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Using Beta Function and Factorization to Find New
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Guo-Jie Li

School of Science, Hainan University, Haikou 570208, China; gj_li@hainanu.edu.cn

Abstract: Using the method of the beta function, Sun has recently evaluated some series of the type
Yo o(ak + b)xk/ (’,'f,’: ). By factorization of the polynomial "~ "(1 — t)" — x, we will give a general
method to find new 7r-series.

Keywords: beta function; polynomial factorization; convergence; 7r-series
AMS Classifications: 40G99; 05A20; 41 A58

1. Introduction

The classical rational Ramanujan-type series for 7t introduced by Cooper[6] have the form

i bk+e g Md
= mk o
In 1905, Glaisher[7] proved that
£ a-nd s
= (2k—1 42567‘ 2’

Chan, Chan and Liu[4] proved that

i5n+1D 8
n=0 64" ! \/§7‘[’

where D,, denotes the Domb number 7 (}) (zkk) 22:?‘).
Let b, c € Z, for each n € N, the coefficient of x" in the expansion of (x? + bx + ¢)" is denoted by

Tu (b, c), Sun[11] gave many conjectural series for 717 containing the T, (b, ¢) such as

= 3990k + 1147 2\3 432
—————=—11(62,95 94 195
L oy TH6299)) = 5 042+ 195V1A)

In[10], Sun derived several identities involving 7 by the telescoping method. For example, from
Bauer’s series[2]

and the telescoping sum

" (16k3 — 4k2—2k+1)(2k)2_8(2n-|-1) 2n\°
E e = s (n)

he deduced .
© k(4k —1)(%) 1
k:zom T (1)

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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By Gosper’s algorithm[8], Hou and Li[9] give a systematic method to construct 7r-series of the form (1).
For more results on the 7r-series, we refer to [3][5] .
In 1974 Gosper announced the new identity

= 25k—3 o«
Z —

k=0 2 (Skk) 2

Motivated by Gosper’s identity, Almkvist, Krattenthaler and Petersson[1] found some new identities

of the type
> Pk
Z mlg )k =7
k=0 (i)
where P(k) is a polynomial in k. If P(k) has degree d, they also get that
> P(k) 1 S(t, x)
- dt, 2
k:ZO (g]l{()xk /0 (t”(l _ t)mfn _ x)d+2 ( )

where S(t, x) is a polynomial in ¢ of degree m(d + 1). They find a good way to get 77 is to have arctan(t)
or arctan(t — 1) after integration of (2). Then they get t"(1 — )" " — x must have the factor t* + 1 or
(t —1)% + 1. This restricts m and n and gives the value of x.

Using the method of the beta function, Sun[12] has recently evaluated some series of the type
Yo o (ak + b)xk/ ('{;}f) For example, he completely determined the values of

© fryk /27 27
Yoo (m7 <x<7g

forr =0, £1.
We first consider the convergence of the left of the equality (2), by Stirling’s formula

k
k! ~ 27k (i) , k— +oo.

If m > n > 0 are integers, then k — +co, we have

1/(1;1115> N 27m\(/n%— n)k (n"(mn—imn)’"") .

So we get that if
n"(m—n)""

x| >

, ®)

the left of the equality (2) is convergent.
The Gamma function is pointed out by Euler as

—+o00
I'(x) = / ~letdt, (x> 0).
0

The beta function is defined as
1
B(a,b) = / X 11—x)"ldx, a>0, b>0.
0

The connection between Gamma function and beta function is given by Euler as

I'(a)T(b)

B(a,b) = T@xb)
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Now we present an auxiliary proposition.

Proposition 1. Let m > n > 0 be integers, 0 < t < 1and |x| > n"(m — n)" " /m™, then we have

g

| < 1.
X

Proof. Note that for 0 < t <1, we have

. in 1_¢ m7n<n_%+(m_n).n11:;:l
n m—n - m m’

|t”(1 — )"

X mm X

Hence we have

By Proposition (1) and beta function we get the following lemma we will use later. [

Lemma 1. Let m > n > 0 be integers, and let x be real numbers with |x| > (n"(m —n)™~")/m™, then we
have

B m— 1" (1 —t)" + x)]
/ (pm=n(1 —t)" — x)2 dt.

Proof. Clearly we have

i k1 :i(nk)!((m—n)k)!

Sk xR(mk)!

o« (mk+1)T(nk+1)T((m—n)k+1)
7,{;’) xkT (mk + 2)
—imk“ (nk +1, (m — n)k+1)

— mk+1/ tm n)k t)nkdt

/ Z (mk+1) (W)kdt.

Let
tm—n (1 _ t)Vl

X

y:

Then by Proposition 1 we have |y| < 1, then we get
/ Z (mk +1)ykdt
0

_ ( -Dy+1
-/ a—yp
Lx[(m—1)""(1—t)" +x)]
I I I

O

Using the same method of Lemma 1, we get more equalities we will use later.
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Lemma 2. Let m > n > 0 be integers, and let x be real numbers with |x| > (n"(m —n)™=")/m™, then we

have N l
—Xx
k;O m B /0 pm=n(1 — t)n — xdt~ (4)
k0t [Om = DEm( - )" 4 (m 4 1)x)x
kg() xk(’r’b]:) a /0 (tm_"(l _ t)n — x)g dt. 5)

0 ntn— n _ t)nfl
; mk —/ - ”1—t) gt ©)
Proof. The proof of equality (4) and (5) is similar as the Lemma 1. To prove the equality (6), we have

© © 1 (nk)!((m — n)k)!

Lwigh B o

i nk T(nk)T'((m —n)k+1)
=t T(mk+1)
= n
=Y —B(nk, (m —n)k+1)
k=1
0 1 p(m—n)k(q _ 4\nk—1
= Zn/ ! (1k ) dt
1 o0 m—n _\n k
:/Zn(t ¢! t))dt.
0 k:ll_t X
Let
B tm—n(l _ t)n
I E—

Then by Proposition 1 we have |y| < 1, then we get

Okzllfty

—/17@ dt

n 1—t —)
mn n—1

—/ " M1 DT gy
tm”(l—t) x|

By equality (2) and Lemma 1 and 2, we find the denominator of the integration contains the form
£ (1 — t)" — x, if we integrate directly, as x is a symbol we just don’t know, in most times we will
fail. O

In this paper, we replace x with a suitable rational function x(b), then by Mathematica we
can integrate the rational function f(t,b) from 0 to 1 which the denominator contains the form
tm="(1 — )" — x(b). Since after integration we get equalities with b and the variable ¢ no longer exists.
Then we combine these equalities and let b be a suitable number, this gives lights to find new 7-series.
we will show how to get 7t-series containing the type 1/ (2kk), 1/ (%(k ), 1/ (4kk), 1/ (gllz) For example, we
get new rt-series as follows

Example 1.
i (=3+2k)2F 7

= @ 2
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i (9+35k)81 V3
Sk(1+3k)3kC) 2

(—64 + 211k + 1805k2)9*

k:zi k(1 + 4k)8k () =45+ 16V3.
.- 3414k 1,

i (146k)2% 1 n .
=5 -1

51 k(L + 4K)(50)

2. 7r-series containing

In this section, we will give methods to find 7-series containing the type 1/ (zkk).

Theorem 1. If b # 0, we have

& 1 1+ 4b? 1
) = a8 <2b + arctan (2b>> ) )

=0 (b2 +1/4)k()

If |b| > % , we have

o 40 —1 1
By b2)( T8 (mem”h <2b>)

Proof. By Lemma 1 we have

—/ 5 _t_x)dt.
(2 —t+x)?

By inequality (3) we have |x| > 1. O

Since 2 —t+x = (t— )2+ x— L Ifx > L weletx — 1 = b?, then we b # 0 and by Mathematica

we have
—x(t2 —t—
_/ xz(t t x)dt
(2 —t+x)?
:/ _(b2 1)( - _bz_i)dt
0 ((t—3)2 +12)2
1+4b° 1
= B (2b+arctun (2b>)
Ifx < —} weletx — 1 = —b?, then [b| > \f and by Mathematica we have
—x(t2 —t—
_/ xz(t t x)dt
(2 —t+x)?
—t+ b2+
_/ + 4)dt
,) —p2)2

4p? —1 1
=B (Zb arctanh (2b>>

Using the same method of Theorem 1 and by Lemma 2 we have


https://doi.org/10.20944/preprints202311.0762.v1

doi:10.20944/preprints202311.0762.v1

6 of 19

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 13 November 2023

Theorem 2. Ifb # 0, we have
> 1 1+ 4b? < 1 )
= arctan | — | . 8
Zz) 2k +1) (b2 +1/4)k(%F) 2b 2b ®)
oo K (1 +4b%)[6b + (3 + 4b?)arctan (%)]
= . 9
L 640> ¥
i B arctan <2b> 10)
:1kb2+1/4)< 3 b
If |b] > 4, we have
i ! = & — 1arctanh !
52k +1)(1/4—b2)k(%) 20 2b
oo (4b* — 1)[6b + (4b* — 3)arctanh (217))]
;, 1/4— b2) & 64b° ‘
i B _arctanh (2%7)
— k(1/4— b2) ) b
By Theorem 1 and 2 we can get propositions of equality.
Proposition 2. Ifb # 0, Via (—3) x (7) + 8b* x (9) we have
0 2 2
24b kzk :1+4b arctan(l) (1)
k=0 (1/4+62)k() 2b 2b
By equality (8) and (11) we let b = %, ﬁ, ?, we can get series involves 71, here are the examples
Example 2.
Sa+2003 2
i 3k A
S +26)(3)  3vE
i 1 _2m
= (1+26) (%) 33
i (=3+2k)2F =«
k=0 (Zkk) 2
i (—9+2k)3° _ 4n
k=0 (zkk) \/g
i (=142k) 27
P RS 9v3

3. rt-series containing 1/ (3,:‘)
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In this section, we will give methods to find 7r-series containing the type 1/ (3kk ).
We first give an auxiliary lemma we will use.

Lemma 3. Let f(t) = £2 — 2+ x, if |x| > 55, let x = —2b(1 4 2b)?, then we can factor f(t) as
f(t) = (t—1—2b)((t+b)*+b(2+3b)),

whereb < —3 orb > } ((1+ﬁ)2/3+ W) — 1 ~0.059.

Proof. Consider f(t) = 0, since x| > 4, itis easy to calculate that

x(27x —4)
P C )
108 0

Then f(t) = 0 has one real roots and one pair of unequal conjugate complex roots. Suppose we factor

f(t) as
f(#) = (t+a)((t+b)* +0),

then we have

a+2b=-1
2ab+b*+¢c=0
a(b®+¢c) =x

That is to say ¢ = —(1+2b) and ¢ = b(3b+2) and x = —2b(1 + 2b)%. Since |x| > 55, we have
| —2b(1+2b)?| > 45, then we get b < —% orb > % ((1—1—\@)2/3—1-W) -1 0

Theorem 3. Let u be defined by

()

(1++/2)2/3 3
If we define q(b) as
arctan( 2+bgb4bl+3>' b<—%, or b>uy
q(b) ={ -3, b=-3

Ifb>porb < —%,wehave

i 1 __27b(1+20)> | 6b(1+2b) ( 2b )

& ) (C2w(1+202)k  2+3b) (1602 (1+6b) 1+2b

2(1+2b)(18b> +6b —1) \/T

Proof. By Lemma 1 we have

By equation (3) we have [x| > 5. O
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Letx = —2b(1 +2b)?, then we have 2 — 2+ x = (t — (2b + 1)) ((t + b)2 + b(3b +2)). If |x| > 55,
we have b < —g orb>pu. Ifb# — 4,wehave

i 1
YERY
Oxk(3k)
(03 2 _
B x(2t° — 2t )dt
t3—t2—|—x)

_/1 2b(1 + 2b)2 (213 — 212 + 2b(1 + 2b)?)
0

(= 26+ 1))2((t+ bR + b3 2))2

We will calculate the integral by Mathematica. Then we get

o 1
; (—2b(1 +2b)2)k(3F)
Vb 1+2b

R FS A CERE [27vbv2 +3b(2b + 1) (6b + 1)

+6VbV/2 +3b (2+3b)log< be)

1+0b Vb
+2(18b% 4+ 6b — 1) | arctan————— — arctan
( )< Vbv/2+3b \/2+3b>>]

Let

(b) = arctani — arctan vb
7 Vb2 +3b '

It’s easy to deduce that

o) arctan Z‘Z% 4b13 , b<—3, or b>0
q =
arctan #ﬁ — 7T, —% <b< —%
In the domain of b we have /b
b2 -
(2+3b)3/2\[ +3 +3b
and
Vb _ )b
V2 +3b 2+3b
If b = —3, the theorem also holds, so we complete the proof.

Using the same method of Theorem 3 and by Lemma 2 we have

Theorem 4. Let y be defined by

1 1 1
VZE <<1+\/§)2/3+(1<|»\/§_)2/3> —g.


https://doi.org/10.20944/preprints202311.0762.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 13 November 2023

doi:10.20944/preprints202311.0762.v1

90f19
If we define q(b) as
arctan <\/ 243 4b1+3> b< -3 or b>upu
q(b> = _%r b= _%
arctan <\/2+3b4b1+3> 7T, —% <b< —%
Ifb>porb < —%,wehave
i 1
=5 (1+3K) 35) (—2b(1 + 2b)2)k
~ 3b(1+2b) 2b 2(1+2b)(1+3b) [ b
1+ 6b g<1+2b)+ aren)  Vazra?®: (13)
i k
=0 (—2b(1 + 2b)2)k(3F)
_ 81b(1+2b)? 6b(1 +2b)(—1 + 8b + 12b?) 2b
(2+3b)%2(1+6b)* (14 6b)° 1+42b
2(142b)f(b) b
ot ey V20 14
where f(b) = 1 — 45b — 1500 + 54b° + 648b* + 648b°.
i 1
| k(—2b(1 4 2b)2)k 3k
1 2b 2 b
_1+6b10g(1+2b>+1+6b\/2+3bq(b)’ (15
Remark 1. Ifb < 0, v/b is defined by /b = /|bli
By Theorem 3 and 4 we can get propositions of equality.
Proposition 3. Let u be defined by
1 1 1
— 1+\f 2/3
n= 6(( 2) T aivaes) 3
If we define q(b) as
arctan <\/ 243 4b1+3> b<-—3 or b>upu
arctan (\/223114171%) 7T, —% <b< —%
Ifb>porb < —%,wehave:
Via (13) +3b(1 + 2b) x (15) we get
18b% 4+ 9b + 1)k +3b(1+2b b
2( +9b + 1)k + 3b( +3k):2(1+2b)\/7q(b)— (16)
—1 k(1+3k)(—2b(1+2b)2)k () 3+2b
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Via (1+6b)? x (12) +2 x (13) we get

S (1+6b)%k+ (1+4b+12b%)  9b(1+2b)? 2(1+2b)2\/T ) 17
Z(1+3.1<)( 2b(1+zb))(k)_ 2+3b + 2+3b 2+3bq() {17)

By Proposition 3, by equality (16) and (17) welet b = —1 and b = — 3, we can get four 7-series,
here are the examples.

Example 3.
L()kak = -1 + E (18)
i=1 k(14 3K)2k (%) 2
00 k—1
Z (9 + 35k)8 - :ﬁ 9 (19)
=1 k(143k)3K(5) 2
Z 9—|—25k3k :2—1—9 (20)
i—o (1+3k)2KGH 2
0 k
Z (19 + 49k)8 _ 2z 43 1)

=0 4(1+3k)3% ()

4. rr-series containing 1/ (4kk)

In this section, we will give methods to find 7r-series containing the type 1/ (Aj(k).
We first give an auxiliary lemma we will use.

Lemmad. Let f(t) = t* — 3 4+ x, let x = M, if x > 2Z, then we can factor
(1+4b)2 %

1\?  (1+42b)%(—1+4b) b?(3 4 4b)
ft) = ((t_b_z) Ay ><<t+b)2+1+4b)'

where b > %orb < —%.
If x < — 2, then we can factor f(t) as

2 2
p0= (¢ e 2R (ion ).

where =033~ —§ —pu <b < —% +u~ —017and b # —} and

f\/ (1+ V223 +21+ V)3 +3 o
(1++/2)1/3 =B

Proof. Consider f(t) = 0, since |x| > 2, we can deduce that

<0, x> 2
A = —12288x2(256x — 27) to e
>0, x<-— 256

If x > 2%, then f(t) = 0 has two pairs of unequal conjugate complex roots. Suppose we factor f(t) as

f#) = ((t+a) +0)((t+0)* +4),
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Then we have
2(a+b) =—

11 0f 19

> +b*+4ab+c+d=0
2(a® +c)b+2(b*> +d)a=0
(@®+c)(b*+d) =x

That is to say a = —% —bandc = 2(1+30)

haveb<—%orb>%. O

(14+2b)2(—1+4b) and d —

(3+4b)
T 1+40

803 (142b)3

and x = =55

JIfx > %,We

Ifx < — 256, then f(f) = 0 has two unequal real roots and a pair of conjugate complex roots.
Suppose we factor f(t) as
ft)y=(t+a)t+c)((t+Db)>+d) = (t+ (a+c)t+ac)((t+Db)*+d),

Then we have
a+c+2b=-1
ac+2(a+c)b+b*>+d=0
2acb+ (a+c)(b*> +d) =0
ac(b> +d) = x
a#c

Thatistosaya+c¢ = —(1+2b) and ac = 2h(11I42bb)2 andd = bzﬁﬁb) and x = %71;;’) Since x < — 22576

anda # c,wehave —1 —pu < b <

Theorem 5. Let

~lyyandb # -1

(1+v2)2/3 +2(1+/2)1/343

ok

(1+ \f)l/3
Ifo>torb<—3or—t—pu<b<—L+uandb# -1, then we have
i (144b)*
= (8%(1+20))5()
2048b63(1 + 2b)*

T (C1+4b)(3+4b)(3 + 16b + 32b2)2
6b(1 +2b)+/(—1+ 4b) (1 + 4b) f1 (b)

(22)

etan < V(1401 + 4b)>

(—1+4b)2(3+16b + 32b2)3 —1+8p2
b(1+2b) /(1 +40)E+4D)fo(b) /(1 +4b)(3+4b)
(3+4b)2(3 + 16b + 32b2)3 1+ 8b + 82
+6b(1+2b)(1 +4b)(1 + 16b + 32b%) o 4b?
(3+ 160 + 3262)3 E\ 0+
where
f1(b) =14 12b 4 176b* + 640b° + 512b*
and

f2(b) =

—9 — 60b — 16b° + 384b° + 512b*.
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Proof. By Lemma 1 we have
i 1 /1 —x(3t4—3t3—x)dt‘
5O s
By equation (3) we have |x| > 2. [
Let x = %. Since |x| > #, wehaveb > jorb < —3or—3—pu <b< —}+pand

b#— %. By Mathematica we have

> 1

Zo ()
ot —x(3tt -3 — x)dt

(=13 +x)?

B b3(1+2b)3 [2048(1 + 4b)?(3 + 16b + 32b?)

(1+4b)2(3 + 16b + 32b2)3 —3+8b + 16b2

6(1+4b)2f1(b)  V1+4b 1 —1+2b

+ arctan ——— — arctan

b2(1+2b)2(—1+4b) /=1 +4b ( —11;1411]17 (1 +2b) —1-&4—;117b )

TR 1 20)2(3 +4b) V3 1 4D

6(1+4b)3(1+16b+32b2)1 412
b2(1 + 2b)2 ((1 +2b)2> |

6(1+4b)2f(b) VIT 4D (1+0)y/555 1+4b
arctanT — arctan m

where
fi(b) =1+ 12b 4 176b” + 640b° + 512b*

and
fo(b) = =9 — 60b — 16b> + 384b> + 512b*.

Since in the domain of b we have

1+4b 1 —1+2b
ﬂ arctanm — arctan a0
+ 1140 (1+2b)\/ 5535
:\/(—1+4b)(1+4b)arcmn \/(—1+4b)(1+4b)
—1+4b —1+8bh2

and

JIT b (1+b),/ 34 1 4b
arctan ——————— — arctan _—
/3 1 4b b \ 3+ b

_ (1+4b)(3+4b)arcmn< (1+4b)(3+4b)>

3+4b 1+ 8b + 8b2

Then we get the desired results.
Using the same method of Theorem 5 and by Lemma 2 we have
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Theorem 6. Let
\f 31+ V223 4201+ V)2 43
1 4 \f)l/?)
Ifb > %orb < —%01’—}1 —u<b< —4+yandb # —%,thenwehave
i (1+ 4b)%*
{0 (863(1+20)°)(4k + 1) ()
_2b(1+42b)(144b+16b%)\/(—1+4b)(1+ ab) oo V(=1 +4b)(1 + 4b)
N (—1+4b)(1+4b)(3 + 16b + 32b2) 8b2 —1
2b(1 + 2b)(3 + 12b + 16b) /(1 + 4b) (3 + 4b) arctan (1+4b)(3 +4b)
(1+4b)(3 +4b)(3 + 16b + 32b2) 1+ 8b + 8b2
2b(1+2b)(1 + 4b) 4b?
" arie a2 8\ arae) @3)
i (1+4b)*
21 (8b3(1+ 2b)3)kk (%)
3(1+2b)/(—1+4b)(1 +4b) V/(=1+4b)(1 +4b)
arctan
(—1-+4b)(3+ 16b + 32b2) —1+8b2
6b+/(1+ 4b)(3 + 4b) vetan | Y (L+4b)(3+4D) 24)
(3+4b)(3 + 16b + 3202) " 1+ 8b*8b2

B(1+40) | (4P
2(3 + 166 +3202) B\ (1+20)2 )"

By Theorem 5 and 6 we can get propositions of equality.

Proposition 4. Let

xf —3(1+ V2?2 +2(1+ v2)1 /2 +3
(1+v2)1/3

Ifb > iorb< —%01’—}1—;4 <b< —Z—i-yandb;é—l,thenwehave:
Via (3 +4b) (3 + 16b + 32b%)% x (22) + 3(1 +4b)(3 + 8b) x (23) — 128b*(1 + 2b)3 x (24) we have

[(3+4b) (3 + 16D + 32b%)2k? + f1(b)k — 32b%(1 + 2b)3](1 + 4b)*
k(1 + 4k) (8b3(1 + 2b)3)k (%)
3 (16b2(1 +2b%)\/16b2 — 1arctan7:116£;b_21 - fz(b))

B (4b—1)2 @)

where
f1(b) =9 4 96b 4 328b* + 448b° + 256b*

and
fo(b) = (=1 +4b)(1 +4b)(—3 — 8b + 8b?).
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Via (—1 4 4b)(3 + 16b + 32b%)2 x (22) — 3(1 +4b)(1 + 8b) x (23) — 256b3(1 + 2b)? x (24) we have

[(—1+4b)(3 + 16b + 32b%)2k? — f3(b)k — 64b3(1 4 2b)?](1 + 4b)**
k(1 -+ 4k) (8b3(1 + 2b)3)k (%)

3 <f4(b) —16b2(1 4+ 2b)2\/(1 1+ 4b)(3 + 4b)urctan(1+4b)(3+4b))

1+8b+-8b2 Y
= G+40)? (26)
where
f3(b) = 3+ 24b + 40b> + 64b° + 256b*
and
fa(b) = (1+4b)(3 +4b)(3 + 16b + 8b°).
By Proposition 4, in equation (25) we let b = % and in (26) we let b = —1, we can get one 7t-series,
here is the example.
Example 4.
0 [ 2\gk
y (—64 4 211k + 1805k=)9 454 16v/37 27)

= k(1 + 4k)8k (%)

5. rt-series containing 1/ (;1,’2

In this section, we will give methods to find 7r-series containing the type 1/ (%’,ﬁ)
We first give an auxiliary lemma we will use.

Lemmab5. Let f(t) =t* =28+ 2 —x, ifx < — -, let x = —b(1 + b)(1 + 2b)?, then we can factor f(t) as
16

FO) = ((t=b=1) +b(1+b)) ((t+b)2+b1+D)),

;

where b > 222 - % ~0.0493 or b < —% - %ﬁ ~ —1.05.
Ifx > 1, let x = b2, then we can factor f(t) as

0= (1722 +b-1/4) (- 1722~ b~ 1/4),
where |b| > 1/4.

Proof. Consider f(t) = 0, since |x| > 1%, we can deduce that

>0, x>4&

A = 196608x%(16x — 1) )
< 0, x < —16

If x > 11—6, then f(t) = 0 has two unequal real roots and a pair of conjugate complex roots. We then get

f(t) =t =283 42 - 1?
=£2(t —1)* - b?
=(t(t—1)=b)(t(t—1)+D)
=((t—1/2)>=b—1/4)((t —1/2)> +b—1/4)
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Ifx < —%6, then f(t) has two pair of conjugate complex roots. Suppose we factor f(t) as
F(H) = ((t+a)* +0)((t+b)* +4),
Then we have
2(a+0b)=—
a?+b?+4ab+c+d=1
2(a® +¢)b+2(b* +d)a =
(@®+c)(b*+d) =x
Thatistosaya = —(b+1)and ¢ = b(1+Db) and d = b(l +b) and x = —b(1+b)(1 + 2b)2. Since

x < — 16,wehaveb > %ﬁ — 5 ~0.04930rb <=5 M ~ —1.05
We first consider the case x < 16, then we have the followmg theorem.

Theorem 7. Ifb > M —5~0.04930rb < —5 — # ~ —1.05, then we have
i 1

{0 (=b(14b)(1+20)2)¢(3)
_ 16b(1 4 b)(1 4 2b)(1 4 10b + 24b + 16b%)
B (1+8b+8b2)3

2(1+2b)?(—1+8b + 8b2)/b(1 +b) 1
arctan
(1+8b+8b2)3 24/b(1+0b)
2b(1+b)(1+2b)(3 + 8b + 8b?) b
+ (1+8b + 802)3 log \ 1757 (28)
Proof. By Lemma 1 we have
M x(32(1—t)2 +x)
/ (2(1—1)? —x)2 at.
By inequality (3) we have |x| > .
Let x = —b(1 + b)(1 + 2b)?, then we have
F8) = ((t=b=1)2+b(1+D)) ((t+b)2+b(1 +b)),
Ifx < — 16/ we have b > % — 5~ 00493 or b < —5 = M ~ —1.05, then by Mathematica we
get
i 1
=0 xk(k)
B (3t2(1 — )% + x)
/ (2(1 — )2 — x)? at
_2(1+2b)VbV1+D 2 3
1+1 24 1
180 1 802 [8VBVT+ b(1 + 10b + 24b* + 16b%)

[14+0b [ b
— 2 L, -
+(1+2b)(—1+8b+8b7) (arctan 2 arctan 1 b)

+(3+8b +8b*)VbV/1 + blog <1+b>]
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Since in the domain of b we have
VoV +bVbV1+b = b(1+b)
and
/1+Db [ b
VbVl +b (arctan 5 arctan 1+b>
=1/b(1+ b)arctan*.
24/b(1+0)
Then by some simplification we get the desired results. [
Using the same method of Theorem 7 and by Lemma 2 we have
Theorem 8. Ifb > M — 1~ 00493 0rb < —1 — Z£2Y2 ~ _ 105, then we have
i 1
{0 (—b(1+b) (14 2b)2)k(4k + 1) (35)
~2(1+2b)%\/b(1+D)
= 1580 4 812 arctunz 11D (29)
_2b(1+b)(1+2b) o b
1+80+802 < S\1+¢b
i 1
=1 (—b(1+b) (1 + 2b)2)kk(35)

4 b(l D) (30)

1
=V gretan———
1+86+802" 2 /b(1+D)
1+2b b
S e | -
1780 1802 8 (1+b>
By Theorem 7 and 8 we get some propositions of equality.

M —lorb<-1- %ﬁ, then we have:

Proposition 5. If b >
Via (29) +2b(1 + 2b) (30) we get

Z 4k+1)( b(1+4b)(1 + 2b) )k 26

—2b(1+b)(3 + 8b + 8b%) x (30) we get

i (1+8b +8b%)%k — 2b(1 +b) (3 + 8b + 8b?)
= k(=b(1 +b) (14 2b)2)*(3)

1
- (1 +24/b(1+ b)arctanz\/m>

By Proposition 5 and in equation (31) and (32) we let b = %

Via (1 +8b + 8b%)% x (28)

(32)

, @, ? — %, we can get some

7t-series, here are the examples.
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Example 5.
Y 3+ lak = %(—6+ V3r) (33)
k=1 2k(1 +4k)(=3)*(5;)
® (1+46k)(=2)F 1
Z% = (—4+4n) (34)
1 2k(1+4k)(5) 4
© (1+4+10k)(=9)% 1
Y 1+ 100)(=9)" 4k) = (=94 V3n) (35)
k=1 6k(1+4k)(5) 9
27498k
Z"’_‘Lk:_<1+”> (36)
51 2k(=3)F(3¢) 2V3
® (54 18)(—=2)k
Z%:_O_FE) (37)
k=1 2k (5;) 4
© (11 + 50k)(—9)k
y CHEEE (14 7) (38)
= 18k (2F) 3v3
Now we consider the case x > 11—6.
Theorem 9. If |b| > 1, then we have
i 1
=0 b ()
1612 2b 1
= + t 39
16021 V1 _4b(1+4b) V1 4b )

2b
arctan

1
+ S —
(—1+4b)/—1+ 4b V—1+4b

Proof. By Lemma 1 we have

2(
- [
— xk (2(1—12—x)
By equation (3) we have |x| > &. O

Let x = b2, then we have
f(t) = ((t—1/2)> —b—1/4)((t —1/2)> + b —1/4).

If x > %, we have [b| > 1 then by Mathematica we have

1 b2 (3t2(1 —t)2 + b?)
/o (t—1/2)2—b—1/4)2((t—1/2)2+ b — 1/4)2

—2b
(—1—4b)3/2(—1 +4b)3/2 [Sb\/_l —4byV/—1+4b

dt

+(—1 + 4b)3 %arctan — (=1 —4b)®%arctan

1 1
V—1—14b \/—1+4b]'

Then by some simplifications we get the desired results.
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Using the same method of Theorem 9 and by Lemma 2 we have

Theorem 10. If |b| > 1, then we have

o

X

— (4k +1 b2k(4k)

(40)

1
o arctan\/m
v—144b

© K 24p?

1
arctan e )

vV—-1-—4b

L

=0 b (3)
b(—1+2b) arctanm

b(1—|—2b) arctunm

T (C1+4b)2(1 + 4D)2

1

(41)

(1+4b)2

1
> 1

—1—4b (—

1+4b)2 /=1+4b

arctan
(42)

X

(=1 kb5

_ arctan oy
v—1—4b

1
v —1+4b
vV-1+4b |

By Theorem 10 we can get propositions of equality.

Proposition 6. If |b| > 1, via (40) + b x (42) we have

[e9)

(4b+1)k+0b 4b

arctan (43)

= k(4k 4+ 1)b2 (55
If|b] > %, via (—1+42b) x (40) +2(1 +4b)? x (41

2(1+4b)%k(4k+1)+2b—1

CVab—1

48h?

1
Vab—1

) we have

1
8b2(5 + 16b2) arctanm

k‘;o (4k + 1)k (3F)

~(—=1+44b)2

(-144b)>2 /=1+4b *)

By Proposition 6 and in equation (43) and (44) we let b = %, %, 1, we can get some rt-series, here

are the examples.

Example 6.
) 2k—1
2 (1+7k)3 _4\/9§7r_ (45)
= k(1 +4k) (36
1+5k4k _ 2VBm (46)
k=1 k(1 +4k)(5) 9
00 2k—1
Z(1+6k)2 _ _g_ 47)
=1 k(1 +4k)(5)
® (—3 498k +392k2)9k~1 488
Z( o8kt 4k) = 29 4 48 (48)
k=1 (1+ 4k) () 9v3
) 2
Z1+50k+200k 247<36+7\@n) )

= (1+400G)
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