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Abstract: A comprehensive theory is developed for the chiral optical response of two configurations of the N-

oscillator Born-Kuhn model (NOBK): the helically stacked and the corner stacked models. In the helical NOBK model, 

there is always a chiral response regardless of the value of N, whereas in the corner NOBK, only configurations with 

even N demonstrate a chiral response. Generally, the magnitudes of optical rotatory dispersion (ORD) and circular 

dichroism (CD) increase with N when the parameters of each oscillator are fixed. In cases of weak coupling, the 

spectral shapes of ORD and CD remain invariant, while strong coupling significantly alters the spectral shapes. For 

large damping, the spectral amplitude becomes smaller, and the spectral features become broader. In the presence of 

small damping, strong coupling introduces degeneracy in the coupled oscillator system, leading to multiple spectral 

features in both ORD and CD across the entire spectral region. This simple model not only can help in the design of 

tunable chiral metamaterials but also enhance our understanding of chiro-optical responses in structures with 

different configurations. 

Keywords: Born-Kuhn model; chiral plasmonics; chiral structures; chiral optics; circular dichroism; 

optical rotatory dispersion; coupled oscillators 

 

1. Introduction  

Chiral metamaterials – the artificially created structures that use subwavelength building blocks to 

break the reflection symmetry – exhibit strong optical activity and possess chiral optical properties. The 

importance of chiral metamaterials lies in their ability to manipulate the polarization state of light and 

enable new functionalities that are not readily available in naturally occurring materials. By designing 

chiral metamaterials with tailored optical responses, researchers can develop novel devices such as circular 

polarizers,[1] chiral lenses,[2] chiral absorbers,[3] etc., for applications in various fields, including optics, 

telecommunications, sensing[4], and imaging[5]. Understanding the chiral optical properties of these 

metamaterials is essential for harnessing their potential in practical applications. Chiral optical properties 

arise from the difference in the interaction of left-handed circularly polarized light (LCP) and right-handed 

circularly polarized light (RCP) with the metamaterial structures. When illuminated with circularly 

polarized light, chiral metamaterials induce a phase or absorption difference between LCP and RCP 

components, leading to a net optical activity characterized by optical rotatory dispersion (ORD) and 

circular dichroism (CD).  

Numerical calculations are essential for understanding complex chiral structures and predicting their 

optical responses. Various methods, such as finite-difference time-domain (FDTD) calculation,[6] finite 

element method (FM),[7] discrete dipole approximation (DDA),[8,9]  and rigorous coupled-wave analysis 

(RCWA),[10] are commonly employed for such simulations.  Numerical modeling allows researchers to 
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optimize the design of chiral metamaterial structures for specific applications. However, interpreting the 

results and establishing a clear physical picture linking the calculated outcomes to the intricate structures 

can be challenging due to the complexity of the systems and numerical algorithms.  

Recently, the Born-Kuhn (BK) model has emerged as a promising approach to address this 

challenge.[11,12] The BK model considers spatially stacked coupled oscillators with different orientations, 

providing a classic framework to predict the optical activity of chiral molecules. This model treats electrons 

in a molecule as damped Lorentzian oscillators subjected to an external electromagnetic wave, and it has 

been successfully applied to explain the chiral response of two perpendicular corner-stacked nanorods.[13] 

A generalized version of the BK model was later presented for stacked plasmonic nanorods with arbitrary 

azimuthal angles or polarization directions, enabling accurate predictions of optical and non-optical 

activity for various two-nanorod systems.[14] The BK model has also been extended to study chiroptical 

properties in systems with non-linear coupling, incorporating perturbative terms for each oscillator.[15] In 

a recent work, a systematic comparison between the BK model and the FDTD results has been conducted, 

demonstrating that these methods can successfully predict the chiro-optical properties of corner-stacked 

plasmonic nanorods. [16]  

However, in more complicated experimental scenarios, a greater number of oscillators has to be 

considered. For instance, Larsen et al. fabricated a triply stacked Ag oligomer with dielectric spacer layers 

in-between each of the Ag layers.[17] According to the correspondence principle from the BK model to 

plasmonic structures, each Ag layer can be treated as a damped harmonic oscillator, leading to a 3-oscillator 

BK model for the entire oligomer structure. In more complex scenarios, the number of plasmonic layers can 

be further increased, giving rise to an N-oscillator BK model. For example, in the Au-nanoparticle 

decorated DNA structures, a chain of Au nanoparticles was arranged in a chiral manner around a central 

axis.[18,19] In this case, each Au nanoparticle acts as a damped harmonic oscillator, and the entire Au-

nanoparticle decorated DNA structure can be represented by an N-oscillator BK model. Moreover, Song et 

al. experimentally realized Au-nanoparticle decorated double helical DNA structures,[20] introducing 

additional complexity in configuration to the analogous BK model. Thus, it becomes important to 

theoretically extend the previously discussed 2-oscillator BK model to an N-oscillator BK model and 

investigate how the number of oscillators and the coupling among them influence the chiro-optical 

property. Experimental observations also indicate that the N-oscillator BK model may exhibit different 

oscillator configurations, which can significantly impact the resulting chiro-optical response. Therefore, it 

is expected that a systematic theoretical exploration of N-oscillator BK model holds great promise in 

providing valuable insights into the behavior of chiral structures with multiple oscillators and offers 

opportunities to elucidate the intricate mechanisms underlying their chiro-optical properties. 

Here we present a general theory for N-Oscillator Born-Kuhn (NOBK) models with two different 

configurations: the helically stacked and vertically stacked models. The exact analytic experissions for ORD 

and CD responses of these model are derived and their chiro-optical spectral features have been 

investigated systematically for different damping and coupling situations. 

2. N-Oscillator Born-Kuhn models 

We consider two kinds of N-Oscillator Born-Kuhn (NOBK) models, the helically stacked and vertically 

stacked NOBK models as shown in Figure 1. Using the convention in which positive displacement always 

corresponds to particle’s motion in the positive direction of either 𝑥 - or 𝑦 -axis, and restricting 

consideration to identical damping coefficients 𝛾, identical resontant frequencies 𝜔଴ଶ, as well as identical 

nearest-neighbors coupling constants 𝑔, the equations of motion for the oscillators in the helical NOBK 

model (Figure 1A) are, 
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Figure 1. N-Oscillator Born-Khon models: (a) the helically stacked and (b) the corner stacked. 

 

⎩⎪⎪⎨
⎪⎪⎧ 𝑥ሷଵ + 𝛾𝑥ሶଵ + 𝜔଴ଶ𝑥ଵ + 𝑔𝑦ଶ = 𝑓ଵ(𝑡),𝑦ሷଶ + 𝛾𝑦ሶଶ + 𝜔଴ଶ𝑦ଶ + 𝑔𝑥ଵ − 𝑔𝑥ଷ = 𝑓ଶ(𝑡),𝑥ሷଷ + 𝛾𝑥ሶଷ + 𝜔଴ଶ𝑥ଷ − 𝑔𝑦ଶ + 𝑔𝑦ସ = 𝑓ଷ(𝑡),𝑦ሷସ + 𝛾𝑦ሶସ + 𝜔଴ଶ𝑦ସ + 𝑔𝑥ଷ − 𝑔𝑥ହ = 𝑓ସ(𝑡),𝑥ሷହ + 𝛾𝑥ሶସ + 𝜔଴ଶ𝑥ହ − 𝑔𝑦ସ + 𝑔𝑦଺ = 𝑓ହ(𝑡),⋯

  (1) 

where the alternating ±𝑔 on the left hand side are due to simple physical considerations, and there are N 

equations corresponding to N oscillators in the system. Since our primary interest is in system’s gyrotropic 

response, we assume harmonic drive in the form of a plane electromagnetic wave of frequency 𝜔 and 

wave number 𝑘 propagating in the positive 𝑧-direction,  

⎝⎜
⎜⎛

𝑓ଵ(𝑡)𝑓ଶ(𝑡)𝑓ଷ(𝑡)𝑓ସ(𝑡)𝑓ହ(𝑡)⋮ ⎠⎟
⎟⎞ = (ି௤೐)௠೐ ⎝⎜

⎜⎜⎛
𝐸௫଴𝐸௬଴𝑒௜௞ௗ𝐸௫଴𝑒ଶ௜௞ௗ𝐸௬଴𝑒ଷ௜௞ௗ𝐸௫଴𝑒ସ௜௞ௗ⋮ ⎠⎟

⎟⎟⎞ 𝑒ି௜(ఠ௧ି௞௭బ),  (2) 

where 𝑞௘  and 𝑚௘  are the effective charge and mass parameters characterizing the oscillating charge 

distributions. Applying the steady state solutions,   

⎝⎜
⎜⎛

𝑥ଵ(𝑡)𝑦ଶ(𝑡)𝑥ଷ(𝑡)𝑦ସ(𝑡)𝑥ହ(𝑡)⋮ ⎠⎟
⎟⎞ = ⎝⎜⎜

⎛𝑢ଵ𝑢ଶ𝑢ଷ𝑢ସ𝑢ହ⋮ ⎠⎟⎟
⎞ 𝑒ି௜(ఠ௧ି௞௭బ),  (3) 

Equation 1 can be cast in a matrix form,  
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𝐴௡ ⎝⎜⎜
⎛𝑢ଵ𝑢ଶ𝑢ଷ𝑢ସ𝑢ହ⋮ ⎠⎟⎟

⎞ = (ି௤೐)௠೐ ⎝⎜
⎜⎜⎛

𝐸௫଴𝐸௬଴𝑒௜௞ௗ𝐸௫଴𝑒ଶ௜௞ௗ𝐸௬଴𝑒ଷ௜௞ௗ𝐸௫଴𝑒ସ௜௞ௗ⋮ ⎠⎟
⎟⎟⎞, (4) 

with  

𝐴௡ =
⎝⎜
⎜⎜⎛

Ωଶ 𝑔 0 0 0 ⋯𝑔 Ωଶ −𝑔 0 0 ⋯0 −𝑔 Ωଶ 𝑔 0 ⋯0 0 𝑔 Ωଶ −𝑔 ⋯0 0 0 −𝑔 Ωଶ ⋯⋮ ⋮ ⋮ ⋮ ⋮ ⋱ ⎠⎟
⎟⎟⎞,         (5) 

where Ωଶ ≡ 𝜔଴ଶ − 𝜔ଶ − 𝑖𝛾𝜔. 
For the corner NOBK model (Figure 1B), the equations of motion can be written as  

⎩⎪⎪⎨
⎪⎪⎧ 𝑥ሷଵ + 𝛾𝑥ሶଵ + 𝜔଴ଶ𝑥ଵ + 𝑔𝑦ଶ = 𝑓ଵ(𝑡)𝑦ሷଶ + 𝛾𝑦ሶଶ + 𝜔଴ଶ𝑦ଶ + 𝑔𝑥ଵ + 𝑔𝑥ଷ = 𝑓ଶ(𝑡)𝑥ሷଷ + 𝛾𝑥ሶଷ + 𝜔଴ଶ𝑥ଷ + 𝑔𝑦ଶ + 𝑔𝑦ସ = 𝑓ଷ(𝑡)𝑦ሷସ + 𝛾𝑦ሶସ + 𝜔଴ଶ𝑦ସ + 𝑔𝑥ଷ + 𝑔𝑥ହ = 𝑓ସ(𝑡)𝑥ሷହ + 𝛾𝑥ሶସ + 𝜔଴ଶ𝑥ହ + 𝑔𝑦ସ + 𝑔𝑦଺ = 𝑓ହ(𝑡)⋯

,  (6) 

 The steady state solutions for Equation 6 can also be written as a matrix form of Equation 4, with 

𝐴௡ =
⎝⎜
⎜⎜⎛

Ωଶ 𝑔 0 0 0 ⋯𝑔 Ωଶ 𝑔 0 0 ⋯0 𝑔 Ωଶ 𝑔 0 ⋯0 0 𝑔 Ωଶ 𝑔 ⋯0 0 0 𝑔 Ωଶ ⋯⋮ ⋮ ⋮ ⋮ ⋮ ⋱ ⎠⎟
⎟⎟⎞.   (7) 

The general solution for Equation 4 can be written as, 

⎝⎜
⎜⎜⎛

𝑢ଵ𝑢ଶ𝑢ଷ𝑢ସ𝑢ହ𝑢଺⋮ ⎠⎟
⎟⎟⎞ = − ௤೐௠೐ A௡ିଵ

⎝⎜
⎜⎜⎜
⎛𝐸௫଴𝐸௬଴𝑒௜௞ௗ𝐸௫଴𝑒ଶ௜௞ௗ𝐸௬଴𝑒ଷ௜௞ௗ𝐸௫଴𝑒ସ௜௞ௗ𝐸௬଴𝑒ହ௜௞ௗ⋮ ⎠⎟

⎟⎟⎟
⎞

.  (8) 

According to Appendix A, if 𝜙௟,௝ is the element of the inverse matrix A௡ିଵ, then 
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𝑢௟ = − 𝑞௘𝑚௘ ෍ே
௝ୀଵ 𝜙௟,௝𝐸௝𝑒௜(௝ିଵ)௞ௗ

= − 𝑞௘𝑚௘ [ ෍ 𝜙௟,(ଶ௝ାଵ)𝑒௜(ଶ௝)௞ௗ𝐸௫଴ + ෍ 𝜙௟,(ଶ௝)𝑒௜(ଶ௝ିଵ)௞ௗ𝐸௬଴
ቂேଶቃ
௝ୀଵ ]ቂேିଵଶ ቃ

௝ୀ଴= − 𝑞௘𝑚௘ (𝑢௟௫ + 𝑢௟௬),                                                                                                     (9) 

where the symbol ቂேିଵଶ ቃ  or ቂேଶቃ  means taking an integer less or equal to the term in [], 𝑢௟௫ =∑ 𝜙௟,(ଶ௝ାଵ)𝑒௜(ଶ௝)௞ௗ𝐸௫଴ே/ଶ௝ୀ଴ , and 𝑢௟௬ = ∑ 𝜙௟,(ଶ௝)𝑒௜(ଶ௝ିଵ)௞ௗ𝐸௬଴ே/ଶ௝ୀଵ .   
For both the helical and corner NOBK models, the induced polarization can then be found as,[21,22]  𝑃௫ = 𝜔௣ଶ ∑ 𝑢ଶ௟ାଵ(∓1)௟𝑒ି௜௞(ଶ௟)ௗ = 𝜔௣ଶ ∑ (𝑢(ଶ௟ାଵ)௫+𝑢(ଶ௟ାଵ)௬)(∓1)௟𝑒ି௜௞(ଶ௟)ௗ,[(ேିଵ)/ଶ]௟ୀ଴[(ேିଵ)/ଶ]௟ୀ଴  

 (10) 𝑃௬ = 𝜔௣ଶ ∑ 𝑢ଶ௟(∓1)௟ାଵ𝑒ି௜௞(ଶ௟ାଵ)ௗ = 𝜔௣ଶ ∑ (𝑢(ଶ௟)௫+𝑢(ଶ௟)௬)(∓1)௟ାଵ𝑒ି௜௞(ଶ௟ାଵ)ௗ[ே/ଶ]௟ୀଵ[ே/ଶ]௟ୀଵ , (11) 𝑃௭ = 0,   (12) 

where 𝜔௣ଶ = ௡బ௤೐మ௠೐ , 𝑛଴ is the bulk concentration of NOBK molecules. The “−” sign is for the helical NOBK 

model, and the “+” sign is for the corner NOBK model. Insert Equation 9 into Equations 10 and 11, one 

has, 𝑃௫ = 𝜒௫௫𝐸௫଴ + 𝜒௫௬𝐸௬଴ and 𝑃௬ = 𝜒௬௫𝐸௫଴ + 𝜒௬௬𝐸௬଴, (13) 

with  

⎩⎪⎨
⎪⎧𝜒௫௫ = 𝜔௣ଶ ∑ ∑ (∓1)௟𝜙(ଶ௟ାଵ),(ଶ௝ାଵ)[(ேିଵ)/ଶ]௝ୀ଴ 𝑒௜(ଶ௝ିଶ௟)௞ௗ[(ேିଵ)/ଶ]௟ୀ଴𝜒௫௬ = 𝜔௣ଶ ∑ ∑ (∓1)௟𝜙(ଶ௟ାଵ),(ଶ௝)[ே/ଶ]௝ୀଵ 𝑒௜(ଶ௝ିଶ௟ିଵ)௞ௗ[(ேିଵ)/ଶ]௟ୀ଴𝜒௬௫ = 𝜔௣ଶ ∑ ∑ (∓1)௟ାଵ𝜙(ଶ௟),(ଶ௝ାଵ)[(ேିଵ)/ଶ]௝ୀ଴ 𝑒௜(ଶ௝ିଶ௟ିଵ)௞ௗ[ே/ଶ]௟ୀଵ𝜒௬௬ = 𝜔௣ଶ ∑ ∑ (∓1)௟ାଵ𝜙(ଶ௟),(ଶ௝)ே/ଶ௝ୀଵ 𝑒௜(ଶ௝ିଶ௟ିଶ)௞ௗ[ே/ଶ]௟ୀଵ

. (14) 

The exact expressions for polarization as a function of 𝑘𝑑  become rather cumbersome and not very 

illuminating for 𝑁 > 2, which motivates us to use the quasi-static (long-wavelength) approximation, 𝑘𝑑 ≪1, and keep only linear terms in 𝑘𝑑,  

⎩⎪⎨
⎪⎧𝜒௫௫ = 𝜔௣ଶ ∑ ∑ (∓1)௟𝜙(ଶ௟ାଵ),(ଶ௝ାଵ)[(ேିଵ)/ଶ]௝ୀ଴[(ேିଵ)/ଶ]௟ୀ଴𝜒௫௬ = 𝜔௣ଶ ∑ ∑ (∓1)௟𝜙(ଶ௟ାଵ),(ଶ௝)[ே/ଶ]௝ୀଵ [1 + 𝑖(2𝑗 − 2𝑙 − 1)𝑘𝑑][(ேିଵ)/ଶ]௟ୀ଴𝜒௬௫ = 𝜔௣ଶ ∑ ∑ (∓1)௟ାଵ𝜙(ଶ௟),(ଶ௝ାଵ)[(ேିଵ)/ଶ]௝ୀ଴ [1 + 𝑖(2𝑗 − 2𝑙 − 1)𝑘𝑑][ே/ଶ]௟ୀଵ𝜒௬௬ = 𝜔௣ଶ ∑ ∑ (∓1)௟ାଵ𝜙(ଶ௟),(ଶ௝)[ே/ଶ]௝ୀଵ[ே/ଶ]௟ୀଵ

. (15) 

Since 𝜙௟,௝ = 𝜙௝,௟ for both helical and corner NOBK models, according to Equation 15, 𝜒௫௬ and 𝜒௬௫ can be 

written as, [16,21,22] 𝜒௫௬ = 𝜒௫௬଴ − 𝑖𝑘Γ and 𝜒௬௫ = 𝜒௬௫଴ + 𝑖𝑘Γ,   (16) 
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with 𝜒௫௬଴ = 𝜒௬௫଴ = 𝜔௣ଶ𝑘𝑑 ∑ ∑ (∓1)௟𝜙(ଶ௟ାଵ),(ଶ௝)[ே/ଶ]௝ୀଵ[(ேିଵ)/ଶ]௟ୀ଴ , (17) Γ = −𝜔௣ଶ𝑑 ∑ ∑ (∓1)௟𝜙(ଶ௟ାଵ),(ଶ௝)[ே/ଶ]௝ୀଵ (2𝑗 − 2𝑙 − 1)[(ேିଵ)/ଶ]௟ୀ଴ , (18) 

where Γ is the gyration, representing chiral induced polarization. If we only consider chiral effect, after 

averaging in three-dimensional space, we get  Γ = − ఠ೛మௗଷ ∑ ∑ (∓1)௟𝜙(ଶ௟ାଵ),(ଶ௝)[ே/ଶ]௝ୀଵ (2𝑗 − 2𝑙 − 1)[(ேିଵ)/ଶ]௟ୀ଴ .  (19) 

The chiral optical response of a chiral medium is defined by three optical parameters: the index of 

refraction, ORD, and CD. The index of refraction for RCP, denoted as 𝑛ା, and LCP, denoted as 𝑛ି, are 

distinct and can be represented as, [16,23] 𝑛±ଶ = 𝑛തଶ ± Γ𝑛ത with 𝑛ത being the average index of refraction. In 

the limit of Γ ≪ 𝑛ത, 𝛥𝑛 = 𝑛ା − 𝑛ି ≈ 𝛤, which is determined by Γ. The ORD and CD can be calculated as 

follows, ORD = Δ𝜙 = ௫ଶ௩೗ 𝑅𝑒(Δ𝑛) ≈ ௫ଶ௩೗ 𝑅𝑒(Γ),         (20) 𝐶𝐷 =  Δ𝐴 = ଶ௫௩೗ 𝐼𝑚(Δ𝑛) ≈ ଶ௫௩೗ 𝐼𝑚(Γ).          (21) 

where Δ𝜙 is optical rotation angle, Δ𝐴 is the change in the absorbance of the spectra due to the LCP and 

RCP incidence, 𝑣௟ is the normalized speed of light 
௩ఠబ  in vacuum, where v is the speed of light in vacuum, 

and x is the path length of the medium.  

In the following section, we will discuss in detail how different NOBK models, the number of 

oscillators, and oscillator parameters affect the ORD and CD responses, i.e., 𝑅𝑒(Γ) and 𝐼𝑚(Γ). 

2.1. Helical NOBK model 

For the helical NOBK model, according to Appendix A, 𝜙௟,௝ can be written as,  𝜙௟,௝ = (−1)ೕ(ೕషభ)ష೗(೗షభ)మ ୱ୧୬(௟ఙ) ୱ୧୬[(ேାଵି௝)ఙ]௚ୱ୧୬ఙ ୱ୧୬[(ேାଵ)ఙ] ,  (22) 

where 𝜎 = cosିଵ(ஐమଶ௚). Thus,  Γ = − ఠ೛మௗଷ ∑ ∑ (−1)௝(ଶ௝ିଵ)ି௟(ଶ௟ାଵ)ା௟(2𝑗 − 2𝑙 − 1)[ே/ଶ]௝ୀଵ ୱ୧୬((ଶ௟ାଵ)ఙ) ୱ୧୬[(ேାଵିଶ௝)ఙ]௚ୱ୧୬ఙ ୱ୧୬[(ேାଵ)ఙ][(ேିଵ)/ଶ]௟ୀ଴ . (23) 

Let’s look at N = 2 case, l = 1 and j =2, so, Γ = ௗఠ೛మଷ ୱ୧୬[ఙ]௚ ୱ୧୬[ଷఙ] = ௗఠ೛మଷ௚ ଵଷିସ ୱ୧୬మఙ = ௗఠ೛మଷ௚ ଵସ(ಈమమ೒)మିଵ = ௗఠ೛మଷ ௚ஐరି௚మ. Table 

1 shows the calculated 𝜒௫௫ , 𝜒௫௬ , and Γ for N = 2l (even numbers ofoscillators) and N = 2l + 1 (odd number 
odcillators), with 𝑙 = 1, 2, …. It is noticed that when N = 2l, the expressions for 𝜒௫௫ , 𝜒௫௬ , and Γ become more 
complecated, while for N = 2l + 1 they are much simpler.  

Below we will give an extensive discussion on how both ORD and CD change with N under different 

damping and coupling consitions. To make all the quantaties comparible, we set 𝑥 = ఠఠబ, 𝑏 = ఊఠబ, and 𝑐 =௚ఠబమ, thus 
ஐమఠబమ = 1 − 𝑥ଶ − 𝑖𝑏𝑥. 

(1) Large damping  

In cases where b is large and c is very small, corresponding to weak coupling (𝑔 ≪ Ωଶ), the expressions 

in Tables 1 yield  Γ ≈ − (ேିଵ)௚ௗஐర ,  (24) 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 27 December 2023                   doi:10.20944/preprints202312.2053.v1

https://doi.org/10.20944/preprints202312.2053.v1


7 
 

Table 1. The resulted 𝜒௫௫ , 𝜒௬௬, 𝜒௫௬, and Γ expression for helical NOBK models 

N 𝝌𝒙𝒙 = 𝝌𝒚𝒚 𝝌𝒙𝒚 𝚪 

2 −Ω2𝑔2 − Ω4
 

𝑔𝑔2 − Ω4 
𝑔𝑑𝑔2 − Ω4 

4 Ω2൫−5𝑔2 + 2Ω4൯𝑔4 − 3𝑔2Ω4 + Ω8 
3𝑔3 − 𝑔Ω4𝑔4 − 3𝑔2Ω4 + Ω8

 
𝑔𝑑൫5𝑔2 − 3Ω4൯𝑔4 − 3𝑔2Ω4 + Ω8 

6 Ω2൫−14𝑔4 + 14𝑔2Ω4 − 3Ω8൯𝑔6 − 6𝑔4Ω4 + 5𝑔2Ω8 − Ω12  
𝑔൫6𝑔4 − 5𝑔2Ω4 + Ω8൯𝑔6 − 6𝑔4Ω4 + 5𝑔2Ω8 − Ω12 

𝑔𝑑൫14𝑔4 − 21𝑔2Ω4 + 5Ω8൯𝑔6 − 6𝑔4Ω4 + 5𝑔2Ω8 − Ω12 

8 Ω2൫−30𝑔6 + 54𝑔4Ω4 − 27𝑔2Ω8 + 4Ω12൯𝑔8 − 10𝑔6Ω4 + 15𝑔4Ω8 − 7𝑔2Ω12 + Ω16
 

𝑔൫2𝑔2 − Ω4൯൫5𝑔4 − 5𝑔2Ω4 + Ω8൯𝑔8 − 10𝑔6Ω4 + 15𝑔4Ω8 − 7𝑔2Ω12 + Ω16
 

𝑔𝑑൫30𝑔6 − 81𝑔4Ω4 + 45𝑔2Ω8 − 7Ω12൯𝑔8 − 10𝑔6Ω4 + 15𝑔4Ω8 − 7𝑔2Ω12 + Ω16
 

10 Ω2൫−55𝑔8 + 154𝑔6Ω4 − 132𝑔4Ω8 + 44𝑔2Ω12 − 5𝑔10 − 15𝑔8Ω4 + 35𝑔6Ω8 − 28𝑔4Ω12 + 9𝑔2Ω16 − 𝑔൫15𝑔8 − 35𝑔6Ω4 + 28𝑔4Ω8 − 9𝑔2Ω12 + Ω16𝑔10 − 15𝑔8Ω4 + 35𝑔6Ω8 − 28𝑔4Ω12 + 9𝑔2Ω16 − 𝑔𝑑൫55𝑔8 − 231𝑔6Ω4 + 220𝑔4Ω8 − 77𝑔2Ω12 + 9Ω𝑔10 − 15𝑔8Ω4 + 35𝑔6Ω8 − 28𝑔4Ω12 + 9𝑔2Ω16 −
3 2

Ω2 −Ω2

2𝑔2 − Ω4 
2𝑔𝑑

2𝑔2 − Ω4 

5 3

Ω2 −2Ω2𝑔2 − Ω4 
4𝑔𝑑𝑔2 − Ω4 

7 4

Ω2 Ω2൫3Ω4 − 10𝑔2൯
2𝑔4 − 4𝑔2Ω4 + Ω8

 
2𝑔𝑑൫10𝑔2 − 3Ω4൯
2𝑔4 − 4𝑔2Ω4 + Ω8

 

9 5

Ω2 2Ω2൫2Ω4 − 5𝑔2൯𝑔4 − 3𝑔2Ω4 + Ω8 
4𝑔𝑑൫5𝑔2 − 2Ω4൯𝑔4 − 3𝑔2Ω4 + Ω8 

Table 2. The resulted 𝜒௫௫, 𝜒௬௬, 𝜒௫௬, and Γ expression for corner NOBK models 

N 𝝌𝒙𝒙 = 𝝌𝒚𝒚 𝝌𝒙𝒚 𝚪 

2 −Ω2𝑔2 − Ω4 
𝑔𝑔2 − Ω4 

𝑔𝑑𝑔2 − Ω4 
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4 Ω2൫2Ω4 − 𝑔2൯𝑔4 − 3𝑔2Ω4 + Ω8
 

𝑔3 − 3𝑔Ω4𝑔4 − 3𝑔2Ω4 + Ω8
 − 𝑑𝑔൫𝑔2 + Ω4൯𝑔4 − 3𝑔2Ω4 + Ω8

 

6 Ω2൫2𝑔4 − 6𝑔2Ω4 + 3Ω8൯−𝑔6 + 6𝑔4Ω4 − 5𝑔2Ω8 + Ω12 
2𝑔5 − 9𝑔3Ω4 + 5𝑔Ω8𝑔6 − 6𝑔4Ω4 + 5𝑔2Ω8 − Ω12 

𝑑𝑔൫2𝑔4 − 𝑔2Ω4 + Ω8൯𝑔6 − 6𝑔4Ω4 + 5𝑔2Ω8 − Ω12 

8 Ω2൫−2𝑔6 + 14𝑔4Ω4 − 15𝑔2Ω8 + 4Ω12൯𝑔8 − 10𝑔6Ω4 + 15𝑔4Ω8 − 7𝑔2Ω12 + Ω16 
2𝑔7 − 21𝑔5Ω4 + 25𝑔3Ω8 − 7𝑔Ω12𝑔8 − 10𝑔6Ω4 + 15𝑔4Ω8 − 7𝑔2Ω12 + Ω16 − 𝑑𝑔൫2𝑔6 + 3𝑔4Ω4 − 3𝑔2Ω8 + Ω12൯𝑔8 − 10𝑔6Ω4 + 15𝑔4Ω8 − 7𝑔2Ω12 + Ω16 

10 Ω2൫3𝑔8 − 26𝑔6Ω4 + 48𝑔4Ω8 − 28𝑔2Ω12 + 5Ω1−𝑔10 + 15𝑔8Ω4 − 35𝑔6Ω8 + 28𝑔4Ω12 − 9𝑔2Ω16 + 3𝑔9 − 39𝑔7Ω4 + 80𝑔5Ω8 − 49𝑔3Ω12 + 9𝑔Ω1𝑔10 − 15𝑔8Ω4 + 35𝑔6Ω8 − 28𝑔4Ω12 + 9𝑔2Ω16 − 𝑑𝑔൫3𝑔8 − 3𝑔6Ω4 + 8𝑔4Ω8 − 5𝑔2Ω12 + Ω16൯𝑔10 − 15𝑔8Ω4 + 35𝑔6Ω8 − 28𝑔4Ω12 + 9𝑔2Ω16 −
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i.e., according to Equations 20 and 21, the functional shapes of  both ORD and CD with respect 

to x remain unchanged. Only the magnitude of ORD and CD experiences a linear increase with N. 

Figures 2a and 2b show the plots of 𝑅𝑒(Γ) and 𝐼𝑚(Γ) versus x for 𝑏 = 0.5 and 𝑐 = 0.001 at N = 2 

to 9. As expected, the overall amplitudes of 𝑅𝑒(Γ) and 𝐼𝑚(Γ) increase with N. 𝑅𝑒(Γ) exhibits a 

primary peak around 𝑥 = 1, precisely at 𝑥௠ = 0.98, where 𝑅𝑒(Γ) attains its maximum value. At 𝑥 = 0.78 and 1.28, 𝑅𝑒(Γ) reaches zero. Beyond these two x values, 𝑅𝑒(Γ) is negative. Thus, for a 

fixed c with the increase of N, this 𝑅𝑒(Γ) peak becomes sharper. On the contrary, 𝐼𝑚(Γ) exhibits a 

bisinuate line shape. At 𝑥 = 1, 𝐼𝑚(Γ) = 0. This observation is consistent across all values of N, b, or c, 

since at 𝑥 = 1, 
ஐమఠబమ = −𝑖𝑏𝑥 and according to the expressions for Γ in Table 1, the Γ value is real. At 𝑥ି = 0.84, 𝐼𝑚(Γ) reaches a negative dip; while at 𝑥ା = 1.12, 𝐼𝑚(Γ) achieve a positive peak. Due to 

strong damping, both 𝑅𝑒(Γ) − 𝑥 and 𝐼𝑚(Γ) − 𝑥  curves are not symmetric about 𝑥 = 1, and the 

overall magnitudes of |𝑅𝑒(Γ)| and |𝐼𝑚(Γ)| are smaller than 0.04. 

 

Figure 2. The plots of (a) 𝑅𝑒(Γ) − 𝑥 and (b) 𝐼𝑚(Γ) − 𝑥 for 𝑏 = 0.5 and 𝑐 = 0.001 at N = 2 to 9. The 

2D maps of (c) 𝑅𝑒(Γ) and (d) 𝐼𝑚(Γ) with 0.01 ≤ 𝑐 ≤ 0.6 for N = 6. 

In addition, 𝑅𝑒(Γ) and 𝐼𝑚(Γ) are both influenced by the coupling strength c. Figures 2c and 2d 

present two-dimensional (2D) map plots of 𝑅𝑒(Γ) − 𝑥 and 𝐼𝑚(Γ) − 𝑥 with varying c from 0.01 to 0.6 

for N = 6. Several features can be seen: (1) The peak intensity of 𝑅𝑒(Γ) − 𝑥 consistently increases with 

c, as indicated by Equation 24, Γ ∝ 𝑐. (2) The 𝑅𝑒(Γ) peak exhibits increased broadening with higher 

c values. (3) The separation of the negative dip location 𝑥ି and positive peak location 𝑥ା for 𝐼𝑚(Γ) 

increases with c. In more detail, Figures 3a shows plots of 𝑅𝑒(Γ) and 𝐼𝑚(Γ) versus x for 𝑏 = 0.5 & 𝑐 = 0.2 at N = 2 to 9. While most 𝑅𝑒(Γ) − 𝑥 plots display a prominent peak, those for N = 2, 3, and 5 

exhibit a notably broad peak. Also, the 𝑅𝑒(Γ) − 𝑥 plots for different N show varying zero-crossing 

locations, as evident in Figure 2a. Although the maximum 𝑅𝑒(Γ)  continues to monotonically 

increase with c, the location 𝑥௠ undergoes slight shifts. For N = 2, 4, 6, and 8, 𝑥௠ ≈ 0.97; whereas for 

N = 5, 7, and 9, 𝑥௠ varies from 0.93, to 0.96, then to 0.97. In the case of N = 3, the broad peak prevents 

(a)                                                     (c)

(b)                                                        (d)
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a clear definition of a maximum. Additionally, for 𝑥 ≤ 0.7, the spectral shape of 𝑅𝑒(Γ) − 𝑥 becomes 

more complicated.   

 
Fig. 3 The plots of 𝑅𝑒(Γ) − 𝑥 and 𝐼𝑚(Γ) − 𝑥 at N = 2 to 9 for 𝑏 = 0.5 and (a) 𝑐 = 0.2 and (b) 𝑐 = 0.6. 

 For odd N, the 𝐼𝑚(Γ) − 𝑥 still maintains the bisinuate line-shape, but both 𝑥ି and 𝑥ା vary 

with N. Specifically, the (𝑥ି, 𝑥ା) values are (0.48, 1.31), (0.66, 1.23), (0.73, 1.19), and (0.77, 1.17) for N 

= 3, 5, 7, and 9, respectively. This implies that the seprataion between 𝑥ି and 𝑥ା decreases with N. 

For even N (except for N = 2), the shape of 𝐼𝑚(Γ) − 𝑥 becomes more complicated at 𝑥 < 1: For N = 4 

and 6, distinct double dips emerge, while for N = 8, a notably broad dip appears.  

As the coupling strength c increases to 0.6, indicating a scenario of strong damping and strong 

coupling, both 𝑅𝑒(Γ) − 𝑥 and 𝐼𝑚(Γ) − 𝑥 relationships for N = 2 to 9 closely resemble those at c = 0.2, 

with distinct 𝑥௠, 𝑥ି, and 𝑥ା for a fixed N, as shown in Figure 3b. For N = 2, 4, 6, and 8, 𝑥௠ ≈ 0.97; 

while for N = 5, 7, and 9, 𝑥௠ varies from 0.93, to 0.94, then to 0.95. The values of (𝑥ି, 𝑥ା) are (0.31, 

1.35), (0.58, 1.26), (0.69, 1.22), and (0.73, 1.19) for N = 3, 5, 7, and 9, respectively.  

(a) b = 0.5, c = 0.2 (b) b = 0.5, c = 0.6
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Figure 4. The plots of 𝑅𝑒(Γ) − 𝑥 and 𝐼𝑚(Γ) − 𝑥 at N = 2 to 9 for 𝑏 = 0.01 and (a) 𝑐 = 0.001, (b) 𝑐 =0.2, and (c) 𝑐 = 0.6. 

(1) Small damping  

Figure 4 plots the selected 𝑅𝑒(Γ) − 𝑥 and 𝐼𝑚(Γ) − 𝑥 relationships for N = 2 to 9 at b = 0.01 and 

c = 0.001, 0.2, and 0.6. In the scenario where 𝑐 = 0.001 ≪ 𝑏 = 0.01, corresponding to large damping 

and weak coupling, both 𝑅𝑒(Γ) − 𝑥 and 𝐼𝑚(Γ) − 𝑥 have the same spectral shape as shown in Figure 

4a. They are symmetric about 𝑥 = 1, with 𝑥௠ = 1.00 for all N. There are two zero-crossings for 𝑅𝑒(Γ), located at 𝑥 = 0.995 and 1.005, respectively. Thus, the 𝑅𝑒(Γ) spectra are notably sharper than 

those in Figure 2a and the corresponding maximum values are on the order of 10 – 80, significantly 

larger than those in situations with larger damping. For 𝐼𝑚(Γ) − 𝑥 relationship, both 𝑥ି and 𝑥ା are 

at 0.997 and 1.003, resulting in a small spectral span but much greater magnitudes compared to Figure 

2b. Clearly, the magnitude of both 𝑅𝑒(Γ) and 𝐼𝑚(Γ) increases monotonically with N. 

When c increases to 0.2, both 𝑅𝑒(Γ) − 𝑥 and 𝐼𝑚(Γ) − 𝑥 relationships become more complicated 

as shown in Figure 4b. For N = 3, 5,7, and 9, the 𝑅𝑒(Γ) − 𝑥 spectra share a similar shape, featuring a 

positive curved band centered around 𝑥 = 1 and two large negative dips near each zero-crossing 

location, with the width of the central band decreasing with N. For N = 2, 4, 6, and 8, the central bands 

are relatively narrower than their N + 1 counterparts. While the spectrum is slightly off symmetry 

about 𝑥 = 1, there are N/2 zero crossings in 𝑥 > 1 and 𝑥 < 1 regions, respectively. Near each zero 

crossing, there is either a negative dip or a positive peak. Similar  features are observed for the 𝐼𝑚(Γ) − 𝑥 relationship: For N = 3, 5, 7, and 9, there is only a negative dip at 𝑥 < 1 and a positive 

peak at 𝑥 > 1, with specific (𝑥ି , 𝑥ା) being (0.85, 1.13), (0.89, 1.095), (0.92, 1.07), and (0.94, 1.06), 

respectively. For N = 2, 4, 6, and 8, N/2 positive peaks and N/2 negative dips are evident in the spectra. 

Specifically, for N = 2, 𝑥ି and 𝑥ା appear at 0.89 and 1.09; for N = 4, two negative dips occur at 0.94 

and 0.82, and two positive peaks at 1.06 and 1.15; for N = 6, the negative dips are at 0.95, 0.87, 1.17, 

and postive peaks locate at 1.04, 1.12, 0.80; for N = 8, dips are at 0.96, 0.89, 0.79, and 1.14, peaks at 1.03, 

1.1, 1.17, and 0.83. Clearly the number of peaks/dips in the 𝐼𝑚(Γ) plots corresponds to the number 

of zero crossings in the 𝑅𝑒(Γ) plots. 

As c increases to 0.6, signifying a strong coupling case, the 𝑅𝑒(Γ) − 𝑥  and 𝐼𝑚(Γ) − 𝑥 

relationships become even more complicated as shown in Figure 4c. All the 𝑅𝑒(Γ)  and 𝐼𝑚(Γ) 

spectra become markedly asymmetric, with espectral features stretched in 𝑥 < 1 region. For N = 2, 

3, 4, 5, 6, 7, and 8, both the 𝑅𝑒(Γ) and 𝐼𝑚(Γ) spectra closely resemble those at c = 0.2, yet with 

increased asymmetry and expanded separations of relative peaks or dips. However, for N = 9, two 

(a) b = 0.01, c = 0.001 (b) b = 0.01, c = 0.2 (c) b = 0.01, c = 0.2
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zero-crossing locations emerge for 𝑅𝑒(Γ) at 𝑥 < 1 and for 𝐼𝑚(Γ), negative dips appear at 0.79 and 

0.17, accompanied by two positive peaks at 1.17 and 1.4.  

To better understand the observed splitting behaviors for different values of c, Figure 5 presents 

the 2D maps of 𝐼𝑚(Γ) − 𝑥 as c varies from 0.001 to 0.6. The darker line-like fetures in the plots 

represent sharp dips while the bright curves represents sharp peaks. Initially, all maps exhibit one 

dip and one peak at very small c, and depending on N and c, these dip and peak split into multiple 

dip and peak lines. For N = 2, 3, 5, and 7, the dominate features in the 𝐼𝑚(Γ) maps consist of one dip 

line and one peak line at 𝑥 < 1 and 𝑥 > 1, respectively. With the incease of c, the separation between 𝑥ି and 𝑥ା increases monotonically. However, for the same c, the 𝑥ି and 𝑥ା seperations become 

smaller with increased N. In contrast, for even N (> 2), multiple dips and peaks emerge. For example, 

for N = 4, two distinct dip lines appear at 𝑥 < 1 and two peak lines occur at 𝑥 > 1. These four lines 

remain in both N = 6 and N = 8 maps. But in the N = 6 map, a faint peak line emerges to the left of the 

second dip line, and a very weak dip line appears to the right of the second peak line. For N = 8, 

compared to N = 6, a very weak dip line is added on the far left, while a weak peak line is introduced 

on the far right.   

 

Figure 5. The 2D maps of 𝐼𝑚(Γ) − 𝑥 for 𝑐 = 0.001 𝑡𝑜 0.6 at different N. 

The splitting of the peaks/dips for large c arises from the degeneracy of the coupled oscillators 

in a weak damping case. When c is very small, the dominant oscillation modes in the NOBK system 

are the bonding and anti-bonding modes. As discussed in Ref.[16], the 𝑥ି and 𝑥ା correspond to 

bonding and anti-bonding modes of the system for N = 2. In fact, as c increases, the stronger coupling 

between two adjacent oscillators leads to the degeneration of oscillation modes. Since b is very small, 

the NOBK system can be treated as N-coupled harmonic oscillators with an intrinsic frequency of 𝜔଴. 

Due to the coupling, the new collective oscillation mode 𝜔௞ becomes,[24] னೖమఠబమ = 1 − 2𝑐cos( ௞గேାଵ),    𝑘 = 1,2, ⋯ , 𝑁.  (25) 

By numerically examining the negative dip and positive peak locations of 𝐼𝑚(Γ), we find that 

these locations are exactly corresponding to all the collected modes 
ఠೖఠబ for N = 2l and some selected 

modes for N = 2l + 1. In fact, an equation 𝑥± = √1 ± 2𝑎𝑐 can be used to fit all these x locations. For N 

= 2l, according to Equation 25, there are a total of 2l resonant modes emerging, which correspond to 

the l dips and l peaks shown in the top row of Figure 5. By fitting these locations, we find that 𝑎 =cos ቀ ௞గଶ௟ାଵቁ , 𝑘 = 1, 2, … , 𝑙. Thus, each of the collective modes of the N = 2l BK oscillators can exhibit a 

chiral response. For N = 2l + 1, when k = l + 1, 
ఠ೗శభఠబ = 1, meaning that each oscillator in the NOBK 
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model vibrates with its own intrinsic frequency, results in  the absence of chiral response. Therefore, 

for N = 3, only two chiral modes with 𝑥± = ඥ1 ± √2𝑐 (which correspond to 𝜔ଵ  and 𝜔ଷ , or 𝑎 =cos ቀగସቁ ) are present. For N = 5, except for the 
ఠ೗శభఠబ = 1 , only when the modes of 𝜔ଶ  and 𝜔ସ 

demonstrate chiral response, and these two modes give 𝑎 = cos ቀଶగ଺ ቁ = 1/2, which is consistent with 

the case for N = 2. For N = 7, we found two a values, 𝑎 = cos ቀగ଼ቁ and cos ቀଷగ଼ቁ, which correspond to 𝜔ଵ and 𝜔଻, 𝜔ଷ and 𝜔ହ modes. For N = 9, also two a values are valide, 𝑎 = cos ቀଶగଵ଴ቁ and cos ቀସగଵ଴ቁ, 

due to 𝜔ଶ and 𝜔଼, 𝜔ସ and 𝜔଺ modes. Thus, for N = 2l + 1, all modes 𝜔௟ାଵ±ଶ௝ with 𝑗 ≤ ቂ௟ଶቃ do not 

exhibit chiral response. Such a result is due to the intrinsic mirror semmetry of the collective 

osscilation of these modes. Let’s take N = 5 for example, the eigen vectors for 𝜔ଵ − 𝜔ହ  are ൛1, √3, −2, −√3, 1ൟ , {−1, −1, 0, −1, 1} , {1, 0, 1, 0, 1} , {−1, 1, 0, 1, 1} , and ൛1, −√3, −2, √3, 1ൟ , 

respectively. The clearly eigen vector for 𝜔ଷ shows non-zero x-component oscillators, and they are 

on the same plane; while the eigen vectors for 𝜔ଵ and 𝜔ହ are mirror vectors about x-z plane: the 

amplitudes for the first y-oscillator and second y-oscillator are interchangible. Therefore, these two 

modes do not show chiral response. Similar features are observed for the eigen vectors for 𝜔ଶ and 𝜔଺ of  N = 7 case, and eigen vectors for 𝜔ଵ & 𝜔ଽ, 𝜔ଷ & 𝜔ହ for N = 9 case. 

2.2. Corner NOBK model 

For corner NOBK model, according to Appendix A, the element of the inverse matrix 𝐴௡ can 

be written as,  𝜙௟,௝ = (−1)௟ା௝ ୱ୧୬(௟ఙ)ୱ୧୬((ேାଵି௝)ఙ)௚ୱ୧୬ఙୱ୧୬((ேାଵ)ఙ) ,  (26) 

Thus,  Γ = ఠ೛మௗଷ ∑ ∑ (2𝑗 − 2𝑙 − 1) ୱ୧୬((ଶ௟ାଵ)ఙ)ୱ୧୬((ேାଵିଶ௝)ఙ)௚ୱ୧୬ఙୱ୧୬((ேାଵ)ఙ)[ே/ଶ]௝ୀଵ[(ேିଵ)/ଶ]௟ୀ଴ . (27) 

Due to structure symmetry, for N = 2l + 1, Γ = 0. Therefore, only when N = 2l, the corner NOBK 

model has a non-vanished Γ. The resulting expressions of 𝜒௫௫, 𝜒௫௬, and Γ for N = 2l are summaried 

in Table 2.  

 

Figure 6. The plots of 𝑅𝑒(Γ) − 𝑥 and 𝐼𝑚(Γ) − 𝑥 of the corner NOBK models at N = 2, 4, 6, and 8 for 

(a) 𝑏 = 0.5 and  𝑐 = 0.001;  (b) 𝑏 = 0.5 and 𝑐 = 0.2; (c) 𝑏 = 0.01 and  𝑐 = 0.001; and (d) 𝑏 = 0.01 

and  𝑐 = 0.2. 

When 𝑐 ≪ 𝑏, Γଶ = Γସ ≈ − ௚ௗஐర and Γ଺ = Γ଼ ≈ − ଶ௚ௗஐర , i.e., the chiral response for N = 2 and N = 4 are 

the same, same for N = 6 and N = 8. Figures 6a and 6c show the 𝑅𝑒(Γ) − 𝑥 and 𝐼𝑚(Γ) − 𝑥 spectra 

for 𝑏 = 0.5 & 𝑐 = 0.01 and 𝑏 = 0.01 & 𝑐 = 0.001. For both cases, due to the generancy, only two 

cureves exist. However, compared to 𝑏 = 0.5 case, the responses of 𝑏 = 0.01 case are much narrow 

but with a much higher magnitude in both 𝑅𝑒(Γ) and 𝐼𝑚(Γ). However, when c increases, all spectra 

(a) b = 0.5, c = 0.001 (b) b = 0.5, c = 0.2                              (c) b = 0.01, c = 0.0001                       (d) b = 0.01, c = 0.2
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start to degenerate. For example, as shown in Figure 6b, for 𝑏 = 0.5 & 𝑐 = 0.2, four different spectra 

emerge for both 𝑅𝑒(Γ) and 𝐼𝑚(Γ). Similar trend is observed for 𝑏 = 0.01 & 𝑐 = 0.2 as shown in 

Figure 6d. The spectra behaviors at high damping constnat (say 𝑏 = 0.5) are very similar to those 

discussed in chiral NOBK model. But for small damping situation, the behaviors look very different. 

The functional format of 𝑅𝑒(Γ) − 𝑥 looks like multiple band structure. For N = 2, there is a postive 

band between 𝑥 = 0.89 and 1.1. For N = 4, two postive bands appear, one is between 𝑥 = 0.82 and 

0.94, the other between 𝑥 = 1.06 and 1.16. For N = 6, three bands are shown, 𝑥 = 0.8 to 0.87, 0.96 to 

1.04, and 1.12 to 1.17. In between these positive bands, there are two negative bands. For 𝐼𝑚(Γ) − 𝑥, 

there are multiple peaks and dips quite symmetrically distributed around x = 1, each spectrum has 

N/2 numbers of peaks and equal number of dips. Compare to the weak coupling case, the magnitudes 

of both 𝑅𝑒(Γ) and 𝐼𝑚(Γ) are about one order of magnitude larger.  

3. Conclusion 

In conclusion, our work presents a comprehensive theory elucidating the chiral optical response 

of two distinct N-oscillator Born-Kohn models: the helically stacked and the corner stacked 

configurations. Each model comprises N identical damped oscillators with uniform coupling strength 

between adjacent oscillators. Our findings reveal that in the helical NOBK model, a chiral response 

is consistently observed irrespective of the value of N, which is due to the intrinsic mirror symmetry-

breaking arrangement. However, the corner NOBK model exhibits chiral response only in 

configurations with even N, as odd N oscillators possess mirror symmetry and do not exhibit chiral 

response. Furthermore, our study demonstrates that the magnitudes of ORD and CD monotonically 

increase with N when the parameters of each oscillator are held constant. Specifically, we consider 

two scenarios: large damping and small damping. In instances of weak coupling, the spectral shapes 

of ORD and CD remain unchanged, whereas strong coupling induces significant alterations in their 

spectral shapes. For large damping, both ORD and CD exhibit small spectral amplitudes, with 

relatively simple and broad spectral features. In contrast, for small damping, strong coupling 

introduces degeneracy in the coupled oscillator system, resulting in multiple zero crossings in the 

ORD spectrum and multiple peaks/dips in the CD spectrum. The number of zero-crossings for ORD 

and peaks/dips for CD is directly related to N. Especially for CD, the collective eigen vibrations of the 

N = 2l helical oscillators correspond to the dips and peaks observed; while for N = 2l +1 helical 

oscillators, only those collective modes with no mirror symmetry eigen vector pairs can demonstrate 

chiral response. This comprehensive theoretical framework not only can help in the design of chiral 

metamaterials but also enhances our understanding of chiro-optical responses in structures with 

similar configurations. For example, for chiral plasmonic materials, experimentally the damping 

parameter b is determined by the quality of the deposited plasmonic materials and the instrinsic 

material properties. If the quality of the deposited material is poor, the damping b will be large, one 

can observe broad and simple chiral response like those shown in Figure 2, regardless of the coupling 

strength c. However, if high quality material is used and deposited, resulting in a small b, then the 

chiral optical response of the system can be tuned by the coupling strengths as well as the number of 

the plasmonic layers.  
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Appendix 

Appendix A. Inverse of the tridiagonal matrix 

We consider the inverse of the general tridiagonal matrix  

𝐴௡ =
⎝⎜
⎜⎜⎜⎜
⎜⎛

𝑎ଵ 𝑐ଵ 0 0 0 0 ⋯ 0 0 0𝑏ଶ 𝑎ଶ 𝑐ଶ 0 0 0 ⋯ 0 0 00 𝑏ଷ 𝑎ଷ 𝑐ଷ 0 0 ⋯ 0 0 00 0 𝑏ସ 𝑎ସ 𝑐ସ 0 ⋯ 0 0 00 0 0 𝑏ହ 𝑎ହ 𝑐ହ ⋯ 0 0 0⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮0 0 0 0 0 0 ⋯ 𝑎௡ିଶ 𝑐௡ିଶ 00 0 0 0 0 0 ⋯ 𝑏௡ିଵ 𝑎௡ିଵ 𝑐௡ିଵ0 0 0 0 0 0 ⋯ 0 𝑏௡ 𝑎௡ ⎠⎟
⎟⎟⎟⎟
⎟⎞

 (A1) 

The inverse of this matrix can be computed using co-factor matrices. The main result is the 

following. First we define the second order linear recurrences  𝑧଴ = 1, 𝑧ଵ = 𝑎ଵ;   𝑧௜ = 𝑎௜𝑧௜ିଵ − 𝑏௜𝑐௜ିଵ𝑧௜ିଶ,    𝑖 = 2,3, ⋯ , 𝑛 (A2) 
and  𝑦௡ାଵ = 1, 𝑦௡ = 𝑎௡;   𝑦௝ = 𝑎௝𝑦௝ାଵ − 𝑏௝ାଵ𝑐௝𝑦௝ାଶ,    𝑗 = 𝑛 − 1, 𝑛 − 2, ⋯ ,1.  (A3) 

Then the inverse matrix 𝐴ିଵ = {𝜙௜,௝} (1 ≤ 𝑖, 𝑗 ≤ 𝑛) can be expressed as  𝜙௝,௝ = ଵ௔ೕି௕ೕ௖ೕషభ೥ೕషమ೥ೕషభି௕ೕశభ௖ೕ೤ೕశమ೤ೕశభ ,    𝑗 = 1,2,3, ⋯ , 𝑛 (A4) 

where 𝑏ଵ = 𝑐௡ = 0 and  𝜙௜,௝ = ቐ−𝑐௜ ௭೔షభ௭೔ 𝜙௜ାଵ,௝ 𝑖 < 𝑗−𝑏௜ ௬೔శభ௬೔ 𝜙௜ିଵ,௝ 𝑖 > 𝑗 = ቐ(−1)௝ି௜൫∏௝ି௜௞ୀଵ 𝑐௝ି௞൯ ௭೔షభ௭ೕషభ 𝜙௝,௝ 𝑖 < 𝑗(−1)௜ି௝൫∏௜ି௝௞ୀଵ 𝑏௝ା௞൯ ௬೔శభ௬ೕశభ 𝜙௝,௝ 𝑖 > 𝑗 (A5) 

This result is taken from Ref. [25]. 

A.1 Inverse of matrix of helical NOBK model 

Let 𝐴௡ be the matrix of the helical NOBK model. To simplify the notation, let 𝑎 = Ωଶ, then the 

matrix becomes,  
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𝐴௡ =
⎝⎜
⎜⎜⎜⎜
⎜⎛

𝑎 𝑏ଵ 0 0 0 0 ⋯ 0 0 0𝑏ଵ 𝑎 𝑏ଶ 0 0 0 ⋯ 0 0 00 𝑏ଶ 𝑎 𝑏ଷ 0 0 ⋯ 0 0 00 0 𝑏ଷ 𝑎 𝑏ସ 0 ⋯ 0 0 00 0 0 𝑏ସ 𝑎 𝑏ହ ⋯ 0 0 0⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮0 0 0 0 0 0 ⋯ 𝑎 𝑏௡ିଶ 00 0 0 0 0 0 ⋯ 𝑏௡ିଶ 𝑎 𝑏௡ିଵ0 0 0 0 0 0 ⋯ 0 𝑏௡ିଵ 𝑎 ⎠⎟
⎟⎟⎟⎟
⎟⎞

. (A6) 

The matrix is symmetric, tri-diagonal, with the diagonal {𝑎, 𝑎, 𝑎, ⋯ , 𝑎}  and the other two 

diagonals {𝑏ଵ, 𝑏ଶ, 𝑏ଷ, ⋯ , 𝑏௡ିଵ} , where 𝑏௞ = (−1)௞ିଵ𝑔 . We first define the second order linear 

recurrences  𝑧௜ = 𝑎𝑧௜ିଵ − 𝑏௜ିଵଶ 𝑧௜ିଶ,    𝑖 = 2,3, ⋯ , 𝑛  (A7) 
with 𝑧଴ = 1 and 𝑧ଵ = 𝑎; and  𝑦௝ = 𝑎𝑦௝ାଵ − 𝑏௝ଶ𝑦௝ାଶ    𝑗 = 𝑛 − 1, 𝑛 − 2, ⋯ ,1  (A8) 

where 𝑦௡ାଵ = 1 and 𝑦௡ = 𝑎. Then the inverse matrix 𝐴ିଵ = (𝜙௜,௝) (1 ≤ 𝑖, 𝑗 ≤ 𝑛) can be expressed as  𝜙௝,௝ = ଵ௔ି௕ೕషభమ ೥ೕషమ೥ೕషభି௕ೕమ೤ೕశమ೤ೕశభ,  (A9) 

where 𝑗 = 1,2, ⋯ , 𝑛, 𝑏଴ = 𝑏௡ = 0 and  𝜙௜,௝ = 𝜙௝,௜ = −𝑏௜ ௭೔షభ௭೔ 𝜙௜ାଵ,௝     𝑖 < 𝑗.  (A10) 

We apply the formula inductively to get  𝜙௜,௝ = 𝜙௝,௜ = (−1)௝ି௜൫∏௝ି௜௞ୀଵ 𝑏௝ି௞൯ ௭೔షభ௭ೕషభ 𝜙௝,௝     𝑖 < 𝑗. (A11) 

Since 𝑏௝ = (−1)௝ିଵ𝑔, 𝑏௝ଶ = 𝑔ଶ, and ∏௝ି௜௞ୀଵ 𝑏௝ି௞ = 𝑔௝ି௜ ∏௝ି௜௞ୀଵ (−1)௝ି௞ିଵ = 𝑔௝ି௜(−1)(ೕష೔)(ೕశ೔షయ)మ , this yields  𝜙௜,௝ = (−1)ೕ(ೕషభ)ష೔(೔షభ)మ 𝑔௝ି௜ ௭೔షభ௭ೕషభ 𝜙௝,௝     𝑖 < 𝑗.  (A12) 

Next we compute 𝑧௜ and 𝑦௝. They are satisfying the same linear recurrence equations and initial 

(terminal) conditions but reversing the order. Hence we have 𝑦௝ = 𝑧௡ାଵି௝ for 𝑗 = 1, 2, ⋯ , 𝑛. We just 

need to compute the 𝑧௜s.  𝑧௜ = 𝑎𝑧௜ିଵ − 𝑔ଶ𝑧௜ିଶ,    with  𝑧଴ = 1, 𝑧ଵ = 𝑎.  (A13) 
We have essentially computed 𝑧௜ in the beginning.  𝑧௜ = 𝑔௜ ୱ୧୬((௜ାଵ)ୡ୭ୱషభ(మೌ೒))ୱ୧୬(ୡ୭ୱషభమೌ೒) .  (A14) 

Then we note that 𝑦௝ has the exactly same recursive formula as 𝑧௜ but reversing the order by 

starting from 𝑛 + 1 and 𝑛. Hence we have 𝑦௝ = 𝑧௡ାଵି௝ for 1 ≤ 𝑗 ≤ 𝑛 + 1, i.e.,  𝑦௝ = 𝑧௡ାଵି௝ = 𝑔௡ାଵି௝ ୱ୧୬((௡ାଶି௝)ୡ୭ୱషభ(మೌ೒))ୱ୧୬(ୡ୭ୱషభమೌ೒) .   (A15) 

To simplify the notation, let 𝜎 = cosିଵ( ௔ଶ௚) , since 𝑧௜ = ௚೔ୱ୧୬((௜ାଵ)ఙ)ୱ୧୬ఙ     and    𝑦௝ = ௕೙శభషೕୱ୧୬((௡ାଶି௝)ఙ)ୱ୧୬ఙ , 

recall that 𝜙௝,௝ = ଵ௔ି௕ೕషభమ ೥ೕషమ೥ೕషభି௕ೕమ೤ೕశమ೤ೕశభ, the denominator is calculated as  

𝑎 − 𝑏௝ିଵଶ ௭ೕషమ௭ೕషభ − 𝑏௝ଶ ௬ೕశమ௬ೕశభ = 𝑎 − 𝑔ଶ ൤௭ೕషమ௭ೕషభ + ௬ೕశమ௬ೕశభ൨.  (A16) 
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Then  ௭ೕషమ௭ೕషభ + ௬ೕశమ௬ೕశభ = ଵ௚ ቂୱ୧୬[(௝ିଵ)ఙ]ୱ୧୬[௝ఙ] + ୱ୧୬[(௡ି௝)ఙ]ୱ୧୬[(௡ାଵି௝)ఙ]ቃ.   (A17) 

Note that ௔௚ = 2cos𝜎 , ୱ୧୬[(௝ିଵ)ఙ]ୱ୧୬[௝ఙ] = ୱ୧୬(௝ఙ)ୡ୭ୱఙିୡ୭ୱ(௝ఙ)ୱ୧୬ఙୱ୧୬[௝ఙ] = cos𝜎 − cot(𝑗𝜎)sin𝜎 , and ୱ୧୬[(௡ି௝)ఙ]ୱ୧୬[(௡ି௝ାଵ)ఙ] =ୱ୧୬[(௡ାଵି௝)ఙ]ୡ୭ୱఙିୡ୭ୱ(௡ାଵି௝ఙ)ୱ୧୬ఙୱ୧୬[(௡ାଵି௝)ఙ] = cos𝜎 − cot[(𝑛 + 1 − 𝑗)𝜎]sin𝜎, we can simplify the denominator to be, 𝑔 ቂ2cos𝜎 − ୱ୧୬[(௝ିଵ)ఙ]ୱ୧୬[௝ఙ] − ୱ୧୬[(௡ି௝)ఙ]ୱ୧୬[(௡ାଵି௝)ఙ]ቃ = 𝑔sin𝜎[cot(𝑗𝜎) + cot((𝑛 + 1 − 𝑗)𝜎) =
௚ୱ୧୬ఙୱ୧୬[(௡ାଵ)ఙ]ୱ୧୬(௝ఙ)ୱ୧୬[(௡ାଵି௝)ఙ].  (A18) 

This implies that  𝜙௝,௝ = ୱ୧୬(௝ఙ)ୱ୧୬[(௡ାଵି௝)ఙ]௚ୱ୧୬ఙୱ୧୬[(௡ାଵ)ఙ] ,   (A19) 

and for 𝑖 < 𝑗  𝜙௜,௝ = (−1)௝(௝ିଵ)ି௜(௜ିଵ)ଶ 𝑔௝ି௜ 𝑧௜ିଵ𝑧௝ିଵ 𝜙௝,௝= (−1)௝(௝ିଵ)ି௜(௜ିଵ)ଶ sin(𝑖𝜎)sin(𝑗𝜎) ⋅ sin(𝑗𝜎)sin[(𝑛 + 1 − 𝑗)𝜎]𝑔sin𝜎sin[(𝑛 + 1)𝜎]  = (−1)ೕ(ೕషభ)ష೔(೔షభ)మ ୱ୧୬(௜ఙ)ୱ୧୬[(௡ାଵି௝)ఙ]௚ୱ୧୬ఙୱ୧୬[(௡ାଵ)ఙ] ,  (A20) 

and 𝜙௝,௜ = 𝜙௜,௝. 

A.2. Inverse of matrix of corner NOBK model 

The matrix 𝐴௡ for the corner NOBK model can be written as,  

𝐴௡ =
⎝⎜
⎜⎜⎜
⎜⎛

𝑎 𝑏 0 0 0 0 ⋯ 0 0 0𝑏 𝑎 𝑏 0 0 0 ⋯ 0 0 00 𝑏 𝑎 𝑏 0 0 ⋯ 0 0 00 0 𝑏 𝑎 𝑏 0 ⋯ 0 0 00 0 0 𝑏 𝑎 𝑏 ⋯ 0 0 0⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮0 0 0 0 0 0 ⋯ 𝑎 𝑏 00 0 0 0 0 0 ⋯ 𝑏 𝑎 𝑏0 0 0 0 0 0 ⋯ 0 𝑏 𝑎⎠⎟
⎟⎟⎟
⎟⎞

 (A21) 

Here 𝑎 = Ωଶ and 𝑏 = 𝑔. The inverse of 𝐴௡ is given by  𝜙௜,௝ = ቊ(−1)௜ା௝𝑏௝ି௜𝜃௜ିଵ𝜙௝ାଵ/𝜃௡ if 𝑘 < 𝑙𝜃௜ିଵ𝜙௝ାଵ/𝜃௡ if 𝑘 = 𝑙;     and   𝜙௜,௝ = 𝜙௝,௜ (A22) 

where the 𝜃௜ is det𝐴௜ with 𝜃଴ = 1 and 𝜃ଵ = 𝑎 and satisfies the recurrence relation  𝜃௜ = 𝑎𝜃௜ିଵ − 𝑏ଶ𝜃௜ିଶ,    𝑖 = 2,3, ⋯ , 𝑛.  (A23) 
and the 𝜙௝ satisfies the recurrence relation  𝜙௝ = 𝑎𝜙௝ାଵ − 𝑏ଶ𝜙௝ାଶ,    𝑙 = 𝑛 − 1, 𝑛 − 2,⋅ ,1  (A24) 
with initial conditions 𝜙௡ାଵ = 1 and 𝜙௡ = 𝑎. We have essentially computed 𝜃௜ in the beginning.  𝜃௜ = det(𝐴௜) = 𝑏௜ ୱ୧୬((௜ାଵ)ୡ୭ୱషభ(మೌ್))ୱ୧୬(ୡ୭ୱషభమೌ್) .   (A25) 

Then we note that 𝜙௝ has the exactly same recursive formula as 𝜃௜ but reversing the order by 

starting from 𝑛 + 1 and 𝑛. Hence we have 𝜙௝ = 𝜃௡ାଵି௝ for 1 ≤ 𝑗 ≤ 𝑛 + 1, i.e.,  
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𝜙௝ = 𝜃௡ାଵି௝ = 𝑏௡ାଵି௝ ୱ୧୬((௡ାଶି௝)ୡ୭ୱషభ(మೌ್))ୱ୧୬(ୡ୭ୱషభమೌ್) .   (A26) 

To simplify the notation, we let 𝜎 = cosିଵ( ௔ଶ௕) and  𝜃௜ = ௕೔ୱ୧୬((௜ାଵ)ఙ)ୱ୧୬ఙ     and    𝜙௝ = ௕೙శభషೕୱ୧୬((௡ାଶି௝)ఙ)ୱ୧୬ఙ . (A27) 

Hence for 𝑖 < 𝑗,  𝜙௜,௝ = (−1)௜ା௝ ୱ୧୬(௜ఙ)ୱ୧୬((௡ାଵି௝)ఙ)௕ୱ୧୬ఙୱ୧୬((௡ାଵ)ఙ)   (A28) 

and when 𝑖 = 𝑗,  𝜙௝,௝ = ఏೕషభథೕశభఏ೙ = ୱ୧୬(௝ఙ)ୱ୧୬((௡ାଵି௝)ఙ)௕ୱ୧୬ఙୱ୧୬((௡ାଵ)ఙ) .  (A29) 
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