Pre prints.org

Article Not peer-reviewed version

Geometric Properties of a Linear
Operator Involving Lambert Series and
Rabotnov Function

Jamal Salah "
Posted Date: 11 December 2023
doi: 10.20944/preprints202312.0676.v1

Keywords: Univalent; Starlike; Convex; Hadamard product; Lambert series; Sum of divisors function;
Robin&rsquo;s inequalities; Riemann hypothesis; Rabotnov function

E E Preprints.org is a free multidiscipline platform providing preprint service that
is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This is an open access article distributed under the Creative Commons
Attribution License which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.



https://sciprofiles.com/profile/765452

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 December 2023 doi:10.20944/preprints202312.0676.v1

Disclaimer/Publisher’s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and

contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article
Geometric Properties of a Linear Operator Involving
Lambert Series and Rabotnov Function

Jamal Salah

College of Applied and Health Sciences, A'Shargiyah University, Post Box No. 42, Post Code No. 400 Ibra,
Sultanate of Oman. damous73@yahoo.com

Abstract: In this study, we consider a Lambert series whose coefficients are the sum of divisors function.
Utilizing the Lambert series in the sequel we introduce a normalized linear operator JR, g(z) by applying the
convolution with Rabotnov function. We then, acquire sufficient conditions for JR,g(z) to be Univalent,
Starlike and Convex respectively. In each component of this study, we expand the derived results by applying
two Robin's inequalities, one of which is equivalent to the Riemann hypothesis.
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1. Introduction

A series introduced by Johann Heinrich Lambert, commonly known as Lambert series is
expressed as follows:

xn
S(x) = Zlan — M)

It is a type of series that is well-known in both number theory and analytic function theory. Lambert
(see [1,2]) considered it in the context of the convergence of power series. Lambert series given by (1)
converges either everywhere except at x = +1 when }7° a,converges, or at every x such that
21 a, x™ converges.

In number theory, (see [3—6]), Lambert series is used for certain problems due to its connection
to the well-known arithmetic functions such as

o (o)

> o= Y 2, ®

where gy(n) = d(n) is the number of positive divisors of n.

o [00]

n%xm
> ot = Y ®
1—x"

where g,(n) is the higher-order sum of divisors function of n.

We restrict our attention to the series given by (3). In particular, when a = 1, we write 0;(n) =
a(n), here o(n) is the sum of divisors function that appears in one of the elementary equivalent
statements to the well-known Riemann Hypothesis.

We distinguish at the outset between Lambert series and Lambert W function that appears
naturally in the solution of a wide range of problems in science and engineering [7].

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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In 1984, Guy Robin [8] proved that

0.6483n
o(n) <e¥nloglogn + ——, n=>3 (4)

loglogn

Moreover, he proved that Riemann hypothesis is equivalent to
o(n) <e¥nlog(logn), n > 5040, (5)

where y = 0.7721 -, is the Euler-Mascheroni constant.

This article makes no attempt to prove or refute the Robin's inequality (5) or the Riemann
hypothesis. For more details, we refer the interested readers to read the articles listed in the references
[9-14].

Let A denote the class of analytic functions of the form

f(z)=z+2anzn, zeD:={z €C: |z| <1}, (6)
n=2

and § be the subclass of A  consisting of univalent (or one-to-one) functions on ). The importance of
the coefficients given by the power series in (6) emerged in the early stage of the theory of univalent
functions. Earlier in 1916, Bieberbach [15] proved that the second coefficient |a,| < 2, with equality
holding if and only if fis a rotation of the Kdebe’s function: f(z) = z+ Y., nz"

In the same work, Bieberbach conjectured the general coefficient bound that |a,| <n, n =2,
while the equality holds if and only if fis a rotation of the Kéebe’s function. This conjecture came to
be known as the famed Bieberbach Conjecture and resisted a rigorous proof for about seven decades
until Louis de Branges proved it in 1985 [16], and the result came to be known as de Branges’s
Theorem. Geometrically this amounts to shrinking or expanding the domain I, and possibly rotating
D but does not disturb the univalence of the function. Later on, new concepts were introduced in the
theory of univalent functions including, but not limited to, starlike, convex, spiral-like and uniformly
starlike (convex).

In fact, the study on introducing new subclasses of analytic functions goes on by means of
various applications, such as fractional calculus, quantum calculus or by involving some special
functions like Mittag-Leffler function, Faber polynomial functions etc., see for details [17-24]. The
most common concern in such a study is the inclusion conditions. Alternatively, it means that for a
given new subclass (say) H, seek a set of useful conditions on the sequence {a,} that are both necessary and
sufficient for f(z) to be a member of H.

The Rabotnov function defined as follows (See [25])

co

— S 'Bn n(a+1)
Ralﬁ(z)—z ZF((n+1)((x+1)) z , a,p,z € C.

n=0

o B"
Clearly, Rop(z) = X5op 2" = ef?
Rabotnov function is the particular case of the familiar Mittag-Leffler function widely used in
the solution of fractional order integral equations or fractional order differential equations. The
relation between the Rabotnov function and Mittag-Leffler function can be written as follows

Rop (z) = ZaEa+1,a+1(ﬁZa+1)'

where E,.1441 is the two parameters Mittag-Leffler function. Several properties of Mittag-Leffler
function and generalized Mittag-Leffler function can be found in [26-30].

It is clear that the Rabotnov function does not belong to the family A. Thus, it is natural to
consider the following normalization of Rabotnov function
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LI (a + 1)

F(n(a+1)) Y

1 1 o
Rep(z): = za+1T(a + 1Ry p (zm) =z 4 Z
n=2

Geometric properties including starlikeness, convexity and close-to-convexity for the normalized
Rabotnov function were recently studies in [31].

This work is an attempt to apply Lambert series in the theory of univalent functions. This
may open relevant studies if one considers the Lambert series associated to other special
functions such as Mittag-Leffler or any of its generalizations. Hence, we can investigate
various topics rather than the geometric properties, that can evoke Hankel determinant,
subordination properties and Fekete-Szegd. Besides, these results are extendable to

multivalent functions and meromorphic functions.
Here, we recall the definition of Hadamard product (convolution): For a given function f € A
of the form (6) and g € A of the form

g(z)=z+2bnzn, z €D, (8)
n=2
then the convolution (*) of the two functions f and g becomes,
f*g)2)=z+ Z anbyz", z € D. 9)
n=2

Subsequently, we utilize the Lambert series whose coefficients are the sum of divisors function o(n).
The mathematical form is as under:

L(z) =Zl— — = Za(n)z” =Z+Za(n)zn, z € D.
n=1 d n=1 n=2
For function f € A of the form (6), we define the linear operator JR, z(z): A — A as follows:
o BT (@ + 1)
IR, 5(z) == (R, *L)(z =Z+Z—anz", € D. (10)
0p(2) = (Rep * L)(2) 2, T(nta+ D) (n)

Now, for short hand we denote the coefficient of JR,z(z) by

3 BV T (a + 1)

a, = md(n).

From Robin’s inequalities we obtain

Remark 1. Unconditionally, from Robin’s inequality (3). For n = 3

BT (a + 1)

< 0.648311}
tn F(n(a + 1))

Ynlogl -
{e nlog 0gn+loglogn
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Remark 2. If Riemann hypothesis (4) holds true, then for n > 5040

B M (a + 1)

—F(n(a n 1)) {eYnloglogn}

an

Next, we provide sufficient conditions for the operator (10) to be starlike, convex and closed-to-
convex, respectively. We also evoke the consequence of Robin’s inequalities or Riemann hypothesis
in each derived result and vice versa.

Firstly, we recall some relevant definitions and Lemmas that we consider in this study.

Definition 1. Function f € A of the form (6) is said to be starlike or f € S* if

zf'(z)
Re(f(z) >>0, z € D.

Definition 2. Function f € A of the form (6) is said to be convex or f € C if

zf"(2)
R8<W+1> >0, z€D.

Definition 3. Function f € A of the form (6) is said to be closed-to-convex or f € K if

Re <f’(z)) >0, g €C,zeD.

9'(2)
The above definitions have been investigated in different studies, see for example [32-35]. Moreover,
Noshiro-Warschawski [36,37] provided the following inclusion result: Cc §* c X c §.

Lemma 1. ([38]) Function f € A of the form (6) is univalent in D if
1 >2a, =2---=>22a,=--20,
or
1 <2a, <--+<2a, << 2.
Furthermore, f is closed-to-convex with respect to the convex function —Log (1 — z).
Lemma 2. [39] Function f € A of the form (6) is starlike in D if a, =0, {na,} and {na, — (n + Day}
both are non-increasing.
2. Main Results

Theorem 1. The operator JRqp(z) defined in (10) is close-to-convex with respect to —log(1 —z) and

therefore univalent in D if for every consecutive natural numbers n and n+ 1, with a =0 and f > 0.

(a+ Do) =2Ba(n+1) (11)

Proof. We utilize Lemma 1. First, we need to prove by induction that
(@+ D" '(n—-DIT(a+1) <T(n(a+1),n=12,.. (12)

For n =1, (11) obviously holds true. Assuming (11) is true for n — 1, we conclude

doi:10.20944/preprints202312.0676.v1
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(a+ D™ T(a+1)=(a+Dn(a+ D" (n—D'T(a+ 1)
< (@+ DnT(n(a+1))
=T((e+ Dn+1)

<I((a+1Dn+1).
Recall

_ B (a+1)

a, = mG(TL), n =2, a, = 1.

From (12) when n =2 we obtain

(a+ Dl (a+1)
r(2(a +1))

Using condition (11)

20T +1) _ 2B0(2) _

2a2 =

rele+1) -~ a+1 ~
To verify that the first condition of Lemma 1 holds, we need to show that the sequence {na,} is
decreasing:
np" 'r(a+1 n+ 1" T(a+1
na, —(m+ a4 = f ( )an —( )BT )a(n+1)
I(n(a+1)) r((n+1(a+1))
np" 'r'(a+1 n+ 1D T(a+1
B T(a+1) (n+ 1DB"I( )a(n )

n@+D) 7 Thla+1D+1)

(n+ 1D T(a+1)
T The+D+D °

_n*(a+ D" 'T(a+1)
 T(n(e+1)+1)
_ B (a+1)
" Tn(a+1)+1)
where X(n) =n?(a + 1)a(n) — (n+ 1)Bo(n+ 1) considering n? =n+ 1,n > 1 we receive
X(n) =n?(a+1)o(n) — (n+1)Bo(n+ 1)
>(n+D(@+1)on)—n+1)Bo(n+1)
>(n+ 1)((a + 1o(n) — Bo(n + 1)).

> (n+ 1)((a + 1o(n) — 2Bo(n + 1)) > 0.

o(n) n+1)

X(n),

O

From Theorem 1. Using the fact that the coefficients of a univalent function satisfy the inequality
a, < n, we derive the following results.

Corollary 1. If the conditions of Theorem 1 hold true, then
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nl'(n(a + 1))

oM < BT+ 1)’

F(n(a+1))

Corollary 2. If the conditions of Theorem 1 hold true and e

< e¥loglogn,n > 5040 then Riemann
hypothesis holds true.

Theorem 2. The operator JRq p(2) defined in (10) is starlike in D if for every consecutive natural numbers

nand n+ 1, with «a =20 and B> 0. (¢ + Do(n) =2Fc(n+1)

Proof. In here, we use Lemma 2. We omit the proof that the sequence {na,} is non-increasing since
it is similar to the one in Theorem 1. Therefore, we need to show that {na, — (n + 1)a, .} is also
non-increasing. For the sake of simplicity, we let b, = na, — (n + 1)a,;and we have

bp — bpyy =nap, —2(m+ Dagyq + (0 + 2)an,,
_np" (@ +1) 2(n+ DB T(a+ 1) (n+2)™T(a+ 1)

r(n(a + 1)) o(n) = I((n+D(a+1) oln+ 1)+ M((n+2)(a + 1)) o(n+2)
np" I (a + 1) 2(n+ D" T'(a + 1)

I'(n(ax +1)) o(m) - I((n+ (a+1) on+1)
npf" I (a + 1) 2(n+ D" T'(a + 1)

Mn@+D) "0 Ta@+n+n "D

2(n+ 1B T'(a+ 1)
 T((e+D+1)

_n*(a+ D" 'T(a+1)

e+ 1D + 1) oln+1)

o(n)
3 M (a + 1)

“To@rn+n ™

Where Y(n) = n?(a + 1)a(n) — 2(n + 1)Bo(n + 1). We use the fact that n> >n+1,n > 1,
Y(n) =n?(a+1)o(n) —2(n+ 1Do(n+1)
>n+1D(a+1on)—2(n+1)Ba(n+1)
>(n+ 1)((a + 1)o(n) —2Bo(n + 1)) > 0.

|

Theorem 3. The operator JRp(2) defined in (10) is convex in D if for every consecutive natural numbers

n and n+ 1, with a =0 and B > 0.

nzlgn—lo.(n)
VA CESVCR] <L

Proof. Let
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ZJRZ,;; (z)

p(z) =1+ —JR&J;(Z) ,Z

e D,

p(z) isanalyticin D and p(0) = 1. We need to prove that [p(z) — 1| <1,

(0]

Z nn—1D" 'T(a+ Do) |
F(n(a + 1)) z

|12dR 5(2)| =

n=2

o

n(n— 1" I'(a + 1)a(n)
< Z I'(n(ax+1))

n=2

= nn—1)p"1o(n)
- P (a+ 1) 1(n-1)!

(13)

o

L+ Z nB" I'(a + 1)o(n) -1

|(7R2”ﬁ(z)| - I(n(a+1))

n=2

[0e]

nB" I'(a + 1)o(n)
>1- z F(n(a + 1))

n=2

- nf™" to(n)
=1- nZZ (@ + D" 1(n— D) o

From (13) and (14) we obtain

yoo n(n—1)p" a(n)
n=2(g + D" 1(n — D!
o0 np"to(n)
1= g Dt — D1

ZJRZ,ﬁ (z)

<1
JR:Lﬁ(Z)

O

From Theorem 3. Using the fact that the coefficients of a univalent function satisfy the inequality
a, <1, we derive the following results.

Corollary 3. If the conditions of Theorem 3 hold true, then

I‘(n(a + 1))
"W poTar "3

I'(n(a+1)

Corollary 4. If the conditions of Theorem 3 hold true, and I @eD

<e'nloglogn,n > 5040 then

Riemann hypothesis holds true.
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3. Conclusions

By the means of Lambert series whose coefficients are the sum of divisors function, we
considered the normalized linear operator JR, z(z) by applying the convolution with Rabotnov
function. We provided sufficient conditions for J]Ra,ﬁ(z) to be Univalent, Starlike and Convex
respectively. When applicable, we expand the derived results by applying two Robin's inequalities
(3) and (4).
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