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Abstract: The Langmuir isotherm is a widely used model for analyzing adsorption equilibrium data. This study
evaluated the efficiency and accuracy of all four linear forms of the Langmuir isotherm and its non-linear form
using 67 experimental data sets selected from the literature. The results showed that only if all four linear forms
simultaneously show high accuracy, then the non-linear form also shows high accuracy, and therefore it can
be said that the process probably follows the Langmuir isotherm. On the contrary, when at least one of the four
linear forms of the Langmuir isotherm has low accuracy, it means that the non-linear form also has low
accuracy, and it can be concluded that this process does not follow the Langmuir isotherm. This research
suggests that all four linear forms of the Langmuir isotherm should be evaluated simultaneously to conclude
whether the studied system follows the Langmuir isotherm or not. In other words, relying on only one of the
four linear forms of the Langmuir isotherm to model adsorption and calculate the Langmuir constant and
maximum adsorption capacity is an incomplete approach, contrary to the conventional approach.
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1. Introduction

Adsorption is a very important phenomenon in scientific research that plays a significant role in
various applications such as drinking water purification [1], the development of advanced drug
delivery systems [2], gas separation [3], gas storage [4], etc. Adsorption is the adhesion of atoms, ions,
or molecules to a surface, and it is a key process in all these applications. The mathematical
underpinning of adsorption science often leads scientists into the intriguing world of isotherms,
particularly the Langmuir isotherm. Irving Langmuir proposed this mathematical model in 1918, and
it serves as the cornerstone for understanding monolayer adsorption [5]. The Langmuir isotherm is a
simple type of adsorption equilibrium model that is applicable at both high and low pressures. It
relates the area covered by the adsorbate on the surface to the pressure of the gas or the concentration
of the solute in solution. The Langmuir isotherm provides insights into the maximum adsorption
capacity of a surface and the affinity between adsorbent and adsorbate. In the solution phase, the
non-linear form of this isotherm is as follows [6,7]:

de = e (1)
dm 1+KCe

Here, g, represents the equilibrium amount of adsorbed molecules, q,, represents the
maximum amount of adsorbed molecules, K; signifies the equilibrium constant related to the
adsorption process, and C, is the concentration of the substance in the bulk phase.

The beauty of the Langmuir isotherm lies in its ability to define the monolayer adsorption
capacity g,,the maximum amount of substance that a surface can adsorb. When the surface is
saturated, 6, = :—; equals unity, and this sets the stage for calculating q,,. Thus, the Langmuir

isotherm provides essential information about the surface's adsorption capacity and the interaction
strength between adsorbent and adsorbate [7].

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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The Langmuir isotherm is a non-linear model that presents both a challenge and an opportunity.
While non-linear models like the Langmuir isotherm capture the complexities of real-world
adsorption, they also complicate the analysis, often requiring sophisticated numerical methods to
extract meaningful insights [8]. Analyzing non-linear models often involves solving equations that
lack direct algebraic solutions, which can impede the estimation of model parameters, such as q,,
and K [6]. When experimental data are noisy, the situation becomes even more complex, as noise can
lead to parameter estimates that deviate significantly from the true values. The linearization of the
Langmuir isotherm is motivated by the fact that fitting the original non-linear model to experimental
data (q., C.) to calculate the two model parameters, maximum adsorption capacity (q,) and
Langmuir constant (K), requires specialized mathematical software for non-linear regression. Due to
the complications associated with the non-linear form of Langmuir isotherm, researchers often use
the linear forms of this model to obtain its parameters, which is a powerful technique that simplifies
the analysis [9, 10]. These linear forms are given below [6, 9, 11, 12]:

Form-1:

Ce 1  Ce )

de qmK dm
Form-2:

1 1 1 1

— = 4= 3

de qmK Ce dm ( )
Form-3:

1q
e = 9m — ;C_: (4)

Form-4:

q

C_e = Kqm — Kq, (5)

e

The Langmuir isotherm can be linearized by plotting % vs C, for Form-1, qi Vs Ci for Form-2,
e e e

q. VS Z—e for Form-3 and z_e vs g, for Form-4. The linearization process involves converting initial
e e
data (g, C.) to the required data for linearization (such as %, %, and qi), which can inadvertently
e e e

change the error structure and lead to differences in the values of the fitted parameters between linear
and non-linear forms of the Langmuir model [13]. It has been shown that the accuracy of the non-
linear form of the Langmuir model is higher than the linear forms in fitting the model parameters
[14]. Therefore, the efficiency of the linear forms of the Langmuir isotherm is measured by comparing
the results obtained from these forms with the results obtained from the non-linear form of the
Langmuir isotherm [15].

Also, researchers often use the correlation coefficient, R? to compare the accuracy of different
linear forms of the Langmuir isotherm and to determine the most suitable form for their experimental
data. In other words, the R? value is the most commonly used parameter for estimating the accuracy
of the fit of an isotherm model to experimental equilibrium data. In such a case, an isotherm giving
an R? value closest to unity is accepted as the best fit isotherm in that particular case [10,15-17]. The
linearization of the Langmuir isotherm can be done using spreadsheets such as Microsoft Excel, and
the linear forms of the model are usually used to obtain its parameters [15].

When studying an adsorption process using the Langmuir isotherm, selecting the best and most
accurate linear form among the four linear forms of the Langmuir isotherm is a fundamental
challenge. Most research works only use Form-1 of the Langmuir isotherm to model the adsorption
process without investigating the efficiency of the other linear forms. In other words, there is a belief
among researchers that Form-1 is the most accurate linear form of the Langmuir isotherm [18-21].

This research work evaluates the efficiency and accuracy of all four linear forms of the Langmuir
isotherm and its non-linear form using 67 selected experimental data sets from literature related to
the adsorption of various substances on different adsorbents. The study discusses and concludes the
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relationship between the accuracy of the non-linear form of the Langmuir isotherm and the accuracy
of its linear forms.

2. Experimental Data and Calculation Methods

In this study, 67 sets of experimental adsorption data from 42 papers were collected, regardless
of the isotherm models followed by the studied processes. The adsorption data (q., C,) were
extracted from the q, vs. C, plots reported in these articles using Plot Digitizer Version 2.0 software.
The obtained (q., C.) data were used to evaluate the accuracy of linear and non-linear forms of
Langmuir isotherm. Linear regression and analysis of linear Langmuir isotherm models were
performed using Microsoft Excel 2010. Non-linear regression and analysis of non-linear Langmuir,
Sips, Toth, and other isotherm models were performed using Polymath Version 6.1 software. The
accuracy of linear forms of Langmuir isotherm was compared and evaluated using the coefficient of
determination (R?). The accuracy of non-linear Langmuir, Sips, and other isotherms was compared
and evaluated using the Coefficient of determination (R?) and Root Mean Square Deviation (Rmsd). Table
1 reports the sources of the collected experimental data along with information about the adsorbate,
adsorbent, isotherm reported in the papers and the coefficients of determination obtained from linear
and non-linear regression of Langmuir isotherm models. Also, the adsorption capacities and
Langmuir constants obtained from linear and non-linear forms of the Langmuir isotherm for the
adsorption systems are reported in Table 2.

Table 1. The characteristics of the adsorption systems used in this study, along with the coefficients
of determination of the linear and non-linear forms of the Langmuir isotherm.

Coefficients of determination (R2) of linear and

System Adsorbate Adsorbent i?:ﬁz:;i Non-linear forms of the Langmuir Isotherm  Reference
Non-linear Form-4 Form-3 Form-2 Form-1

Methyl Orange . .

1 13 Chitosan Langmuir  0.9999 0.9926  0.9926 0.9994 0.9979 [22]
Methyl Orange . .

2 s Chitosan Langmuir  0.9998 0.9978  0.9978 0.9998 0.9992 [22]
Methyl Orange . .

3 10 Chitosan Langmuir  0.9998 09891  0.9891 0.9989 0.9967 [22]
Methyl Orange . .

4 45 Chitosan Langmuir  0.9997 09891  0.9891 0.9996 0.9962 [22]

Tfied bioch
5 Pb(Il) Modified biocharby e 09996 09991 09991 09999 1 23]

H:0: (HP-BC)

Pistachi _deri
6 Pb(II) istachio wood-derived 09993 0994 0994 09974 09999  [24]
activated carbon

Chitosan biosorbent

7 Phosphate modified with Langmuir  0.9992 0.9955  0.9955 0.9987 0.9998 [25]
zirconium ions (ZCB)
Amoxicillin MIL-53(Al)
8 Metal-Organic Langmuir  0.9981 0.9856  0.9856 0.9972  0.998 [26]
(at 303 K)
Framework
Perfluoro-2- .
9 propoxypropanoic owdered Activated i 0998 09901 09901 0999 09971 [27]
. Carbon (PAC)
acid (GenX)
Tetracycline Iron loaded sludge .
10 (at 31315 K) biochar Langmuir  0.9979 0.9809  0.9809 0.9968 0.9977 [28]
11 Pb(II) Biochar (BC) Langmuir  0.9979 09794 0.9794 0.9956 0.9998 [23]
Amoxicillin MIL-53(Al)
12 Metal-Organic Langmuir  0.9978 0.9832  0.9832 0.9963 0.9978 [26]
(at 323 K)
Framework
Amoxicillin MIL-53(Al)
13 Metal-Organic Langmuir  0.9978 0.9802  0.9802 0.9941 0.9983 [26]
(at 313 K)
Framework
14 Cephalexin PPAC-nZVI Langmuir  0.9976 0.9834 0.9834 0.9972 0.9999 [29]

15 Methyl Orange UiO-66-NH2MOF  Langmuir  0.9973 0.9878  0.9878 0.9965 1 [30]
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4
(at 35 °C)
16 Cr(VI) NlFe LDH Liu 0.9973 09804 09804 0.9919 0.9996 [31]
microspheres
Tet li
17 cracyeine fronloaded sludge o ir 09972 09815 09815 0999 0997  [28]
(at 303.15 K) biochar
18 Cu(Il) Bentonite Langmuir  0.9972 0.977 0977 0.9942 0.9984 [32]
Amoxicillin MIL-53(Al)
19 Metal-Organic Langmuir  0.9971 09738 09738 0.9918 0.9979 [26]
(at 333 K)
Framework
Methylene Blue . .
20 (at 30 °C) Porous Biochar Langmuir  0.9971 09594 09594 0.9991 0.9899 [33]
a Of
Methyl Orange ) .
21 NiO Langmuir  0.9969 0.9227 09227 0.9994 0.9462 [20]
(at 60 °C)
Commercial Activated .
22 Pb(II) Carbon (CGAC) Langmuir 09966 0987 0987 09974 0.999 [34]
Methylene Blue  Maleylated modified .
23 Langmuir  0.9961 0.974 0974  0.9839 1 [35]
(at 303 K) hydrochar
Tetracycline Human hair-derived
24 highsurfacearea o o v 09961 09402 09402 09962 09984  [36]
(at 50 °C) porous carbon material
(HHC)
Methylene Blue Magnetic wakame
25 £20°C biochar Langmuir  0.9959 09562  0.9562 0.9695 0.9995 [21]
(a ) nanocomposites
Tetracycline Human hair-derived
26 highsurfacearea = - o iir 09956 09538 09538 09938 09973  [36]
(at 40 °C) porous carbon material
(HHC)
Commercial Activated .
27 cdan Carbon (CGAC) Langmuir  0.9955 0.9239  0.9239 0.9894 0.9869 [34]
28 Methyl Orange Graphenf];’:;de'N‘Fe Liu 09949 09142 09142 09741 09983  [31]
Activated lignin-
29 Methylene Blue chitosan extruded  Langmuir  0.9947 0.9256  0.9256 0.9916 0.9956 [37]
(ALiCE)
Graphene
30 Cr(VI) oxide/FesOs/SOsH  Langmuir  0.9946 09323  0.9323 0.9931 0.9866 [38]
nanohybrid
Polydopamine .
31 Hg (II) decorated SWCNTs Freundlich ~ 0.994 0.9583  0.9583 0.9972 0.9822 [39]
32 Methyl Orange NIFE LDH Liu 0.9939 0.9488  0.9488 0.9866 0.9968 [31]
microspheres
Amorphous solid based
33 Acid Fuchsin (AF)  onthe PdizLs cage  Langmuir  0.9933 0.9547  0.9547 0.9884 0.9972 [40]
(aMOC-1)
Methyl Orange . .
34 NiO Langmuir  0.9928 09256  0.9256 0.9942 0.9676 [20]
(at 30 °C)
Methylene Blue ~ Maleylated modified .
35 Langmuir  0.9927 09554  0.9554 0.979 1 [35]
(at 313 K) hydrochar
Methylene Blue Magnetic wakame
36 30 biochar Langmuir  0.9927 09261  0.9261 0.9531 0.9989 [21]
) nanocomposites
37 Methylene Blue ~ Maleylated modified L . 0.9926 09478 09478 09623 1 35]
angmuir . . . .
(at 323 K) hydrochar 8
Tet li
38 etracycine fronloaded sludge o\ ir 09922 09231 09231 0979 0998  [28]
(at 293.15 K) biochar
Multifunctionalized
39 AcidFuchsin (AF) O OMOPOTOUS o muir 09915 07336 0733 0781 0999 [41
cid Fuchsin (AF) nano-silica KCC-1 angmuir . . . . . [41]
(MF-KCC-1)
40 Pb(Il) Magnetic Langmuir 09912 08699 08699 0952 09994  [42]

biochar/MgFe-LDH
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Diethylenetriaminepent
aacetic acid modified
magnetic graphene
oxide (DTPA/MGO)
Diethylenetriaminepent
aacetic acid modified
magnetic graphene
oxide (DTPA/MGO)

Activated Carbon of Dubinin—

43 Crystal Violet Radushkevi  0.9894 09574 09574 0.9906 0.9997 [44]
Lemon Wood h

41 Pb(II) Langmuir  0.9909 0.6721  0.6721 0.8392 0.9973 [43]

42 Cd (II) Langmuir  0.9897 0.7975  0.7975 0.9736 0.9948 [43]

Silica
Particles Chemically
44 Cd(ID) Modified by Langmuir 0.9893 0.9579 09579 0.9827 0.999 [45]
Conjugated (3-Ketoenol
Furan

Tetracycline Human hair-derived
high surface area
(at 30 °C) porous carbon material
(HHC)
Hybrid alginate/

45 Langmuir  0.9892 0.8244  0.8244 0.9961 0.9808 [36]

46 Congo Red Langmuir  0.9892 0.7833  0.7833 0.9916 0.9938 [46]

natural bentonite

R 1 Brilli
47 emazé’lue“ lant Biochar Toth 0989 0892 0892 09748 09984  [47]

MCM-41/MgO
A-20
Porous

llulosederived  Redlich-
49 MethyleneBlue o occoenved o sedlic 0986 09223 09223 09651 09994  [49]
carbon/montmorillonite Peterson

nanocomposites

48  Crystal Violet (CV) Langmuir  0.9865 0.8014  0.8014 0.9258 0.992 [48]

Amorphous solid based
50 Methylene Blue  on the Pd12L.24 cage Langmuir  0.9846 0.7845 0.7845 0.9922 0.9755 [40]
(aMOC-1)
MCM-41/MgO
B-20
Commercial .
. . Redlich—
52 Acetaminophen Activated Carbon Peterson 0.9821 0.8608  0.8608 0.9335 0.9995 [50]
(CAC)
Amorphous solid based
53 Methyl Orange on the Pdizlas cage  Langmuir  0.9796 0.764 0.764  0.9411 0.9963 [40]
(aMOC-1)
Hybrid crosslinked
chitosan-
54  Reactive Red 120 epichlorohydrin/TiO2 Langmuir  0.9795 0.8485 0.8485 0.9972 0.9979 [51]
nanocomposite
(CTS-ECH/TNC)

55 Congo Red (CR)  Fe3Os-g-PGMA-g-PEI Langmuir  0.9792 0.9265  0.9265 0.9889 0.9937 [52]
Agroindustrial wastes
(Soursop residue)
57  Ciprofloxacin (CIP) Montmorillonite (Mt) Langmuir  0.9774 0.725 0.725 0.9413  0.9995 [54]
58 Tetracycline Montmorillonite (Mt) Langmuir  0.9774 0.6595 0.6595 0.9593 0.9963 [54]
Diethylenetriaminepent
aacetic acid modified
magnetic graphene
oxide (DTPA/MGO)
Polyaniline/TiO2
hydrate

51  Crystal Violet (CV) Langmuir  0.9841 0.8156  0.8156 0942 0.9771 [48]

56 Methylene Blue Sips 0.9786 0.6666  0.6666 0.9631 0.9658 [53]

59 Cu(II) Langmuir  0.9635 0.5736  0.5736 0.8655 0.9933 [43]

60 Methylene Blue Temkin 0.9621 0.7461  0.7461 0.8333 0.9932 [55]

Amidoxime-
functionalized
chelating resin (PAO-g-
PS)

61 Pb(II) Langmuir  0.9561 0.6339  0.6339 0.9835 0.9119 [19]
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6
Cross-linked
62 Methylene Blue chitosan/sepiolite ~ Freundlich ~ 0.9418 0.8442  0.8442 0.9745 0.9929 [56]
composite
Amidoxime-
functionalized .
63 Cd (1) ) ) Langmuir 09411 04077 04077 09676 08693  [19]
chelating resin (PAO-g-
PS)
Modified lawny grass
adsorbent (RG) .
64 Cddrn) containing H[BTMPP] Sips 0.941 0.8148  0.8148 0.9632 0.9739 [57]
(Cyanex272)
4-ethyl
thiosemicarbazide
65 Cu(ID) (ETSC) intercalated ~ Freundlich 09334 07326 07326 09338 09944  [58]
organophilic calcined
hydrotalcite (OHTC)
Methylene Blue  Chitosan cross-linked
66 _ graphene Langmuir 09261 04524 04524 0509 09992  [59]
(at 323 K) oxide/lignosulfonate
composite
. Activated carbon from .
67 Basic Red 46 (BR46) . . Langmuir  0.9156 0.5982  0.5982 0.7574 0.9958 [60]
Ziziphus lotus stones
Table 2. The adsorption capacities and Langmuir constants obtained from linear and non-linear forms
of the Langmuir isotherm for the adsorption systems used in this study.
Adsorption capacity (q,,) of linear and . .
P . Pactty Wm . Langmuir constant (K) of linear and Non-
Non-linear forms of the Langmuir . i
linear forms of the Langmuir Isotherm
System Isotherm
Non- Non-
. Form-4 Form-3 Form-2 Form-1 . Form-4 Form-3 Form-2 Form-1
linear linear

1 30.6 31.77 31.59 3496 3125 0.0684 0.0643 0.0648 0.0567 0.0658

2 29.04 28.91 28.85 2958 2898 0.0636 0.0642 0.0643 0.0622 0.0639

3 34.51 33.94 33.69 3154 34.12 0.0653 0.0671 0.0678 0.0738 0.0665

4 36.18 37.6 3729 3773 37.03 0.0735 0.0692 0.0699 0.0687 0.0706

5 54.72 54.68 54.67 54.64 5524 04464 0.4502 0.4505 0.4507 0.3859

6 192.2 192.6 1922 1923 1923 1.822 1.806 1.816 1.857  1.8571

7 62.65 62.48 6242 6211 6211 1.648 1.703 1.71 1.75 1.987

8 754.6 742.5 7345 7142 7692 0.0195 0.021 0.0216 0.023  0.0187

9 0.7877 0.7693  0.7657 0.7547 0.789 4.055 4319 4363 44805 4.072

10 331.9 330.6 3277 3333 3333 0.0465 0.0474 0.0483 0.0462  0.046
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11 42.12 42.77 4254 4347 4255 0.1312 0.119 0.1215 0.1126 0.1191

12 476.1 478.2 4737 4761 4761  0.0129 0.0129 0.0131 0.0131 0.0129

13 644.4 636.9 634.2 625 666.6 0.0162 0.0169 0.0171 0.0178 0.0156

14 82.43 84.06 83.56 909 8196 0.4699 04184 0.4254 0.3606 0.4436

15 211.2 204.5 201.3 1923 2083 0.0284 0.0324 0.0341 0.0382 0.0296

16 163.6 164.4 1639 1639 1613  0.0887 0.0859 0.087  0.0877 0.1009

17 246.5 250.4 248.5 250 2439 0.024 0.0225 0.023 0.0224 0.0263

18 198.4 191.1 189.6  181.8 196.1 0.0706 0.0798 0.0812 0.0878 0.0745

19 301.2 303 300.7 303 303 0.0119 0.0118 0.0119 0.0119 0.0117

20 513.2 454.5 4429 384.6 500 0.0661 0.0881 0.0918 0.112 0.0754

21 776 934.8 859.6 8333 909 0.0006  0.0005 0.0005 0.0005 0.0005

22 20.12 20.28 2022 2053 2057 01177 0.1117 0.1132 0.1069 0.0933

23 209.4 224.2 217.2 250 2083 0.0466 0.038 0.0404 0.0315 0.0443

24 1151 1154 1149 1111 1111 0.4745 0.4675 0.48 0.5 0.4285

25 489.4 491.8 488 500 500 0.8331 0.8327 0.8708 0.8333 0.7407

26 163.5 174 169.6 1785 1639  0.0246 0.0207 0.0217 0.0196 0.0236

27 27.34 29.34 2831 3496 28.16 0.0088 0.0075 0.008 0.0057 0.0081

28 35.7 35.53 3541 3521 3546 03835 03981 0.406 0.4188 0.404

29 36.24 33.28 3212 28.65 3546  0.1206 0.1588 0.1715  0.211 0.134

30 220.6 243.9 2338 2702 2222  0.0112 0.0092 0.0098 0.0077 0.0108

31 249.9 235 230 2222 2439 01119 0.1297 0.1353 0.1433 0.1188
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32 404.5 384.9 375.3 3571 400 0.0481 0.0612 0.0669 0.0784 0.0517

33 139.6 140.9 138.6 1351 1351  0.0308 0.0299 0.0312 0.0328 0.0339

34 273.2 296.3 288.1  263.1 285.7 0.0016 0.0014 0.0014 0.0016 0.0015

35 1180 1191 1183 1250 1250 0.5033 0.4698 0.4917 0.4444 0.4

36 536.4 544.1 534.5 5263 5555 0.8916 0.8379 0.9046 0.8636 0.7826

37 1171 1172 1163 1111 1250 0.5675 0.5756 0.6072 0.6428  0.421

38 103.2 98.49 96.24 9259 103.1 0.1252 0.1572 0.1702 0.1888 0.1286

39 627.6 641.9 5509 8333 625 0.0711 0.0683 0.093 0.0439 0.0658

40 465.8 482.5 464.1 5263 4761 0.0694 0.059 0.0677 0.0481 0.0619

41 299.6 264.2 243 192.3 2857  0.0446 0.0793 0.0994 0.1529 0.0578

42 134.2 113.5 101.7 8928 1315 0.0445 0.1656 0.2886 0.3862 0.0573

43 23.64 24.12 23.88 2444 23.58 1.513 1332 1.392 1.274 1.358

44 51.97 52.3 51.78 53.47 54.05 04185 0.4088 0.4267 0.3816 0.2724

45 351.9 414 367.2 625 3571  0.0161 0.0096 0.0122 0.0053 0.0136

46 128.9 158.1 1404 1923 1333 0.0158 0.0101 0.0122 0.0076  0.0135

47 92.99 98.63 95.05 1052 909 0.0517 0.0396 0.0443 0.0336  0.056

48 1646 1754 1583 2500 1666  0.5895 0.4981 0.6215 0.2857 0.5

49 138.1 137.6 136 133.3 1449 34.22 38.52 41.84 37.5 6.9

50 194.3 236.7 208.8 2941 196.1  0.0162 0.0099 0.0126 0.0069 0.0145

51 1844 1860 1681 2500 2000 0.2046 0.2067 0.2534 0.1333 0.1785
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52 226.6 232.5 225.4 250 2328 0.1214 0.1013 0.1176 0.0778 0.0743
53 398 355.8 329.7 303 384.6 0.0531 0.0924 0.1209 0.1506 0.0631
54 208.6 235.5 215 2272 2083 0.8193 0.5924 0.6982 0.6197 0.7619
55 1909 1865 1827 1666 2000 0.0913 0.1204 0.1299 0.1538 0.0581
56 41.1 41.36 40.17  38.75 4739  0.5751 0.6697 0.7933 0.8805 0.0913
57 1.065 1.254 1.032 2398 1.072 5.812 353 5353 1.401 4.8

58 09897 1.055 09372 1.183 1.011 50.31 39.25 54.05 30.4 32.19
59 2.063 3.338 1978 3.837 2147 03131 0.1315 0.3226 0.108  0.2689
60 585.7 601.6 524.5 625 625 0.0838 0.0849 0.1138 0.0765  0.054
61 118.7 88.38 63.8 35.84 1123 0.0264 0.0836 0.2013 0.5017 0.0363
62 399.5 360.1 316.8 2941 3846 0.0527 0.0973 0.1447 0.1365 0.0678
63 1.405 1.89 1.445 1966 143 02776  0.1606 0.2533 0.1511 0.2564
64 13.99 14.45 13.8 13.88 14.12  0.0163 0.0144 0.0176 0.0166 0.0145
65 57.85 56.39 53.74 50.25 64.1 0.2559 0.6073  0.829 0.99 0.0881
66 1015 1074 8969 909.1 1111 1.134 1.134 2508 15714 0.5625
67 259.5 271.6 257.8 250 3125 1.064 0.7197 1.203 1.29 0.1088

3. Results and Discussion

In this research, to investigate the relationship between the accuracy of the linear and non-linear

forms of the Langmuir isotherm, simple mathematical principles, hypothetical and experimental

adsorption data will be used.

3.1. In what case can we say that an adsorption system follows the Langmuir isotherm?

To answer this question, two simple propositions regarding the relationship between the
accuracy of linear and non-linear forms of Langmuir isotherm will be discussed and proved

numerically.
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Proposition 1: If a dataset (q,, C,) perfectly follows the Langmuir isotherm, indicated by R* =1
for the non-linear Langmuir isotherm form, each of the four linear forms (Form-1, Form-2, Form-3,

and Form-4) will also exhibit R* = 1. Therefore, when all four linear forms accurately fit the data,

they will produce identical values for the Langmuir constants (K) and maximum adsorption capacity

(Gm)-

Proof: To substantiate this proposition, a hypothetical dataset was utilized, as presented in Table
3 and Figure 1.

Table 3. A hypothetical adsorption system that follows the Langmuir isotherm.

C.(mg/L) q.(mg/g) I}';I;ingll:s Form-1 Form-2 Form-3 Form-4  Non-linear

0 0
50 33.33333

128 28 q.n(mg/g) 100 100 100 100 100

200 66.66667

250 71.42857

300 75

350 77.77778

400 80

450 81.81818

500 4333333 K 0.01 0.01 0.01 0.01 0.01

550 84.61538

600 85.71429

650 86.66667

700 87.5

750 88.23529

800 88.88889

850 89.47368 R? 1 1 1 1 1

900 90

950 90.47619

1000 90.90909

100 -

80

40 |

20

Amount of adsorption (mg/g)

200 400 600 800 1000
Equilibrium Concentration (mg/L)
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Figure 1. Equilibrium adsorption capacity (qe) versus equilibrium concentration (Ce) for two
hypothetical systems (Red circles for a system that completely follows the Langmuir isotherm and
Blue circles for a system that does not follow the Langmuir isotherm).

The results from the analysis of this dataset demonstrate that the coefficient of determination of
the non-linear Langmuir model is 1. Furthermore, the coefficients of determination for all four linear
forms are also 1. These results indicate that all linear and non-linear forms yield consistent Langmuir
constants of 0.01 and a maximum adsorption capacity of 100 mg/g. This illustrates that a dataset
follows the Langmuir isotherm only if all four linear forms of the Langmuir isotherm simultaneously
have a coefficient of determination equal to 1, yielding identical K and q,,values.

Proposition 2: The accuracy of each of the four linear forms of the Langmuir isotherm is crucial
in determining the accuracy of the non-linear Langmuir isotherm form. If all four linear forms lack
accuracy, it implies that the non-linear form isn’t similarly accurate. Therefore, the adsorption process
is unlikely to adhere to the Langmuir model under such conditions.

Proof: To prove this proposition, a hypothetical data set, as presented in Table 4 and Figure 1,
was used.

Table 4. A hypothetical adsorption system that does not follow the Langmuir isotherm.

C.(mg/L) q.(mg/g) I};‘r;gmn;rel:s Form-1 Form-2 Form-3 Form-4  Non-linear
0 0
50 14.28571
128 :8 q.,(mg/g) 119.05 227.27 118.81 152.03 118.25
200 72.72727
250 80.64516
300 85.71429
350 89.09091
400 91.42857
450 93.10345
=00 9433962 K 0.0047 0.0015 0.0062 0.0032 0.0069
550 95.27559
600 96
650 96.57143
700 97.0297
750 97.4026
800 97.70992
850 97.9661 R? 0.9649 0.9214 0.5222 0.5222 0.9658
900 98.18182
950 98.36512

1000 98.52217

The results showed that the coefficient of determination (R?) for all four linear forms of the
Langmuir isotherm, as well as the R? for its non-linear form, were less than 0.966 for this dataset,
indicating that none of these forms were accurate. This suggests that if an adsorption system cannot
be accurately described by any of the linear forms of the Langmuir isotherm; it means that the system
does not follow the Langmuir isotherm. In other words, the inaccuracy of all four linear forms of the
Langmuir isotherm in describing an adsorption system means the inaccuracy of the non-linear
Langmuir form and consequently the nonconformity of the system with the Langmuir isotherm. For
example, the analysis of adsorption data from systems 61, 63 and 64 shows that the data for Pb(Il)
and Cd(Il) adsorption on amidoxime-functionalized chelating resin (PAO-g-PS) [19], and Cd(II)
adsorption on modified lawny grass adsorbent (RG) containing H{BTMPP] (Cyanex272) surfaces [57]
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are poorly fitted by all four linear Langmuir isotherm forms (Form-1, Form-2, Form-3, and Form-4)
with coefficients of determination between 0.4 and 0.985. Analysis of these data using the non-linear
Langmuir isotherm also reveals that it lacks accuracy (0.94 < R? < 0.96). This suggests that when all
four linear Langmuir forms are simultaneously inaccurate, the non-linear form is also inaccurate.
Consequently, it can be concluded that the adsorption process does not follow the Langmuir
isotherm. Further investigations indicate that these three systems likely adhere to the Toth isotherm.
The results related to the assessment of these three systems using non-linear forms of Langmuir and
Toth isotherms are reported in Table 5.

Table 5. Parameters obtained using the non-linear forms of the Langmuir and Toth isotherms for

systems 61, 63 and 64.
Langmuir Isotherm Toth Isotherm
System 5 3
q.,(mg/g) K R Rmsd q,,(mg/g) K m R Rmsd
61 1.4055 0.2777 0.9561  0.0173 0.8862  0.2459 2029 0.9950 0.0058
63 2.063 0.3131  0.9411  0.0309 1.338 0.2665 2743  0.9990 0.0039
64 13.99 0.0164 0.9410 0.2921 14.96 0.0217 0.7773  0.9985 0.0288

3.2. Can we say that an adsorption system follows the Langmuir isotherm if it is described only by one of the
linear forms of the Langmuir isotherm?

One of the significant issues in adsorption research is the tendency to evaluate the adherence of
experimental data to the Langmuir isotherm using only one of the linear forms of the Langmuir
isotherm. However, this approach is flawed because according to the linear forms of the Langmuir
isotherm (Egs. 2, 3, 4, and 5), it can only be said that an adsorption system follows the Langmuir
isotherm if the experimental data simultaneously have the following four characteristics:

1. The plot of Z—e versus C, is linear.
e

2. The plot of L versus — is linear.
de Ce

3. The plot of g, versus z—e is linear.
e
4. The plot of % versus ¢, is linear.

Therefore, if any of these plots is not linear, it means that the adsorption system does not follow
the Langmuir isotherm. In other words, merely having one of the linear forms fitting the data
accurately doesn't necessarily indicate compliance with the Langmuir isotherm. For example, an
analysis of adsorption data, presented in Table 1, from systems 23, 35 and 37, related to the adsorption
of Methylene blue by adsorbent maleylated modified hydrochar at temperatures 303, 313, and 323 K
[35], reveals that the data for these systems are perfectly fitted by the linear Form-1 of the Langmuir
isotherm, with R? = 1. However, analyzing the same data using non-linear forms of the Langmuir
and Sips isotherms shows that the Sips isotherm is more accurate than the Langmuir isotherm. At
temperatures 303, 313, and 323 K, the non-linear Sips isotherm has R? equal to 0.9962, 0.9940, and
0.9938, respectively, while the non-linear Langmuir isotherm has R? equal to 0.9961, 0.9927, and
0.9926, respectively. Similarly, the Rmsd values for the Sips isotherm at 303, 313, and 323 K are 6.7328,
8.6165, and 8.7886, respectively, while the Rmsd values for the Langmuir isotherm are 6.7421, 9.5168,
and 9.531, respectively.

Also, based on the R? values for linear and non-linear forms of the Langmuir isotherm reported
in Table 1, it can be concluded that systems 65, 66, and 67 do not follow the Langmuir isotherm.
Specifically, Form-1 has R? greater than 0.99 for these systems, but R? for linear forms Form-2, Form-
3, and Form-4 are less than 0.93, and R? for the non-linear form are 0.9334, 0.9156, and 0.9261,
respectively. These results show that although Form-1 has R? close to 1 for these systems, the other
linear forms of Langmuir isotherm and its non-linear form fail to describe the adsorption behavior of
these systems. These examples prove that relying on only one of the linear forms to judge whether a
system follows the Langmuir isotherm or not is not sufficient.
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The efficiency of Form-1 was evaluated in comparison with the non-linear Langmuir isotherm
for calculating the Langmuir constant and maximum adsorption capacity for systems 23, 35 and 37.
The average absolute errors in calculating the Langmuir constant and maximum adsorption capacity
by Form-1 at different temperatures were calculated, and the results are shown in Figure 2.
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Figure 2. The Average Absolute Error in calculating the maximum adsorption capacity (qy,) and
Langmuir constant (K) using the Form-1 for systems 23, 35 and 37 (Blue column for Average Absolute
Error in calculating qm and Red column for Average Absolute Error in calculating K).

The error values for calculating the maximum adsorption capacity and Langmuir constant have
been obtained from the following equations:
qrrhon—linear _q%ilnear
E, (%)= x 100 (6)

non-linear

dm

Klwn—lmear_Klldmear

EKL (%) = Klwn—linear X 100 (7)

The average absolute error (AAE) values for calculating the maximum adsorption capacity and
Langmuir constant can be obtained from the following equation:

1 qnon—linear_qlin_ear
0, — —_\n m,l m,i
AAEqm (/0) T pai=1l non-linear x 100| (8)
m,i

non-linear linear
Kii -

LL__ x 100| 9)

non-linear
K

AAEg, (%) = -3,

Note that the error and average absolute error values have been calculated by comparing the K;
and g, values obtained using linear forms of the Langmuir isotherm with the values obtained for
these parameters using the non-linear Langmuir isotherm. This is because our goal is to compare the
efficiency and accuracy of linear forms of the Langmuir isotherm with the non-linear form. Therefore,
the larger the values of these errors, the more they indicate the inconsistency of the output of the
linear forms with the output of the non-linear form of Langmuir isotherm. As shown in Figure 2,
Form-1 creates significant average absolute error in calculating the Langmuir constant, while it works
somewhat more accurately in calculating the maximum adsorption capacity. These large average
absolute errors indicate the inefficiency of Form-1 in comparison with the non-linear Langmuir
isotherm for calculating the Langmuir constant. In other words, a coefficient of determination equal
to 1 for Form-1 does not indicate a perfect match between the output of this linear form and the
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output of the non-linear Langmuir isotherm. Therefore, having a coefficient of determination equal
to 1 for Form-1 does not necessarily mean that the studied adsorption system follows the Langmuir
isotherm, nor does it mean that the Langmuir constant and maximum adsorption capacity calculated
using the desired linear form are accurate. In summary, even though the linear form, Form-1, boasts
a coefficient of determination equal to 1 for systems 23, 35 and 37, it doesn't necessarily imply data
adherence to the Langmuir isotherm. These results emphasize the importance of not relying solely
on a single linear form when assessing adherence to the Langmuir isotherm.

An analysis of adsorption data from systems 54 and 46, which correspond to the adsorption of
substances Reactive Red 120 and Congo red using adsorbents Hybrid crosslinked chitosan-
epichlorohydrin/TiO2 nanocomposite (CTS-ECH/TNC) [51] and hybrid alginate/natural bentonite
[46], respectively, shows that the data for these systems are poorly fitted by linear Form-3 (with R?
equal to 0.8485 and 0.7833 respectively) and Form-4 (with R? equal to 0.8485 and 0.7833, respectively).
However, these data are accurately fitted by linear Form-1 (with R? equal to 0.9979 and 0.9938,
respectively) and Form-2 (with R? equal to 0.9972 and 0.9916, respectively) of the Langmuir isotherm.
Further analysis of these data using the non-linear Langmuir isotherm reveals that this equation lacks
accuracy (with R? equal to 0.9795 and 0.9892, respectively). These results demonstrate that when at
least one of the four linear forms exhibits inaccurate, the non-linear Langmuir isotherm is also
inaccurate. In this scenario, it can be concluded that the adsorption process does not follow the
Langmuir isotherm. Additional investigations suggest that these two systems (systems 54 and 46)
likely adhere to the Sips isotherm (R?=0.9968) and Toth isotherm (R?=0.9981), respectively.

3.3. Statistical study

3.3.1. Accuracy relationship between linear and non-linear forms of the Langmuir isotherm

So far in this study, three rules have been briefly presented regarding the accuracy of the linear
forms of the Langmuir isotherm. The summary of these rules is as follows:

Rule 1: The higher the accuracy of all linear forms of the Langmuir isotherm in studying a
system's adsorption, the more accurate the non-linear form will be. When all four linear forms of the
Langmuir isotherm exhibit high accuracy, it indicates that the process likely follows the Langmuir
isotherm.

Rule 2: Conversely, if the accuracy of the linear forms of the Langmuir isotherm in studying a
system's adsorption is lower, the non-linear form will also be less accurate. In other words, when all
four linear forms are less accurate, it implies that the non-linear form is also less accurate, leading to
the conclusion that the process definitely does not follow the Langmuir isotherm.

Rule 3: If at least one of the four linear forms lacks accuracy, it indicates that the non-linear form
is similarly inaccurate. Consequently, it can be concluded that the adsorption process does not follow
the Langmuir isotherm.

To evaluate these rules, 67 sets of experimental data related to the adsorption of various
substances using different adsorbents were selected. The accuracy of all four linear forms of the
Langmuir isotherm (Form-1, Form-2, Form-3, and Form-4) as well as the non-linear form was
assessed for these datasets. R? values were obtained for the linear and non-linear forms (see table 1)
and the results for all the datasets were ranked based on the decrease in R? values of the non-linear
form.

To establish a statistical relationship between the R? values of the non-linear form and the R? values
of the linear forms, these values for all linear and non-linear forms were plotted against the dataset
number. The results are shown in Figure 3.
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Figure 3. The statistical relationship between the coefficients of determination of the non-linear form
and the coefficients of determination of the linear forms of the Langmuir isotherm against the
dataset number (Purple circle for non-linear form, Yellow circle for Form-1, Red circle for Form-2,
Blue circle for Form-3, and Green circle for Form-4).

Based on Figure 3, the closer the R? values of the non-linear Langmuir form is to 1, the closer the
R? values of all four linear forms are to 1. These results demonstrate that the more accurate the non-
linear Langmuir form, the more accurate the linear forms will be simultaneously. Also, if the R? values
for Form-1 and non-linear form are plotted against the dataset number, an interesting result is
obtained. As shown in Figure 4, in most datasets where the R? values for the non-linear form is less
than 0.99 and therefore the non-linear form is inaccurate, the R? values for the Form-1 is close to 1.
This indicates that an adsorption system may fit well with the Form-1 but not follow the Langmuir
isotherm. In other words, the accuracy of Form-1 does not always indicate the adherence of the
adsorption system to the Langmuir isotherm.
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Figure 4. The coefficients of determination of the non-linear form and Form-1 against the dataset

number (Purple circle for non-linear form, Yellow circle for Form-1).

Therefore, the simultaneous accuracy of all linear forms of the Langmuir isotherm is what leads

to a correct judgment about the adherence or non-adherence of an adsorption system to the Langmuir

isotherm. In this case, according to Figure 3, the non-linear Langmuir form is also accurate.

Figures 5 and 6 plot the error in calculating the maximum adsorption capacity (q,,) and the

Langmuir constant (K) using linear forms of the Langmuir isotherm (Form-1, Form-2, Form-3, and

Form-4) against the dataset number (The datasets are sorted from the most accurate non-linear form
to the least accurate one).
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Figure 5. The plot of the error in calculating the maximum adsorption capacity (q,,) using linear

Langmuir forms (Yellow circle for Form-1, Red circle for Form-2, Blue circle for Form-3, and Green

circle for Form-4) against the dataset number.
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Figure 6. The plot of the error in calculating the Langmuir constant (K) using linear Langmuir forms
(Yellow circle for Form-1, Red circle for Form-2, Blue circle for Form-3, and Green circle for Form-4)
against the dataset number.

The figures 5 and 6 show that as we move towards more accurate non-linear forms, the error in
calculating g, and Kusing linear forms decreases, and conversely, as we move towards less accurate
non-linear forms, the error increases. By comparing Figures 3-6, it can be concluded that the accuracy
of the non-linear Langmuir isotherm is directly related to the simultaneous accuracy of the linear
forms. The more accurately an adsorption system follows the non-linear Langmuir model, the more
accurate the linear forms will be simultaneously, and the error of these forms in calculating the
Langmuir constant and maximum adsorption value will be less. Therefore, this study suggests that
for accurate modeling of an adsorption system using the Langmuir isotherm, either the non-linear
Langmuir isotherm form should be used or if linear forms are used, all four linear Langmuir forms
should be evaluated simultaneously. In other words, relying on only one of these linear forms to
judge the conformity or non-conformity of the studied adsorption system with the Langmuir
isotherm is not sufficient.

3.3.2. Which linear forms create the least error in calculating q,,and K?

Figure 7 compares the Average Absolute Errors of the four linear forms of the Langmuir
isotherm in calculating g,,and K.
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Figure 7. Comparison of the accuracy of linear forms of the Langmuir isotherm, Form-1, Form-2,
Form-3, and Form-4, in calculating Langmuir isotherm parameters, K and q,,, based on systems1,
2,5,6,7 and 9 (Blue column for Average Absolute Error in calculating g» and Red column for Average
Absolute Error in calculating K).

These data related to six of the adsorption systems for which the coefficients of determination of
all four linear forms and the non-linear form exceed 0.99 (systems 1, 2, 5, 6, 7 and 9). In other words,
among the 67 studied adsorption systems, six systems had linear and non-linear Langmuir isotherm
forms with R?>0.99. Based on Figure 7, the accuracy of all four linear forms of the Langmuir isotherm
in calculating g, follows the order Form-1 > Form-3 > Form-4 > Form-2, while the accuracy of these
forms in calculating K follows the order Form-4 > Form-3 > Form-2 > Form-1. In other words, the most
accurate linear form for calculating q,, is Form-1, and the most accurate linear form for calculating
Kis Form-4.
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4. Conclusion

In this study, the efficiency and accuracy of all four linear forms of the Langmuir isotherm and
its non-linear form were evaluated using several experimental data sets selected from the literature.
To accurately model an adsorption system using the Langmuir isotherm, this study suggests that
either the non-linear Langmuir isotherm form should be used or all four linear forms should be
evaluated simultaneously. Therefore, the results of this study showed that relying on only one of the
four linear forms of the Langmuir isotherm to model adsorption is an incomplete approach.

Also, based on obtained results, the accuracy of all linear forms of the Langmuir isotherm in

calculating g,,follows the order Form-1 (Z—e vs C,) > Form-3 (q, vs %) > Form-4 (% vs q.) > Form-2

(qi Vs Ci), while the accuracy of these forms in calculating K follows the order Form-4 > Form-3 >

Form-2 > Form-1. The study provides a comprehensive evaluation of the Langmuir isotherm and its
linear forms, which can help to improve the understanding of adsorption processes. The findings of
this study can be useful for researchers who work with adsorption equilibrium data and need to
determine whether the Langmuir isotherm is an appropriate model for their system. The results of
this research can also help researchers to choose the most accurate linear form for calculating g,,and
K.
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