
Article

Not peer-reviewed version

Numerical Study of the Impacts of

Stochastic Forcing on the Vortex in Fluid

Flow

Jingyun Lv 

*

 , Xin Hou , Jingli Chen

Posted Date: 28 December 2023

doi: 10.20944/preprints202312.2195.v1

Keywords: Stochastic Navier-Stokes equations; Vorticity-stream function; Fourier pseudo-spectral method;

Fluid flow

Preprints.org is a free multidiscipline platform providing preprint service that

is dedicated to making early versions of research outputs permanently

available and citable. Preprints posted at Preprints.org appear in Web of

Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This is an open access article distributed under the Creative Commons

Attribution License which permits unrestricted use, distribution, and reproduction in any

medium, provided the original work is properly cited.

https://sciprofiles.com/profile/3137799


Article
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Abstract: This paper provides the numerical investigation of two-dimensional stochastic

Navier-Stokes equation driven by additive white noises. The vorticity-stream function method

is presented to calculate the incompressible fluid flow. In order to solve the formulation of steam

function equation, we propose a Crank-Nicolson Fourier pseudo-spectral method. Numerical results

obviously show that the presence of stochastic forcing can have an impact upon the shapes of vortex

in fluid flow. To a certain extent, the phenomenon of eddy shedding and the formation of some

new vortex in a random medium can be observed, which make it possible for us to conduct optimal

control experiments in the development of vortex structures.

Keywords: stochastic navier-stokes equations; vorticity-stream function; fourier pseudo-spectral

method; fluid flow

1. Introduction

Stochastic Navier-Stokes equation (SNSE) has aroused wide concern mainly because of their

potential applications in fluid mechanics, which can be quite useful for modelling the random

flow motions of Newtonian incompressible fluids and explaining the mechanisms of turbulence

phenomenon (see [6,10,11,13] and references therein). Unlike deterministic Navier-Stokes equation,

solutions of SNSE are random fields with some statistical characteristics, complex dynamics and

interesting properties ([8,10]). Since the seminal work of Bensoussan and Temam [7], the theoretical

analysis of SNSE has been intensively investigated in the literatures (see above referred works).

However, rather little has been done in numerical technique for SNSE.

In this study, we focus on the numerical investigation of time-dependent incompressible SNSE

with the additive spatial white noise as follows:

∂u

∂t
+ u · ∇u − 1

Re
∆u +∇p = Ẇ(x), x ∈ Ω, 0 < t ≤ T, (1.1)

with the incompressibility constraint:

div u = 0, x ∈ Ω, 0 < t ≤ T, (1.2)

subject to the homogeneous Dirichlet boundary conditions:

u(x, t) = 0, x ∈ ∂Ω, 0 < t ≤ T, (1.3)

and the problem is supplemented by the initial condition:

u(x, 0) = u0(x), x ∈ Ω, (1.4)

in which Ω ⊂ R
2 is a bounded domain with regular boundary ∂Ω; u = u(x, t) = (u(x, t), v(x, t))

is the Eulerian velocity field; Re is the Reynolds number; p = p(x, t) is the associated pressure
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field; W = (W1, W2) stands for the stochastic external forcing, where W1 and W2 are independent

components, considered as the space-dependent white noise.

Currently, Wiener Chaos expansion for SNSE is considered in [9], this algorithm can only work

on relatively short-time intervals. The implicit and semi-discrete Euler method and finite element

discretizations are studied in [2,4], the strong convergence is proved in the mean-square sense, but the

numerical simulations are not presented in their works. In [5], the author proposes the semi-group

and cubature techniques for SNSE, a weak convergence is proved for the method proposed above.

Breit et al. [3] studied convergence rates for a finite element based on space-time approximation in

terms of convergence in probability. Wu et al. [12] established numerical ergodicity of two dimensional

stochastic Navier-Stokes equations. However, as we know, the numerical investigation of impacts of

noises on the vortex in fluid flow has not been addressed yet, which is indeed a fascinating problem.

This paper aims to develop the vorticity-stream function combined with the Fourier pseudo-spectral

method for solving the SNSE. Typically, making use of the stochastic solution to observe the effects of

random forcing on the vortex in fluid flow.

The paper is organized as follows: In Section 2, we describe the vorticity-stream function method

to deal with the SNSE and propose the Fourier pseudo-spectral method to solve the stream-function

equation. The results of numerical experiments on the two test models are offered in Section 3. The

conclusions are provided in the final section.

2. Numerical algorithms

In this section, the vorticity-stream function method [7] combined with the Fourier pseudo-spectral

method are proposed for the numerical investigation of two-dimensional time-dependent

incompressible SNSE. To begin with, we give the derivation of the vorticity-stream function formulation

for the incompressible flows. The basic idea of this method is to replace the vorticity in the

vorticity-stream function formulation by the Poisson equation for the stream-function. Secondly, a

Crank-Nicolson Fourier pseudo-spectral method is used to solve the derived vorticity-stream function

equation.

2.1. The vorticity-stream function method

The incompressibility constraint (1.2) entails the existence of a suitable stream-function ψ(x, y, t)

such that, for any fixed t ≥ 0,

u(x, t) = curl ψ = (−∂ψ

∂y
,

∂ψ

∂x
). (2.1)

We introduce the evolution of the vorticity ω of u as

ω = curl u =
∂v

∂x
− ∂u

∂y
, (2.2)

which, substituted into the curl condition (2.1), yields the Poisson equation for the stream function

ω = curl curl ψ = ∆ψ =
∂2ψ

∂x2
+

∂2ψ

∂y2
.

To eliminate the pressure, we take the curl to both sides of (1.1):

∂ω

∂t
− 1

Re
∆ω +

∂ψ

∂x

∂ω

∂y
− ∂ψ

∂y

∂ω

∂x
= curl Ẇ . (2.3)
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Therefore, based on (2.1)-(2.3), the momentum equation (1.1) can be reformulated as the vorticity

transport equation:

∂ω

∂t
− 1

Re
∆ω +∇⊥ψ · ∇ω = W̃, (2.4)

where

W̃ =
∂2W2

∂x∂y
− ∂2W1

∂y∂x
, u = ∇⊥ψ = (−∂ψ

∂y
,

∂ψ

∂x
).

Here, the space-dependent white noise Wl (l = 1, 2) can be numerically approximated using the

Fourier modes as

∂2W1

∂x∂y
=

∞

∑
k=1

σkη1kφk(x, y),
∂2W2

∂y∂x
=

∞

∑
k=1

σkη2kφk(x, y)

with the mutual independence random variables η1k, η2k ∼ N (0, 1), σk is a decay coefficient and φk is

Fourier modes truncated with φk(x, y) =
√

2 sin(kπx) sin(kπy).

Noticing that the velocity field u is divergence-free due to (2.1). Furthermore, the Dirichlet

boundary condition (1.3) now read

∇ψ(x, y, t) = 0, for (x, y) ∈ ∂Ω, t ≥ 0. (2.5)

We can simply rewrite the boundary condition (2.5) as

ψ(x, y, t) =
∂ψ

∂n
(x, y, t) = 0, (x, y) ∈ ∂Ω, t ≥ 0, (2.6)

where
∂ψ
∂n denotes the outward normal derivative.

Finally, the initial condition (1.4) can be rewritten in terms of ψ as

ψ(x, y, 0) = ψ0(x, y), (x, y) ∈ Ω. (2.7)

2.2. Crank-Nicolson Fourier pseudo-spectral method

Denote by tn = n∆t, n = 0, 1, · · · N the time mesh point with a uniform time step ∆t > 0, which

satisfy 0 ≤ tn ≤ T and ∆t = T/N. Let ωn and ψn denote as the approximation of ω and ψ at time tn.

Now, we approximate the Eq.(2.4) by the second-order Crank-Nicolson scheme in time

ωn+1 − ωn

∆t
+

1

2
(∇⊥ψ · ∇ω − 1

Re
∆ω)n+1 = −1

2
(∇⊥ψ · ∇ω − 1

Re
∆ω)n + W̃. (2.8)

Using the operator notation, the above equations look like the following

[1 +
∆t

2
(∇⊥ψn+1 · ∇ − 1

Re
∆)]ωn+1 = [1 − ∆t

2
(∇⊥ψn · ∇ − 1

Re
∆)]ωn + ∆tW̃. (2.9)

For the spatial discretization, we use a classical Fourier pseudo-spectral method on a periodic

domain Ω. Firstly, the vorticity field is represented as Fourier series

ω(x, t) = ∑
k∈Z2

ω̂(k, t)eik·x,
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where i2 = −1 and the Fourier transform of ω is defined as

ω̂(k, t) =
1

4π2

∫

Ω
ω(x, t)e−ik·xdΩ,

with k = (kx, ky) and x = (x, y) ∈ [0, Lx]× [0, Ly]. The uniform Fourier discretization is adapted in

space and is truncated at kx = −Nx/2 and kx = Nx/2 + 1, ky = −Ny/2 and ky = Ny/2 + 1, where Nx

and Ny are the number of grids in x and y directions, respectively.

Using the Fourier transform of both sides of the Eq.(2.9), we obtain

(1 +
∆t

2
· (ik) · ∇⊥ψn+1 +

|k|2
Re

)ω̂n+1 = (1 − ∆t

2
· (ik) · ∇⊥ψn − |k|2

Re
)ω̂n + ∆tW̃, (2.10)

in which the term ∇⊥ψm (m = n + 1 or n) also can be transformed by

∇⊥ψm = ∑
k∈Z2

(ik⊥)ψ̂m(k)eik·x, (2.11)

where k⊥ = (−ky, kx). Therefore, the approximation of velocity un can be computed from the vorticity

be means of Biot-Savart’s law in Fourier formulation

un(x) = ∑
k∈Z2

ik⊥

|k|2 ω̂n(k)eik·x. (2.12)

It should be noted that the Fast Fourier transform (FFT) is used for the transformation between

physical and Fourier space.

3. Numerical experiments

In this section, we apply the Fourier pseudo-spectral schemes to solve the two-dimensional SNSE.

To help us better understand the effects of the random forcing on the vortex in fluid dynamics, we can

first solve the deterministic Navier-Stokes equation (without stochastic forcing), and then calculate

the stochastic moments from (2.10) and (2.12) by numerical integrations. Under this framework, the

stochastic solution and deterministic solution of the corresponding unforced problem can be compared

in our numerical experiments.

3.1. Numerical example 1

In this numerical experiment, the computational domain is taken as Ω = [0, 2π]× [0, 2π]. We

consider the following initial condition for vorticity ω = vx − uy as

ω(x, y, 0) = exp((x − π)2 + 5(y − 3π/4)2)− 0.1 × sech((x − 3π/4)2 + 5(y − 3π/4)2)

− 0.2 × exp((x − 5π/4)2 + 5(y − 5π/4)2),

where the initial velocity field components u = − 1
2

∫ y
0 ω(x, s, 0)ds and v = 1

2

∫ x
0 ω(s, y, 0)ds.

We choose the time step ∆t = 0.001 and the number of grids Nx = Ny = 128. Before solving

the flow problem for the stochastic case, we present some random vorticity field with white noise

in Figure 1, where the random noise is generated by Monte-Carlo sampling. We give the numerical

contour plots for the vorticity of deterministic and stochastic problems at time t = 0.2, 1.0, 2.0, 3.0 for

the Reynolds number Re = 100 in Figure 2. Clearly, the presence of stochastic noise can change the

structures of vortex in fluid flow. Furthermore, when the time t = 3.0, we can observe that the eddies

are shedding from the double vortexes and some new vortexes are formatting in the random medium.
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The realization of noise

 

 

20 40 60 80 100 120

20

40

60

80

100

120

−0.03

−0.02

−0.01

0

0.01

0.02

0.03

Figure 1. The realization of random vorticity field with white noise.
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Figure 2. Numerical results for the velocity field of solutions to SNSE (right) and its corresponding

deterministic problem (left).
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3.2. Numerical example 2

We consider the solutions of the vorticity ω subject to the following initial condition:

ω(x, y, 0) = exp((x − π)2 + 5(y − 3π/4)2) + exp((x − π)2 + 5(y − 5π/4)2)

− 0.5 × exp((x − 5π/4)2 + 2.5(y − 5π/4)2), (x, y) ∈ Ω,

where the domain Ω = [0, 2π]× [0, 2π].

The Reynolds number is chosen as Re = 10. We also set the time step ∆t = 0.001 and the number

of grids Nx = Ny = 128. The stochastic and deterministic Navier-Stokes equation are solved at time

t = 0.2, 1.0, 2.0, 3.0, respectively. In Figure 3, it is clearly exhibited that the patterns of vortexes are

changed with the evolution of random forcing. Moreover, at time t = 3.0, we can see that the presence

of stochastic forcing can accelerate the eddy separation from the warm vortex. The generation of

turbulence flow with a random noise forcing can be commonly observed in the fluid flow.
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Figure 3. Numerical results for the velocity field of solutions to SNSE (right) and its corresponding

deterministic problem (left).
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4. Conclusions

In this paper, we propose the vorticity-stream function method combined with the Fourier

pseudo-spectral method to simulate the two-dimensional incompressible SNSE. Numerical results

demonstrate that the proposed method can be quite useful for modelling the random flow motions of

incompressible fluids. Furthermore, the proposed method in this paper can be better used to study

the effects of the random forcing on the vortex in fluid dynamics. However, there is a number of

unresolved issues. In particular, further work on this subject is required on:

1. Numerical analysis. This study is concerned with the numerical simulations of the impacts of

random forcing on the vorticity in fluid dynamics. It appears that the error analysis and convergence

order of the proposed method is beyond the scope of this paper.

2. Random forcing. This paper is limited to the case of the additive random forcing dependent of

spatial variables. The sources of randomness might not describe the actual physical behavior in fluid

flow. The SNSE driven by multiplicative space-time white noise is being addressed in our ongoing

research.
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