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Abstract: Nanoindentation load-depth (P-h) plots is the basis for determination of mechanical 

properties of the samples and is especially vital for thin coatings deposited on substrates of various 

mechanical makeup from amorphous-brittle (borosilicate glass) to Silicon (having different 

crystallographic texture) to ductile substrates like stainless steel as well other aspects like indenter 

tip shape. The elastic-plastic response by simulated P-h plots as per modified empirical relations 

have been presented. The outcomes of this computational studies enlighten the database on the P-

h plots for various coating/substrate systems and shall aid in the analysis of experimental P-h plots 

obtained, 
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1. INTRODUCTION 

Nanoindention is especially used for the determination of mechanical properties on a very small 

scale applicable to thin films and nanostructures and has been used by us over the last few years [1–
11].. It is based upon load-depth (P-h) plots, which many researchers tried to generalize. Among them 

P=αhm is the most popular equation and it is given by Oliver and Pharr. Based on which many other 

unloading curves are proposed. We are however considering the loading and unloading curves 

previously proposed [12] as per the elastic-plastic nature of the sample, which are given by eq 1 (a, 

b-d) for loading (same for all the cases) and unloading (differing as per the sample nature) portions. 

 

         For loading:    P=n.*(h.^m)                                      

(1a) 

 

The method of substituting the original value is not novel. By setting all of the variables to unity, 

we can typically utilize this strategy to find a constant in an equation. The idea is the same, but we 

will consider a starting collection of values, say from 0 (zero) to N (in this case, N=10), rather than 

taking a single value of unity. Moreover, we attempt to infer the fundamental value (in this example, 

For unloading: P1=[ n.*(h.^m)]-[n.*(max(h)-h).^(1/2)]                    (1b) 

 P2=[ n.*(h.^m)]-[(n.^2).*(max(h)-h).^(1/2)]            (1c) 

 P3=[ n.*(h.^m)]-[n.*(max(h)-h).^(5/2)]                    (1d) 

 P4=[ n.*(h.^m)]-[(n.^2).*(max(h)-h).^(3/2)]            (1e) 
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"h") from that equation rather of looking for a constant. We could view it as a novel algorithmic 

technique.. The flow chart diagram for algorithm as shown below (Figure 1).  

 

Figure 1. The flow chart for the algorithm:. 

2. Obtaining loading and unloading curve equations: 

The following calculations were made to estimate all possible loading and unloading curves 

substituting initial values (or general values) in the existing curves. By substituting process possibly, 

we would get the fallowing equations: 

 

For loading:     (i) h.^3 and (ii)  (h+1).^3 and 

For unloading: (i)2.*h  (ii)h+2  (iii)(2.*h)-1  

{these were to be included to get the unloading curve} 
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2.1. Calculating Loading curves: 

Let us assume m=2 and n and h values starts from 1 to n but for the instant n=1 to 0;and h=1 

to 10; 

Then we will get P values as sown below: 

 

1 8 27 64 125 216 343 512 729 1000 

 

From above data, we can rewrite tabular content as 

(1.^3),(2^3),(3^3),(4^3),(5^3),(6^3),(7^3),(8^3),(9^3),(10^3)……….. 
 

(or) 

 

((1+0).^3),((1+1)^3),((2+1)^3),((3+1)^3),((4+1)^3),((5+1)^3),((6+1)^3),((7+1)^3),

((8+1)^3)((9+1)^3)………… 
 

By generalizing the above sequences we can write (h.^3) and ((h+1).^3). Hence, the possible 

loading curve equations can be represented as eq 2 a, b. The graphical representation is as given 

below, the structure of all curves seems to be similar and red curve indicates ((h+1).^3) and other two 

curves were merged (i.e., n.*(h.^3) and h.^3) (Figure 2). 

 

P = h.^3   (2a) 

P = (h+1).^3  (2b) 

 

 

Figure 2. The P-h (loading)plots as per eq 2 a, b. 

2.2. Calculating Unloading curves: 

The same considerations were also made like loading curve calculations. Let us assume m=2 and 

n and h values starts from 1 to n but for the instant n=1 to 10 and h=1 to 10;. As there are four types 

of unloading curves (eq 1) by substituting the initial values in the respective variables, we would get 

the output values as follows: constant m=2 
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a) P1=[ n.*(h.^2)]-[n.*(max(h)-h).^(1/2)] 

{(0) (2.0840) (4.0890) (5.9278) (7.7212) (9.4963) (11.2639) 

(13.0311) (14.8092)} 

 

b) P2=[ n.*(h.^2)]-[(n.^2).*(max(h)-h).^(1/2)] 

{(0.0000 + 0.0000i) (0.0000 + 1.1462i) (2.5499 + 0.0000i) (4.6497 + 

0.0000i) (6.6551 + 0.0000i)   (8.6546 + 0.0000i) (10.6831 + 

0.0000i) (12.7813 + 0.0000i) (15.0502 + 0.0000i)} 

  

        c) P3=[ n.*(h.^2)]-[n.*(max(h)-h).^(5/2)] 

{(0.0000 + 0.0000i) (0.0000 +10.5848i) (0.0000 + 2.8083i) (8.5556 + 

0.0000i) (11.5853 + 0.0000i) (13.3607 + 0.0000i) (14.4873 + 0.0000i) 

(15.2599 + 0.0000i) (15.9140 + 0.0000i)} 

 

d) P4=[ n.*(h.^2)]-[(n.^2).*(max(h)-h).^(3/2)] 

{(0.0000 + 0.0000i) (0.0000 + 7.5173i) (0.0000 + 7.5613i) (0.0000 + 

5.6097i) (4.0795 + 0.0000i) (9.0834 + 0.0000i) (12.6645 + 0.0000i) 

(15.5754 + 0.0000i) (17.8050 + 0.0000i)} 

 

It is very difficult to deal with imaginary part calculation, so for the purpose of easy calculation’s 
we are eliminating imaginary part and on approximating the values we would obtain the values as 

follows: 

a) P1=[ n.*(h.^2)]-[n.*(max(h)-h).^(1/2)] 

0    2    4    6   8 …. (for series considerations) 
  

b) P2=[ n.*(h.^m)]-[(n.^2).*(max(h)-h).^(1/2)] 

    3  5  7  9  11 13  15……(prime number series) 
c) P3=[ n.*(h.^m)]-[n.*(max(h)-h).^(5/2)] 

9 12  13 14 15 16…… 
d) P4=[ n.*(h.^m)]-[(n.^2).*(max(h)-h).^(3/2)] 

    4  9  13 16 19…… 
From the above results, we have two seriated equations and other two are not following any 

series. It is easy to deal with seriated data then no seriated data. So let us consider only two seriated 

data i.e., 

a) P1=[ n.*(h.^2)]-[n.*(max(h)-h).^(1/2)] 

0    2    4    6   8 …. (2*N tabular series) 
  

b) P2=[ n.*(h.^2)]-[(n.^2).*(max(h)-h).^(1/2)] 

    3  5  7  9  11 13  15……(prime number series) 
 

From the above data, the data can be written in the form of series as n*2 and h+2 (or) (2.*h)-1. So 

our possible equations are as follows: 

i) 2.*h  (3a) 
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ii) h+2  (3b) 

iii) (2.*h)-1 (3c) 

On considering all (loading and unloading) our possible equations we can have possible loading 

and unloading curve combinations would be six (2(loading)*3(unloading)). So the resultant equations 

are:  (the bellow equations are loading and followed by its respective unloading equation).eq 4(a-f). 

 

 

 

 

 

 

  

 

     

   

 

     

   

 

These are the possible equations which we obtained and their respective graphical 

representation is as shown below. The graphical representation of the equations is given by Figure 

3(a-f). 

 

P = h.^3  (12a) 

P=( h.^3)-[(max(h)-h).(2.*h)] 

P = (h+1).^3  (12e) 

P=( h.^3)-[(max(h)-h).(2.*h)] 

P = h.^3   (12b) 

P=( h.^3)-[(max(h)-h).( h+2)] 

P = (h+1).^3  (12d) 

P=( h.^3)-[(max(h)-h).( h+2)] 

P = h.^3   (12c) 

P=( h.^3)-[(max(h)-h).( (2.*h)-

P = (h+1).^3  (12f) 

P=( h.^3)-[(max(h)-h).( (2.*h)-

1)] 
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Figure 3. (a-f) P-h plots corresponding to eq 4(a-f). 

By observing above graphs, all unloading curves are not reaching the initial point (zero) except 

the last curve that is given by  

P = (h+1).^3 

P=[(h+1).^3]-[(max(h)-h).( (2.*h)-1)] 

So, on compression among all curves the above combination seems to be preferable. So, we will 

conclude it as result of our estimation and assumption. We can use these equations getting loading 

and unloading curves.   So on conclusion we obtained loading and unloading curves as given below 

(eq 5a, b) where “h” is replaced with “H”) 
For loading:   P=(H+1).^3                                                     (5a) 

For unloading:  P=[(H+1).^3]-[(max(H)-H).*((2.*H)-1)]                      (5b) 

2.3. Description of curves: 

In the curve, H denotes the depth values and P indicates the experienced load values with 

respective of depth. We were familiar with loading curve but we find difficulty in describing 

unloading curve. Here we try to describe the unloading curve. It includes three parts as the first part, 

to get the structure of downloading curve, second part to get the values for downloading curve and 

the last part is to maintain the gap between the loading and unloading curve, which we are going to 

discuss in the proceeding discussions (Figure 4). 
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Figure 4. P-h plot corresponding to eq 5 a, b. 

2.4. Advantage of proposed equations over existing equations: 

[A]. The first target of making this communication is to eliminate the constant(s) values from the 

existing curve such as “n”, as we need these n values too, to get the plot in case of existing equation. 

Whereas in case of proposed equations, we need only loading (or) unloading data to establish the 

relation between them. 

[B]. the curve proposed fits well with the Fibonacci series where the exiting curve fails, if the 

data fits with Fibonacci series. The Fibonacci series, generally given by 

Fn=(fn-2) +( fn-1) and the series is 

Fn=1,2,3,5,8,13,21,34,55,89……… 

2.5. Graphical representation for Fibonacci series with curves: 

The graphical analysis is discussed below through curve fitting with Fibonacci seriated data for 

existing and proposed eq (6a-e) and analyzed at end of all the graphical curve fitting. (Figure 5) 

Existing curves: 

P=n.*(h.^2);                                     (6a) 

P1=[ n.*(h.^2)]-[n.*(max(h)-h).^(1/2)];          (6b) 

P2=[ n.*(h.^2)]-[(n.^2).*(max(h)-h).^(1/2)];     (6c) 

P3=[ n.*(h.^2)]-[n.*(max(h)-h).^(5/2)];          (6d) 

P4=[ n.*(h.^2)]-[(n.^2).*(max(h)-h).^(3/2)];     (6e) 
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Figure 5. P-h plot corresponding to eq 6. 

By observing above curves, the third curve (i.e., P3) fails to have unloading curve structure. But 

according to Fibonacci series we can predict H value and its value will be 0.5 (i.e., H=0.5) and if this 

is the case, as H has single value then we should get a straight line if we try to fit curves but we were 

unable to get the expected curve with the existing equations but, with the proposed equation we 

obtain the curve how we expected. Let us analyze the situation graphically. 

According to above considerations the existing equations can be written as follows by 

substituting H values into the equation. Here, in order to have a unloading curve structure we 

exclude max(h) as it is, instead of substituting h=0.5 as there will not be any maximum or minimum 

value for a single value. And it is as a support for our unloading curve description, as we mentioned 

that the second part (i.e., max(h)-h) (it is common term and important for any unloading curve) will 

serve as generating unloading data points for an unloading curve.    

 

For loading: P=n.*((0.5).^2);                                    (7a) 

For unloading: P1=[ n.*((0.5).^2)]-[n.*(max(h)-(0.5)).^(1/2)];     (7b) 

P2=[ n.*((0.5).^2)]-[(n.^2).*(max(h)-0.5).^(1/2)]; (7c) 

P3=[ n.*((0.5).^2)]-[n.*(max(h)-0.5).^(5/2)];      (7d) 

P4=[ n.*((0.5).^2)]-[(n.^2).*(max(h)-0.5).^(3/2)]; (7e) 

 

The loading part is common for all unloading equations so we eliminated mentioning each time 

for each curve; we mentioned only unloading curve equation for better understanding. The relevant 

curves are as follows (Figure 6). 
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Figure 6. P-h plot corresponding to eq 7. 

By observing all the graphically represented curves above, the curve fitting of loading and 

unloading is not up to the mark. The same considerations are made for the proposed equations and 

can be written as 

For loading:  P=(0.5+1).^3                                     (8a) 

For unloading:  P=[(0.5+1).^3]-[(max(h)-0.5).*((2.*0.5)-1)]     (8b) 

According to our assumption, we should get a straight line for loading and unloading curve 

equations for which the existing curve failed. The graphical representation of the curves as shown below. 

(Figure 7) 
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Figure 7. P-h plot corresponding to eq 8. 

From the above graphical representation, the proposed equation satisfies the Fibonacci seriated 

data point too, and general curve fitting also done and represented below. The general equations are    

For loading:  P=(H+1).^3                              (9a) 

For unloading:  P=[(H+1).^3]-[(max(H)-H).*((E.*H)-1)]   (9b) 

 

Figure 8. P-h plot corresponding to eq 9. 
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By observing the above curve, we can assume that the curve indicates perfectly elastic body as 

it retrieved its original shape, as it reached its origin (Figure 8). From above observations the 

proposed curves much perfect than the curves of existing. Therefor the proposed loading and 

unloading curve equations can be used for any type of data to fit. 

[C]. here, the area under the curve indicative of elasticity of a body, such a case the equations 

can be rewritten as 

For loading:   P=(H+1).^3                                 (10a) 

And for unloading:  P=[(H+1).^3]-[(max(H)-H).*((E.*H)-1)]      (10b) 

 

Here E indicates elasticity of the body, with the varying its values we obtain deferent are 

between the curves, and is such a case in the above equations and it is represented below graphically. 

For the instance E=[2 5 10 25 50] (Figure 9) [13] 

 

Figure 9. P-h plot corresponding to eq 10 [13]. 

3. Conclusion: 

More generalized and easy equation for establishing relationship between loading and 

unloading curve was obtained, and elimination of unnecessary constants in the equation was 

achieved. The proposed equation fits with any type of data either seriated or no seriated data sets. 

New introduction of variable E was inserted, which specifies the area under the curve.   
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Supplementary 
clc 

clear all 

h=1:10; %h=[1 2 3 5 8 13 21 34 55 89] (for Fibonacci series) 

P=(h+1).^3; 

P1=[(h+1).^3]-[(max(h)-h).*(2.*h)-1)]; 

plot(h,P,'ro-');  %loading curve 

hold on 

plot(h,P1,'bs-');  %unloading curve 

hold off 

legend('loading','unloading'); 

xlabel('depth (h)'); 

ylabel('load (P)'); 

title('loading and unloading curves'); 

 

With specific E values: 

clc 

clear all 

h=1:10; %h=[1 2 3 5 8 13 21 34 55 89] (for Fibonacci series) 
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P=(h+1).^3; 

P1=[(h+1).^3]-[(max(h)-h).*((2.*h)-1)]; 

P2=[(h+1).^3]-[(max(h)-h).*((5.*h)-1)]; 

P3=[(h+1).^3]-[(max(h)-h).*((10.*h)-1)]; 

P4=[(h+1).^3]-[(max(h)-h).*((25.*h)-1)]; 

P5=[(h+1).^3]-[(max(h)-h).*((50.*h)-1)]; 

plot(h,P,'ro-')  %loading curve 

hold on 

plot(h,P1,'bd-');  %unloading curve 

plot(h,P2,'g+-');   %unloading curve 

plot(h,P3,'ks-');  %unloading curve 

plot(h,P4,'mp-');  %unloading curve 

plot(h,P5,'ch-');  %unloading curve 

hold off 

legend('(h+1).^3','(h)','(5.*h)','(10.*h)','(25.*h)','(50.*h)'); 

xlabel('depth (h)'); 

ylabel('load (P)'); 

title('loading ((h+1).^3) and unloading curves((E.*h)-1)'); 

 

With varying E values: 

clc 

clear all 

h=1:10; %h=[1 2 3 5 8 13 21 34 55 89] (for Fibonacci series) 

E=1:10; 

P=(h+1).^3; 

for i=1:10 

    for j=1:10 

        P1(i,j)=[(h(i)+1).^3]-[(max(h)-h(i)).*((E(j).*h(i))-1)]; 

    end 

end 

plot(h,P,'ro-');  %loading curve 

hold on 

plot(h,P1,'bs-');  %unloading curve 

hold off 

legend('loading','unloading'); 

xlabel('depth (h)'); 

ylabel('load (P)'); 

title('loading and unloading curves'); 

 

 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 10 January 2024                   doi:10.20944/preprints202401.0848.v1

https://doi.org/10.20944/preprints202401.0848.v1

