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Abstract: This paper presents an analysis of the number of zeros in the binary representation of
natural numbers. The primary method of analysis involves the use of the concept of the fractional
part of a number, which naturally emerges in the determination of binary representation. This idea is
grounded in the fundamental property of the Riemann zeta function, constructed using the fractional
part of a number. Understanding that the ratio between the fractional and integer parts of a number,
analogous to the Riemann zeta function, reflects the profound laws of numbers becomes the key
insight of this work. The findings suggest a new perspective on the interrelation between elementary
properties of numbers and more complex mathematical concepts, potentially opening new directions
in number theory and analysis.
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1. Introduction

We will use the following well-known fact: if, for the members of the Collatz sequence, zeros
predominate in their binary representation, then these members will lead to a decrease in the
subsequent members according to the Collatz rule. A striking example is when the initial number
in the Collatz sequence is equal to 2". Let’s write the solution of the equation n = 2* in the form
x = {x} + [x] and note that the smaller x, the more zeros in the corresponding binary representation
for n. Developing this idea, we come to the following steps.

*  Analysis of the binary representation of simple cases of natural numbers.

®  Creation of a process for decomposing an arbitrary natural number into powers of two.

® Analysis of the proximity of the process to binary decomposition at the completion of
decomposition at each stage.

e Calculation of the number of zeros in the binary decomposition of a natural number.

¢  Estimation of the Collatz sequence members depending on the number of ones in the binary
decomposition.

2. Results

This document reveals a comprehensive solution to the Collatz Conjecture, as first proposed in [1].
The Collatz Conjecture, a well-known unsolved problem in mathematics, questions whether iterative
application of two basic arithmetic operations can invariably convert any positive integer into 1. It
deals with integer sequences generated by the following rule: if a term is even, the subsequent term is
half of it; if odd, the next term is the previous term tripled plus one. The conjecture posits that all such
sequences culminate in 1, regardless of the initial positive integer. Named after mathematician Lothar
Collatz, who introduced the concept in 1937, this conjecture is also known as the 3n + 1 problem, the
Ulam conjecture, Kakutani’s problem, the Thwaites conjecture, Hasse’s algorithm, or the Syracuse
problem. The sequence is often termed the hailstone sequence due to its fluctuating nature, resembling
the movement of hailstones. Paul Erd6s and Jeffrey Lagarias have commented on the complexity
and mathematical depth of the Collatz Conjecture, highlighting its challenging nature. Consider an
operation applied to any positive integer:

¢ Divide it by two if it’s even.

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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¢  Triple it and add one if it’s odd.

This operation is mathematically defined as:

z ifn=0 mod 2,
fln) =<2 o
3n+1, ifn=1 mod 2.

A sequence is formed by continuously applying this operation, starting with any positive integer,
where each step’s result becomes the next input. The Collatz Conjecture asserts that this sequence
will always reach 1 Recent substantial advancements in addressing the Collatz problem have been
documented in works [2]. Now let’s move on to our research, which we will conduct according to the
announced plan. For this, we will start with the following

Theorem 1. Let

M= 31’1 — 2[&}+{¢X} — nz,)/izi,
i=1

1—{a}>05 n"= {nln(?’)] , 1

then

*

n
1> —.
%‘Z::O 2

Proof. Let In(3)
n_ nu _ n n _ nal+{a}
3 2" =« ”71n(2) =3 2 .

Using Theorem 1, we create the sequence

€i, m;, €1 = {a},
i—1
€1 — Z pla] =1 | pai—a

k=0
Assuming that the process of binary decomposition according to formula (1) stops at the j-th step, it
follows that the remaining terms of the decomposition are zeros, and we immediately reach the truth of
the theorem statement. Therefore, we will consider the case when the generation of the decomposition
according to formula (1) does not stop, and j reaches n. This means that all 0; > 0,j < n A more
detailed analysis of the number of zeros and ones in our binary representation is conducted. The
following notations are introduced:
1- the number of zeros in the binary representation.
m- the number of ones in the binary representation.
n- the order of binary decomposition, then

-1
In20j4 e

0=0j _ n=26j+1 In2 205+ | 2
Si>1la=-2%1-2—"2 4+ 279R; / ,B: =20
j = Lok ( m2 - Nl T T &

n=l+m.

To solve the following equations
Tjt1 = #;+ B0
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we introduce the notations A;- the number of ones after the appearance of a; > 0 and before the next
appearance of a zero in the binary decomposition and

k+14+Ag
11 Bw a1 >0
m=k+1
Consider the set
A1, A2, Ay,

by definition A1 > 1
Define:
m(}\*,l) = il]‘(lf{k|/\k+l 2 1 +i.l Z O}

if the set of k satisfying the condition is not empty. A series of transformations are conducted for
understanding the next steps.

Tj+1 = &+ BjYi0j-k

continuing the transformations we get

e
Un+1—t’<n+ﬁ1’h H’Yn kBn—k + Z% mPn— m#ﬂﬁn KYn— k+01H5n KYn—k
n—m fn—m —

Op+1 = &n + ,31’)’ Hﬁn KYn—k + Z #Hﬁn kYn— k+011—[ﬁn kKYn—k (2)

mYn—m j il

Considering the definition of m(A,, i), in the case of A; > 1

L4
— Hﬁn KYn—k+

=1 ,Bn mYn—m i_

Ont+1 = &n +

n—2
)y Tnm H,Bn K n— k+¢71Hﬁn KYn—k

— ,Bn mYn—m j_

Introduce the notations

a )
ax = inf u, a* = sup M
0<i<n Pi 0<i<n Pi
= inf i, B*= su ;
’B* 0<i<n, §;=1 'BZ’ 'B Ogign,pﬁi:l ’BZ

A(m) = )”f Ina(B;) + )"f Ina(B;) = Av(m) + Ax(m)

Note that dy, 0y appear at the points with coordinates x (&), x(0%), x(é¢) = x(0}) and by definition
i, Yi
1<, <a®" <13

2< B <P <2/(1-1n2/2)

Thus all possible variants with L-zeros will be defined by all possible sets of
(61,02....0n)

With corresponding coordinates

(x(01),x(62)....x(y))
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Let now
m(Ae,2)=n—1, m(A,2) <n-—1

Y1x = inf{')’n—mrm < m(A*/Z)}/
T2k = inf{fYnfm/m > m()\*/ 2)};
')’1* = sup{')/n,m,m < m(/\*,Z)},

72" = sup{Yn-m,m > m(A,2)},

14228
(1 + 22[3)2211/5

% m=m(Ay,i)
24(m) 1

O o
< —
1= 2A(n-1) ,Yl*zA(nfl)

m=1

* m=n—1

A(m
AT Y 2 (m)

m=m(Ax,i)

considering all mentioned above, we get the following estimate

1 o1
<o <aw

L2 =
72*9 ’)’2*9

(%] <13
o <13%(1—1n2/2)/2

From the last estimate, it follows that after a zero, no more than two ones can follow, after which
at least one zero will appear, as these arguments can be sequentially applied to c;1,0;2.... where
a;1 > 0,4;2 > 0..... Note that in our reasoning we used that the first one does not introduce any
changes in the process of estimating 0; as §; = 20,

Let’s now move to more precise estimates Consider the following equalities

Tj+1 = & + B0«

1 =2%(-1
0']+1 ( + 11.12

+Yi0j—k)
Consider the variant k = 0 then

Y .
Ojr1 =27 (=1+ ——F—— +0j)
from which it follows
In2

Here we have 0}, 1 can approach zero only if 0; approaches 1. That is, we will get the number of ones
balanced by a larger number of zeros !
Consider the variant k = 1 then

021~

Ojt1 = &j + BjPj-10j-1
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Ojp1 = 29(=1+ 2 +Bj-1/2)
1— 2*(5]'4»1
>
i1 = In2
from which it follows that 5]- = 2 as for (5]- > 2 we get a contradiction.
Consider the variant k = 2 then
7=0j _ n—20+1
> 09
o1 2 27(1+ In2
from which it follows that this is not possible.
=L>n/2=
The statement of the theorem is true. O
Theorem 2. Let .
M = 3" =2+t =y o0
i=1
In(3)
_ * _
1—{a}>05 n [nln(Z)] , 3)
then .
1>
7i=0 2
Proof. Let .
n_ o _ n _ ola]+{a}
3 - In3/1In2 =3

Using Theorem 1, we create the sequence

€, mj, €1 = {a},

i—1
2€1 — lz plak]—ar 4 pwi—ar
k=0

Suppose the binary decomposition process, according to formula (1), stops at the j-th step. Then, it
immediately follows that the remaining terms of the decomposition are zeros, and we immediately
achieve the truth of the Theorem. Therefore, we will consider the case when the generation of the
decomposition according to formula (1) does not stop, and j reaches n. This means that all g; > 0, < n.
Let’s conduct a more detailed analysis of the number of zeros and ones in our binary representation.
Introduce the following designations:

I — the number of zeros in the binary representation,

m — the number of ones in the binary representation,

n — the dimensionality of the binary decomposition, where n = [ + m.

-1
In20; o?
o o o j+1 j+1
5]'—1,0(]'—0,[3]‘—((1— 5 )/2—}—1:]‘ (12>) ,

2
' 9=8j _ p=20j+1 _ In? 203 720 +1 '
6 > 1,05 = =20 (1 - +27%R; 1y ,Bj =20,

In2 8 In2
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To solve the following equations
Oj+1 = & + Bjoj,
let’s introduce designations Ay - the number of ones after the appearance of a; > 0 and before the next

appearance of zero in the binary decomposition, and

k-+14 A

H ﬁm, “k_;’_l > O

m=k+1

Consider the set A1, Ay, ..., Ayy. By definition, Ay > 1. Let’s define:

m(As, i) = ir;f{kMkH >1+i,1>0}

if the set satisfying the condition is not empty. Let’s perform a series of transformations to understand
the next steps.

Oj+1 = & + B0k

Continuing transformations, we get

14
(Tn+1—“n+:31')’1 ||’Yn k.Bn k+§,'7n mﬁn m‘B n’Ym ||ﬁn kYn— k+01||ﬁn kYn—k-
n—mYn—m j_

44
Opg1 = &n + H.Bn KYn—k T Z B n,ym H,Bn KYn— k+01H/3n KYn—k- 4)
n—mYn—m j_

Taking into account the definition of m (A, i), in case of existence A; > 1

m(Asi) =1

o
Opn+l = &p + —— H .Bn KYn—k T+ Z L H .Bn KYn—kt
ﬁ =1 ,Bn mYn—m i_

n—2
). T H:Bn KYn— k+(711_[i3n KYn—k-

m=m(Asi) ﬁnm’)/nm,

* ||

Let’s introduce designations a, = infy<;<, %,0{ = SUPg<i<y B,/ B« = infocicns—1Bi, BF =

SUPg<i<n,s;=1 Bi

A(m) = i 11’12 ﬁ]) + i 11’12 ‘3] (Tf’l) + Az(m)

k=1,6;=1 k=1,6;>1

Note that &, 0y occur at points with coordinates x (), x(0%), x(6;) = x(0x) and by definition a;, y;
1<a, <a®<13
2<Br<pr<2/(1-In2/2)
So all possible options with L-zeros will be determined by all possible options of sets
(61,02, ...0n)

With corresponding coordinates
(x(01),x(02)...x(0n))

Now suppose that
m(Ay,2) =n—1,m(A,2) <n-—1
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Yix = inf{')/n—mrm < m(/\*rz)}/
)}
71" = sup{yn—m,m < m(A,2)},

Y2x = inf{')/nfm/m > m()\*/z

’)/2* - Sup{')’nfmzm 2 m(/\*/ 2)}/

142218

0= (1 _,_22,3)2211/3’

% m=m(Ax,i)

Yy 24y
m=1

o< I o
1= 2A(n—1) ,Yl*zA(nfl)

ot m=n—1

A
Yo, 24(n1=1) X, 2 .

m=m(Ay,i)

Taking into account everything said above, we obtain the following estimate

<o <a* .
Y20 T t= Y20

1

From the last estimate, it follows that after zero, only three ones can follow, after which there will be at
least one zero, since these arguments can be sequentially applied to 03, 03, ... Let’'s move on to more
accurate estimates. Consider the following equalities

Ojr1 = &+ BjYj0jk

5.
(Tj+1:2]<_1+ In2

+ 70 k)
Consider the case k = 0 then

O:
js1 =27(=1+ 2 +0j)
o =0 o2+ _
from which it follows 0; > 1 — =—=—— Here we have 0}, can approach zero only if ¢; approaches
1. That is, we get the number of ones is balanced by a large number of zeros in! Consider the case
k =1 then
Ojr1 = &+ BjBj-107-1
O
Y I
1— 2—(5/'-‘1-1
Ojt1 = 2

from which it follows that §; = 2 thus for J; > 2 we get a contradiction. Consider the case k = 2 then

0j1 2 201+ =)

from which it follows that this is impossible.

= L > n/2 = The statement of the theorem is true.
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Theorem 3. Let .,
an =Y 72, n>1000, 7;€ {01},
i=0

then
3j* €{0,1}, and Ay jr < An.

Proof. Introduce operators defined as follows:

Pf = g Tf=3f+1, Zf=23f,

T, {P,T}, R;c{ZP}.

Consider all possible scenarios of Collatz sequence behavior, which can be written in the following
form:
aptn = 1Ty . .. Thay,

We need to estimate each 2n-th term of the Collatz sequence based on the number of applied operators
P, T,Z during n steps.
pyn = TyTy—1... Thay,

Let a,, have m ones in its binary representation, then we count the number of applications of operator
Z using the following formula:
m= Y1,
R=Z

i<n

and the number of applications of operator P using the following formula:

Y l=m+n—m=n.
R;=P,
i<n
Since each application of Z is accompanied by operator P, and the number of applications of operator
P corresponds to the number of zeros in a,, which equals n — m. According to the rules of Collatz,

after n steps we have:
3m m

3
An+n = 27“71 +TTyq... Tl = 27”71 + By,

m
B, < 2—n+m Z %ﬂn < 2—n+m . 3m/2m cay < 2—2n+1 .3, an.
j=1
According to the last formula, we see that the growth of each term of the sequence depends on the
number of ones in the binary representation. Next, we will show that a large number of ones at
the 2n-th step leads to an increase in the number of zeros at the 3n-th step for binary representation
according to the previous theorems, from which it follows that subsequent terms of the sequence
decrease:
apy = 3"a, - 27"+ B, = 3" +3"(a, — 2"") + By,

Repeating the reasoning of Theorem 2, consider the equation
2¥ =ap, =3"a, 27" + By = 3" +3"(a, —2") - 27" + B,

xIn2=mIn(3) +In (1+ (a, —2")-27"+B,-37"),
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From the last equation, to apply the results of theorem 2, we need oy > 211T To satisfy the last
inequality, consider m; = m —j, 0 = (a, —2")-27",

- {5 (k)

Consider p = (m — ])“—2 (2k +1)1.5849625007 .. ., € = 1.5849625007 ... — 1.5, we get

p=02k+1)(15+€+ w) :3k+(2k+1).e+w,
)= 51 @0 -ed MOy s ke DUy

Choosing 1 from even numbers less than 10, if inequalities 0 < {(2k) - € + In 1+9 } < 0.5, are true
In In(1+6
(o) = (ke ULy g oy MO

Choosing 1 from odd numbers less than 10, if inequalities 0.5 < {2k - € + hlge } < 1, are true

{p}:{2k-e+W}:{o.5+(zk+z>-e},

Using € < 0.1, also satisfy the condition oy =1 — {x} > ﬁ

m* number of non-zero 7;,

According to theorem 2 we get
m*<n/2+ (n—j*)-In3/In2/2,

According to our application of Collatz rules, we have an element ay,, -, and the order of its binary
representation is
ny=n+(n—j*)-In3/In2/2,

After 3n — j* steps of applying Collatz rules we have

* *

m m
Ban—jr = g Tan + T5p—j Tan—1-j+ ... Thl = 2 B2 + B3y,
3" 3w (3"
Ayn—j* = grfon + T3p—je Tan—jr—1... Thl = pYT) (2" 7 an + Bn> + B3y j+,

Agn—j* = g g ay +3" 272 By + BSn*j*/
Agp—j+ < q1 - An,

By definition of m*,I*, B, we get
g1 <1,

Using n > 1000, it follows that g1 <1 = a4y j» < a,. U

Theorem 4. Let ,
ap =Y 72, n>1000, 7;€ {01},
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then
3j* < 0.1n, and Agn—jr < ap.

Proof. Let’s introduce operators defined by the formulas

Pf:%, Tf=3f+1, Zf=23f,
T, {P,T}, R;€{ZP}.

Consider all possible scenarios of the behavior of the Collatz sequence, which can be written in the
following form:
aptn = 1Tz ... Thay,

It is necessary to calculate an estimate for each 2n-th member of the Collatz sequence based on the
number of P, T, Z operators applied during n steps.

ann = TnTy—1... Thay,
Let 2, have m units in its binary representation, then calculate the number of applications of the Z

operator by the following formula:
m= Y1,
R=Z

i<n
and calculate the number of applications of the P operator by the following formula:
Y l=m+n—m=n.
R;=P,

i<n

Since each application of Z is accompanied by the P operator, and the number of applications of the P
operator corresponds to the number of zeros in a,,, which is equal to n — m. According to the rules of
Collatz after n steps, we have:

m m

3 3
Antn = 27%1 +ThTyq...Til = 27%1 + By,

m 3j
Bn S 27n+m Z %an < 27n+m . 3m/2m - ay S 272714’1 A 3111 - dy.
j=1

According to the last formula, we see that the growth of each member of the sequence depends on the
number of units in the binary representation. Next, we will show that a large number of units on the
2n-th step leads to an increase in the number of zeros in the 3n-th step for the binary representation
according to previous theorems, hence the reduction of subsequent members of the sequence:

apy =3"a, - 27"+ B, = 3" +3"(a, — 2"") + By,
Repeating the reasoning of Theorem 2, consider the equation
2% =y, =3"ay - 27" + By = 3" +3"(a, — 2") - 27" + By,

xIn2=mIn(3) +In (1+ (a, —2")-27"+B,-37"),
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From the last equation, in order to apply the results of theorem 2, we need 07 =1 — {x} > 0.5. To
fulfill the last inequality, consider m; = m —j, 0 = (a, —2")-27",

() = min {(m—j)ln(3)+ln(1+9)+1_,j< 1 >}

je{o,1} In(2) In2 2" 1n2

Consider p = (m — ])ﬂ% = (2k 4 1)1.5849625007 . .., € = 1.5849625007 ... — 1.5, we get

B In(1+6), In(1+6)
In(1+6 In(1+6
{P}={1-5'l+(2k+l)'€+%}:{1.5-l+{(2k+l)-e+7n(ln; M,
Choosing I = 0, if the inequalities 0 < {(2k) - 1+0 } < 0.5 are true,
1+9 146
{p} ={2k-e+ ( )}—{Zk %},

Choosing I = 1, if the inequalities 0.5 < {2k - € + 1n§314£9)} < 1 are true,

{p}:{2k-€+¥}:{0.5+(2k+l)~6},

Using € < 0.1, we also satisfy the condition o =1 — {x} > 0.51.
m”* is the number of non-zero 7;,
According to theorem 2 we get
m*<n/2+(n—j*)-In3/1n2/2,

According to our application of the Collatz rules, we have the element a4, _j+, and the order of its

binary representation is
np=n+(n—j*)-In3/In2/2,

After 3n — j* steps of applying the Collatz rules, we have

m* m*
Agp—j = 2 5 2n + T3 * T3—1- —j* Nl = 221 an + B,
3" 3m (3"
Agp—j+ = 521 57 %2n + T3n— * Ts,- —j*—1- Nl = 221 (2” 7 wan + Bn) + Bay —j*r

Agyje = 3" M. 2730 gy 43" 272 B, 4 By e,
Agp—j* < qi1 - an,

By definition of m*,I*, B,, we get
g <1,

Using n > 1000, implies q1 <1 = ag—j» < ap. U

Theorem 5. Let .
ay =Y %2, n>1000, ;€ {01},

then for a,, the Collatz conjecture is true.
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Proof. The proof follows from Theorems 1-3. [

Proof. Proof follows from theorem 1-3

6. Conclusions

Our assertion proves that after 3n steps, a sequence with an initial binary length of n arrives at a
number strictly smaller than the initial one, from which the solution to the Collatz conjecture follows.
This is because by applying this process n times, we are guaranteed to arrive at 1.
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