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Abstract: We consider boundary value problems for a nonlinear mass transfer model, which
generalizes the classical Boussinesq approximation, under inhomogeneous Dirichlet boundary
conditions for the velocity and the substance’s concentration. It is assumed that the leading coefficients
of viscosity and diffusion and the buoyancy force in the model equations depend on concentration.
We develop mathematical apparatus of studying inhomogeneous boundary value problems under
consideration. It is based on using of a weak solution of the boundary value problem and construction
of liftings of the inhomogeneous boundary data. They remove the inhomogeneity of the data and
reduce original problems to equivalent homogeneous boundary value problems. Based on this
apparatus we will prove the theorem of the global existence of a weak solution to boundary value
problem under study and establish important properties of the solution. In particular, we will prove
the validity of the maximum principle for the substance’s concentration. We will also establish
sufficient conditions for the problem data, ensuring the local uniqueness of weak solutions.

Keywords: generalized Boussinesq model of mass transfer; binary fluid; inhomogeneous boundary
conditions; global solvability; maximum principle; local uniqueness
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1. Introduction and statement of the boundary problem

A large number of works are devoted to the issues concerning mathematical modeling the
processes of fluid flows taking into account convective effects. These papers explore both applied
questions, concerning the derivation and justification of basic convection models, and purely
mathematical questions. These include methods for constructing exact and approximate solutions,
theoretic-group analysis (or Li-Ovsyannikov symmetry) method of investigating the qualitative
properties of solutions to differential equations underlying the convection models under study, and
theoretical analysis of the solvability and uniqueness of solutions of boundary value problems for
basic convection models.

Among the various convection models for binary and/or thermally conducting liquids, an
impotant role is played by so-called Oberbeck-Boussinesq models [1,2], which are derived from the
exact Navier-Stokes equations of fluid dynamics taking into account the following assumptions (see [1],
Section 54):

1. Convective motion is similar to that of an incompressible fluid with constant density pp, but the
possible deviation of the true density p from py is taken into account in the momentum conservation
equation in the form of a term describing the additional volumetric force — the buoyancy (Archimedes)
force.

2. The change in density is caused by changes in temperature and concentration of dissolved
substance, but not changes in the pressure.

3. The velocity gradients are small enough so that the process of transition of work to heat during
movement does not lead to a change in the temperature of the medium.

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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The model that results from these simplifications is called the Oberbeck-Boussinesq model. In
turn, the Oberbeck-Boussinesq model allows for further simplification, often called the simplified or
classical Boussinesq model.

When modeling heat transfer processes in a viscous heat-conducting liquid, by (classical)
Boussinesq model one usually understands the model in which the bulk buoyancy force included in the
momentum conservation equation linearly depends on temperature, and, besides, the main parameters
of the fluid, namely: the viscosity coefficient and the thermal conductivity coefficient are positive
constants. When modeling mass transfer processes in a binary fluid, by (classical) Boussinesq model
one usually understands the model in which the bulk buoyancy force (included in the momentum
conservation equation) linearly depends on the concentration of dissolved substance while the main
parameters, namely: the viscosity coefficient, diffusion coefficient, as well as another parameter, called
the reaction coefficient, are the positive constants. The latter parameter is responsible for the possible
decay of the dissolved substance in the main medium due to the chemical reaction. When all or some
of the above conditions are not fulfilled, the corresponding model is often referred to as a generalized
Boussinesq model.

Let us emphasize that for the classical Boussinesq model, many theoretical issues are quite fully
studied. This, in particular, holds for the study of the correctness of boundary or initial-value problems
for stationary or non-stationary models of heat and mass transfer. Among many works in this area, we
note the cycle [3-8] of works by the first author and his coauthors on the study of the correctness of
boundary value problems for stationary equations of heat and/or mass transfer. We emphasize that in
these works, in addition to the study of correcteess a boundary value problems, a theoretical analysis
of control problems for the models of heat and mass transfer was performed. The analysis of the
results obtained in [3-8] made it possible to identify interesting regularities related to the interaction
of hydrodynamic and thermal fields in binary and/or heat-conducting media and, in particular, to
establish the most effective mechanisms for controlling thermohydrodynamic processes in viscous
liquids. The close problems of boundary or distributed control for the heat transfer equations in the
Boussinesq approximation have also been investigated in the works [9-14].

Theoretical questions for the generalized Boussinesq model have been studied to a much lesser
extent. However, significant progress has been made in recent years in this area as well. Over the
past decades, a large number of papers have been published regarding the study of heat and mass
transfer equations with variable transfer coefficients and with variable buoyancy force depending on
temperature and/or concentration of dissolved substance. These works can be divided into several
groups. The first group contains papers that develop methods for finding exact solutions to these
equations (see, for example, [15-19] and review [20]). The second group contains works devoted
to application of Li-Ovsyannikov symmetry method to study qualitative properties of solutions of
equations of heat and mass transfer in viscous binary and/or heat-conducting liquids. This group
includes very large quantily of works (see e.g. [21-25], monograph [26] and reviews [27,28]). Another
group of works is that in which mathematical modeling of fluid motion processes takes into account
thermodiffusion effects (or Sorét effects) and/or concentration diffusion effects (or Dufort effects). A
detailed list and analysis of these works can be found in the reviews [27,28].

At the same time, the authors know only a few papers in which the solvability of boundary
value problems for equations of heat and mass transfer with variable coefficients is investigated. The
mentioned works can be divided into several groups. The first group includes works [29-31] or [32],
devoted to the study of the solvability of boundary value problems for stationary equations of heat or
mass transfer. The second group is joined by works [33-38], devoted to the study of the solvability
of boundary value and control problems for non-stationary Boussinesq equations of heat (or mass)
transfer. The works [39-41] form once more group in which the solvability of boundary value and
control problems is studied for the stationary mass transfer model in the case where the reaction
coefficient can depend on the concentration of matter and spatial variables.
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Close questions on the study of correctness of boundary value or control problems for stationary
equations of magnetic hydrodynamics of viscous incompressible or heat-conducting liquid in the
Boussinesq approximation were investigated in [42—46]. In [47], the solvability of the initial-boundary
problem for the non-stationary MHD-Boussinesq system, considered under mixed boundary conditions
for velocity, magnetic field, and temperature, in the case when the viscosity coefficient, magnetic
permeability, electrical conductivity, thermal conductivity and specific heat of the fluid depend on the
temperature.

Finally, we mention papers [48-55] that touch upon issues close to the subject of this paper from
nonlinear diffusion, viscoelasticity, engineering mechanics, complex heat exchange, acoustics and
oceanology.

The purpose of this work is to analyze the global solvability and local uniqueness of solutions of
the boundary value problem for a generalized Boussinesq mass transfer model describing the flow of
binary fluid in which the diffusion, viscosity and reaction coefficients and the buoyancy force depend
on the substance concentration.

The paper is organized as follows. In Section 2, we will formulate the main boundary value
problem, to which we will refer below as Problem 1. Besides, we introduce functional spaces and
formulate a number of auxiliary results in the form of Lemmas 1, 2 and 3 which will be used when
studying the solvability and uniqueness of Problem 1. In Section 3, we will formulate and prove the
theorem on the global existence of a weak solution to Problem 1 and establish the maximum principle
for substance concentration ¢. In Section 4, we will establish sufficient conditions on the data of
Problem 1 that provide conditional uniqueness of the weak solution having an additional property of
smoothness for concentration. The last Section 5 (Conclusion) contains a brief summary of the results
obtained in our paper.

2. Statement of the main problem. Functional spaces

Let Q) be a bounded domain in the space R® with a Lipschitz boundary I'. Below, we will consider
the following boundary value problem describing the motion of binary fluid within the framework the
generalized Boussinesq model of mass transfer:

—div(v(@)Vu) + (u- V)u+ Vp = £+ b(¢)¢G, divu =0in Q, (1)
—div(A(@)Ve) + (u- V) +k(p)p = fin O, 2
u=gand ¢ =¢onT. (©)]

Here u is the velocity vector, ¢ is the concentration of dissolved substance, p = P/pg, where P is the
pressure, p = const is the fluid density, v = v(¢) > 0 is the kinematic (molecular) viscosity coefficiemt,
A = A(¢p) > 0is the diffusion coefficient, b = b(¢) is the mass expansion factor, k = k(¢) is the reaction
coefficient, G = — (0,0, G) is the gravitational acceleration, f or f is the bulk density of external forces
or of the external sources of matter, respectively. Below the problem (1) — (3) for the given functions
v(e), M), b(@), k(¢p), £, and f will be referred to as Problem 1.

When studying Problem 1, we will use the Sobolev functional spaces H°(D), s € R. Here, D
means either domain () or some subset Q C Q, or the boundary I'. By || - [|s.0, | - [s,0 and (-, )5 o the
norm, half-norm and in inner product in H*(Q) will be defended, respectively. The norms and scalar
product in L?(Q) or in L?(Q)) are denoted by || - [|g, (+,-)g or by || - |[a, and (-, ), respectively. X*
denotes the dual space of Hilbert space X, while the duality relation for the pair of dual spaces X and
X* is written as (-, -) x« x, or simply as (-, -).

An important role in our analysis will be played by the following functional spaces:

H(div, Q) = {v € L*(Q) : divv € L*(Q)},

HY(div, Q) = {v € H(div, Q) : divv = 0in Q},
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HY, (Q) = {ve HY(Q) : divv = 0},
L§(Q) = {h € L*(Q) : (h,1) = 0},
D(Q) = {v e CP()®: divw = 0in Q},
H is the closure D(Q) in L?(2)3,

V is the closure D(0Q)? in H'(Q)3,
Lh(Q)={keLF(Q):k>0}, p>1,
H}(Q) = {h € HY(Q) : h|r = 0}.

Note that each of the spaces H'(Q)) and H} (Q) is Hilbert at norm || - ||, which is equivalent to
| - |1,0 for ¢ € HL(Q) due to the Friedrichs-Poincaré inequality

l¢lla < Cplel,a Vo € Hj(Q), Cp = const > 1. 4)

It is well known (see, for example, [56,57]) that for the domain () with the Lipschitz boundary the
spaces H and V are characterized as follows:

H={veHdiv,Q):v-n|r =0in H 2T},

V ={ve H)Q)?:divv=0in Q}.

Let us define the products of spaces X = H}(Q)> x H}(Q) and W = V x H}(Q) C X with the
norm
Ixl% = l[uliq + ll9lfq vYx = (u,¢) € X(or V(u, ) € W)

and denote by X* the space (H~1(Q)> x H~1(Q) which is dual of X.

Let the following conditions be met:

2.1. Q is a bounded domain in R?® with a boundary I' € C%! consisting of N component I'),
i=12,..,N.

22.fc HY(Q)3, fe HY(Q), p € HV/(T).

23.g € HYX(T)3 (g ) =0,i=1,2,...,N.

2.4. For any function ¢ € H'(Q), the embedding b(¢) € LF(Q) is valid where p > 3/2 is a fixed
number independent of ¢, and the vector-function b(¢) = b(¢)G satisfy

||b(§0)||LP(Q)3 < Bp Vo € Hl(Q)/ p>3/2(b(¢) =0b(9)G). ®)

Here j p is a positive constant dependent on p. In addition, for any pair of functions ¢q, ¢ € H Q)
belonging to sphere B, = {¢ € H'(Q) : ||¢||1,0 < r} of radius r, the following inequality is true:

[b(¢1) = b(@2)llLr) < Lollr — @2l 1) Vo1, 92 € By (6)

Here Lj is a constant that depends on b and on 7, but does not depend on ¢1, ¢2 € B,.
2.5. For any function ¢ € H'(Q), the embedding k(¢) € L% (Q) is valid, where p > 3/2is a fixed
number independent of ¢, and the following estimate for ||k(¢)||»(q) is valid

k(@) llLr () < Tp- )

Here 9, is a positive constant dependent on p. Also for any sphere B, = {9 € H'(Q) : ||¢|l1,0 < r}
the following inequality:

[k(p1) — k(92)ILr () < Licllor — @2l 12(q0) Vo1, 92 € By ®)
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holds. Here Ly is a constant that depends on k and on r, but does not depend on ¢4, g2 € B;.
2.6.v € CO(R), A € CO(R) and there are positive constants Vmin, Vmax, Amin and Amax such that
0 < Vmin < V(T) < Vmax, 0 < Amin < A(T) < Amax VT € R. )
Consider the function # € C°(R) , satisfying the following condition:
0 < tmin < #(T) < Pmax < 0 VT € R. (10)
Clearly u(h) € L®(Q) for any h € H!(Q) and the following estimates:
pmin < p(h) < pmax a.e. in Q, [[u(h)|| 1=y < pmax Vh € H'(0)

hold. In addition, y(h,) — u(h) a.e. in Qifhy, — hae. in Qasn — oo.
Let ptn = p(hy). Since |[p(hy)| < pmax a.e. in Q, the Lebesgue’s theorem on majorant convergence
implies that

/Qynfdx—>/nydxasn—>oon€L1(Q). (11)

The property (11) will play an important role when proving the solvability of Problem 1 which contains
the variable leading coefficients v(¢) and A(¢).
Below, we will often use the following inequalities:

ol < Csllella Yo € H'(Q), 1 <s <6, (12)

[ull s < Csllullya Yu € H'(Q)?, 1 <s <6, (13)

[(9a, V)| < CPllall o) @l s(o ¥l 15 Va € LP(Q)°, ¢ € H(QY),
v e H'(O). (14)

Here C; is a constant dependent on Q) and s € [1, 6], C? is a constant dependent on Q) and p at p > 3/2.
The inequality (12) is a consequence of Sobolev’s embedding theorem, according to which the space
H'(Q) is imbedded into L*(Q) continuously at s < 6 and compactly at s < 6. The inequality (14) is a
consequence of the Holder inequality for the three functions. In turn, the following inequality:

10 Vq € LP(Q)?, ¢ € H(Q), (15)

[(pa,v)| < Cpllallir ) llelhallv

is the consequence of inequalities (12) and (14) where
ve H(0) ¢, =cCrci
A similar inequality holds for the scalar functions g, ¢, and h. It has the form
(a9.m)] < Cyllallrioylollallkla ¥g € L7(Q), g1 € H(Q). (16)

Along with inequalities (12)—(16), we will use a number of other important inequalities and
properties of bilinear and trilinear forms, which we will write as the following Lemma.

Lemma 1. Let conditions 2.1, 2.4, 2.5 and 2.6 be met and let u € Hclﬁv(Q) be a given function. Then there
are the positive constants &y, 61, y1, 'yi, Y2, 'yé, 73, and B, which depend on (), and the constants B, and Tp
depending on Q) and p, such that the following relationships are fulfilled:

|(v(9)Vu, VV)| < Vimax||u 1o Vu,v e HY(Q)® and ¢ € H(Q), (17)

|v

1,0
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(Vv,Vv) > &ollvIia, (v(9) Vv, Vv) > viv]fq
Vv € H}(Q)3, ¢ € HY(Q), vs = SoVmin, (18)
[(w-V)u,v)| < 7i[wlsapllulialviia <
<mlwllialuliallviie ¥w,u v e H'(Q)?, (19)
(u-V)v,w) = —((u-V)w,v), ((u-V)v,v) =0Vv € H(Q)*,w e H' (Q)3, (20)
sup  —(divv, p)/[IVll,a > Bllpla Vp € L§(Q), (21)
veH]}(Q)3,v#0
(AN Ve, V)| < AmaxlnllLallolhallblia Yo, n,h € HY(Q), (22)
(Vh,Vh) = &1||h[[; o, (AM(@)VH, VE) > AT o
Vo € H(Q),h € HY(Q), Ax = 61 Amin, (23)
|(w- Vo, )| <nlwlsaplelhallklia <
< mlwliallellialklie Yw e H(Q), ¢,h € H'(Q), (24)
(u-Vo,h) = —(u-Vh, @), (u-Vhh) =0V € H{(Q),h € H}(Q), (25)
[(w-Vo,h) < lullLallollsq)lltliLa Yo € H(Q),h € Hy(Q) (26)
|(b(n) e, V)| < Bpllelhallvihe Vi, ¢ € H(Q),v € Hy(Q)?, (27)
[(k(m e, m)| < mpllollallbllua Vi, ¢ € HY(Q),h € Hy(Q). (28)

Here 61 = 1/C%, By = Bpé& Tp = ”ypéé, where the constants Cp, ﬁp, Fp and Ce were defined in (4), (5), (7)
and (15) respectively; Vmin, Vmax, Amin A1d Amax — constants defined in (9).

We prove, for example, (27) and establish a relationship between the constant §, and the constant
Bp defined in (5). To do this we use the inequality (15) at ¢ = b(¢) and property (5). Using these
relations successively we have :

[(b(m)e,v)| < Collb()llryllelhalviina < Cbpllelhallviio =

Byllelli,allvlia-

Proof of the remaining statements constituting Lemma 1 we leave to the reader. They can also be found
in [56-59].

Remark 1. From the estimate (15) and the property (6) of the function b(¢) the following estimate follows for
the difference b(¢1) — b(¢2):

[((b(g1) = b(g2))g,v)| <
< GplIb(@1) = b(@2)llryll@llallviia <
< CpLyllor — @2l 2 l0llvlina Yo, 91, 92 € HY(Q), v € Hy(Q)°. (29)

Similarly, the following estimate for the difference k(1) — k(¢2) follows from the estimate (25)
and the property (8) of the function k(¢):

|(k(91) — k(92)) 9, h)| <

< Cpllk(1) = k(@) lr oy l@llallblla <
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< CoLellor = o2llis(oy l9llnallbllia Yo, g1, 92,h € HY(Q). (30)

The following lemmas about the existence of liftings for the velocity and concentration will play
an important role below.

Lemma 2. Let under the assumption 2.1 the boundary vector g satisfy the condition 2.3.. Then for any arbitrary
number ¢ > 0 there exists a function (velocity lifting) ue € H'(Q)3 such that divue = 0in Q, u, = gon T
and

luellna < Cellglhyzr, [(v- V)ue, v)| <eliglharlvlia ¥v e V.

Here Cq is a constant dependent on € and Q).

Lemma 3. Let assumption 2.1 be fulfilled. Then there is a family of continuous non-decreasing functions
M : Ry = (0,00) — R with Mc(0) = 0 depending on the parameter € € (0.1] as well as from Q), such that
for any function € H'Y/2(T) that is not equal to zero, there exists a function g € H'(Q) that satisfies the
conditions

9elr = ¢, ll9ellii) <€ llgeln < ME = Me([[9]l1/ar) Ve € (0,1],

Proof of Lemma 3. Detailed proof of Lemmas 2 and 3 can be found in book [58] (appendix 2). O

3. Global solvability of Problem 1

Our nearest goal is to derive the weak formulation of Problem 1 and to prove the existence of
its solution. To this end, we multiply the first equation in (1) by the function v € H}(Q)3, equation
(2) by the function h € H}(Q) and integrate the result over () using Green’s formulas. As a result,
we will get a weak formulation of Problem 1. It consists in finding a trio of functions (u, ¢, p) €
HY(Q)% x HY(Q) x L3(Q) that satisfy the relations:

(v(¢)Vu,Vv)+ ((u-V)u,v) — (p,divy) =

= (£v) + (b(p)g,v) ¥v € Hy(Q)’, (31)
(AM@)Ve, Vi) + (k(9)p,h) + (w- Vo, h) = (f,h) Vh € H(€2), (32)
divu=0inQ), u=gand g =9onT. (33)

The specified three functions (u, ¢, p) satisfying (31) — (33), will be called below a weak solution to
Problem 1.

Consider the restriction of the identity (31) by the space V which, taking into account the condition
divv = 0 for v € V, becomes :

(v(e)Vu,Vv) + ((u-V)u,v) = (f,v) + (b(¢)p,v) Vv e V. (34)

It is well known that for the proof of existence of a weak solution of Problem 1 it is enough to prove
existence of the solution (u, ¢) € H'(Q)? x H'(Q) of problem (32)-(34), and then, using the standard
scheme, to restore the pressure p € L3(Q)) so that the identity (31) is fulfilled. One can read more about
pressure recovery in [57], p. 134, [58], Section 3.2.

We will look for the solution (u, ¢) € H'(Q)3 x H(Q) of problem (32)—(34) in a form

u=u+u ¢=go+¢. (35)
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Here ug = ue, and @y = ¢, are the velocity and concentration liftings defined above, and @t € V and
¢ € H}(Q) are the new unknown functions which we are looking for. The value ¢ of the parameter ¢
will be choosen so that the following conditions are fulfilled:

lugyllna < Ceollglliyar, (V- V)ue, v)| < (v/2)[[vliq Vv € V. (36)

The corresponding value €y of the parameter € will be selected below.
Substituting (35) in (32), (34), we come to the following relations with respect to the pair (@, ¢):

(v(po + @)V, Vv) + ((ug- V)a,v) + ((@- V)ug,v) + ((a- V), v) =

= (f,v) — (v(po+ ¢)Vuo, Vv) — ((uo - V)uo,v)) + (b(po + ¢)(@o + ¢),v) Vv eV,  (37)
(Ao + @)V, Vh) + (k(po + ¢) ¢, h)+
+(ug-V@,h)+ (a-Veo,h)+ (a-V,h) =
= (f,h) — (Mgo + @) Vo, V) — (ug - Vo, h) — (k(@o + ¢)go, 1) Vh € Hy(Q). (38)

To prove the existence of the solution (i1, $) € V x H}(Q) of problem (37), (38), we apply
Schauder’s fixed point theorem according to the scheme proposed in [58], Section 4.2. To this end we
define the pairs z = (w,5) € W,y = (@1, §) € W and construet the operator F : W — W acting by:
F(z) =y, wherey = (i1, §) € W is the solution of the linear problem

ay"(@,v) = (v(go + 1)V, Vv) + ((ug - V)i, v) + ((@- V)ug,v) + ((w- V)i, v) =
= (f1,v) + (b(po + 1) (g0 + §),v) VWV €V, (39)
ay " (§,1) = (A@o + 1)V, Vh) + (k(go + 1)@, h) + (g - V§, h)+
(w-V,h) = (fi,h) = (w- Vo, h) Vh € Hy(Q). (40)

Here (w,77) € V x H}(Q) is a given pair of functions, functionals f; : V — R and f; : H{(Q) — Rare
defined by formulas

(f1,v) = (£f,v) — (v(po +11)Vug, Vv) — ((ug - V)uy,v), (41)

(fi,h) = (f,h) = (Moo + 1)V o, Vh) — (ug - Vo, h) — (k(go + 17) o, ). (42)
Using (17), (18), (19), (22), (23), (24), (25), (28), (27), (35), (36) and Lemmas 2, 3, we deduce that

|(v(o + 1) Vag, VV)| < VmaxCe, lI8ll1 /2 IVIlL0 V17 € Hy(Q),v €V, (43)
(v(po+1)Vv,Vv) > vi||[v|[iq Vi € Hy(Q),v €V, (44)

(v(po +1)VV, VV) + ((v- V)ug,v) > (v:/2)|[v[7 o Vi1 € Hy(Q),v €V, (45)
A (@0 + 1) Vo, VI)| < Amaxll@ollalltllna < AmaxME[|1]l10 Vi, h € HY(QY), (46)
(M@0 +1)Vh, Vi) > Adh|f o, ¥, h € Hy(Q), (47)

[(uo - V)uo, V)| < mllwollfallvila < MG lglirlvilvy v eV, (48)

(10 - Vpo, )| < 12llwollinllgollalllia < v2lluolliaME[hlla, 1 € H (), (49)

(W Vo, h)| < vallwllallgoll s IRla <

vhellwll1allkllia, Yw € V,h € H}(Q), (50)
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Ib(po +1)(po+ ¢),v) < Bpllgo + §llialvlia V7 € HY(Q),v eV, (51)
k(o + 1)@, 1) < vplleollialltllia < 'YleelJ”h L0 V1, h € H}(Q). (52)

From (43), (46), (48), (49), (51), (52) follows that f; € V*, fi € H~!(Q) and the following estimates
are valid:

1]l —1,0 < My, = [[f|| 1,0 + Mg, Mg = vmaxCe,||g|l1/2,r +’YlC§0||gH%/2,rr (53)

fill 1) < My, = 1 l—10 + AmaxME +72Ce,lIgll1/2rME + 7MY (54)

In addition, for each fixed pair (w,7) € V x H}(Q) bilinear form a, 7 : H}(Q) x H}(Q) defined in
(40) is continuous and coercive with the constant A, defined in (23), while the right-hand side of the
identity (40) defines a linear continuous functional over H}(Q}), and the following estimates hold:

ay " (h, 1) > Amin(Vh, Vh) > A*||h||§Q Vh € HY(Q), (55)

[{fi,h) = (W- Voo, h)| < (Mg +1e|wli0)hlla Vi € Hy(Q). (56)

In this case, it follows from the Lax-Milgram theorem that for any pair (w,77) € V x H}(Q) a
solution ¢ = Pw,, € Hé (Q)) of problem (40) exists and is unique. Besides, by (55), (56) and Lemma 3
the following estimates are performed for ¢ and ¢ = ¢ + ¢:

91,0 < csraelwllia +caMy, (e =1/A4), (57)

1o +eMp + MY (58)

oo + @llia < cxvhellw

Let us turn to the problem (39) where we put ¢ = @w,;. From (51), (53) and (58) it follows that the
right-hand side in (39) is a value on the element v € V of the linear continuous functional of V* and
we have

|{(f1,v) — (b(@o+1)(po + @), V)| < Mg, + Bplloo + ¢lliallviia <

< [My, + By(earrelwlha + c.Mp + ME)] V)10 W € V.

In turn, from the estimates (43), (44), (45) and from the second identity in (20) it follows that the
bilinear form a}""" : V x V — R defined in (39), is continuous and coercive with constant (v /2), where
v, is defined in (18). From Lax-Milgram’s theorem, it then follows that for any pair (w,7) € V x H}(Q)
there is a single solution @ € V of the problem (39) and the following estimate is performed:

(v /2)dll1,0 < Bperhellwllin + Bpcs My, + BpMY + My, (59)

Let us assume that v, <28 pc*'yé and choose the parameter € from the condition

Vi

e 60
41307&(3* ( )

Bocsrhe = (v./4), € =
From (59) we infer that

(ve/2)]@ 10+ BpeiMy, + BpMY + My, (61)

10 < (vs/4)||w

Considering (60), from (57) we conclude that

[9ll1,0 < (v/4Bp) (W10 + s Mp,. (62)
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An important feature of the estimates (61), (62) is the fact that their right-hand parts depend only on
||w||1,0, but do not depend on ||77{|1,q. This will allow us to select below the convex closed set K C W
which the operator F maps into itself.

Still it was assumed that (w, 77) is an arbitrary pair of functions from W. Suppose now that # is
still arbitrary, while w satisfies the condition

Iwlha < 1= (4/v.) (Bpes My, + BpME + My,). (63)

By this assumption, it follows from (61) that

lalluo < (2/v)[(v/4)r1 + BpesMy, + ppME + Mg ). (64)
According to (63) we have that

(v /811 = Bpei My, + BpMY + My,

In this case, from (64) we conclude that

lalluo < Ma = (4/v.) (Bpes My, + ppME + My,) = r1. (65)
Similarly, considering (63), from (62) we get

oo ABpeMy + BpME + My,))
1,0 > .
4Bp Vx

2e. My, + ML + B, My, (66)

Thus, we showed that the operator F : W — W maps a pair (w,7) € W, where w satisfies (63),
and 7 is an arbitrary function, into the pair (i, $) € W, for which the next estimates are fulfilled:

u Lo < My = Mg + M. (67)

10 < Mg, ||¢

10 < Mg, [lgo+ ¢
Therefore, if we choose a convex closed set

K={(wn) eW:|wlia<Ma |y

1,0 < Mg} (68)

in the space W, then the obtained estimates (67) mean that the operator F maps the set K to itself.

To apply Schauder’s theorem, we have to prove that the operator F is continuous and compact on
the set K defined in (68). To this end, denote by z, = (wy,#,), n = 1,2, ... an arbitrary sequence from
K. Letus putyy, = (@iy, ) = F(z,), n = 1.2,..., and show that from the sequence y, we can extract a
subsequence converging in the norm defined in X to some element y € K.

Due to reflexivity of spaces H' (Q)) and H!(Q)? and compactness of embeddings of H'(Q)) C
L*(Q) and H'(Q)3 € L*(Q)3 there exists the subsequence of sequence {z,} = {(Wy, 77,) } which we
again designate through {z, }, and there is z = (w, 77) € K such that

wy, — w weakly in H(Q)? and strongly in L*(Q)% as n — oo, (69)

#n — 1 weakly in H'(Q) and strongly in L*(Q) as n — co. (70)

Lety = F(z). By construction, the element y = (11, $) € W is a solution to the problem (39), (40)
corresponding to the pair (w, ) = z, while the element y, = (1, $») € W is solving the problem

a‘f’”’”"(ﬁn,v) = (v(@o + 11n) Vi, Vv) + ((ug - V)i, v) + (T, - V)ug, v)+
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+((Wn - V)i, v) = (f,v) = v(@o +11a) Vg, Vv) — ((ug - V)ug, v)+
+ (b(@o + 11n) (@0 + @), v) YV EV, (71)
3" (@, h) = (M@0 + 12)V @, VI) + (k(9o + 171) o, h) + (W0 - Vi, )+
+ (Wi - Vg, h) = (f,h) = (Mo + 11a) Vo, Vi) —
— (g - Vo, h) = (wWn - Vo, ) — (k(go + 11a) po, h) Vh € Hy (), (72)

which is obtained from (39), (40) by replacing z = (w,77) on z, = (Wy, #jn).
Let its show that y, — y strongly in X or, equivalently,

¢n — ¢ strongly in H'(Q) and @, — @ strong by in H'(Q)3 as n — co.
To do this, we need to subtract (39), (40) from (71), (72). Taking into account the following equalities:
(Mo + 1)V (9o + ¢n), V) = (Moo + 1)V (g0 + ¢), V) =
(Al@o + 1)V (Pn — §), V) + (Mo +17n) — Apo +1))V(go + ¢), Vh),
(v(@o + 1)V (ug + @n), Vv) = (v(go +17)V(ug + @), Vv) =
= (v(@o+ 1)V (n — 1), Vv) + ((v(@o +77n) — v(po + 1))V (o + @), Vv),
(W V)i, v) = (W- V)&, v) = (wn - V)(@; —@),v) + ((wp —w) - Vi, v)
(Wi - V@, 1) — (W-V§,h) = (Wy - V(§n— @), h)+ ((Wn —wW)-V,h),
(k(@o +11a) (90 + @n), h) — (k(@o + 1) (9o + §), h) =
= (k(@o +1n)(@n — @), h) + ((k(@o + 1n) — k(o + 1)) (@0 + §), 1),
(b(@o +1n) (@0 + @), v) = (b(go + 1) (9o + §),v) =
= (b(¢o + 17u)(¢n — @), v) + ((b(@o + 17n) — b(po + 1)) (9o + §), V),

we come to the relations:
2" (Gn— @) = (A@o + 1)V (G — §), VE) + (k(@o + 72) (§n — ), 1)+

+(Wu - V(@n — §),h) + (wo - V(¢ — §),h) =
= — (Mo +1n) = Mo + 1))V (po + ¢), Vh) = (Wu — W) - V(go + ¢), h)—
— ((k(¢o + 114) — k(9o +17)) (9o + §),h) Vh € Hy(Q), (73)
(ip —a,v) = (v(po+1n)V(ay, — 1), Vv) + (ug - V) (it —u,v)+
(8 — @) - V)ug,v) + ((Wn - V) (T — @y, v) =
= —((v(go +1n) —v(po+1))V(ug+ 1), Vv) — (((wn —w) - V)i, v)+

a,

Wi, ln
aq

+ (b(@o + 1) (§n — ), v) + ((b(go +17n) —b (g0 + 1)) (90 + ), v) Vv € V. (74)
Using the estimate (30) with @1 = @o + 1, 92 = @o + 77, the estimate in (67) for || o + ¢||1,0 and
(70), we deduce that

|((k(po +1n) — k(o +1)) (@0 + ¢),1)| <
< CoLillimn —nll1aaylleo + @llallhlla <
CkaMq)Hﬂn - 77||L4(O) ||h||1,0 —0asn — oo Vh € Hé(Q) (75)
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Similarly, using (24), (67), and (69), we have
(Wi —w) - V(go+¢), h)l| < 12llwn =Wl llgo + flhallilie <
< My llwa — wl s llllna — 0as 1 — oo Vi € HY(Q). (76)
Also, from (11) at f = V(@9 + @) - Vh, u = Ao + 1), tn = A(@o + 1) it follows that
(Mo +110) = Algo + 1)V (g0 + ¢), Vh) =
/Q[)\((po +17n) — Mo + 1)V (9o + ¢) - Vhdx — 0 as n — oo Vi € H}(Q). (77)
As mentioned above, for each pair (wy,, 77,) € V x H}(Q) the bilinear with respect to the difference
@n — @ and h form ay ™" : HY(Q) x H{(Q) — R defined in (73) is continuous and coercive with
constant A, >0. This means by (75), (76), (77) and by virtue of the Lax-Milgram theorem applied to
the problem (73) that
|¢n — @ll1,0 = 0asn — oo, (78)

According to a similar scheme, it can be proved that
|la, — 11,0 — 0as n — co. (79)
Really, using (19), (67), and (69), we conclude that

(W = w) - V)&, V)| < 71l|wn = Wl [0l vVI[La — 0

asn —ooVvev. (80)
Similarly, using (27) aty = @o +1u, ¢ = §n — @, and (78) or (29) at ¢1 = @o + 17u, P2 = o + 1 and
(70), we conclude that
(b0 +110)(@n — §), V)| < Bpllgn — Fllallviha = 0asn = o ¥v eV (81)
or
[((b(go +172) = (@0 + 7)) (90 + ), V)| <
< CpLollmn — 1l 9o + glhallvig — 0asn — o Vv e V. (82)

Finally, from (11) at f = V(ug + 1) - Vv, g = v(¢o + 1), un = v(@o + 11n) follows that
((v(go +17n) —v(go+17))V(up + ), Vv) =
= /Q[V(qoo +1n) —v(po+1)]V(ug+ 1) - Vvdx -0 asn — oo Vv € V. (83)

Recall that for each pair (wy, 17,) € V x H}(Q) bilinear with respect to the difference ii, — @ and
v form a;v”’”” : V x V — R defined in (74) is continuous and coercive with constant v*/2 > 0. Again,
this means by (80), (81), (82) and (83) and by virtue of the Lax-Milgram theorem applied to the problem
(74) the validity of the estimate (79).

From (78) and (79) it follows that the operator F : W — W is continuous and compact on the set K.
In this case, Schauder’s fixed point theorem implies that the operator F has a fixed pointy = (@1, ¢) =
F(z) € K, which by construction is the desired solution to the problem (37), (38) and satisfies estimates
in (67). From this impotant fact, in turn, it follows that the pair (u, ¢) € H!(Q)? x H'(Q) defined in
(35) is the desired solution to the problem (32) — (34) and the following estimates are valid :

[ul10 < My = Ma + Ceollglh/2r, (84)
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loll,0 < My = Mg+ Me=([|1¢]l1/2,r)- (85)

We formulate the results obtained in the form of the following theorem.

Theorem 1. Let the conditions 2.1-2.6 be fulfilled. Then there exists at least one solution (&, $) € V x HL(Q)
of problem (32), (33), (34) and, in addition, the solution (@, ¢) meets the estimates (84), (85).

Remark 2. The theorem corresponding to the case when the condition Axvy > 2B,7y takes place instead of
Ay < 2B s can be proved in a similar way.

The existence of pressure p € L3(Q)), which together with the specified pair (u, ¢) satisfies the
relation (31), is proved as in [58], Section 3.2. It remains to derive the estimate for p. For this purpose,
we will use the inf-sup condition (21), according to which for the above function p and any (arbitrarily
small) number § > 0 there exists a function vy € H& (Q)3, vo # 0, such that

—(divvo, p) > B«||vo

Lallplla, B« = (B—29) > 0.

Assuming v = vg in (31) and using the last inequality and estimates (17), (19), (27), we deduce that
B:lIvollLallplla < vmaxlvolliallullua + 1illvollnallullf o+

+ Bpllellallvolli,a + Il —1,allvoll1,0- (86)

Dividing by ||vo||1,0 7# 0 and taking into account the estimate (84), we derive from (86) that

Iplla < Mp = B [(vmax + 71 Mu) Mu + BpMy + [1£]|-1,0]- (87)
We formulate the result in the form of the following theorem.

Theorem 2. Under conditions of Theorem 1 there exists a weak solution (u, ¢, p) € H'(Q)* x H'(Q) x
L3(QY) of Problem 1, for which estimates (84), (85) and (87) are performed.

In conclusion of this Section, we will establish sufficient conditions on the data of Problem 1,
under which the maximum (or minimum) principle is valid for the concentration component ¢ of the
solution (u, ¢, p) of Problem 1.

Let fmax be a positive number and, in addition to 2.1 - 2.6, the following conditions hold:

31 f € L®(Q) : 0 < f < fmax a.e. In O Prin < P < Prmax a.e. onT.

3.2. the nonlinearity k(¢)¢ is monotonic in the following sense:

(k(@1) @1 — k(p2) @2, 91 — 92) > 0 Vg1, 92 € H'(Q).

3.3. it is assumed that every of functional for M; or m; equations
k(Ml)Ml = fmaXr or k(ml)ml = fmin (88)

has at least one (positive) solution M; or m;.
We set
M = max{Pmax, M1}, m = min{Pmin, M1 }. (89)

Theorem 3. Let under conditions 2.1 - 2.3 and 3.1 — 3.3 the functions v(t) and A(T) be continuous for T € R,
and
0 < Umin <V(T) <00, 0 < Apin < A(T) < 0 VT € R.
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Then for the component ¢ of the weak solution (u, ¢, p) € H'(Q)® x HY(Q) x L3(Q) of Problem 1 the
maximum and minimum principle holds having the form:

m < ¢ < M everywhere in Q). (90)

Here m and M are constants defined in relation (89) in which My is choosed as a minimum root of the first
equation in (88) while my is choosed as a maximum root of the second equation in (88).

Proof of Theorem 3. Let M be constant defined in (89). First, we will prove that ¢ < M a.e. in (). To
this end, we will define the function ¢§ = max{¢ — M, 0}. It is clear that the principle of maximum or
estimate ¢ < M holds a.e. in Q) if and only if $ = 0 everywhere in ().

Denote by Q) C ) an open measurable subset of (2 in which ¢ > M. From ([59, p. 152], ) it
follows that V§ = V¢ everywhere in Q) and, besides, ¢ € H}(Q). So the following equalities take
place:

M)V, V) = (Me)VP, Vo, = (Ae)Ve, V),
(u-Vo¢,¢) = (u-Vg,¢) =0. 1)
Taking into account (91) let us set h = @ in (32). We get that
M)V, V) + (kg )9, ) = (f, §)- (92)

The following equations follow from the properties of function ¢:
k(. )9, §) = (k(g.-), 9)ay =

= (k(@+ M, )(¢+ M), P)ay:

Due to the property 3.2 for the functions ¢; = ¢ + M and ¢, = M which belong of H!(Q)), and by
condition ¢ = 0 in Q) \ Qp the following relation takes place:

0< (k(¢+M,)(§+M)—k(M, )M, §) =

= (k(@+ M, )(¢+ M) = k(M, )M, §)qy- (93)
Now we subtract the equality (k(M)M, ¢) = (k(M)M, ¢)q,, from the both parts of (92). As a
result we arrive at

M@V, V) + (k(¢ + M) (¢ + M) —k(M)M, §)a,, =

= (f —k(M)M, §)q,- (94)
Using (23) and (93), we deduce from (94) that

Mgl o < (fmax = K(M)M, 9)q,. (95)

By definition of M in (89), it follows from (95) that (if M is selected from the first condition in (88)) then
¢ = 0 and therefore ¢ < M in Q).

The principle of minimum is proved in a similar way using the non-positive function ¢ =
min{¢ — m,0} (see in more details in [60]). [

4. Conditional uniqueness of solution of Problem

In this Section, we will prove the conditional uniqueness of the weak solution (u, ¢, p) of Problem
1 provided that the component ¢ has an additional property of smoothness, namely: ¢ € H?(Q).
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We will assume, in addition to the property 2.6, that the leading coefficients v(-) and A(-) have the
following properties:
4.1. A(-) belongs to the space C!(R) and
tin SA(8) < ALk Vs €R, (96)
where A/ . and A/, are positive constants.
4.2. Functions v, A and A’ are Lipschitz continuous, i.e.

[v(s1) —v(s2)| < Ly|s1 —s2|, |A(s1) — A(s2)] < Lylsp —s2| and

|A/(S1) — )L,(Sz)l < L£\|Sl — 52| Vs1,52 € R. (97)

Here L,, L, and Lf\ are some poisitive constants.

To achieve our goal, we will use as in [29,30,32] the equivalence between the standard || - ||, and
L2 —norm ||A - || of the Laplace operator in the space H>(Q) N H}(Q) for domain with the boundary
T € C? (see [56,57]). The mentioned equivalence is described by the following inequalities:

|AR]|q < Cillhllo0, 1Bll20 < CallARk|lq Vh € H2(Q) N H(Q). (98)

Here and below C;, i = 1,2, ... are positive constants that depend on Q and, may be, also some indexes.

Recall that in [32] the proof of the local uniqueness of the solution to the boundary value problem
under study was based precisely on the equivalence property of the norms || - |20 and ||A - ||, which
is valid for the components ¢; € H}(Q) and ¢, € HL(Q) of two possible solutions w;, ¢;, p;, i = 1,2.
Unlike [32], where the equations of the Boussinesq model are considered under homogeneous Dirichlet
conditions, in our case, the specified equivalence property for components ¢; and ¢, does not work
because they satisfy the inhomogeneous boundary condition ¢;|r = ¥, i =1.2. However, this property
remains valid for the difference ¢ = @1 — ¢ which belongs to H}(Q2). And, as will be shown below,
this property is quite enough to prove the local uniqueness of the weak solution to Problem 1, which
has an additional smoothness of the form ¢ € H?(Q)).

Below, we will also use the following estimates:

1Bl () < Callhllz0 Vi € HH(Q) 1 < r < oo, (99)

[0y < Callbll20, Vh € HA(Q), (100)

which result from the continuity of the embedding H2(Q) C L"(Q) at any r € [1,0)], and known
estimates
I¥hls0p < Cslltllzn ¥h € HA(Q), (101)

IVh| sy < CellAkllq Yh € H*(Q) N Hy(Q), Cs = CoCs. (102)

The latter is a consequence of estimates (98) and (101). In (99) C; is a positive constant that depends on
Qandr € [1,00).

The following result is valid regarding the uniqueness of a weak solution to Problem 1, which has
a certain property of smallness:

Theorem 4. Let, in addition to conditions 2.1-2.6 and 4.1, 4.2, the following conditions are met: I € C?,
f € L2(Q)), while the conditions 2.1 and 2.4 met for some p > 2. If there exists such a number e > 0 that there
is a weak solution (u, ¢, p) € H'(Q)3 N H>(Q) x L3(Q) of Problem 1 satisfying the condition

lulliao+ ¢ 20 <§

then this solution is unique.
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Proof of Theorem 4. Suppose that there are two weak solutions (u;, ¢;, p;) € H'(Q)3 x H?(Q) x
L3(Q)), i = 1,2 of problem (31), (32), (33). Then, the differences

QP =¢1— @2 EHZ(Q)DHé(Q), andu=u;—uw eV

satisfy the relations

—(div(A(@1) V@), h) + (k(91)@,h) + (uy - Vo, h) =
= (div(AM@1) — AM(92))Vga), h) — (k(1) — k(p2), 2h)—

—(u-Vgo,h) Vh € L2(Q), (103)
(V(p2)Vu, Vv) + (w2 - V)u,v) = —((v(¢1) — v(92)) Vuy, Vv)
+ (b(@2)¢,v) + (b(¢1) = b(¢2), 1v) — ((u- V)uy,v) Vv € V. (104)

Using known formulas of vector analysis
div(A(91)Ve) = VA(¢1) - Vo + A(g1)Ag =

=M (91)Ve1-Vo+A(p1)Agin Q,

and

div((A(g1) = A(92))Ve2) = (M (91) Vo1 = A (92)V2) - Vo tr
+(A(p1) = Ag2)) A2 =
= ((M(91) = A (92)) Vo1 + A (92) V) - Voot
+ (A1) — M@2))Ag2,

rewrite (103) as follows:
—(Me1)Ap,h) = (A (91) Vo1 -V, ) — (k(g1) @, h) — (w2 - Vo, h)+
+((A (91) = A (92)) V1 + A (92) V) - Vo, h)+
+((AMg1) — M@2))Aga, 1) —
— (k(¢1) = k(92), @2h) — (u- Voy, h)Vh € L*(Q). (105)
Let us set h = A in (105) and v = u in (104. We arrive at
—(M1)Ap, Ap) = (A (91)Ve1- Vo, Ap)—
—(k(g1)p, 89) — (uz2- Vo, Ap)+
+((N (p1) = A (@2)) V1 + A (92) V) - Vo, Ap)+
+((AM@1) = M@2))Ap2, Ag)—

— (k(@1) = k(@2), p2A¢p) — (u- Vo1, Ap), (106)
(v(@2)Vu, Vu) = —((v(¢1) — v(g2))Vuy, Vu)+
+ (b(@2)@,u) + (b(@1) — b(92), p1u) — ((u- V)uy, u). (107)

Using the above estimates (97), (98) — (102), as well as the estimates defined in Section 2, we will
estimate each term of the right-hand side of (106) successively. Let us start with the first term.
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1. Using the Holder inequality for the four functions and the estimates (96), (101), (102), we infer
((A(@)Vp1- Vo, A9)] < Anaxl Vo1l sy IVl 130y A0l <

< MaaxCsCsll @l ll Mgl (108)

2. Using the Holder inequality for three functions, the estimate (2.4) at p >2, the estimates (98),
(99) and arguing as in the derivation of the estimate (108) we infer

|(k(91) 9, A9)| < [Ik(91) | Lr (1@l [A@lla < pC2Cal Apld- (109)

Here r >1 is the number associated with p by

3. Using the Holder inequality for three functions, the estimate (13) at s = 4 and the estimate (102)
we derive

[(u2- Vo, 8¢)| < [uzllpsiq) IVellrsq)Aella <
< CyCelluzll,all AR (110)
4. Using the Holder inequality for four functions and estimates (97), (98), (100), and (101), we infer
[(A(@1) = A'(92)) Vo1 - Voo, A9)| < Ly [(9V 1 Vo, Ag)| <
< Lillollie @IV ill s IV p2ll sy l1Aella <
< GG ollall2120l80l, <
< LA GCiCE |l prll2allp2llzallAglg- (111)
5. Using the Hélder inequality for four functions and estimate (96), (101), (102) we output

(M (92)V e Vo, 80)| < Anax V@l 1) V@2l 120y 1A@ll 0 <

< AnaxCsCell 9220l A0]%- (112)
6. Using the Holder inequality for three functions and estimates (97), (98), (100) we output that
[((A(p1) = M92)) A2, Ag)| < La|(9Ag2, Ag)| <
Lallolle o [Ap2llalldgla < LiCsllellallAg2llalAela
< LiCCyl|AgallallAgll? (113)

7. Using the Holder inequality for three functions, the property (8) of the function k(-) and the
estimates (98), (99) we output

| ((k(@1) = k(92)) 92, 80)| < [[k(91) = k(@2)[1p () ll92]l1r(0) M@l <

< Lellglls 92l 18ella < Ll lanllezllalAgla <
< LiGCl|gallanll Al (114)

8. Using the Holder inequality for three functions and estimates (13) and (101) we infer

[(w- Vo1, 89)] < [[ull s qpllVorll s aplldella <
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< Cllullall Vel llAella <

< CiGsllp1llzallulliallAelo. (115)

2,0

9. In addition, it follows from (9) that

(M@1) AP, Ap) > Amin]|Ag][3. (116)

Considering (108) — (116), we come from (106) to inequality

AminHAq)H%) < ()\;naxCSC6||¢1

2,0+

+’?pC~2C~3 + C4Cé ||UQ

1,0+

+L§\C~2C~4C§||<P1 l2,0ll@2l2,0 + )‘1,'11axé5c~6||§02||2,0+
+L)\CoCyl|Aga |0+

[Aglla. (117)

Let us turn now to (107). Arguing, as above, we infer taking into account (18), (19), (27), (29) and
(97), (98), (100) that

+ LiGoC3llg2llo,0) Al + CaCslln lu

2,00 1,0

|(v(2) Vu, Vu)| 2 vifJullf g, (118)
|(v(91) = v(92))Vuy, Vu)| < L[ ((9Vuy, V)|

< Lullgll = Vil Vulla < LiCoCallui [ allAellallull,a, (119)
[((w-V)up,u)| < mllwllyallullf o < nllwllyallulf, (120)
[(b(92)p,u)| < Bpllelialulla < BpCaldplallulia, (121)

[(b(¢1) = b(92), p1u)| < CpLplloll sy o1 lhallullin <
< CyGaLyllpy

|u

lo 1,0 <
< &GGaLyllgnll2allAglallullyo- (122)

Considering (118), (119), (120), (121), (122), from (107) we come to the following inequality:

2,0 2,0

|u

|u

vil[u [Aglla+

1,0 1,0

|Ag 1,0 (123)

Using Young's inequality, we estimate the terms in (117) and (123) containing the products || A¢||n
and |lu||1 0. Let us start with the last term in (117). We have

10+ LGCyllm 1,0

%,Q < 'Yl”ul

+ﬁpCz||u

|Ag|la + LyCpCaCsllgn

1,0 2,0 10llu

CsGsllprll2nllulliallAgla < (1/2)CiCsllprl2a(Aplg + [lullfq)- (124)
According to a similar scheme, we withdraw
LyCoCyllwi[l1,0llulli0lldglla <
< (1/2)LCoCyllmill1a (189 lf + [[ullf ), (125)
BrCallAglallullia < (1/2)ByCa(llAgll + [lullf ), (126)
LiCpCaGsllgnllzallaglhallulia <
< (1/2)LC,CColl g o (180l3 + [l o). (127)
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Adding the inequalities (117) and (123) and considering (124), (125), (126), (127), we come to the
inequality
(Amin — @) Amin[| A |y + (v = ) |ullF o <O. (128)
Here
a= A;lqaxCSC6||(P1

2.0+ 7pCaCs + C4Cs|lup

1,0+

+L,CCaCE | o1 l2,0ll921l2,0 + AMmaxCsCe| P2ll2,0 + LACaCal| Aga | o+

+LiCrC3 || 9alla0 + (1/2)CaCs | @1 ]l2,0+
+ (1/2)LyCoCyllui|l1,0 + (1/2)BpCo + (1/2) LyCpCaCall @1 [l2,00s (129)
b =m0+ (1/2)CaCsll @120 + (1/2) Ly CoCyllug 1,0+

+ (1/2).BPCZ + (1/2)Lbép62é3”(p1 2,0- (130)

Let the pairs (uy, ¢1) and (uy, ¢7) be such that the following smallness conditions are met:
a < Amin, b < V4. (131)
If the conditions (131) are satisfied from the inequality (128) , it follows that
[A¢llo = 0and |luf[1,0 = 0. (132)
From the second relation in (132) it follows that u; = up, and from the one it follows that Ap = 0.

Since the assumption ¢; € H?(Q)) implies that ¢ = @1 — ¢, € H*(Q) N H} (QY), then using the second
estimate in (98) we infer from (132) that

lll20 < CollAglla = 0.

This means that ¢ = 0 or ¢1 = ¢».

It remains to prove that the components p; and p; introduced at the beginning of the proof of
Theorem 4 coincide. To this end, subtract the identity (31) for (uy, ¢2, p2) from (31) for (uy, ¢1, p1) and
take into account that u; = up and ¢ = @y. As a result, we get that the difference p = p; — p satisfies
the identity

— (p,divv) = 0 Vv € H}(Q)°. (133)

From (133) it follows due to the inf-sup condition (21) that p = 0 or p; = p». Thus, the local uniqueness
property of the weak solution of Problem 1 from the space H!(Q))? x H*(Q) x L3(Q) is proven. [

5. Conclusions

In this paper a boundary value problem for a nonlinear mass transfer model that generalizes the
classical Boussinesq approximation was studed. It is assumed that the coefficients v, A, k and b of
the model depend on the concentration of the substance. We defined a concept of a weak solution of
the boundary value problem under study and established the conditions on the coefficients v, A, k, b
and on another data which provide the global solvability of the problem. We also found additional
impotant properties of the weak solution and in particular the maximum principle for the substance’s
concentration. Also, we have proved conditional uniqueness of the weak solution having an additional
smoothness property for the concentration.
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