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Abstract: The thick functionally graded material (FGM) circular cylindrical shells with advanced
varied shear correction coefficient and third-order shear deformation theory (TSDT) under
advanced thermal vibration are studied by the method of generalized differential quadrature
(GDQ). The coefficient of displacement model of TSDT is applied to derive the equations of motion
for the thick FGM circular cylindrical shells. The stiffness in simpler forms of thick FGM circular
cylindrical shells and temperature rise in linear expression of the heat conduction equation are
used. The differential equations in dynamic equilibrium state of thick FGM circular cylindrical
shells can be obtained and rewritten into displacements and shear rotations in partial derivative
expressions under dynamic thermal loads in partial derivative expressions. Parametric effect
studies including advanced nonlinear varied shear correction coefficient, nonlinear coefficient ci
value, power law index and thermal temperature difference of external heating loads on the
displacements and stresses of thick FGM cylindrical shells under thermal dynamic vibration are
investigated.

Keywords: thick FGM; circular cylindrical shells; third-order shear deformation theory; TSDT;
advanced thermal vibration; GDQ; nonlinear coefficient

1. Introduction

Usually the shear effect on the displacements and stresses were more considered in the thick
thickness materials than in the thin one under every external loads. Some papers of functionally
graded materials (FGMs) were investigated usually including the shear effect. Abouelregal et al. [1]
in 2023 applied the Laplace transform and decoupling techniques to study the thermal vibration of
spinning FGM isotropic piezoelectric rod. The effecting numerical results for non-homogeneous
index in the displacement, temperature, electric potential and thermal stress were presented. The
thermal stress variation was found in one of the most significant results want to be considered. In
2023, Tang et al. [2] used the radial integral boundary element method (RIBEM) to study the FGM
plate under thermal shock loading. The numerical results of displacement, temperature and
thermal stress were presented in the thick FGM plate. In 2022, Chen et al. [3] used the Rayleih—Ritz
energy method with the first-order shear deformation theory (FSDT) of displacement models to
investigate the vibration of FGM stepped cylindrical shell coupled with annular plate under
thermal environment. The temperature-dependent constituent materials SUS304 and SisNs were
used to study the transient responses of displacements. In 2022, Ramteke et al. [4] presented a
nonlinear eigen- frequency responses with the higher-order shear deformation theory (HSDT) of
displacement models for porous FGM shell panel under thermal environment by using the finite
element method (FEM). In 2021, Saeedi et al. [5] applied differential quadrature (DQ) method to
study the stresses distributions of thick FGM cylindrical shell with aluminum and silicon carbide
under internal pressure and thermal loadings. In 2022, Gee and Hashemi [6] used the dynamic
finite element (DFE) method to investigate the numerical results of natural frequencies for the FGM
beams. In 2019, Khoshgoftar [7] used the virtual work principle and second-order shear
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deformation theory (SSDT) of displacement models to obtain the numerical displacement results of
axis-symmetric thick FGM shells under non-uniform pressure. In 2019, Trinh and Kim [8] presented
the nonlinear stability of moderately thick FGM sandwich shells supported by elastic foundations
under thermo-mechanical loadings by using the Bubnov—Galerkin procedure, harmonic balance
principle and FSDT of displacement models. The numerical solutions for thermal buckling load are
obtained. In 2017, Nejad et al. [9] presented a review for some models used in the solving methods,
elasticity theories and shear deformation theories used for the thick FGM cylindrical and conical
shells.

Some generalized differential quadrature (GDQ) computational results with nonlinear
displacement third-order shear deformation theory (TSDT), thermal temperature of environment
and external heating loads were presented for the thermal vibrations of FGMs. Hong [10] in 2023
studied the GDQ solutions of thick FGM plates with the effects of TSDT model but not in function
of nonlinear coefficient ¢, term of TSDT model. In 2022, Hong [11] presented the dynamic
advanced GDQ solutions of thick FGM plates under thermal vibration with the effects of TSDT and
advanced shear factor that was in function of ¢; term of TSDT model, FGM power law index and
environment temperature, but not in function of total thickness. Hong [12] in 2022 presented the
GDQ solutions of thick FGM circular cylindrical shells under thermal vibration with the effects of
TSDT and varied shear factor that was not in function of ¢, term of TSDT model. Hong [13] in 2022
studied the advanced GDQ results of thick FGM plates-cylindrical shells under thermal vibration
with the effects of TSDT and advanced shear factor that was in function of ¢; term of TSDT model,
FGM power law index and environment temperature, but not in function of total thickness of
plates-cylindrical shells. The further study now providing the GDQ vibration results of stresses and
displacements with the effects of TSDT, advanced varied shear correction coefficient, environment
temperature and power law index.

2. Formulation

Two constituent material FGM circular cylindrical shell is studied in Figure 1, in which the
parameter of h; denotes the inner layer thickness of constituent material 1, h; denotes the outer
layer thickness of constituent material 2, L denotes the axial length, and h* denotes the total
thickness. The material properties in power-law function are studied and parameter of Efg,,
denotes Young’'s modulus in standard variation form of FGMs, R,, denotes power law index, and
Vigm denotes Poisson’s ratios of FGMs that is assumed in the simple average form as follows [10],

FGM constituent material 2

\J

Figure 1. Two constituent material of thick FGM circular cylindrical shells.

h*
+_
Ergm = (B2 — E1) ()% + E; (la)
1"'_a’_r;':fn = (vl +v2)j2 (1b)
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where E; and E, are the Young’s modulus, v; and v, are the Poisson’s ratios of the constituent
material 1 and material 2, respectively in the FGMs.

The properties P; of individual constituent material of FGMs, e.g., E;, E;, v; and v, are in
functions of environment temperature T can be calculated by the following form,

P,=P,(P_,T '+ 1+ PT+PT*+PT?) (lo)
in which F,, P_;, P;, P, and P; are the temperature coefficients.

The time dependent displacement vector u of thick FGM circular cylindrical shells are studied
in the nonlinear of z*® form with nonlinear coefficient ¢; term of TSDT equations [12,14] as
follows,

u=ug+z¢—c;2%d+o) (2)

where u=[u,v,w]" , uy=[uy(x6,t)v(x80,t),wkx6:t)] , ¢=[¢.(x06,1t)ds(x61)0] ,
¢, = 4/(3h**) and @x = [dx, RAA,dz]", in which t denotes the time, u and v denote respectively the
tangential displacements in the direction of x and £ axes. uy and 1, denote respectively the
tangential displacements in the direction of x and € axes, w denotes the transverse displacement in
the direction of z axis in the middle-plane of FGM shells. ¢, and ¢; denote the shear rotations. R
denotes the radius of middle-surface in FGM shells. The superscript t is operating the transpose of
vector.

The stress vector & in the thick FGM circular cylindrical shells under external heating loads
with temperature difference AT for the K th constituent layer are studied in the following
equations [15],

6 =0Q(e—aAT) (3)
where & = [D—x! Tg:030:0gz: O—xz]tr £= [EI,EQ, Exgr Egzr E.rz]t/ a= [a:r! dg, Xyg, 0, O]t and
@.1 @2 @5 0 0
@iz @z @ 00
Q=[Qs Q% Qs 0 O
g 0 0 @44 @45

0 0 0 Qus Qs

in which o, and oy are the normal stresses, g,5,04, and og,, are the shear stresses. &£,,£4 and
£, are in-plane strains, €5, and £,, are shear strains can’t negligible for thick shells. a, and a4
are thermal expansion coefficients, @,g is the thermal shear coefficient. Q;;with subscripts i,
7=1,2,4,5 and 6 are the stiffness of FGM shells.

The advanced varied shear correction coefficientk, can be used as a coefficient in the following
stiffness @;; integral equations Ag;s, Bysjs, Dy, Esjs, Fisjs, Hgs and Apjs, By, Dpp, Epje,
F;+j+, Hpj+ with subscripts i%,j°=4,5 when &g, and £, can’t negligible in thick shells, also for

subscripts i*,j*=1,2,6 when &,,g5 and &, are applied.
h‘

[AE«?;-S, Bzaj.s', Di‘?j‘?/ Ei\ﬂ'j.ﬂ', sz?js, H??j:)=_fjt_g@??js [1,2,22,23,24,25)(12 (4a)
2
*

h

(Az'*j*r Bi-tjs, Dz-sjt, E;‘*_j‘r F;‘*_j‘r Hi-sjs) = f_z;t_gkﬁ(ji-sjs (1,2,22,23,24,25)d2 (4b)

where simple forms of Q;s and @+ are used in the following with z/R term cannot be neglected

_ _ E _ — VeomE — E = = E
(6], Qu = Qo2 = =27 Q2 = Qua = [y vy Qe = gy @5 = Qes = gz, — and
7ol 22 1_Vfa::zzl 12 21 1+f_3,f1_1’fgmg:" 44 2':1+qu::::'/ 35 66 2 1+f_3, (I+Vegm)

Q16 =026 =Qus=10.
And the advanced k, expression can be derived and expressed in the following equation by

using the total strain energy principle to apply [11],

1 FGMZSV
k,=— 4c
& h* FEMZIV ( )

in which FGMZSV = (FGMZS — ¢,FGMZSN)?* , FGMZIV = FGMZI — 2¢,FGMZIV1 + ¢,*FGMZIV?2
with parameters FGMZS, FGMZSN, FGMZI, FGMZIV1 and FGMZIV2 are in functions of E;, E,,
h* and R,. The calculated values of nonlinear advanced k, are usually functions of ¢;, R, and T.

The AT time dependent expression can be studied between the FGM shell and curing area
under external heating loads by using the following equation in linear of z,
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AT = =T, (5a)

where temperature parameter T, =T N (x,8,t), also the simple form heat conduction equation in
cylindrical axes is used in the following [10],

a2 M a%aT a AT. AAT
K( R3 393 =2 ) e (Sb)

in which K = 8¢5 /(PrgmCosn)r Krgm denotes the thermal conductlvity of FGMs, ps,,, denotes
the density of FGMs, €, denotes the specific heat of FGMs, they are all assumed in the simple
average property form of constituent material 1 and 2, e.g., prom = (p1 +p2)/2 with py,p; is
density of FGM constituent material 1 and 2, respectively.

The dynamic equations of motion in the thick FGM cylindrical shells with TSDT are given in
the following that can be derived by using the generalized Hamilton total energy principle [13],

ON,. 10N, o’u, 0’ 0® ow
oy a0 +J, =~/ 6
ox R 00 "o ' az( ) 6a)
ON, 10N, o%v, o', 0’
S =1 J —c — 7
ax R a0 "ot et o (R ae) (b)
0. 100, 0P 262P 1 0°P 62w o> *w 1 0w
T R i") e
ox R 00 ox> R oxd0 R: 00 ot o ox®>  R® 00
o> ou, 10ov ¢, 10¢
+ I 0 0 (4
allior o TR0t (x Rae)]()
oM, 1M, — &
w 1My 5 0 G ik —ct. ) @d
> TR oo LTtk mal, ax) ()
oM., 1M, 62 1 ow
4+ — = Jv, +K —) (6e
ox R 00 Q=g a U+ Koy = RGH)( )
_ N.r.r Rt Ty
where M, =M ,—cP,,;, Qz=Q, —3c;R,, subscripts (a, = x,0) ,{Ngg =fTh.[f79 ]dz,
er‘? Tz Oyg
M.rx R Oy P.rx R Ty R R T h* a
M = ?* ] ZdZ, P = Ts Ty zgdz/ & ?s 8z Zdzr QE‘ = ?s bz dzr q is
{Mjil Lh?{ﬂfxs'] {P_zz] f‘h?{ﬂxel {Rx} j‘h_{gxz} {Qx} f—h?{gxz}

N k+1 .
externa ressure load, .= zaz, (=0, 1, Z,...,0), wi enotes e consttuen
ternal p load, I, kp”‘)’d =0, 1, 2,...,6), with N* denotes th tituent
k=1

layers total number, p®! denotes the density of superscript k th constituent layer, J ;= I P Cll Iy

in which subscript i=1, 4and K, =1, —2¢,I, + CIZI ¢ - And assumed strain-displacement relations

with %= —Y , 8140 = —H and @=%=%=0 are used as follows,
0z R 0z R 0z 0z 0z
_Ou 1 ow, ou, Of og, ’w. 1 ow,,
£, =— =—+7—— +—(—)" (7
T o 2(8)6) Ox Zax CIZ(Gx 62) 2(8x) 7a)
lov 110w, 10v, _10¢, 8(;56 1 °w, 11 ow,
Ep=——+—(—— +z7——"L% —
ka0 2 %20 ~Roo Rae °F Rav TR 892) 7%
(7b)
. =0 (70
_1ou 6v 1 ow 1 6u0 09, , 0. 0w
& —N== +z —t+—
0 roo ol )(R 00 " x0T 0 97 Go T ae)]
2
+%+ ﬂ—cf %_,_law) (@)(l@) (7d
ox ox Ox R oxo6 Ox R 00O
ov 1 8w _ v 1 8w 1 ow
£y = —t— -3 - _av
« = Rae Tk TPt o) wae 7O
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— a_u + a_w _ U
0z & R
Substitute eqgs. (3) and (7) into eq. (6), the dynamic equilibrium differential equations in the
cylindrical coordinates of thick FGM circular cylindrical shells in terms of partial derivatives of

&

ow. oOw
~3¢,2°($, +—) +— (7f
X CIZ (¢x a.x) ax ( )

Ug, Vg, W, ¢, and ¢ with TSDT under partial derivatives of external loads can be written in matrix
forms as follows [13].

HM[alw 18w 1 3w 1 #w 1 a*w]t
v rar®As RrREAxPAR? REAxAR® Rt ARt
FPuy, 1 Fuy, 1 FPuy 1Pu, 3y 1 8%y, 1 Py, 18y
dx Rax208 Rzaxé‘ﬁ'z R® 36% 9x® ROx2d6 RZ0xdA° R3 963
8w 1 w1 &w 15'w:|t
2 ﬁrz zﬁ‘ Eirgr?l'? zﬁ‘g ﬁrﬁzﬂg R aal?z 2 2
FM[Mlex L Pg; 109, 09 10°% 1 B9e 1 pe,
RAxZAA RZAxAR° R® AR®  Ax® R AxZAA_RZ AxAR° R® ﬂl‘?z
1 BPuy 1 d*uy vy 18%, 1 8%, 8w 1 33 1w t
— = = +
Ax? Rﬁrﬁl‘? Rg ﬁ'l‘g}2 At gﬁ‘ﬁ.rﬁﬁz R ﬂl‘?i At Rﬁrﬁ'l‘? Rg ﬁ'l‘i‘2
BM[a‘px 1a¢x iﬂ' b B g 13 Pa iﬂ' ‘pﬂ]t_'_
rarAd R® AR  Ax? Raxas R AR%
Bug 161:0 dvy ldvg dw 1w O, 10¢, d¢g 1dgs ty

KE
[a.r RAR Ar RAA Ar RAR dr R A A naa]

FQ[ug vo w ¢y 6l=[fi f2 fz fu F5]'
where HM = [HM;;] is a 5 by 5 matrix, EM = [EM;;] is a 5 by 12 matrix, FM = [FM;;] is a 5 by 8

matrix, AM = [AM;;] is a 5 by 9 matrix, BM = [BM;;] is a 5 by 6 matrix, KE = [KE;;] is a 5 by 10
matrix, FQ = [FQ;;] is a 5 by 5 matrix, for more details of these matrices are expressed in the

EM[

AM

section Appendix A.
ON, 10N, ON, 10N,
= +— +p. [ = +— + P,
h="a *Ree TP T TRae TP
o°P, 28P6 1 0°P, oM, 1M, oP, 1aP(,
=—q+c = 24— , = =t —— —, (—= <
Sy =—aral ox> Raxae R? 692) Ji ox R 06 i ax R ae))
M M P
fs — a x0 +la 00 _Cl(anG +— aPHH) with
ox R 06 ox R 060

~ ho o o
(N oM, P) = [2. (0@, + 01y + 0162, )AT (1, 2,27 )z,

2

(Naa ’Mee’ }_)99) = _E, (§12ax + szaa + staxe)AT(L 2,2°)dz,

2

~ L _ _
(ng,nga Pxe) = J._i* (Qléax + Q26a9 + Qeﬁaxg )AT (1, z, Z3)dZ ,
2
in which p, and p, are external in-plane distributed forces in x and # direction respectively.
By using the GDQ numerical method to solve the equation (8) for the thick FGM circular
cylindrical shells under time sinusoidal vibrations of displacement, shear rotations and thermal
temperature difference of external heating loads only, i.e., p; = p, = g = 0 are studied as follows,

uy(x,0,t) =u,(x,0)sin(w,,t) (9a)
vy (x,0,t) =v,(x,0)sin(w,,t) (9b)
w(x,0,t) =w(x,0)sin(@,,t) (9c)
¢.(x,0.1)=¢.(x.0)sin(w,, 1) (9d)
9y (x,0,1) = §,(x,0)sin(®,,1) (9e)
AT = hi Tysin (mx/L)sin (m8/R)sin (yt) (9f)
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where w,,, denotes the natural frequency with subscripts m, n denote the mode shape numbers of
FGMs, ¥ denotes the applied heat flux frequency, T; denotes the temperature amplitude.

For more detail procedures used in GDQ numerical method can be referred [10], the GDQ
dynamic discrete equations could be obtained and expressed into the matrix equation as follows for
a interior grid point at subscripts (i, j) in the computation,

[A]W*] = [B] (10)
in which [4] denotes the coefficient matrix with dimension of N** by N** (N** = 5(N — 2)(M — 2))

contains (AEJ s Bzﬁjs, szijs, EE-GJ:, Fi«i;s, H«?s and AESJt, BEsJ:, Dz‘;‘/ EEsJ:, F:*J*/ -:-:) and

weighting parameters (A[(;"), B} () ., ) for the superscript m th-order derivative of the functions, e.g.,

uy(x,0), vy(x,0), w(x,0), 6,(x,0), 9,(x,0), N.., Noo, Ngg, Prr, Prg, Pog, My, Mog

and ."Lgf!gg with respect to the x and 6 directions.
(W] = [Uz2. Upzo-s Uppg—r-» Un—12. Unc3e =, Uncam -1
Voz Yoz Ve Wo1 Wi Wweim-v
WaooWaa, s Wo g Wy a0 Wy 30 Wiy_ 1
PurygrPuya ™ Pugpy 1 Pay 1Py 127 Py gy v/
Po22 Pora Pozag_r oy 10 Poy1z ™ Poy_1agi]’
is a N*th-order unknown column vector, in which non-dimensional parameters U = u;/L,
=1y/R and W =w/h" are  used for column  vector [w-] and
[B] [Fy---F,Fy - Fy,Fy - F3,Fy - Fy ,F5 - F5]" isa N"”th—order row external loads vector, in which

1) 1) 57 .
Flz(z !1‘4::! N.r.r += Zm 13( N )Sll’l(}’t),

jm

1) 57 1) .
(E AE! .r9 +- Zm 1BJ(m NE‘E'HH)Sln(jft)

2 1 1 2 .
_Cl( Z AEII .r.r +LRZ A;:II m=1B l::ml .rS‘ - Hzz:m 13;(:1:'!)99 )Sln[}"t)/

( E!rl‘qfllM.rx +2 Zm 1BJ(]’]';JIM )Sll’l(}'t) +6
! 1) 1)
( ZI lA( Px.r +- E B_Jl:m sz'i m) Sln(}(t)
( T 1‘4(1' x& +- Em 1Bfrln Me?e”,z)sm(}’t) +6
1) 1)
(L LAY P, +7 Em 1B Pe,, )Sln(}’t)
Thus the unknown column vector [W”] can be solved and obtained by computer programs.
Also the inter-laminar stress & in the k th constituent layer could be obtained.

3. Some numerical results

The x; and #; coordinates for grid N and M in the computation of thick FGM circular
cylindrical shells are applied as follows to obtain the thermal vibration GDQ results of advanced k,
with shells constituent layers in (0° /0°) under four sides simply supported boundary condition.

x, = 05[1 —cos (=)L, i=1,2,...N, (11a)
6, = 05[1—cos (2= 7)IR, j=1,2,...,M (11b)

The calculated values of frequency y of applied heat flux for the thermal loads can be obtained
in the heat conduction equation and referred to [12] for more details. Also the calculated values of
vibration frequencyw,,,under free vibration (f; = f; = --- = f; = 0) can be obtained in the simply
homogeneous equation and referred to [17] for more details.

The FGM constituent material 1 is SUS304 and constituent material 2 is SisN4 that are applied
for the GDQ numerical computations including the effect of advanced varied k,. The dynamic
convergence study of center displacement w(L/2, 2m/2)(mm) in thick FGM circular cylindrical
shells is obtained firstly. Secondly, the amplitude of w(L/2, 2m/2) for the thick FGM circular
cylindrical shells is calculated. Also the normal stress ¢, (GPa) and shear stress o,5(GPa) are

computed. Finally, the transient responses of w(L/2, 2m/2) are presented for the thick FGM circular
cylindrical shells in the following paragraphs.
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3.1. Advanced dynamic convergence study

The advanced dynamic convergence study of w(L/2,2m/2) in the thermal vibration of
nonlinear TSDT of ¢;= 0.925925/mm? and linear of ¢;= 0/mm? for thick FGMs L/h*= 10 with y =
0.2618004/s and L/h*= 5 with y= 0.2618019/s, respectively at = 6s, L/R =1, h*= 1.2mm, h; = h,=
0.6mm, T= 100K, T;= 100K are presented in Table 1. The convergence values of w(L/2, 21/2) are
calculated with the advanced nonlinear k, and wq; for three values of R,. In the nonlinear L/h*
= 5 case of ¢;= 0.925925/mm2 (a) for value of R,= 0.5, k,= -0.539419 and w;;= 0.001731/s are
obtained. (b) for value of R,=1, k,=-0.922719 and w,,=0.001733/s are obtained. (c) for value of R,=
2, k,=9.852628 and w,;= 0.001735/s are obtained. In the linear L/h* =5 case of ¢;= 0/mm2 (a) for
value of R,= 0.5, k,= 1.136032 and w;;= 0.002972/s are obtained. (b) for value of R,= 1, k,=
1.273499 and ;4= 0.003009/s are obtained. (c) for value of R,=2, k,=1.317037 and ;= 0.002994/s
are obtained. The error accuracy is 4.4e-06 for the nonlinear amplitude w(L/2, 2m/2) of R,=0.5 and
L/h*= 10. The grid points with N x M= 13x13 are in the very good convergence result for
displacement and stress in the advanced thermal vibration of thick FGMs with advanced nonlinear

k

e

Table 1. Advanced convergence of FGM cylindrical shells with nonlinear varied k o

GDQ

cy(I/mm?)  L/R* _method w(L/2,2m/2)(mm) at 1= 6s
1

N x M R,=0.5 R,=1 R,=2

0.925925 10 7x7 1.128855 1.110114 0.460406
9%x9 1.130210 1.129728 0.460169

11 x11 1.130201 1.129750 0.460173

13 x 13 1.130206 1.129744 0.460175

5 7x7 0.085678 0.085501 0.097189

9%x9 0.085690 0.085513 0.097174

11 x 11 0.085691 0.085513 0.097172

13 x 13 0.085690 0.085513 0.097164

0 10 7x7 20.11788 19.25051 19.22559
9%x9 3.074959 3.096322 3.096179

11x 11 3.043667 3.072545 3.036793

13x 13 3.076776 3.077761 3.082854

5 7x7 0.309435 0.309401 0312130

9x9 0.209839 0.289099 0.290058

11x 11 0.294196 0.288990 0.289848

13 x 13 0.294207 0.289000 0.289840

3.2. Advanced time responses

The time responses of advanced w(L/2, 2m/2) are obtained with the advanced nonlinear k,,
values. The ¥ values are decreasing from y=15.707960/s at t =0.1s to ¥=0.523601/s at t =3.0s applied
for L/h*=5, and from y=15.707963/s at t =0.1s to ¥=0.523599/s at t =3.0s applied for L/h"*=10. The
response of w(L/2, 2m/2) values versus time t(s) are shown in Figure 2 for nonlinear TSDT case
with values ¢y= 0.925925/mm?, k. = -3.535402 and for linear case with values ¢;= 0/mm? k, =
1.200860 in thick FGMs L/h*=5 and 10, respectively, R, = 1, T=600K, T_'l=1OOK for t =0.1s-3.0s. The
maximum value of w(L/2, 2m/2) is 19.201795mm occurs at t = 0.1s for thick L/h*=5 with ¢;=0/mm?
and ¥ =15.707964/s. The maximum value of w(L/2, 2m/2) is 224.052338mm at ¢ = 0.1s for L/h*=10,
c;= 0/mm? and y = 15.707963/s. The w(L/2,2m/2) values have the oscillating and decreasing
tendencies in the case c;=0.925925/mm?, amplitudes are decreasing with time in the case ¢;= 0/mm?
except at t= 2.6s for L/h*= 5. The w(L/2, 2m/2) values have the converging and decreasing
tendencies in the ¢= 0.925925/mm? and c;= 0/mm? for L/h*= 10. The w(L/2, 2m/2) values in ¢=
0/mm? are overestimated and greater than that in c;= 0.925925/mm? at the corresponding time for
the L/h*=10.
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Figure 2. Advanced w(L/2, 2m/2)(mm) versus s): (a) L/h"=5, (b) L/h"=10.

Figure 3 show the time responses of the dominated stress &,. at center position of inner surface
z=-05h" for R,=1, L/h*=5and 10, ¢4=0.925925/mm?2. The @, maximum value is 1.8199E-03GPa
occurs at t = 0.1s in the periods t =0.1s-3s for L/h"= 5. The o, values have the oscillating and
decreasing tendencies in ¢;= 0.925925/mm? for L/h"= 5. The o, values have the decreasing
tendency in ¢;=0.925925/mm? for L/h"=10.


https://doi.org/10.20944/preprints202402.0142.v1

Preprints.org (Wwww.preprints.org) | NOT PEER-REVIEWED | Posted: 2 February 2024 doi:10.20944/preprints202402.0142.v1

1.85E-03

1.80E-03

1.75E-03

1.70E-03

1.65E-03

1.60E-03

1.55E-03 ' ' : ' ' K -

1.7005E-03
1.7000E-03 |
1.6995E-03 |
1.6990E-03 |
1.6985E-03 |
1.6980E-03 |
1.6975E-03 |
1.6970E-03 |
1.6965E-03 |
1.6960E-03 |
1.6955E-03 ' ' ' ' ' I ¢

(b)
Figure 3. Advanced 0,.(GP) versus t(s) (@) L/h*=5, (b) L/h™ = 10.

3.3. Effects of T andR,, on the advanced responses

Figure 4 shows the advanced response of w(L/2, 2rm/2) vs. T (100K, 600K and 1000K) and R,
at t = 0.1s in FGMs under T;=100K, ¢,;= 0.925925/mm? for L/h*=5 and 10. Figure 4a shows the
values of w(L/2,2m/2) vs. T and R,, for the L/h"= 5 case, the w(L/2, 2n/2) maximum value is
9.064334mm in T=1000K for R,= 0.1. The w(L/2, 2m/2) value have the increasing tendency vs. T,
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the w(lL/2, 2m/2) of the L/h*=5 cannot withstand for higher T=1000K. Figure 4b shows the values
of w(L/2,2m/2) vs. T and R, for the L/h"= 10 case, they are almost located in the same curves
except for R,=2. The w(L/2, 2m/2) maximum value is 120.82637mm in T=1000K. The w(L/2, 2r/2)
value have the increasing tendency vs. T, the w(L/2, 2m/2) of the L/h"= 10 also cannot withstand
for higher T=1000K at ¢ = 0.1s.

w(L/22x/2) —e—Rn=10
100 o -
9.0 +
80 *F ——Rn=1
70 r ——Rn=0.5
6.0
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(b)

Figure 4. Advanced w(L/2, 2m/2)(mm) versus T(K) with R, from 0.1 to 10: (@) L/h*=5, (b) L/h"=
10.

Figure 5 shows the advanced normal stress o, at z=-0.5h" vs. Tand R,, at t =0.1s in FGMs
under T;=100K, ¢;= 0.925925/mm? for thick L/h*=5 and 10. Figure 5a shows the g, values vs. T
and R, forthe L/h"=5 case, the g, value have the increasing tendency from T=100K to T=600K and
then decreasing tendency from T=600K to T=1000K. The g, maximum value is 0.001819GPa in
T=600K for R,= 1. The o, of the L/h*=5 can withstand for higher T=1000K. Figure 5b shows the
values of g, vs. T and R,, for the L/h*=10 case, they are almost located in the same curves for all
value of R,, the o, value vs. T have the increasing tendency from T=100K to T=600K and then all
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decreasing tendency from T=600K to T=1000K. The ¢, maximum value is 0.001761GPa in T=600K.
The dominated stress g, of the L/h™=10 also can withstand for higher T=1000K.

o ——Rn=10
ot | m—
G001 | A R
. B 5
00012 | o g
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(b)
Figure 5. Advanced o, (GPa) versus T (K): (a) L/h*=5, (b) L/h"=10.

3.4. Advanced transient responses

The advanced transient responses of w(L/2, 2m/2) are presented with ¢;= 0.925925/mm? for
L/h’=10 and fixed w,4=0.000592/s as shown in Figure 6. Also used the fixed values of applied heat
fluxy, L/R =1, h*= 1.2mm, h; = h,= 0.bmm, R, = 1, advanced varied values of k.= -3.535402,
T=600K, T;=100K for period t = 0.002s-0.025s and time step 0.001s is used. Figure 6a shows the
compared transient response of w(L/2, 2r/2) for L/h"=10 with super value y=284314.1/s and high
value y= 785.3982/s. The transient values of w(L/2, 2m/2) vs. higher ¥ are all oscillating and
decreasing for L/h*= 10. Figure 6b shows the compared transient response of w(L/2, 2m/2) for
L/h*=10 with lower values y= 15.707963/s and y= 0.523599/s. The transient values of w(L/2, 2m/2)
vs. lower ¥ are all rapid converging for L/h*=10.
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Figure 6. Advanced transient w(L/2, 2m/2)(mm) vs. (s) for L/h*= 10: (a) y¥= 284314.1/s and
785.3982/s, (b) ¥=15.707963/s and 0.523599/s.
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4. Conclusions

The advanced displacements and stresses of numerical GDQ results are presented for the thick
FGM circular cylindrical shells. The most important parameter effects of nonlinear shear coefficient
is considered. The second important parameter effects of ¢, coefficient in TSDT is also considered.
The advanced w(L/2,2m/2) values in c;= 0/mm? are overestimated and greater than that in c¢;=
0.925925/mm? at the corresponding time for the L/h*=10. The advanced w(L/2, 2m/2) values of the
L/Rh*=5 and 10 can’t withstand in higher T=1000K. The advanced g, values of the L/h*=5 and 10
can withstand in higher T=1000K of environment for thick FGMs at ¢ = 0.1s. The advanced transient
values of w(L/2, 2m/2) vs. lower frequency of applied heat flux are all rapid converging.
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Appendix A

The elements of HM, EM, FM, AM, BM, KE and F(Q are expressed as follows,

HM=[HM;] is a 5 by 5 omatrix, in which elements of HMy
=HM,,=...= HM;s =HM,, = HM,,=...= HM,s = HM,, =HM,, =...= HM,s = HM;, = HM;,=...=HM:s = 0,
HM,, = —¢;*H;, , HMjy, = —4c,®H,, , HMg; = —2c¢,°H,, —4c,*H, , HMy, = —4c,*H,; and
HM;: = —¢,2H,;. (A1)

EM = [EM;;] s a 5 by 12 matrix in which elements of
EM,,=EM,,=...=EM, g=EM,,=EM,,=...=EM,g=EM,4=EMg,,=...=EM4,,=EM,,=EM,,=...=EM,;=EM, =
EMg; =..= EMg=0 , EMyg=-c1F; , EMy=-3cE , EMyy=—c1E;——20Eg ,
EM;; = —c1Epg, EMpg=—cyEy5, EMyyg=—c1Ej5—2c1Egq, EMyyy = —3¢1Eyg, EMyyp = — 1By,
EMz; =c1Ey , EMy; =3c1E)g , EMzgz=ciEp+201Eg , EMay=c1Ez , EMgs=c1Ey
EMgg = E;p+2¢1Ees ,  EMg;=3c;Ezs ,  EMgg=c1Ep; ,  EMyg=—F+o’Hy
EMyyo = —3¢;Fig + 3¢, Hyg, EMyyy = —C1Fip + €2 Hyp — 261 Fge + 2¢,*Hge, EMyyp = —€1Fpg+ €17 Hpg,
EMso = —c; Fi6 + €1 %Hyg , EMg;o = —2¢; Fyg + 26, Heg — 20, Fi + 2¢,°Hy /
EM.,, = =3¢, Fse + 3¢, °Hye and EMc,, = —c; Fys + ¢,%H,o. (A2)

FM = [FM;;] is a 5 by 8 matrix, in which elements of
FM,, = FM,, =..= FM,s = FM,, = FM,, =.= FM,, = FM,, = FM,, =.= FM, =
FMs, = FMs, =..= FMsy =0, FMy =c,Fy—c,®Hy, , FMs, =3¢ Fs—3c,°Hy,
FMg;3 = 2¢,Fgg — 2¢,*Hes + €1 F1o— ¢ °Hyy ,  FMaa=c1F—c°Hyg ,  FMas=c Fig—c°Hyg
FMgg = €, Fj5 — ¢y Hyp + 2¢1Fgg — 2¢,°Hgg, FMy; = 3¢ Fpg — 3¢;,°Hag, FMyg = €1 Fpp — €12Hy;. (A3)

AM=[AM,;] is a 5 by 9 matrix, in which elements of AM;;=A;;, AM;;=24,,, AM3=Ag,
AMyy=As, AMys=A;; +Age, AMjg=Azs, AM;=AMjg = AM;g =0, AMp =434, AMp=A;; + Age,
AMoo=A.,, AM,,=A.,, AM,=24,,, AM25=A222, AM,,=AM,g =AM, =0, AM;=AMg,=...=AM,.=0,
AMz; = —3¢1(2D55—3c;Fs5) + Ass + 5'12!5:? , AMzg = —6c1(2D5—3c,Fys) +2 Ay

2
AMgg = —3¢;(2Dyy—3c Fyy) + Ay + Clzfﬁ% , AMy =By —cEy ,  AMy; =2B1,-20,E¢
AMyg = Bgg—C1Egs , AMyy = Big—C1E1q, AMys =By +Beg—C1E1;  —C1Ege, AMyg= Byg—C1Epq,
AMy7=AMyg = AMyg =0, AMg; = Byg—C1E15, AMsy = By + Bgg—C1E1p —C1Egg, AMsy = Byg—Cy By,
AMcy = Bgg—1Ege, AMss = 2By —2¢yE5, AMep = Byy—CyE3; and AMc=AM:g = AMg, = 0. (A4)

BM = [BM;;] is a 5 by 6 matrix, in which elements of BM,,=B;;—¢,Ey;, BM;; = 2B,,—2c, Ey,
BM;3 = Bgg—C1Egs , BMyy=Bjg—C1E1g , BMys=Bi; + Beg—C1Ep—C1Egs , BMyg = Byg—c1Ey¢
BM;; = B1g—C1E1g , BMgy =By + Bgg—C1E1p—C1Esg , BMyz = Byg—C1Ezg , BMyy = Bgg—1 Egg
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BM,; = 2B, —2¢,E;s, BMyg = Byy—C,Eyy, BMg;=BMg,=...=BM=0, BM,, = D, — 2¢,Fy; + ¢,2Hyy,
BM,p = 2Dy — 401 Fig +2¢,°Hyg , BMyg = Dgg — 2¢1 Fog + €1 °Heg ,  BMyy = Dyg—2¢1Fyg+ ¢y *Hyg
BMys = Dyp + Dgg — 2¢1Fi3 + ¢°Hyp — 201 Fgg + €1 Heg / BMyg = Dag — 21 Fpg + €1 Hyg /
BMs,; = Dyg— 2¢1Fy6+ ¢1*Hyg , BMs; = D15+ Dgg — 2¢1Fy5 + €12 Hyp — 2¢1Fgg + €17 Hes ,
BM.y = Doy — 2¢, Fog + ¢4 2Hyg, BMoy = Dgg — 2¢y Fge + €1 2Hgs, BMgs = 2D, — 4¢,Fy + 2¢,°H, and
BMg, = Dsy — 2¢,Fy5 + ¢4 2H,,. (AD)

KE = [KE;;] is a 5 by 10 matrix, in which elements of KE;;= KE;;=...=KE,=0, KE15=51!33—;,

33
KE;q= KEy;=...=KEy;0=0, KE;;= KEj,=...=KE;5=0, KEss=c;l3—, KE;,= KEzg=...=KEy;0=0, KE;;=

° u u v

—Clyos— ?U(ASS —3c;Ds5) , KEgp = _?U (Ays—3ciDys) , KEgz = _;U (Ags—3c1Dys) , KEgy =
a P

—Cilzoz — f(“lm —3cDy), KEzs= KEg6=0, KEg;= Ags— 6¢;D55+9¢; Fys — €Jazz, KEag=

a2 8°

KEQ& = _A45 + 6C1D45_9C12F45 ’ KEQ? = KE49 == KEQIU =0, KESI = KE52 == KE54 =0, KESS =
33

FQ = [FQ,;] is a 5 by 5 matrix, in which elements of FQ,;= —J’U%, FQ.,: =FQy3=0, FQ.;~
—N1 %, FQi5=0, FQp; =0, FQp,= —h;%, FQz3 =FQz4 =10, FQz5= —4 %z FQz; =FQ3; =0,
FQg;= _Iuj_;r FQa, =FQ35 =0, FQq= _flj_; _% (—Ass +3¢1Ds5), FQqy= _% (—Ays+3c,Dy5),
FQu3=0, FQuq = _A55+'551955_9512F55+K2:—; , FQus = —Ags+6c,D5-9¢°Fs, FQsy =
_% (—Ays +3c1Dys), FQsp= —Jy % - % (—As +3¢;Dy), FQs3 =0, FQsy= —Ays+6¢;Dy5—9¢, Fig
and FQss=—Ay + 66, Dy4—9¢,2Fyy + Ky 2. A(7)
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