. Due to its application in control theory, the matrix equation AXB = C has been
extensively studied. However, there is currently limited information on matrix equation AXB = C
over the dual quaternion algebra. In this paper, we provide the necessary and sufficient conditions
for the solvability of the dual quaternion matrix equation AXB = C, and present the expression for
the general solution when it is solvable. As an application, we derive the ¢-Hermitian solutions for
the dual quaternion matrix equation AXA? = C, where the ¢-Hermitian extends the concepts of
Hermiticity and #-Hermiticity. Lastly, we present a numerical example to verify the main research
results of this paper.
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1. Introduction

Let R denote the set of real numbers, H”*" stand for the space of all m x n matrices over the real
quaternion algebra

H = {ug + u1i + uzj + usk|i® = j? = kK* = ijk = —1, ug, uy, u, uz € R}.

The symbol of r(A), A*, I, and 0 are defined by the rank of a given quaternion matrix A, the conjugate
transpose of A, identity matrix, zero matrix with appropriate sizes, respectively. The Moore-Penrose
inverse of A € H'*k is denoted as AT, which is defined as the solution of AYA = A, YAY =
Y, (AY)* = AY and (YA)* = YA. Moreover, let Ly = I — ATAand Ry = I — AA" represent two
projectors along A.

Since Hamilton’s discovery of quaternions in 1843, quaternions and quaternion matrices have
found a huge amount of practical applications in fields such as computer science, statistics, quantum
physics, signal and color image processing, flight mechanics, aerospace technology, and so on (see,
e.g., [1-4]).

Matrix equations have garnered significant attention in recent years and have become one of the
main topics in matrix theory(see, e.g., [5-9]). For the classical matrix equation

AXB =C, 1)

which has been studied by many authors. Ben-Israel and Greville [10] eatablished the necessary
and sufficient condition for the solvability of (1). In 2003, Liao and Bai [11] investigated the
least-squares solution of (1) over symmetric positive semidefinite matrices. Huang et al. [12]
gave the skew-symmetric solution and the optimal approximate solution of (1). Peng [13] derived
centro-symmetric solution of matrix equation (1). Deng et al. [14] studied the general expressions about

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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the Hermitian solutions of (1). Xie and Wang [15] considered the reducible solution to (1) when it is
solvable. As a special case of the matrix equation (1), the Hermitian solution X to the matrix equation

AXA* =B )

has attracted extensive attention(see, e.g., [16,17]). Baksalary[18] and Gro8[19] studied the nonnegative
definite and positive definite solutions to the matrix equation (2), respectively. For y € {i,j, k},
a quaternion matrix A is called y-Hermitian and ;j-skew-Hermitian if A = A7 and A = —A"’,
respectively, where A" = —y A*;[20]. The utilization of 7-Hermitian matrices in linear modeling is
extensively recognized[21]. Kyrchei[22] derived the explicit determinantal representation formulas of
#-Hermitian and 7-skew-Hermitian solutions to the quaternion matrix equation

AXAT" = B.

It is well known that dual numbers and dual quaternions have wide applications in computer graphics,
automatic differentiation, geometry, mechanics, rigid body motions and robotics(see, e.g., [23-26]). For
the related definitions of dual numbers and dual quaternions, please see Section 2.

So far, there has been little information on matrix equation (1) over the dual quaternion algebra.
Motivated by the work mentioned above, we in this paper aim to investigate the general solution
of dual quaternion matrix equation (1) by using Moore-Penrose inverses and ranks of matrices.
Since the ¢-Hermitian serves as an extended form of both Hermiticity and #-Hermiticity over the
quaternions [27], we also provide the definition of ¢-Hermiticity over the dual quaternions. As an
application, we establish the ¢-Hermitian solution of a special dual quaternion matrix equation

AXA? =C, Cc? =C. 3)

Further details regarding ¢-Hermitian matrices will be illustrated in Section 2.

This paper is organized as follows. In Section 2, we provide an overview of essential definitions
and lemmas that will be applied in the subsequent sections. In Section 3, we establish some necessary
and sufficient conditions for solvability to the dual quaternion matrix equation (1) and consider some
special cases of dual quaternion matrix equation (1). As an application, we investigate the ¢-Hermitian
solution of the dual quaternion matrix equation (3) in Section 4. In Section 5, we present a numerical
example to illustrate the results of this paper. Finally a brief conclusion is provided in Section 6.

2. Preliminaries

In this section, we review some definitions of dual numbers, dual quaternions and related
propositions. Moreover, we introduce the definitions of dual quaternion matrix and ¢-Hermitian
matrix which are fundamental for obtaining the main results.

Definition 1 ([28]). Suppose that xo, x1 € R, we say x is a dual number if x has the form
X = Xp + x1€,
where € is the infinitesimal unit, satisfying €> = 0.

We call x as the real part or the standard part of x, x; as the dual part or the infinitesimal part of
x. The infinitesimal unit € is commutative in multiplication with real numbers, complex numbers, and
quaternions. The set of dual numbers is denoted by

D = {x = xo + x1€|]e® = 0, x0, x; € R}.
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Assume that x = xp + x1€,y = yo + y1€ € D, wehave x = y if xg = yp and x; = y;, regarding addition
and multiplication, there is

x+y=x0+yo+ (x1 +y1)e,
xy = xoYo + (Xoy1 + X1¥0)€.

Definition 2 ([28]). Let zg,z1 € H. We say z is a dual quaternion if z has the form
z = zp + 21€,
where e is the infinitesimal unit, satisfying €* = 0, zg, z1 as the real part and the dual part of z, respectively.
The collection of dual quaternions is denoted by
DQ = {z = zo + z1€|e? = 0,29,2; € H}.

Now, we introduce the definition of dual quaternion matrix. Let Xo, X; € H"™*". X is said to
be a dual quaternion matrix if X has the form X = Xj + Xje, the set of dual quaternion matrices is
denoted by

DQ"™" = {X = Xq + Xi€|e* = 0, Xo, X; € H™"}.

The conjugate transpose of X is defined as X* = Xj + Xje. For Y = Yy + Y€ € DQ™*", by analogy,
we have X = Y if Xy = Yp and X; = Yy, furthermore

X+Y=Xo+ Yo+ (X1 +Y1)e,
XY = XoYo + (XoY1 + X1 Yp)e.

To facilitate our study on the ¢-Hermitian, we will first review the concept of nonstandard
involution over quaternions, and then proceed to generalize it to dual quaternions.

Definition 3 ([27]). A map ¢ : H — H is called an antiendomorphism, if p(pq) = ¢(q)¢(p) and $(p+q) =
o(p) + ¢(q) forall p,q € H. An antiendomorphism ¢ is called an involution if p(¢p(p)) = p for every p € H.

Definition 4 ([27]). Under the basis (1,1, j,k), an involution ¢ is called nonstandard if and only if ¢ can be

expressed as a real matrix
10

where T is a 3 x 3 real orthoganal symmetric matrix with eigenvalues 1,1, —1.

Proposition 1 ([27]). Let z € H. Then every nonstandard involution ¢ of H has the form ¢(z) = B~'z*B for
some B € H with g2 = —1.

Definition 5 ([27]). For a nonstandard involution ¢, a quaternion matrix Z is said to be ¢-Hermitian if
Z = 79, where Z9 is obtained by applying ¢ entrywise to the transposed matrix of Z. In fact, Z¢ = B~1Z*.

Proposition 2. Let Z € H"*",8 € Hand B> = —1. Then
(1) (z0)" = (z")?,
(2) (Lz)? = Rz,
(3) (Rz)? = Lyy.

Proof. It is obvious that ~! = —B, B* = — B, by the definition of Moore-Penrose inverse, we obtain

doi:10.20944/preprints202402.0316.v1
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z(Z")02 = (~pZ"B)[~B(Z)"B)(~BZ"B)
= —pZ (2")' 2" p=—p(2Z'Z)'p
= -pp=27,
(Z1)Z9(Z") = [-B(Z")"Bl(—BZ"B)[-B(Z") "Bl
= —p(Z)ZN(Z')'p=—p(2'2Z")'p
= —p(z")yp= (2",
20z = [(=BZ*B)(=B(Z") B))" ”

[-BZ*(Z")*B]" = (-BZ'Zp)*
= —B(Z'2)"p = (—BZ*B)[-B(Z")"B]
= 79(z%)?,
[(Z1?Z97" = [-B(Z")*B(—BZ*B)]*
= [-p(Z") 2z pl" = (—BZZ'P)"
— —B(zZ")'B = [-B(Z")*BI(—BZ"B)
= (z"z9.
Based on this, we can deduce that (Z")? is the Moore-Penrose inverse of Z?.
For (2) , we have

(Lz)? = (1—Z'Z)0 = 1 — 29(Z")? = 1 — Z9(Z9)" = Ry
In a similar vein to (2), we can offer a demonstration for (3), therefore, we omit it here. [

By analogy, we propose the definition of ¢-Hermiticity with respect to dual quaternion matrix,
where ¢ is a nonstandard involution.

Definition 6. For X = X, + Xje € DQ™*", X is called ¢-Hermitian matrix if X = X?, where
X? = 71X B = BTIXGB+ B X  pe = X{ + X,
with B € Hand p* = —1.

Proposition 3. Let X,Y € DQ™"*". Then
(1) (X+Y)? = X?+Y?,
(2) (XY)? = Y?X?,
(3) (X?)? = X.

Proof. By the algebraic properties of ¢, we have
(X+Y)? = [(Xo+ Yo) + (X1 + Y1)e]?
= (Xo +Y0)? + (X1 +Y1)%e
— 4 4
=X+ Y+ xPe+ /e
=X§+XPe+ Y +Y/e
=X+ Y9

In relation to (2), we obtain
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= (XoY0)? + (XoY1 + X1Yp)%e
=YIX$ + Y x0e + Y xPe
= (Y +YPe)(X§ + xPe)
=Y?X?.

In terms of (3), we have
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Now, we provide a few lemmas which are basic tools for getting the key outcomes.

Lemma 1 ([29]). Suppose that A, B and C are provided for matrices with the adequate dimensions over H, then

the quaternion matrix equation (1) is consistent if and only if
RyC=0, CLgp=0.
In this case, the general solution can be expressed as
X = A'CB' 4+ LoU + VR,

where U, V are any matrices over H with appropriate dimensions.

Lemma 2 ([15]). Let A1, Ay, B1, By and C; be given with appropriate sizes. Set

A=Ru,C, B=BLg,, M =Ry Ay, C =CLg,.

Then the following descriptions are equivalent:
(1) The quaternion matrix equation

A1X1B1 4+ A1XoBy + AxX3B, = C

is consistent.
(2) RyA =0, R, CLg, =0, C1Lg = 0.
(3)

r(A1 As c):r(A1 A2>,

In this case, the general solution to (5) can be expressed as follows:

(5)
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X1 = ATC1B" + La, Vi + VaRg,
Xy = AI(C — A1X1B; — A2X3B2)BY + TiRp, + La, T,
X3 = MTAB} + LyUy + UsRp,,

where Uy, Uy, V1, Vo, Tq, and T, are arbitrary matrices over H with appropriate sizes.

The following lemma, originally derived by Marsaglia and Styan[30], which can be extended to
H.

Lemma 3. Assume that A € H"*", B € H™k,C ¢ H*", D € H/*K and E € H'*?, then we have the
following rank equality:

A B 0
r(RAC B5D>:r C 0 E|-r(D)-r(E).
F 0 D 0

3. The solution of the matrix equation (1)

In this section, we establish the necessary and sufficient conditions for the solvability of the dual
quaternion matrix equation (1) and provide the expressions of its general solution. Additionally, we
investigate some special cases of the dual quaternion matrix equation (1).

Theorem 1. Let A = Ay + Aje € DQ™ ", B = By + Bye € DQ*!, C = Cy + Cye € DQ™! be known.
Put

Ay = AiLa,, By = R, By, C11 = AgASCoB{By, (6)
Cay = A1A{CoB{By, Cy = C; — C11 — Coo, (7)
M = Ry Az, N =Ry,Co, E = ByLg,, F = CyLg,. (8)

Then the following statements are equivalent:
(1) The dual quaternion matrix equation (1) is consistent.

(2)
Rp,Co =0, CoLp, =0, ©9)
RyN =0, Ry,CoLp, =0, FLg = 0. (10)
(3)
B
r(AO co) :r(A()),r(Cg) :r(BO), (11)
A Ay G A1 Ay
_ 12
r(AO 0 c0> r(Ao 0]’ (12)
G Ag)
r(BO 0>—r(Ao)+r(Bo), (13)
By By
r{By 0 :1’(? %‘3). (14)
G G 0

In this case, the general solution X of dual quaternion matrix equation (1) can be expressed as X = Xy +
Xy€, where

doi:10.20944/preprints202402.0316.v1


https://doi.org/10.20944/preprints202402.0316.v1

Preprints.org (Wwww.preprints.org) | NOT PEER-REVIEWED | Posted: 6 February 2024

7 of 13

Xo = A{CoB{ + La,U + VR,

Xy = A§(Cy — AgVBy — AUBog) B + WiRp, + La,Wa,
U = M'NBJ + LyQ1 + Q2Rg,,

V = ASFE" + L4, Qs + QuRg,

(15)

and Q;(i = 1,4), W;(i = 1,2) are arbitrary matrices over H with appropriate dimensions.

Proof. (1) < (2): Suppose the dual quaternion matrix equation (1) is solvable and its solution
X € DQ™*" which can be expressed as

X = Xo + Xi€, (16)

substituting (16) into (1), by the definition of equality of dual quaternion matrices, we can get that dual
quaternion matrix equation (1) is equivalent to the system of quaternion matrix equations

{AOXOBO = Cy, 17)

ApXoB1 + AoX1By + A1 XoBo = Cy.

The structure of the proof goes as follows. We first prove that (1) < (2) and illustrate the general
solution of (17) have the form of (15), then we prove (2) < (3).
We divide the system (17) into the following:

AoXoBo = Co, (18)
and
AoXoB1 + AoX1Bo + A1XoBo = C1. (19)
By Lemma 1, we obtain (18) is consistent if and only if
Ra,Co, CoLp, = 0.
In this case, the general solution of (18) can be written as
Xo = A{CoB{ +La,U + VRpg,, (20)

where U, V are any matrices over H with appropriate sizes.
By substituting equation (20) into equation (19) gives

AoV By + ApX1By + AUBy = Cy, (21)

where Ay, By, and C; are defined by (6)-(7). Using Lemma 2 to (21), we know that matrix equation
(21) is solvable if and only if

RmN =0, Rq,CoLp, =0, FLg =0,
where M, N, E and F are given by (8). In this case, the general solution of (21) can be expressed as

X1 = A}(Cy — AgVBy — AyUBy) B + WiRp, + La,Wa, (22)
U = M'NB{ + LyQ1 + QaRg,, (23)
V = A{FE" + L4,Qs + QuRg, (24)

doi:10.20944/preprints202402.0316.v1
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where Q1, Q2, Q3, Q4, Wi and W, are any matrices with the suitable dimensions over H. To sum up,
we have shown that the matrix equation (1) has a dual solution X € DQ™*" if and only if (2) holds.

(2) < (3): We devide it into two parts to prove its equivalence.

Part 1. In this part, we prove that (9) hold if and only if (11) hold. According to Lemma 3, it is
easy to verify that (9) < (11).

Part 2. In this part, we turn to prove that (10) < (12) — (14). Let Xy = ASCOBES. Then it is easy to
verify that Xy is a particular solution to the matrix equation AyXoBy = Cp. By Lemma 3 and block
elementary operations, we obtain

RN =0 & r(RyN) =0 7 ( Ragds RaCa ) =r(Rayda),
er( 4 4 G )=r(4 4),

Ag ALy, G ) = 7( Ay Ai1La, )
A Ay G _ A A
Ay O 0 Ay O !

( Ay Ay Cp— AgACoBEBy — A1 ALCoBY By ) _ r( Ay Ag )

Ay O 0 Ay O
Ay Ay G ; A Ay
Ay 0 Co | Ay 0 )7
C A
RAOCZLBO =0& T’(RAOCZLBO) =0&r By 0 = T’(A()) + T(B()),
Ci—Ch—-C A
P 1 11 22 0 _ T(AO) +7"(B0),
By 0
_ tC.BYB, — to. gt
o r [ 1= AcASCOBEBI — ALAJCOBIBy Ao\ _ st m)
By 0
Ci A
sr 170 ) =r(Ag) +r(Bo),
By O

FLg =0 & r(FLg) :0<:)r< i ) = r(E) @r( BaLg, > = r(BaLg,),

CoLg,
By By
B B
Sr| B :r<BO><:>r Rp,B1 :r<ROB ),
G 2 C By D1
B
1 Bo B, B
S By 0 =r B 0 ,
G 0 0
B
1 By B, By
& By 0 =r B, 0 |’
C1 — AgA}CoBEBy — AjAYCoBEBy 0 0
B, B
S Bl 00 [ Bt Bo
0 R P

G G
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Now, we consider some special cases of dual quarernion matrix equation(1).
Corollary 1 ([31]). Assume that A = Ag + Aje € DQ™ ", C = Cy 4 Cre € DQ™! are given. Put
Ay = A1Lya,, Cpp = A1A}Cy, Co = C1 — Cap, M = Ry A, N = Ry, Co. (25)
Then the following statements are equivalent:
(1) The dual quaternion matrix equation AX = C is consistent.
(2)
Ra,Co =0, RyN = 0. (26)
)
_ A Ag G _ [Ar Ao
r(Ao CO) r<A0>,r<AO 0 G =r Ay 0 ) (27)

In this case, the general solution X of dual quaternion matrix equation AX = C can be expressed as X =
Xo + Xq€, where
Xo = AjCo+ L, U,

X1 = A}(Ca — AgU) + L, Wy, (28)
U= M'N+LyW,

and W1, Wy are arbitrary matrices over H with appropriate dimensions.
Corollary 2 ([31]). Let B = By + Bi€ € DQM!, € = Cy + Cye € DQ™! be known. Denote
By = Rp,By, C11 = CoB{B1,Co = C1 — C11, E = BoLp,, F = CoLg,. (29)

Then the following statements are equivalent:
(1) The dual quaternion matrix equation XB = C is consistent.

(2)
CoLp, =0, FLg = 0. (30)
3)
B1 By
r [ Bo :r(Bo),r Bp o |=r(B By, (31)
Co By 0
G G

In this case, the general solution can be expressed as X = Xy + Xi€, where

Xo = CoB} + VRp,,
Xy = (C2 — VB;)Bj + Wi Rg,, (32)
V = FE' + W,Rg,

and W1, Wy are arbitrary matrices over H with appropriate dimensions.

4. Applications

As an application of Theorem 1, we can investigate the dual quaternion matrix equation (3).
Theorem 2. Suppose that A = Ag + Are € DQ™*", C = Cy + Cre = C? € DQ™*™ are given, denote
B, = RAgA‘f, Ci1 = AgAFCo(ANY AL, Cop = AL AYCo(AD)T A,

CG=C—-Cy1—Cp, M= RAOB(ZP, N = Ry,Co.

doi:10.20944/preprints202402.0316.v1
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Then the following statements are equivalent:
(1) The dual quaternion matrix equation (3) is consistent.
(2) The following equalities are satisfied:
Rp,Co =0, RuN =0, Ry,CoL ,p = 0.
0

(3) The following rank equalities hold:
r (AO Co) =r (Ao) y
(A A ) _ (A A
Ag 0 Co) " \Ag 0]’
r <Ag, 0 ) =7 (AO) +r (A()) = 2r(Ayp).

In this case, the general solution X of (3) can be expressed as X = Xo + Xj€, where

NS5 QNS S &
0= 2 s 1 = 2
and
— Al Pyt
XO—AOCO(Ao) +LAOU+VRA¢,
0

X; = A} (Ca — AgVBy — BSUA) (AD) + WiR o + LagWa,
U = M'N(AD)" + LuQi + Q2R 0,
V = ASN?(M?)" + L4, Q3 + QuRyp,

Qi(i =1,4), W;(i = 1,2) are any matrices with appropriate dimensions over H.

Proof. By using the definitions of equality of dual quaternion matrices and dual quaternion matrix
multiplication, we can conclude that the consistency of the dual quaternion matrix equation (3) is
contingent on the existence of the solutions to the system of quaternion matrix equations

AoXoA? = ¢y,
{ooo 0 (33)

ApXoA? + AgX1AY + A1 XA = C1.

In fact, if the matrix equation (3) has a ¢-Hermitian solution X = Xy + Xje, it is obvious that Xy and

X1 must be solutions to (33). Conversely, if the system (33) has solutions X and X, then the matrix
equation (3) has solution X = Xy + Xi€, where

Xo+ Xo! X+ X"

Xo=—5—X="5"

According to Theorem 1, we can present the necessary and sufficient conditions for the solvability of
(33), along with the general expression for its solutions. [

5. Numerical example

Now, we give a numerical example to illustrate the main results of this paper.

Example 1. Given the dual quaternion matrices:


https://doi.org/10.20944/preprints202402.0316.v1

Preprints.org (Wwww.preprints.org) | NOT PEER-REVIEWED | Posted: 6 February 2024 doi:10.20944/preprints202402.0316.v1

11 of 13

2i+k 0 2-3i+k i—j
A=A+ Age =
o+ e ( j 0>+< —3k i )a

T+it] —j ik j+3k
B=2B Bie =
0+ 16( 0 k+j>+< i ko )e

C=Cy+Cie

_( 2ritjadk —142i-2j—dk ) (11-5i+5 -3k —3-8i+8k |
- —14+j—k 24i 14i-5—k 2-3i—j+k |

Computing directly yields

All rank equations are satisfied and the general solution of dual quaternion matrix equation (1) can be expressed as
1 i 0 k
X=X+ Xie =
o+ Xq€ <k0>+<i0>e

In this paper, we have established the solvability conditions for the dual quaternion matrix
equation (1) by using Moore-Penrose inverses and ranks of matrices, we also have derived the
expressions of its general solution to (1) when the solvability conditions are met. As special cases, some
dual quaternion matrix equations are also discussed. Moreover, we have investigated the ¢-Hermitian
matrix over dual quaternion algebra and provided its related properties, as an application of the
aforementioned research, we consider a special case of (1) and give the ¢-Hermitian solutions to (3).
Finally, we have presented an example to illustrate the main results.

6. Conclusions
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