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Abstract: Recently, Shehata et al. [37] introduced the ,1Rs(B, C,z) matrix function and established
some properties. The aim of this study established to devote and derive certain basic properties
including analytic properties, recurrence matrix relations, differential properties, new integral
representations, k-Beta transform, Laplace transform, fractional k-Fourier transform, fractional
integral properties, the k-Riemann-Liouville and k-Weyl fractional integral and derivative operators
an extended version of 1R, matrix function. We establish its relationships with other well
known special matrix functions which have some particular cases in the context of three parametric
Mittag-Leffler matrix function, k-Konhauser and k-Laguerre matrix polynomials. Finally, some special
cases of the established formulas are also discussed.
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1. Introduction

Fractional calculus is the study of applications of derivatives and integrals of non-integer order. It
is a generalized form of calculus, so it retains many properties of calculus. It is worth mentioning that,
in recent times, theory of fractional calculus has developed quickly and played many important roles
in science and engineering, serving as a powerful and very effective tool for various mathematical
problems. It has been widely investigated in the last two decades. The hypergeometric function has
a long history of mathematical and physical applications. They introduced integral representations
of some k-confluent hypergeometric and k-hypergeometric functions. With the help of this new
generalised pochhammer symbol. Joshi and Mittal [15], Mubeen and Habibullah [23,24], Rahman et al.
[26], Sharma and Jain [33], Zhou et al. [39], introduced an integral representation of k-Gamma and
kBeta functions and some generalized k-hypergeometric functions. Mubeen et al. [25] also introduced
k-analogue of Kummer’s first formula and solution of some integral equations involving confluent
k-hypergeometric functions. These studies were extended by Ahmad et al. [1], Ali et al. [2], Diaz and
Pariguan [6], Farid et al. [8], Gupta and Bhatt [10], Mittal and Joshi [19], Mittal et al. [20], Romero
and Cerutti [28]. Jain et al. [16], Mubeen et al. [21], Rahman et al. [27] introduced and derived some
identities of k-Gamma matrix function, k-Beta matrix function, k-hypergeometric matrix functions and
k-fractional integrations.

For the past four decades or so, in both mathematics and science, certain special matrix functions
are crucial. Jédar and Sastre [11], J6dar and Cortés[12-14] researched the matrix analogues of the
gamma, beta, and Gauss hypergeometric functions, which provided the basis for the special matrix
functions Bakhet et al.[3], Cekim et al. [4], Gezer and Kaanoglu [9].The extended work of ,1Rs(P, Q, z)
matrix functions is examined in some detail in Sanjhira and Dave [30], Sanjhira and Dwivedi [31],
Sanjhira et al. [32], Shehata [34-36], Shehata et al. [37], Varma et al. [38] for examples of several
polynomials that have been introduced and investigated from a matrix perspective. The generalization
of the ,1Rs(P,Q,z) function presented here was motivated by our investigations [31,37] of the
properties of a class of polynomials which characterize is itself an interesting subject, the subsequent
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generalization of the ,;1R; (P, Q, z) matrix function would appear to be of mathematical interest on
its own.

1.1. Preliminaries and some definitions

For this purpose, we will introduce the notations, properties, and definitions which we need in
further sections. Throughout this paper, for a matrix A in CN*N  its spectrum o(A) denotes the set of
all eigenvalues of A. The two-norm of an CV*N matrix A will be denoted by ||A||, and it is defined by
(see [11-14])

1A]] = sup 1A¢l2,
20 12l

where for a vector ¢ in CN, |||l = (¢T¢ )% is the Euclidean norm of ¢, then the {” vector is the
Hermitian transpose of { (or, equivalently, the Hermitian transpose of the vector { that is viewed as a
matrix) .

Let us denote the real numbers M(A) and m(A) as in the following

M(A) = max{Re(Z): L € c(A)}; m(A) =min{Re({):{ €c(A)}. (1)

If Y(¢) and ¥(() are holomorphic functions of the complex variable ¢, which are defined in an open
set Q) of the complex plane, and A, B are matrices in CN*N with ¢(A) C Q and ¢(B) C Q, such that
AB = BA, then the properties of the matrix functional calculus in [7], it follows that

Definition 1. [21] For k > 0, A and B are positive stable matrices in CN*N then the x-Gamma and x-Beta
matrix functions are defined by (see [17,22])

T (A) = / tA-Te= % df = K%*lr(%) @)
0
and
1 /Y a_g B_g -1
Be(A/B) = /0 t5 11— £)% 1t = T (A)T(B)T; (A + B), 3)
where 1 is the identity matrix in CN*N,
Furthermore, if A is a matrix such that (see [21,27])
A +k¢I is aninvertible matrix for all integers ¢ > 0,Vk > 0 4)

then the k-pochammer matrix symbol is defined as
(A = AA+&I) ... (A+ (n—1)x]) = Te(A+nx DT HA) ;1> 1, (A)gx = L(A)y1 = (A)n. (5)

Also, they have provided some useful results

A A+ kI A+k(¢—-1)I
(A)ne,,(:e"%e)nm( : )(+ i )> ©)
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and

(1 _ kg)i% — Z (A)'H,Kgn'
n=0

n:

(7)

If ®(x, £) is matrix in CN*N forx >0, ¢ > 0, then in an analogous way to the proof of Lemma 11 [12]

it follows that
0 00 [%K]
Y ) @@k, 0) =) ) Px—20,0),
xk=0¢=0 k=0 (=0 8)
YN @@k, 0) =) ) @(k—10).
k=0 (=0 k=0 (=0
Similarly to (8), we can write
oo [%K] 00 00
Y. Y o(k,0)=) ) P(x+20,0),
k=0 /(=0 xk=0/¢=0 9)
(e K [o0] o
Y ) (k) =) ) D(k+140).
k=0 /=0 k=0 /=0
Definition 2. The hypergeometric matrix function o F; (A, B; C; {) has been given in the form ([21,27])
2 (A)g (B Cil ™t
2P B C50) =2 Fu((4,%), (B,x); (C,r);g) = Yo e Benl©ad (10)
(=0 :

for matrices A, B and C in CN*N such that C + 1 is an invertible matrix for all integers £ > 0 and for || < 1
It has been seen by Jodar and Cortés [12] that the series is absolutely convergent for || = 1 when

m(C) > M(A) +M(B),
where m(A) and M(A) in (1) for any matrix A in CN*N,
Definition 3. For m and n are finite positive integers, the R, matrix function defined as (see [31,37])
mRn(Alz Ag o Am;Q1, Q2.+, Qi P, Q0)

Z (Al)k A2k (Am)el(Q)) Q)i - [(Qu)i] ' T (P + Q)

(11)
© m n -1 )
Z HA)k[H k} r-1(¢P+Q),
— 1 ]:
where A; ;1 <i < mand Q]-; 1 < j < n are matrices in CN*N such that
Qj+kI are invertible matrices for all integers k > 0. (12)

Definition 4. The k-Riemann Liouville fractional k-integral and derivative operators of order u defined as
follows (Mubeen and Habibullah see [23,24])

I ¥ (x) = kl“kl(y) /ux(x —OE Y (dt e RT (13)

doi:10.20944/preprints202312.2191.v1
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and

(Bha)w = () (w57 @, (19

where Re(y) > 0 and k be any positive real number.

Definition 5. Fora € C, Re(a) > 0and k € R™, f belonging to S(R), the Weyl fractional k-integral operator
and k-Weyl fractional derivative are defined as (see [28,29])

[Wz‘f] (x) = krklm) / Y= 0 (e (15)
and
[Wk‘ ”“I’} (0) = o [W “‘I’]( ). (16)

Definition 6. The B[f(t); A, B] k-Beta transform, £[f(t);s| Laplace transform and F[f(t)] Fractional
k-Fourier transform of f(t) are defined by

B¥( / H11 - Ty (. (17)
2[¥(t);s] :/0 e~S"Y(1)dt = F(s),s € C. (18)
and
0 .1
F¥(H)] = /_ () (19)

The motive of the current study is to investigate the analytical and fractional integral and
derivative properties of R, matrix function, as well as to emphasize the importance of their
applications in diverse research areas. This function is an amalgamation of generalized Mittag—Leffler
function and generalized hypergeometric function which plays an important role in the theory of
mathematical analysis, fractional calculus and statistics and has significant applications in the field
of free electron laser equations and fractional kinetic equations. For literature survey of fractional
integral operators, researchers can refer to the papers of Farid et al. [8], Jain et al. [16], Kilbas et al.
[18]. In the present sequel to the aforementioned and many other recent investigations. In Section
2, some properties, recurrence matrix relations, differential properties, new integral representations,
k-Beta transform, Laplace Transform, Fractional k-Fourier transform, fractional integral properties, the
k-Riemann-Liouville and k-Weyl fractional integral and derivative operators of the extended R,
matrix functions are established and discussed. In section 3, we derive some properties of ,Rs matrix
functions. Finally, we give a definition of the novel generalized type ;R matrix functions.

2. Main Results

For our aim section, we establish and discuss the properties convergence, recurrence matrix
relations, k-integrals representations and differential properties, k-fractional operators, k-Beta, Laplace,
Fractional k-Fourier transforms, fractional integral and derivative operators for the , 1R, matrix
function.
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Definition 7. Let A, B, C, P, 1 <i <rand Qj; 1 < j < s be matrices in CN*N Re(B) > 0, Re(C) > 0,
Re(P;) >0, Re(Qj) > 0, k € R*, then we define the , 1R, (B,C,z) matrix function as

r+1Rs,k(A/ Py, P, ..., P Ql/ QZ/ s rQs; B, C,Z)

o 0 r s -1 . (20)
=¥ Sl I Q)| TiwB+0)
=0 " i=1 j=1
for r and s are finite positive integers, such that
Qj + kOI are invertible matrices for all integers £ > 0, (21)

Now, we investigate the convergence of the following series, one gets

=

1
~ = limsup (|U) = Jim sup

R {—0c0

(H (A)x Ty (P) ek [T (Q)) o) T (4B 4 C) H) )
2!

1
7

i T(A+ KT (A) Ty Tk (P + REDT (P T T (Q) + kDT (Q))T ' (4B +C)
i i
-1
= limsup “@g(A+k@1)(A + kU)A+kEI—%I (\/Z?EA(A)A%I>
{—00

z -1
><Hme—(Pi+k€I)(pi+EI)P;&-kZI—%I(me_pi(Pi)E_%I>
i=1

s.1 1 1 1

(Qi+kel) [ . —Qi—keI+11 Q) (0 N—Qj+3!

X j Qi+ klI)™ =i 2 i(Q it2
Evzne (©Q ) (vZne () )

o L (((B+C) (yB 4 C)~(B-C+}1 1 !

271 V2me——1l+3

~ lim sup ef(AJrkZI)(A+kH)A+kfIf%IlL[ef(PﬁkH)(Pi+k€I)P,-+kZIf%I
{—o0 i=1
1
X - e(Qj‘Fké[)(Q]’+kgl)fQ]'fkaF%Ie(fB‘FC)(eB+C>*ZB*C+%I 1 - !
]-:1 (37[71£Z+7
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~ lim sup H (A -+ keT)A+kI- 1 IL[ﬁe—(A+k€l)—(Pi+kZI)+Qj+kZI+ZB+C+Z+1 (P + ke1)PHKU- b

{—ro0 i=1j=1

1
7
x (Qj+ k(D)= kI+31 (g 4 )~ (B-CHilp—t=3

T S
~ lim sup H (A+ kH)AJrkzl—%z HHer+C+€B—k£1+€I+I—A—Pi(Pi + kM)P,--i-kKI—%I

{—ro0 i=1j=1

X (Qj+KkeT) = KI+3I (g 4 C)~(B-CHilp~(-3

~ lim sup H (A+ kH)AJrkU—%I ﬁﬁe(mm—kﬂ)e(ﬂ + kEI)Pﬁ-kEI—%I

{—ro0 i=1j=1

x (Qj + ker)~ QK+ (g | o)~ B-Chlp—(-}

(A+kCI)(P; + keI)(Q; + keI) " (¢B+C)~B |k

[T :

i=1j=1

~ [|eBHA-RI ||11msup
— 00

1
7
(A+ kDA 3 (P 4+ k1) P31 (Q; + keT) =@+ 31 (1B 4 C)~CHilp—

The above limit shows that the following:

If r > s + 1, then the series in (20) diverges for z # 0.

If r < s, then the series in (20) converges for all finite z.

If r = s + 1, then the series in (20) converges for all |z| < ¢ 1 and diverges for all |z] >
If r = s + 1, then the series in (20) is absolutely convergent on the circle |z| = ¢ when

Ll

r

im(QJ ) > Y M(P;) +M(A).
j=1

i=1

5. If r = s + 1, then the series (20) is diverges for |z| = % when
r
Y m(Q)) <Y M(P)+M(A) -
=0 i=0
6. If r = s + 1, then the series (20) is conditionally convergent for |z| = % when
r S r

Y M(P) +M(A) —k <) m(Qj) <Y M(P)+M(A).

i—0 =0 i=0
where M(P;); 1 <i <rand m(Q;); 1 < j < s are defined in (1).

Theorem 1. The following relations for ,, 1R hold true

(A_Pi) r+1Rsk = Ar+1Rsk(A+kI) 1r+1Rsk(P +k1) i=123,.

(22)
(PV — Pi) r+1Rsk =P, r+1R5k(Pv —I—kl) " r+1Rsk(P +k1) i#vi,v= 1,2,3,. .1,

(Qu = Qj) r+1Rs e = (Qv — kI) 1R (Qu — kI) — (Qj — kI) y11 Rk (Qj — kI);v # Jiv,j =1,2,...,5
(23)
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and

(A—=Qj+kI) r11Rsk = A riaR k(A +kI) — (Qj — kI) 1Rk (Qj —kI);j =1,2,...,5,

(Pl' — Q] —|—kI) r-‘rle,k =P r+1Rs,k(Pi + kl) — (Q] — kl) r+1Rs,k(Qj — kl);i =1,2,3,...,r, ] =1,2,...,s.
(24)
Proof. By using the following property
A(A+KI) i = (A+KED)(A)
we get the matrix contiguous function relation
ol r s -1 .
AR (A+kD) =AY Z5(A+kD) H(Pi)e,k[ (Qj)é,k] I,"({B+C)
=0"" i=1 =1
o r s -1 )
= Y g (AFKD(A) e [T(P) e [H(Qj)e,k] I ((B+C) (25)
(=0 " i=1 i=1
=Y (A+KI)¥x(z).
=0
. -1
where ¥ (z) = 7 (A) i [Ti=q (P) o [H?_l(Qj)e,k} I ' (¢B+C)
Similarly, we get
00 -1
r—l—le,k(A_kI) = (A—kI) Z <A+k(£—1)1> Tg,k(z),
(=0
Py 1R (P4 kI) = ) (Pi+ k01 ¥ i(2),
(=0
0 -1
1Rk (P —kI) = (P, —kI) Y (Pi + k(€ — 1)1) Wik (2)¥x(2), (26)
(=0
00 -1
r1Rsk (Qj+KI) = Qj ) <Q]' -I-kfl) Yii(2),
=0

o)

(Q] — kI) r+le,k(Qj — kl) = E(Q] + k(€ - 1)1)Yf,k(z)‘

(=0
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For all integers n > 1, we have
-1
DI) (A K+ - DD¥0a(E)

~E T (4

r+1R5 k A + lel
(=0pu=1
o n -1
pe1Rop(A —nkD) = 3" TT(A - kD) (A k(- y)l) ¥,,(2)
(=0 pu=1
-1
>I) (P4 k(£ + 1 — 1)) ¥ y(2)
(27)

ZH(P+k

r+1Rsk P +1’lkl
(=0 pu=1

— nkI) Z H(Pi —kpl

r+1Rs k(
(=0pu=1
-1
>>(Qj+k<e+y—1>1) ¥,,(2)

ZH Qj +k(p

-1
(Q] - kw) (Q) k(£ — 1)) ¥ix(2)

) (Pi + k(€ — #)I> 71Y£,k( )

r+le k Q] + T’lkl

— nkl) Z H

r+1R(Q
(=0 p=1
Using the differential operator 6 = z3-, we get
(KO + A) y11Rsx = ) (A +KD)¥ 4(2)
ZOZOO (28)
(k01 + P;) y11Rsp = Y (P4 klI)¥ i (2)
(=0
(29)

From (25) and (28), we have
(k01 + A) r41Rsk = A y11Rs (A + K1)
(k01 + P;) y41Rsx = P 1R (P +kI); i =1,2,...,7.
Similarly, we get
(k01 + Qj —kI) y11Rgx = (Qj — kI) r 1Rk (Qj —kI); j=1,2,...,s. (30)
The elimination of 6 , 1R x from (29) and (30), we obtain the recurrence matrix relations (22), (23) and

(24) O
Theorem 2. The following differential formulas hold true for .1 R
(31)

d
1Rk = C rp 1R (C +KI) + 2B 1R (C + K1)
(32)

and
-1
Dz r1Rsk —<A)ka (P)yk|: ] 1(Qj);¢,k] r+1Rs,k(A+VkI Py +ﬂkl Pr‘i‘.ukl

Q1+ pkl,..., Qs+ ukl; B,uB+C,z).
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Proof. The right hand side in (31) and using (20), we get

d
C r+1Rs,k(C + kI) +zB— r+1Rs,k(C + kl)

dz
o g i1 r s
= C ,41Rsx(C +kI) + zB LZO (A H(Pi)é,k [

— i= j

4 r s,k

00 -1
=C R (CH+kI)+ ) %(A)Z,k 11 ek [ (Qj)f,k] I '(¢B+C)
Pkl .

i=1 j=1

o 0 r s -1 B
S SR (I 1| T+ Coin)| = ke
— 1= j=

Differentiating (20) with respect to z, we get

1
D; yy1Rsf =AIT_ | P; (Hi—le) r+1Rs (A + kI, Py + kI,

co, Pe+ kO +KIL...,Qs +kI;B,B+C,z); D, = ;—Z.

By repeating the above process that y times, we get (32). O

Remark1. 1. Ifk=1 A =B =C = [in(22)-(24), we get the results for the generalized hypergeometric

matrix functions [34].
2. Ifk = 1in (31)-(32), we get the contiguous function relations for the ,1Rs matrix function [31,37].

Theorem 3. The , 1R, matrix function has the following differential properties:

AN*T c_ .
(dz) [Zk Ir+1Rs,k(A,P1rP2/...,Pr,'Ql,Qz,...,QS;B,C;zk):|

| . (33)
_ B
= ij? (H+1)I r+1Rs,k(A/ Pl/ PZr oo /Pr; Ql/ QZ/ ceey Qs; B/ C—- “I/lI,'Zk )/
d\" Apul-1
% Zk # r+1Rs,k(A/P11P2/--~/Pr;Q1/Q2/---/Qs}B/C}Z)
; (34)
A_
= k?(A)y,kZ k I r+1Rs,k(A + ,ukI/ Pl/ PZ/ L /Pr/' Ql/ QZ/ ceey QS/ B/ C;Z)/
AN B
(LY s a0 00 Qo8]
; B (35)
= W(Pi)y,kz%*I r1Rs k(P + pkI), i =1,2,...7
and
d\"'[ %
<dz> [Z k r+1Rs,k(Qj —I—kI;Z)
(36)

1 _ 9 .
= i Te(Q)Ty N(Qj — ukD)z® M R (Q — (u — DkLz),1 < j <ss.
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Proof. To prove (33). Multiplying the equation (20) by ztland differentiating with respect to z, we
get

B
k

d c_
<) |:Zk Ir+1RS,k(A/P11P2/-H/Pr;erQZr‘-'/Qs;BrC;Z )

B
k

2L Rk (A, P, Py, Py Q1, Q... , Qs B,C — [;zF).

By repeating the above relation u times, we get (33). On the same parallel lines, we get the results
(34)-(36). So the detailed account of proof is omitted. [

Theorem 4. The , 1R, matrix functions satisfies the differential equation

r

S
0 [ J(k6 I+ Q;—kI) y+1Rox —z(k01 + A)[ (k6 I+ P;) 111Rsk(B+C) =0, (37)
j=1 i=1

where 0 is the null matrix in CN*N,

Proof. Using the Euler differential operator 6 = z%, we get

> (7t s -t
6 Hk9 I+Q]—k1 r+1Rs = Z o HkEI—FQ]—kI A)ng (H Q]’)é,k:| rkl(fB-‘rC)
j=1 j=1
o -1
ka P)/k(H Qj)e- 1k) I (tB+C).
= ]7
Replace ¢ by ¢ + 1, we have
s 0 ZE-H -1 1
0 [[(k6 I+Qj—kI) r11Rx = Z €+1kH é+1k(H Q])ek) I, ({B+B+C)
j=1 (=0 j=1
T
=z(k6I+ A) [ [(k6 I+ P;) ;11Rsx(B+C).
i=1
0

Theorem 5. The following integral representations for ., 1R matrix function hold true:

1’+1Rs,k (A, PerZr-- Pr} er QZ/ . rQs;B C Z)
1 _ 1(Qi—A)—
— Fk (Q]) l—-k1< ) / gkA I )2 Q] A) 1

(38)
S E
r1Rsk (A, P, Py, ..., Pr;Q1, Q2. .-, Qs; B, C, 2)
= Q)T (BT (- B [ ek - g )

R Alpll .. Pi l/Pi+1 P
rfs—1,k
Q]/ . Q] 1s Q]-‘rl Q

;B,C, zc’j) g,

doi:10.20944/preprints202312.2191.v1
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T+1Rs,k(AIP1/P2/~-'rPY;QllQZI"-/QS;PIQ/Z) :r]:l(A)
(o] AT _i K (40)
/O C;r e k rRS,k(PlrlJZI'"IPT;Q11Q2/"'/QS;B/C/‘Zg )dg
and
r+1Rs,k(A/P11P2/--'/Pr/'QllQZ/o--/Qs/‘P/Q/Z) :r];1<Pl)
(41)

© p_g &
~/O gpl Ie k ng[k(A,Pl,...,Pl'_l,PH_l-..,Py}Ql,Q2,...,QS;B,C,Zék)dg-

Proof. By using (3) and (5), we get

-1
(A) ok [(Qj)é,k] = T(Q))Tk(A + kOT, (AT, H(Q) + ko)
=T (Q)T (AT (Qj — A)Bi(A + K1, Q; — A) (42)

1rk(Qj)FI:l (A)F]:l(Qj _ A) /01 g%A+(€71)I (1 . g)%(Q]‘—A)—I de.

Using the above equation (42) and (20), we obtain (38). In a similar way, we obtain to the desired
results (39)-(41). O

Theorem 6. The following integrals representations hold true:

E
/ 6771 ?71 1’+1Rs,k(A/Pl/P2/--'/PV; Ql/ QZ/'--/Qs;B/CIZ§)d§
Q,+E (43)
= kB(Q;, E)x !, 1R k(A P, Py,..., P;Qj + E;B,C;zx),1 < j < s
and
* E_g %,]
/a (x— & F (@ = a)F T 11 1Rk(A, P, Py, ..., P; Qi B,C 0 — )dE s
Q;+E
= kBy(E, Qj)(x — a) 7 1 ARk (A, Py, Py, Py; Qi +EB,Ca—x),1<j<s.
Proof. Taking left hand side of (43), we get
E [e9) r S -1
gk rlz H {H } I (B4 C)dg
(=0 i=1 j=2
o [ %+(€71) £ IZ - -1
:Z/O gF (x—O)F ek]—[ ) ek Q]ek I, (¢B+C)dg.
(=0
Changing order of summation and integration with put ¢ = xu and d¢ = xdu, we get
0 Q+E 1 Q -1
2 x%‘l’([*l)[/ MT]+Z71(1 _ M L ]Z [kH |:H Q])@k:| F]:l(ZB + C)du
(=0 0 j=2
) 2 s -1
= Z =) I EkH { Q])Ek} I (£B + C)kBy (Q; + (kL E)
=0 j=2
) 2 s -1
= Z HEDIZ A)gkl‘[ [ Q])[k] T (B + C)T(Q) + k)T (E)T; 1 (Q; + E + (kI)
=0 j=2

Which is desired result (43). Letting t = ¢=%& —a = (x —a)t,x — & = (x —a)(1 — t) and using the

x—a’

k-beta matrix function (3) in the left hand side of (44), we obtain (44). [
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Theorem 7. Let u be a positive integer, then the 1R, matrix function satisfies the following Euler-Type
integral representation

"
riuRst (A Pi,Ps,..., Py A(E; 1); Q1, Qo ..., Qs, A(E + M; 1); B, C,czk>

1 ; Eim 71 M_I
= 2 (BT (E+ M) T /gk : s
AP, D, ..., Py
X r+1Rs,k< o0 1Q22 R Cc§k>dé,

where A(E, u) is given the array of a parameters
AE ) = 2B L E k1), LB+ kD), ., L E £k —1)D)
r]/l ]/l 7 ﬂ 7 ‘H JARRY ]/l ]’l .
and

auhtt
r+H+ZRS+H+Z <A/ Pl/PZI s /PYIA(E;V>/A(M;Z); er QZ/ sy Qs/ A(E + M,‘M + l); B/ C/ ‘u>

e
— TN (E) Ty (E+M)T / it -1
x rHRS,k( AQflc’f"jg iB,C,atk (1—t>1‘<> .

(46)

Proof. If we apply the substitution x = zu, x = z¢, x = zd¢ and use the k-Beta matrix function, we
obtain our desired results (45)-(46). O

Theorem 8. The following results hold true:

%|:r+1Rs,k(A+E,P1,P2,...,Py,‘Ql,QZ,...,QS;B,C,Zt);A,E

1 /1 a4 E_ 47
:E/O Lk I(lit)k Ir+1RS,k(A+EIP1/PZr‘-'/Pr;QllQZIH-/Q5;B/C/Zt)dt ( )

= Tk (AT (E)T, (A +E) 1aRek (A, Py, Py, PiQ1, Q2 -, Qs B, G 2)

and
%|:r+le,k(ArP11P2/-”/PillPi+E/Pi+1/”-rPr;QllQZI-~-/Q5;B/C/Zt);PirE

k/ 411 — k1 1R (A, P, Py, Py, Py + E,Pira, ., Py Q1 Qs .., Qs B, C, 2t )dt
:Fk(Pl)rk( )rk (P1+E> r+1Rs,k(A/P1rP2/-"/Piflipi+1/-~'/Pr;QllQZI'-‘/QS/'B/C;Z)/

(48)
Proof. Using the k-Beta transform (17), we obtain (47)-(48). O
Theorem 9. The Laplace transform for , 1R,y matrix function are given by
c_ B
’2 tk I r+1RS,k(A/P1/P2/' . -/PV; Ql/QZ/- . -/QS;B/C/Ztk);S
(49)
_c _B
= k(Sk) k 1’+1Fs,k(Ar Pl/ PZ/ o rPr; Ql/ QZ/ ey QS}Z(kS) k )/
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E_
£ l:tk I ,,Jrle,k(AIPl/PZ/ .. .,Pr,‘ Ql,Qz,. . .,Qs,' B,C,Zt),‘ S:|
(50)
_E z
= KTi(E) (k)% riaRk(A E, Py Py, oo, Pri Q1, Q2+, Qi B, C; ).
£ |: r+1Rs,k(A/ Py, P, ..., Pr;Q1,Q2,...,Qs B, C}Zx)}5:|
1 (51)
4
ng(k) 7‘+2R5,k <A,k1, Pl/ PZ/- . '/PT; Ql/ QZ/ . -IQS; B/ C/ ks>/
A_
£[xk "\ Rk (P, Py, Pr;Q1, Q2. , Qs B, C;ZX)}
) 52)
_A z
= g(Sk)I krk(A) r+1Rs,k(A/P1/P2/~--,Pr;Ql/QZr‘ /QS/B/CI kS)
and
Pi_
"8|:xk I rRs,k(ArPI/PZI- . -/Pi—lrpi-‘r]r- . ~/P1’;er Q21~ . '/QS;BIC;Zx):|
1 _b z )
= g(sx) k rk(Pl) r+1RS,k(A/P1/P2/---/Pi1/Pi/Pi+l/' "IPV;QllQZI" /QS/B/C/Sk>/1 S 1 S r.
(53)

Proof. On applying the Laplace transform (18), this yields the right hand side of (49)-(53), we obtain
desired results (49)-(53). O

Theorem 10. The Fractional k-Fourier transform for 1Ry matrix function is given by

'S|:r+1RS,k(AIPlIP2/'"IPV;QlIQzl‘"IQS;BICIZ):|

. (54)
l"k(k) 1
= -1 1’+2R5,k kI,A,P1,P2,.. .,Pr,’ Ql/QZI"‘/QS;BICIT .
1w« wa

Proof. Applying the Fractional k-Fourier transform of , 1R, for z < 0, we get

Sl:r-&-le,k(ArPl/PZ/”-rPr;erQZr--‘/QS/'BrC/Z):|

0 .1
:/ elwaz7’+1RS,k(A/Pl/P2/---/PV;Q11Q2/~--/Qs;B/C/Z)dZ
—c0

o _/ r s -1 0 .1
=3 G WulI®| TI@u| Tisc) [ enteztaz
=0 i=1 =

=1 e
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Putting x = —iw%z, dx = —iwrdz and changing the order of integration and summation, we have
& ging g
=) 54 ekH H(Qj)e,k I (€B+C)/€X< : 1> —dx
=0 Lj=1 : 0 —iwx /) —iwx
o 1 2 17 . _
=) z ekH H(Qj)e,k I (¢B+C)(-1) i e T (0 +1)
(=0 Li=1 J
ad 1 S 17t -1 f— _ 041 Vi
=) ? ekH H(Qj)z,k I, "({B+C)i o kT Tr (k) (k) gk
=0 Lj=1 E

r 1

i; ka Zk[]l—[Q])Zk]

(EBJFC)( i >£(k)é,k-

kwa

kh—l

O

Theorem 11. Let u > 0,0 < u < 1land ]Iz be the operators of Riemann-Liouville fractional integral and Df
fractional derivative then there hold the relations:

E
I¥(tF v 1Rk (A, Py, Py, P Q1,Qo, ..., Qs B,Ct) | (2)

= T(E+KNT (E+ (e Rn &

X r+2Rs+1,k(A/E + kI, P, P,,..., P E+ ((X —I—k)l, 0Q1,0,...,Qs; B, C,‘z),

E
DFzk 1Rk (A, P, Py, ..., P Q1,Qs, ..., Qs B,C,2)
(A=p)
= %Fk(E DT Y E+(1— )z ! (56)
X r42Rsp1 (A, E+ KL PPy, PiE+ (1= p)];B,C,2),Q1,Q2 -, Qs B, C,2),

E_
Lo [(t = @)t Rk (A, Py Py, P Q1 Qo Qs B, Gt = a))} (z)

=T (E)I™ (E+V1)(Zfa)“y” -1 (57)

X r+2Rs+1,k(E,A,P1,P2,. .., P, E+ ]11, Q1,Q2,...,0Qs; B,C;y(z — a))

and

E_
DZ+ |:(t - a)F I r+le’k(A, Pl' Pz,, ' "PV; Ql/ QZ/ .. '/QS; B/ CIV(t - El)):| (Z)

= TW(E)TT M (E — pl)(z—a) 71 (58)

X r2Rs 1k (E, A Py Py P E =, Q1, Qo) -+, Qs; B, Cv(z — a)).

Proof. To prove assertion (55). Using equations (20) and (13) this yields the right hand side of (55), we
get

E
[H;{ltk }’+1RSrk(Ar P,P,...,P;01,0Qo,..., Qs,k/' B,C; t):| (x)

1 z " .
T /(Z—M)k 1r+1R5’k(A,P1,P2,...,pr;Ql,Qz,...,QS,‘B,C;t)tkdt

- Ll

=

fw@
N~—

H [HQ) }_1F_1(£B+C) L /Z(z—t)%—lt%rédt
s j=1 L kT () Jo
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Putting t = zyx, dt = zdx and changing the order of summation and integration, we obtain (55).
Similarly applying Riemann-Liouville fractional integral and derivative operators, one find the required
results (56)-(58). O

Theorem 12. For the ,;1R, ) matrix function, we have

E 1
Wf |:(1/l +ﬂ)_% r—l—le,k (Alpll PZr‘ . ~rPr; Qll Q2/~ . -/Qs; B/ C; >:| (Z)

u+a
BI-E_ 1
= (z4a) F TN (E)TR(E = BI) r12Re 14 <A,E—ﬁI,Pl,Pz,...,PV;E,Ql,Qz,...,QS,-B,C;ZH),
(59)
C _B
Wf[(qua)_k r+le,k<A/P1/P2/‘--rPT;Q1/Q2/-‘-IQS;B/Cﬁl;v(u+a) k>:|
sic ] (60)
:<Z+a)kr+1Rs,k<A/P1/P2/~--/Pr?leQZI-~-/Qs}B/C}V(z+a)k>/
_ 1
Wkﬁ[rHRS,k(A,Pl,Pz,...,Pr;Ql,Qz,...,QS,k;B,C;u_i_aﬂ(z)
1 A-PI-E_; 4 1
:E(Z_I_a) k Fk (E>Fk(E+ﬁI) r+2Rs+1,k A/E+ﬁIIP:l/PZI'"/PT;EIQ11Q21'"/QS;Blc;m
(61)
and
_ c _B
Wkﬁ[(”‘*‘ﬂ)" V+1Rs,k(A/P1/P2/~'-/Pr;QlfQZ/---/QS;B/C“F,BI;V(u“Fa) k)]
(62)

(a-pi-c_; B
:(Z+a) k r+1Rs,k A/Pl/PZI'“/Pr;Ql/QZI--'rQS;B/C;v(Z+a) kI,

Proof. Applying the k-Weyl fractional integral operator (15), one gets

1
T+1Rs,k <A/ Pl/ PZ/- . '/P}’; Qll QZ/ .. -/Qs,k; B/ C/ >:| (Z)

E
k

B _
Wk{(”+“) u+a

_E
k

1
r+1RS,k(AIP1/P21"'/PT;Q1/Q2/"‘IQS;B/C;m)‘iu

= o [ =9t a)
SRV § (9 []i[(Q-) }1r1(£B+C) ! /oo(u—z)ffl(uﬂ)fﬂf%du
T (A)rk i) 0k i)tk 3 T (B) /- )

=0 " i=1 j=1

Making the change of variables t = 422, u = 2l y=z=t=0u=o0c0o=t=1du= (lzftﬂ)zdt,

t
ut+a=% u—z= (fff),weget

IE o r s -1

(HM%H(@ZZMWH@MhFWM I (B +C)(z 4 a) T, \(E)
=0 i=1 =1

BI-E__

x Ty (E = BI)(E — BD)oxl(E)ep] ™' = (z+a) & I} N(E)IR(E — BI)

1
X T+2RS+l,k<A/E,BllpllPZI"'IPT;EIQ11Q21'"IQS,k;B/C;Z+a>‘

Again applying the k-Weyl fractional integral and derivative operators, we get the results (60)-(62). [
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3. Some special cases and applications

In this section, we develop a integral of the , 1R, matrix function involving relation with some
special cases related to integral representations of 1R, matrix functions have also been explained
below.

Theorem 13. For |z| < 1, Re(B) > Re(A) > 0, the ,11R, y matrix function satisfies the following Euler-type
integral representation:

1 P —P r
1Rkl A, AP, (Q,1)iB,Ci2) = T (@I (P)T M@= P) [ eE (1= % B pc(athar

(63)
where E 5 g c(z) is three parametric Mittag—Leffler matrix function [31,32].
Proof. For convenience, let , 1R,y be left-hand side of (63), then
>, z* 1 1 1
ri1Re (A, AP, 1); 8(Q,7); B, C;2) = ) 51 (A)ek(CP) k(S (P4 1)) 2 (P4 (r = 1)1k
= r r r 64)
1 1,1 _ 1 N
* [(ZQ)ex] 1[(;(@ + 1)l [LQ+(r=1)D)ex T, '(¢B+C).
Taking the following properties [34]
(P4 (i—1)I
(P)Er,k_rhn(—’_(l)> A4=0,12,..., (65)
i=1 r tk
and
(P)rex[(Q)re] ™t = Te(Q)T; 1 (P)IH(Q — P)By(P + rkl, Q — P). (66)

where 7 is a positive integer. Using (65) and (66) into (64), we arrive at

r+1Rr,k(A/A(P/r)/'A( ,T),‘B,C,‘Z)
ol
= L TGP P DG+ = DD
=0 °*
(GO GQ+ D)l G Q+ (= VD)) T (¢B +C)
= 3 E A P)(Q)] T (B + )
(=0 "
ol
=TH(Q)T (AT Q= P) Y- 7 (A) 1By (P+1£,Q = P)I (4B +C)
(=0 "
=T ( QT (AT H(Q—P) i %T(A)g,krk_l(fB + Q) /1 I I e
=0 "" 0
=TQI (P Q- P) [ g%y (Zf;,) (A)uT; (6B + C)dt
(=0 :
1 p
=T (Q)T ' (P)T 1 (Q ~ P) /0 11— 0% TR, p,c(ztk)dt
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Theorem 14. Forn,k € N, the , 1R, ) matrix function satisfy the following Euler type integral representation:

ri1Ry (=1L, A(P,7); A(Q,7);ml, C;2) = Tx(Q)T,  (P)I 1 (Q — P)
9 : 67)
X Te(n + 1) (kI + C) / EE (1= ) R ZE (2t m) e

where Zf;l (2;m) is the Konhauser matrix polynomials [30,32,38] of degree n in 2.

Proof. By performing A = —nl and B = mI then (63) reduces to

r1R, (—nI, A(P,1); A(Q,7); ml, C; z)

= QT P P) [T ) By, ()
Using the result defined in [32], this leads to right-hand side of (67). O
Theorem 15. For n € N, there reduces to the following integral representation

r+1Ry k(=1L A(P,1); A(Q,1);11, C;z) = Tk (Q)T, ' (P)I H(Q — P)

- . (68)
x Te(n+ 1T H(Q +nl) / HE —t)%_ILSIZI(zt%)dt,

where LE,;I (z) is the Laguerre matrix polynomials [11].

3.1. Special cases

Case 1. On setting k = 1, P; = [, and Q; = I, (20) becomes
1Ro(A; —;B,C;z) Z ZB—}—C)—E c(2), (69)

where E4 -(z) is the three parameter Mittag-Leffler matrix function given by Sanjhira et al. [32]
Case 2. On setting k = 1, (20) reduces to

7+1RS,1(AIP1/P2/'"IPV;QlfQZI‘"/QS;BIC;Z)

(70)
- ‘r‘KS(A/PerZ/'"/PV;Q]/QZI---rQS/'B/C;Z)/

where K is the matrix K-function given by Sharma and Jain [33].
Case 3. By taking k = 1 and A = I, (20) becomes

r+1Rs1 (L Py, Py, ..., Pr;Q1,Q2,...,Qs;B,C; z)

(71)
= VMS(P1/P2/'--rPT;Q1/Q2/--‘/QS;BIC;Z)I

where ;M is the generalized matrix M-series defined by Sharma and Jain [33].
Case 4. On settingk =1, A = [ and Qq = I, (20) reduces to

7‘+1RS,1(I/P1/P2/--’/PI’;I/Q2/---/Qs;B/C;Z)

(72)
= rRs—l(PLPZ/- . 'IPT;QZI" '/QS;B/C;Z)/

where ,R;_1 matrix function defined by Sanjhira and Dwivedi [31] and Shehata et al. [37].
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Case 5. On takingk =1, A = I and B = C = I, (20) becomes

7‘+1RS,1(I/P]/P2/'--/P}’;erQZ/-~-/Qs;I/I;Z)

(73)
= T'FS(P1/P21'"IPT;QllQZI"'/QS;Z)/

where ,F;(z) is the generalized hypergeometric matrix function by Shehata [34].

4. Conclusion

It should be observed in conclusion, we are motivated to obtain the our interest recurrence
matrix relation, differential properties, new integral representations, Fractional k-Beta, Laplace and
k-Fourier transforms, the k-Riemann-Liouville and k-Weyl fractional integral and derivative operators
of this , 1R, matrix function, which is an important crucial in theory of classical analysis, integral
transforms, mathematical analysis, operational techniques, mathematical physics, fractional calculus,
applied mathematics and statistics. Hence, for our purposes, the results appear in this study are
seemed novel to the literature. From this view, we gives some special cases, such as hypergeometric
and Mittag-Leffler matrix functions, k-Konhauser and k-Laguerre matrix polynomials for the , 1R
matrix function using transform method with its application to the Mittag—Leffler matrix function and
Euler-type integral representations including many special cases and so on. Lastly, we conclude this
paper by hoping that we will be able also extend these generalized type k-fractional derivatives and
their consequences for by analytical continuation. We have been asked to publish in the present form
in the hope that others, more qualified than ourselves in this field, may find the results suggestive,
even indicative, of the usefulness of a more systematic study.

Definition 8. Our definitions of extended , 1R,y matrix function can further results be generalized
Pochhammer symbol (A, i) to the following form:

7’+1Rsk((A/]’l)/P1/P2/- . '/P?’; Ql/ QZ/-- -/QS;B/C;Z)
B (74)

Z A#zkl—[ [1—{ Q])Zk] I, (¢B+0Q),
j=
where
(Ao =T ) [ HF e FarRe(4) > 0, > 0 (75)
and the extension of extended 1Ry matrix function will be defined as follows

r+1Rsk((A ﬂ) Pl/PZI . Pr;Qllel" QS/B C‘T.Z)

_qr{r P)Tk(Q)) Z 7 (A 1) Tk (P; + keT)T 1 (Q) + keT)T, L (¢B + C).
i=1j

(76)
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