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Abstract: With the engineering system becoming more and more complex, the uncertainty factors 

have a more and more profound influence on the reliability and security of the engineering system. 

In recent years, Reliability-Based Design Optimization (RBDO) has been studied extensively in 

complex engineering system design. The research on reliability optimization design considering 

stochastic uncertainty has been comprehensive and widely used. However, the reliability 

optimization design considering mixed uncertainty has the disadvantages of large computation and 

imprecise convergence. This study proposes an RBDO method based on Particle Swarm 

Optimization (PSO) and Simulated Annealing (SA) to overcome this challenge. In the method, PSO 

is used to solve the most probable point, while SA has excellent global optimization capability to 

acquire the global optimal solution. Finally, three examples are given to illustrate the advantages of 

the proposed method. 

Keywords: particle swarm optimization algorithm; reliability-based design and optimization; 

simulated annealing algorithm; most probable point 

 

1. Introduction 

The construction of engineering systems will inevitably be affected by complex uncertain factors 

[1–3]. Especially with the increasing complexity of engineering systems, various uncertainties will be 

mixed together and difficult to distinguish [4]. If these factors can’t be analyzed accurately, the 

reliability and security of the engineering system cannot be guaranteed [5–8]. At present, the 

Reliability-Based Design Optimization (RBDO) method has been widely used to improve the 

reliability and safety of complex mechanical systems [9]. However, with the growth of social demand, 

new technology should be introduced constantly to improve the development level of reliability 

optimization design and meet the needs of economic development for engineering [10]. 

RBDO takes into account the inevitable random factors in the engineering system [11–14]. It also 

makes the reliability of the system object within the acceptable range by optimizing the objective 

function [15]. RBDO is an extension of the deterministic optimization method, which is used to solve 

complex uncertain engineering system optimization problems, such as multi-modal function, 

discrete design space and non-differential problems [16,17]. In recent years, RBDO has been 

discussed and studied by a large number of scholars. Many algorithms as well as models have been 

Disclaimer/Publisher’s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and 
contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting 
from any ideas, methods, instructions, or products referred to in the content.

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 30 October 2023                   doi:10.20944/preprints202310.1838.v1

©  2023 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202310.1838.v1
http://creativecommons.org/licenses/by/4.0/


 2 

 

developed to solve RBDO problems. Wang et al. [18] proposed an improved Modified Conjugate 

Gradient Approach (MCGA) to improve the RBDO efficiency of nonlinear functional functions. 

Methods Modified Conjugate Gradient Approach (CGA) and conjugate gradient method were used 

to search the direction of optimal design points, which improves the efficiency of RBDO. Liao et al. 

[19] adopted an improved double-loop calculation method to improve the computational efficiency 

of the RBDO model. In this method, RBDO is divided into two layers. Reliability Analysis (RA) and 

Deterministic Optimization (DO) are calculated step by step. However, these algorithms are mainly 

gradient-based algorithms and lack the ability to deal with complex and multimodal functions. 

Therefore, new research is carried out on RBDO based on evolutionary algorithms and heuristic 

algorithms. Truong et al. [20] proposed an RBDO method based on the Differential Evolution (DE) 

algorithm to balance local and global search using a variation strategy based on the p-best strategy. 

This method is very effective for RBDO of nonlinear inelastic truss structures. However, in 

engineering practice, uncertainty can be divided into stochastic uncertainty and cognitive 

uncertainty. Among them, the mixed uncertainty phenomenon is very common in today's 

engineering system. It is because of the existence of mixed uncertainty that the computational 

complexity of RBDO is greatly increased. One method is to approximate the interval variables as 

random variables, which simplifies the calculation but does not guarantee the accuracy of the results. 

To solve such problems, Du et al. [21] proposed a mixed uncertainty analysis method. Zhang et al 

[22]. proposed a mixed uncertainty analysis method based on probability and evidence theory to 

improve the efficiency of RBDO resolution. Wang et al. [23] proposed an RBDO solution strategy that 

relies on regulation treatment and the convex theorem. An improved genetic algorithm is used to 

ensure that the optimization task is reasonable and efficient. 

Although many strategies have been proposed, RBDO development considering mixed 

uncertainty is still necessary. In this study, a method based on the particle swarm optimization 

algorithm and Simulated Annealing (SA) algorithm is proposed, which is mainly suitable for the 

analysis of RBDO problems based on mixed uncertainty. Particle Swarm Optimization (PSO) is 

introduced to solve the Most Probable Point (MPP), which improves the speed and efficiency of 

solving the RBDO model. At the same time, it is combined with the SA algorithm to search for the 

global optimal solution. What’s more, the paper also probes into how to improve the RBDO problem-

solving method. 

The rest parts of this paper include: Section. 2 summarizes the PSO algorithm and SA algorithm; 

Section. 3 illustrates the idea of combining the two algorithms. Section. 4 verifies and compares with 

other methods through examples; Section. 5 provides a summary and future work. 

2. Two algorithms for optimizing the problem 

2.1. Particle swarm optimization 

2.1.1. Definition of Particle Swarm Optimization 

PSO also known as the foraging algorithm, is a widely used meta-heuristic algorithm, which is 

derived from the study of bird predation behavior [24,25]. The algorithm is originally a simplified 

model based on swarm intelligence inspired by the regularity of bird swarm activity. Based on the 

observation of the activity behavior of animal clusters, the PSO algorithm makes use of the 

information sharing of each individual in the group, so that the movement of the whole group can 

evolve from disorder to order in the problem-solving space [26,27]. Finally, it can obtain the optimal 

solution successfully. 

In PSO, the optimal solution is generated by reducing the distance between each search 

individual and the target point [28]. Under this goal, the position of the particle varies depending on 

two factors: the velocity of the particle and the current position of the particle. During the search for 

the optimal solution, the velocity of the particle and the current position of the particle are constantly 

changing. The value of velocity is determined by the particle with the optimal current position and 

the particle with the optimal global position. Its mathematical expression is 
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where 
k

V  represents the particle velocity of k iterations; 
k

X  represents the particle position of k 

iterations; w  represents inertia weight; 
best

p represents the optimal value of the particle at its current 

position; 
best

g  represents the global optimal value; 1
c 、 2

c  respectively represent individual 

learning coefficient and global learning coefficient; r is a random value between 0 and 1, called the 

learning rate. 

In the process of iteration, speed boundary detection should be carried out after each speed 

update, that is, whether the maximum speed limit is exceeded. Generally, adopting > =
max max

( )v v v v

, so as the location. The common termination conditions are reaching the set number of iterations and 

keeping the fitness for n times without changing [29]. 

2.1.2. Optimization of PSO algorithm 

Equation (1), w  describes the "inertia" of particles. In the early stage of iteration, the value of 

w  should be larger to ensure the independent flight of each particle and to search the space as fully 

as possible. In the later stage of iteration, the value of w  should be smaller and more "learned" from 

other particles. Similarly, 1
c  and 2

c  are the maximum flight steps towards individual and global 

extremes respectively. 1
c  should be larger in the early stage, while 2

c  should be larger in the late 

stage, to balance the local search ability and global search ability of particles. In the PSO algorithm, 

the parameters w , c  and r  jointly affect the search direction of particles. So even if other particles 

find a better solution, the inertia of the current particles is too large to fly to a better position quickly. 

Against the deficiency of standard particle swarm algorithm, through the introduction of new 

mechanism and parameter optimization of adaptive changes of PSO algorithm [30]. Firstly, the 

parameter optimization of the PSO algorithm. As mentioned above, inertia weight w  should be 

larger in the early stage of search and smaller in the late stage, so that particles can search the entire 

design space as much as possible in the early stage and more carefully in the late stage. For this 

optimization strategy, the inertia weight w  is adjusted as follows [27]: 

−
= + −

min max min
( )

k

ger k
w w w w

ger
 (2)

where 
k

w represents the inertia weight at each iteration; min
w  and max

w  respectively denote the 

lower and upper bounds of the inertia weight; k represents the number of current iterations; ger

represents the total number of iterations; as can be seen from the expression of 
k

w , the value of 

inertia weight 
k

w decreases monotonically, realizing the function of decreasing gradually with the 

process of search. Similarly, the same optimization strategy is adopted for the learning coefficient c

. The expression of the optimized 1
c  and 2

c  is shown as follows: 

 −
= + −




− = − −


1 min max min

2 max max min

( )

( )

k

k

ger k
c c c c

ger

ger k
c c c c

ger

 (3)

where 1k
c represents the individual learning coefficient in each iteration; 2k

c represents the global 

learning coefficient of each iteration. In addition, the learning rate r  is no longer a random value 

between 0 and 1, but a random variable subject to the standard normal distribution, namely ~ (0,1)r

.  
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Secondly, to make the search process avoid falling into local optima and focus more on global 

optima, an additional method of updating particle position X  and velocity V  is used for reference 

here. The method is as follows: 

γ
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+ +
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1 3
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k

X X V
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 (4)

where the new position is calculated by the global optimal value and the random number obeying 

the normal distribution. 3
r  is a random number between 0 and 1; (0,1)Normrand is a randomly 

generated vector conforming to the standard normal distribution; γ
k

is an adaptively variable step 

that changes the size of the random value. 

As can be seen from the expression of 
+1

E

k
V , since a random value is introduced, the probability 

of falling into a local optimal when updating the position can be reduced. However, the efficiency of 

the search will decrease accordingly in the meantime. In order to balance the two results, a new 

decision mechanism is introduced here: 

+
+

+

 + ≤
= 

+ >
1

1

1

,

,

E

k k k
k

k k k

X V r P
X

X V r P
 (5)

where r is a random number between 0 and 1; 
k

P  represents the probability of the particle choosing 

two position updating modes. The expression is 

= +0.2 0.8
k

P k ger  (6)

As can be seen from the expression of 
k

P , with the progress of iteration, the value of 
k

P  keeps 

increasing, which makes the probability of using 
+1

E

k
V  to update the speed of V  correspondingly 

increase.  

This mechanism for updating particle positions ensures that the particle is more focused on the 

global optimal value later in the search process. This improves the efficiency to some extent and 

reduces the probability of falling into local optimal. 

2.2. Simulated annealing algorithm 

2.2.1. Definition of Simulated annealing algorithm 

The annealing process of a metal involves heating the metal to a sufficiently high temperature 

and then letting it slowly cool down to give the metal some properties it did not have before [31–33]. 

When the temperature rises, the particles inside the solid become disordered with the increase of 

temperature, the internal energy increases, thus the particles become unstable. The particles 

gradually become orderly when slowly cooled. As the energy decreases, the particles become stable 

[34]. The simulated annealing algorithm starts from a higher initial temperature. With the continuous 

decline of temperature parameters, the algorithm combines the probability jump characteristics to 

randomly find the global optimal solution of the objective function in the solution space. 

2.2.2. Simulated annealing algorithm 

The SA mechanism can avoid falling into local optimum to some extent. Different from many 

intelligent optimization algorithms, the SA algorithm will jump to the solution with a certain 

probability. Even if it finds a worse solution than the current solution in the process of local search, 

it can avoid falling into the local optimal [35]. This way of updating solutions requires an important 

judgment criterion called the Metropolis criterion: 
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where P  is the probability of accepting the new solution; 
t

E  is the system energy corresponding to 

the current solution 
t

X  (objective function); k  is the temperature drop coefficient, which is a value 

between 0 and 1. T  indicates the initial temperature. Based on this criterion, it can be concluded that 

(here is to find the minimum value): 

(1) When the objective function corresponding to the new solution is less than the objective 

function value of the current solution, it will accept the new solution. That is, the probability of 

accepting the new solution is 1; 

(2) When the corresponding objective function of the new solution is greater than the objective 

function value of the current solution, the new solution will be accepted with a certain probability. 

When other variables are certain, the more the value of the objective function corresponding to the 

new solution exceeds the value of the objective function of the current solution, the smaller the 

probability of accepting the new solution. 

The steps of the SA algorithm are as follows: 

Step 1: Set the initial temperature T ; The initial solution 0
X  is generated randomly and the 

objective function 0
( )E X  is calculated; 

Step 2: Make =T kT , ∈ (0,1)k ; 

Step 3: Make random perturbation to the current solution 
t

X , generate a new solution 
+1t

X  in 

its field, calculate its corresponding function value 
+1

( )
t

E X . Meanwhile, judge whether to accept the 

new solution according to the Metropolis criterion above; 

Step 4: At temperature T , iterate the disturbance and acceptance process for L  times; 

Step 5: Determine whether the terminal temperature is reached. If so, terminate; otherwise, 

return to step 2. 

3. The combination of intelligent algorithms  

3.1. First-order reliability method 

3.1.1. First-order reliability method 

The basic idea of FORM is to simplify the joint probability density function ( )
x

f x  and the 

approximate limit state function ( )g x , primarily by performing a first-order Taylor approximation 

expansion at MPP [36–39]. The process of using FORM to calculate reliability includes coordinate 

space conversion and integral boundary approximation [40,41]. 

Coordinate space conversion refers to converting random variables subject to various 

probability distributions into variables subject to a standard normal distribution by the Rosenblatt 

method [42]. Suppose the random variable follows the normal distribution with mean value and 

standard deviation value, then the random variable transformed by the Rosenblatt method is 

µ

σ

−
=

x
u  (8)

The approximation of the integral boundary is an important part of FORM. Its main idea is to 

perform first-order Taylor expansion of the integral boundary =( ) 0g u  to make the integral solution 

of failure probability easier. The first-order Taylor expansion of ( )g u  can be expressed as 

= + ∇ −* * *( ) ( ) ( )( )Tg u g u g u u u  (9)
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where *u  represents the expansion point; ∇ *( )g u  represents the gradient of the expansion point. 

To reduce the precision loss caused by Taylor expansion, the MPP point on the fundamental 

boundary =( ) 0g u  is expanded. Search for MPP points on integral boundary =( ) 0g u , that is, 

maximize the joint probability density: 

π

−

=






=

∏
2

2

1

1
max

2

. . ( ) 0

iun

i

e

s t g u

 (10)

By observing Equation (10), it can be seen that the above process is a constrained optimization 

problem. The deformation of Equation (10) is carried out: 

π π
=

−−

=


=∏

2 2

1

1

22

1

1 1

2 2

n

i i
i

un u

i

e e  (11)

And,  

π

−

==

∏ 
2

22

11

1
max min

2

iun n

i
ii

e u  (12)

Therefore, the search model of MPP points can be expressed as: 




=

min

. . ( ) 0

u

s t g u
 (13)

where = + +2 2

1 n
u u u  represents the magnitude of the vector u . The above formula is solved to 

obtain = *u u , which is the MPP point. Let β = *u , from the perspective of two-dimensional 

geometry, the MPP point can be viewed as the point =( ) 0g u  tangent to a circle centered at the origin 

and with radius β . According to literature, the calculation formula of reliability can be expressed as: 

φ β= ( )R  (14)

where φ ⋅( )  represents the cumulative distribution function obeying normal distribution. 

The above are the general steps of the First-order reliability analysis method. According to 

different solving methods, FORM can be divided into Reliability Index Approach (RIA) [37] and 

Performance Measure Approach (PMA) [43]. 

3.1.2. Reliability index method 

RIA uses a reliability index instead of failure probability constraints, the mathematical model is 

the MPP point search model [44–47]. It can be seen that the mathematical model is an optimization 

problem. A variety of optimization algorithms, such as Sequential Quadratic Programming (SQP), 

can be used to solve the optimization model. 

3.1.3. Performance measure approach 

When the failure probability is 0 or 1, the corresponding reliability index will approach infinity 

or infinitesimal, resulting in RIA failure. At this time, PMA can be used to solve the problem. Its 

mathematical model is[48]： 

β




=

min ( )

. .
t

g u

s t u
 (15)

where β
t
 represents the target reliability index. The above model indicates that under the given 

reliability, if >( ) 0g u , it means that the solution can meet the given reliability requirements. 
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Through the mathematical model of RIA and PMA, it can be seen that the solution of the two 

ways is a reciprocal inverse process. The difference is that the feasible region of PMA is a sphere, 

while that of RIA is a hypersurface. In terms of computational efficiency, PMA has more advantages 

than RIA. 

3.1.4. Reliability analysis method considering stochastic and interval uncertainties 

In the above introduction to FORM, design variables are random variables that obey a normal 

distribution. However, in many practical engineering applications, the distribution of some random 

variables may not be clear [49–51]. The possible values of these uncertain variables are usually only 

in the specified interval without accurate distribution information. That is, there is interval 

uncertainty. When dealing with such mixed uncertainty RBDO problems, the computational 

complexity will be greatly increased. A simple method is to treat the interval variables as random 

variables to approximate the calculation. Although this method can simplify the reliability analysis, 

it cannot guarantee the accuracy of the results [52]. To solve such problems, Du et al. [21] proposed a 

kind of mixed uncertainty analysis method. 

Compared with the reliability analysis considering random and interval uncertainty, some 

changes should be made based on the original calculation model. The transformed RIA model is 

directly presented here: 




=


≤ ≤

min ( )

. . ( , ) 0

MPP

L U

u y

s t g u y

y y y

 (16)

where y  represents interval variable; Ly  represents the lower bound of the interval; Uy  is the 

upper bound of the interval. Similarly, the PMA mathematical model considering stochastic and 

interval uncertainty is: 

β




=


≤ ≤

min ( , , )

. .
t

L U

g d u y

s t u

y y y

 (17)

It can be seen that reliability analysis considering random and interval uncertainty is equivalent 

to adding a set of interval variables and changing the failure boundary on the basis of reliability 

analysis considering random uncertainty. The rest parts are the same exactly. Therefore, when there 

is interval uncertainty, reliability analysis using the above method will not bring about redundant 

calculation steps, so it will not significantly reduce the calculation efficiency. 

3.1.5. MPP solution method 

For FORM, the main task is to solve the MPP points. According to the mathematical models of 

RIA and PMA, the solution of MPP points is an optimization problem with constraints. When solving 

optimization problems, intelligent optimization algorithms, including PSO, do not need gradient 

information [53–57]. They can deal with discrete variable optimization problems, since they have 

strong global search ability [58,59]. The detailed steps of MPP point solving using the improved PSO 

algorithm are as follows. 

When an intelligent optimization algorithm is used to solve MPP points, the probability 

constraint model in first-order reliability analysis can be processed by penalty function in general 

[60], as shown below: 

{ }η= +min max 0, ( )f U g X  (18)

where f represents fitness; η  represents the penalty factor, whose expression is: 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 30 October 2023                   doi:10.20944/preprints202310.1838.v1

https://doi.org/10.20944/preprints202310.1838.v1


 8 

 

η
µ

=
100

( )g
 (19)

Taking fitness f  as the optimization objective, the general steps of solving MPP points by using 

the improved PSO algorithm are shown as follows:  

Step 1: Set the initial conditions for searching MPP points, including the limit state function 

( )g X , the probability distribution function of the design variable X  (a normal distribution with 

mean value µ  and standard deviation σ  and parameters of PSO algorithm, namely: population 

number N , the total number of iterations ger , inertia size w  and flight step length c ; 

Step 2: Set the boundary conditions, including: the lower bound µ σ= − 5LX , and upper bound 

µ σ= + 5UX  of the design variable and the maximum value = −
max

100U Lv X X  and minimum 

value = −
min max

v v  of the speed; 

Step 3: Generate the initial population. The initial position = + × −
0

( )L U LX X r X X  and initial 

velocity = + × −
0 min max min

( )V v r v v  of the population should be calculated. The penalty factor η  

should be set; 

Step 4: Update local optimal value 
best

p  and global optimal value 
best

g . Firstly, the design 

variable X  was converted into the variable U , which obeyed the standard normal distribution. 

Then fitness { }η= + max 0, ( )f U g X  was calculated. Finally, 
best

p  and 
best

g  were screened out; 

Step 5: Update the population location. The population location updating method mentioned 

above was used to update all the particles; 

Step 6: Check whether convergence occurs. The convergence condition can be <( ) 0.001
best

g g  

or =k ger . If either condition is satisfied, the iteration can be stopped and =
MPP best

X g  is output. 

Otherwise, do = + 1k k  and return to step (4) to continue the iteration. 

The above is the method of solving MPP points by using the improved PSO.  

3.2. The combination of SA and PSO algorithm 

The combination of SA and PSO is as follows: PSO algorithm is used to generate a set of solutions 

with certain global search performance but easy to fall into the local optimal. Next, the SA algorithm 

is used to accept new solutions according to a certain probability to gradually jump out of the local 

optimal. Then the global search performance of PSO to help the global optimal solution move 

forward. This combination can improve the global search performance of the algorithm, but also fast 

convergence. The approximate steps are shown in Table 1 below: 

Table 1. Flowchart of the SA algorithm combined with the PSO. 

The combination of SA and PSO 

Step 1 Firstly, PSO is used to generate a set of initial solutions; 

Step 2 
For each particle, the value of its objective function is calculated and the current optimal 

solution is recorded; 

Step 3 
Calculate the speed of each particle, according to the speed of updating the positions of 

the particles in the solution space 

Step 4 Using the Metropolis criterion to decide whether to accept the new position 

Step 5 

The particles are updated in a certain order to make the local optimal particle position 

move to the global optimal, which improves the global search performance of the 

algorithm 

Step 6 Repeat steps (2) through (5) until the termination condition is reached 
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By using this method, the advantages of a simple and efficient PSO algorithm can be brought 

into play. The SA algorithm can keep the original performance without expending the energy to 

adjust the parameters. 

3.3. RBDO decoupling method 

RBDO solution strategies can be divided into double-ring method, single-ring method and 

decoupling method [61]. The double-loop method is the most basic and direct solution strategy [62]. 

Its flow is a double-layer nested cycle optimization flow. What’s more, its solving efficiency is the 

lowest. The single-loop method is the most efficient solution strategy. However, it has problems such 

as low precision and difficult convergence [63]. Compared with the other two methods, the 

decoupling strategy is a very important RBDO method, which can give consideration to both solving 

accuracy and solving efficiency. 

Sequence Optimization and Reliability Assessment (SORA) method is an efficient decoupling 

method for solving RBDO problems [64]. Based on the decoupling idea, SORA serializes the 

traditional two-layer nested cycle optimization process. Forming a sequential deterministic design 

optimization and controllability analysis process [65]. The main idea of SORA is to approximate the 

solution of the RBDO problem. The main method is to make the constraint gradually shift to the 

direction of the probability constraint, so as to quickly get the optimal solution. Its mathematical 

expression is 

µ

µ

µ

µ µ µ






− ≥ =
 ≤ ≤



:

min : ( )

. . ( ) 0( 1,2, , )

X

X

i X i

L U

X X X

find

C

s t g s i m
 (20)

where µ −= − = ( 1) * ( 1,2, , )k

i X i
s x i m  is the offset vector of the i th probability constraint; 3 was the 

design point of the last iteration. In SORA, each iteration cycle will construct an offset vector based 

on the reliability analysis results of the previous iteration to move the boundary of the probability 

constraint. According to the constraint boundary after moving, the DO is constructed to update the 

optimal design scheme. The nested RBDO is decomposed into a series of reliability analyses and DO 

problems. 

3.4. The proposed RBDO method based on the PSO and SA algorithm 

The analysis optimization method proposed in this paper is a fusion of the meta-heuristic 

algorithm RBDO method. Its main idea is that: the SA algorithm and enhanced PSO algorithm are 

respectively used to perform reliability optimization and reliability analysis after decoupling. The 

purpose of improving the efficiency of analysis and optimization is achieved. The overall process is 

as follows: 

Step 1: Set the probability distribution of random variables and the reliability index of the target 

β
t
; 

Step 2: Set parameters of the PSO algorithm and SA algorithm; 

Step 3: Enter the optimization cycle of the SA algorithm. Select the design variable set in step (1) 

as the initial point to calculate the value of the objective function; 

Step 4: Reliability analysis is carried out on the results obtained in step (3). The improved PSO 

algorithm is used to solve the MPP points, calculate the reliability index and judge its reliability. If 

the reliability requirements are met, this solution is output as the optimal solution. Otherwise, 

calculate the offset vector, update the probability constraint function and return to step (3) for a new 

round of reliability optimization. 

The flowchart of this method is shown in Figure 1: 
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Figure 1. Flow chart of RBDO algorithm incorporating meta-heuristic algorithm. 

4. Experimental results and discussion 

4.1. Example verification 

In order to obtain the performance of reliability analysis by using the PSO algorithm, two 

mathematical examples are selected in this section for verification. The sequential quadratic 

programming method is selected as a comparison. The two examples are a convex function and a 

concave function respectively. The variables of the convex function only have random uncertainty, 

while those of the concave function have both random uncertainty and interval uncertainty.  

4.1.1. Convex limit state function 

The expression of the limit state function of this example is: 

−= − − +1 7

2
10xg e x  (21)

where both 1
x  and 2

x  have random uncertainty; 
1

(6.0,0.8)x N , 2
~ (6,0.8)x N . The limit state 

function is solved. Its convergence process is shown in Figure 2. The comparison of results is shown 

in Table 2 below: 

Table 2. Reliability index of the convex function. 

Method Reliability index Error Solution time (milliseconds) 

MCS 2.8445 —— 1942933 

SQP 2.8782 1.2% 90 

Improved PSO 2.8865 1.5% 48 
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It can be seen from the calculation results that the improved PSO algorithm is equivalent to the 

SQP algorithm in solving accuracy. However, about 50% faster than the SQP algorithm. It can be seen 

that the PSO algorithm has better performance in reliability analysis under stochastic uncertainty. 

 
(a) (b) 

Figure 2. Convex function iterative solution procedure. (a) State position change-Number of 

iterations: 60 (b) Optimal fitness evolution process. 

4.1.2. Concave limit state function 

In this example, the limit state function can be expressed as: 

− −+ −
=

1 20.8 1.2 0.7 0.6 7

10

x xe e
g  (22)

where variable 1
x  has random uncertainty, 

1
(4.0,0.8)x N ; variable 2

x  has interval uncertainty, 

∈
2

[3.2,4.2]x . To solve this concave limit state function, the convergence process is shown in Figure 

3. The comparison of results is shown in Table 3. 

Table 3. Concave function reliability index. 

Method Reliability index Error Solution time (milliseconds) 

MCS 2.9906 —— 1851967 

SQP 2.1681 27.5% 83 

Improved PSO 2.8891 3.4% 222 

It can be seen from the table that the accuracy of PSO is about 24 % higher than that of SQP when 

solving the concave limit state function considering random and interval uncertainty. It can be seen 

that the sequential quadratic programming algorithm is not suitable for dealing with the reliability 

analysis problem of concave functions under mixed uncertainty. The improved PSO algorithm has 

good fitness when dealing with the mixed uncertainty analysis problems of convex function type and 

concave function type, which proves that the performance of the PSO algorithm is good enough to 

solve MPP points in first-order reliability analysis. 
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(a) (b) 

Figure 3. Concave function iterative solution procedure. (a) State position change-Number of 

iterations: 60 (b) Optimal fitness evolution process. 

4.2. Mathematical example 

In this section, a nonlinear mathematical example is used to verify the RBDO method of the 

proposed fusion meta-heuristic algorithm. The objective function of this mathematical example is the 

sum of two normally distributed design variables 1
x  and 2

x . The constraint function consists of 

three nonlinear functions. The mathematical model of the optimization problem is as follows: 

µ µ µ

µ µ µ

ϕ β

 =


= +


≥ ≥ =

1 2

1 2

[ , ]

min ( )

. . ( ( ) 0) ( ), 1,2,3

X x x

x x x

t

i

find

f

s t Prob g X i

 (23)

where β t represents the target reliability index. Its value here is β = 3.0t ; µ
1x

 and µ
2x

 are the 

mean values of design variables 1
x  and 2

x  respectively. Their standard deviation σ  is 0.3. The 

mean values range between 0 and 10, i.e.: 

µ

µ




≤ ≤

 2( ,0.3 )

0 10
X

X

X N
 (24)

The limiting equation of state is 

 = −


= + − + − − −
 = + + −

2

1 1 2

2 2

2 1 2 1 2

2

3 1 2

( ) 20 1

( ) ( 5) 30 ( 12) 120 1

( ) 80 ( 8 5) 1

g X x x

g X x x x x

g X x x

 (25)

The solution space formed by the limit state equation is shown in Figure 4. 
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Figure 4. Design variable feasible domain. 

In order to test the performance of the RBDO method of the fusion meta-heuristic algorithm 

proposed in this paper, the proposed method is compared with the results obtained by using the 

optimization algorithm SQP and the theoretical solution in the literature [66]. The results are shown 

in Table 4. 

Table 4. Optimization result. 

Method Optimal solution Error Solution time (milliseconds) 

Theoretical method 6.7318 —— —— 

SQP 7.4195 10.2% 319 

The proposed method 7.0988 5.5% 207 

As can be seen from the table, the results obtained by the RBDO method combining the 

intelligent optimization algorithm proposed in this paper are basically consistent with those obtained 

by using the SQP method, which improves the solving speed by about 30%. Therefore, it can be seen 

that the intelligent algorithm has great advantages in solving speed. 

4.3. Volume optimization of gear reducer 

In the engineering example of this section, a classic case of the gear reducer is selected to 

optimize the reliability design. In order to verify the method presented in this paper [67,68], the 

original example is modified to make it a single-discipline design optimization problem considering 

stochastic and interval uncertainty. 

The structure diagram of the gear reducer is shown in Figure 5. The optimization model has 

seven design variables, which are the size of each component. Among them, three variables have 

random uncertainty, two variables have interval uncertainty. The remaining two variables are 

deterministic variables. For details, see Tables 5 and 6. In this example, the target reliability index is 

set as β = 2.4
t

. The corresponding reliability is = 99.18%R . 
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Bearing Group 2
Shaft 2 Bearing Group 1 Shaft 1

 

Figure 5. Structure diagram of gear reducer. 

Table 5. Random uncertainty description. 

Design variable Mean value 
Standard 

deviation 
Distribution type 

Lower bound 

of mean 

Upper bound 

of mean 

Tooth width factor 1
x  

1

Mx  
1

0.01 Mx  
Orthographic 

distribution 
2.63 3.57 

Length of shaft 1 4
x  

4

Mx  
4

0.01 Mx  
Orthographic 

distribution 
7.31 8.29 

Length of shaft 2 5
x  

5

Mx  
5

0.01 Mx  
Orthographic 

distribution 
7.31 8.29 

Table 6. Interval uncertainty description. 

Design variable Upper bound of interval Lower bound of interval 

Shaft 1 diameter 6
x  2.93 3.87 

Shaft 1 diameter 7
x  5.03 5.47 

In this optimization problem, the objective is to minimize the volume V  of the gear reducer, 

whose mathematical expression is 

= +
1 2

V V V  (26)

where 1
V  and 2

V  represent the volume of the gear and the volume of the bearing respectively. The 

volume of the gear can be expressed as 

= + − − +2 2 2 2

1 1 2 3 3 1 6 7
0.7854 (3.3333 14.9334 43.0934) 1.508 ( )V x x x x x x x  (27)

The volume of the bearing can be expressed as 

= + + +3 3 2 2

2 6 7 4 6 5 7
7.477( ) 0.7854( )V x x x x x x  (28)

The constraint function is the related performance index of the gear reducer, including stress, 

size, displacement, etc., 11 in total. 

The optimization model of this problem is 
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ϕ β

 =


= +
 ≥ ≥ = 

1 4 5

1 2

[ , , ]

min

. . ( ( ) 0) ( ), 1,2, ,11t

i

find X x x x

f V V

s t Prob g X i

 (29)

The stress constraint function of the gear reducer performance is 

 = −


= −


= −
 = −

2

1 1 2 3

2 2

2 1 2 3

3 1 2

4 1 2

1 27 ( )

1 397.5 ( )

12

5

g x x x

g x x x

g x x

g x x

 (30)

The dimension constraint function is 

 = −


= −


= −
 = − +
 = − +

3 4

5 4 2 3 6

3 4

6 5 2 3 7

7 1 1

8 6 4

9 7 5

1 1.93 ( )

1 1.93 ( )

1100

1 (1.5 1.9)

1 (1.1 1.9)

g x x x x

g x x x x

g A B

g x x

g x x

 (31)

where 
=   + × 

2 6

1 4 2 3
745 ( ) 16.9 10A x x x

; = 3

1 6
0.1B x . 

The displacement constraint function is 

 = −


= −
10 2 2

11 2 3

850

40

g A B

g x x
 (32)

where 
=   + × 

2 6

2 5 2 3
745 ( ) 157.5 10A x x x

, = 3

2 7
0.1B x . 

For this optimization model, the RBDO method of fusion meta-heuristic algorithm proposed in 

this paper is used to solve it. Meanwhile, the case where only random uncertainty is considered is 

calculated. The calculation results of the two uncertain cases are shown in Table 7 below. 

Table 7. Optimization result. 

Uncertainty description Optimal solution 

Randomness 2773.0126 

Randomness and interval 2814.9546 

4.4. Composite cylinder size optimization 

This section further illustrates the effectiveness of the proposed method by combining cylinder 

size optimization cases [69]. The composite cylinder is composed of an inner cylinder and an outer 

cylinder. The inner diameter of the inner cylinder is a , the outer diameter is b , the inner diameter 

of the outer cylinder is b , the outer diameter is c . The height of the composite cylinder is 50mm. 

The cylinder body is subjected to a pressure of size p . The structure and initial size of the composite 

cylinder are shown in Figure 6. 
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Ø54 mm Ø44 mm

Ø36 mm

 

Figure 6. Composite cylinder structure diagram. 

The optimization goal of the composite cylinder is to minimize the volume of the composite 

cylinder while satisfying the allowable equivalent stress and tangential stress of the inner and outer 

cylinders. The optimization problem includes three design variables: 1
x , 2

x  and 3
x , corresponding 

to the inner diameter a  and outer diameter b  of the inner cylinder and the outer diameter c  of 

the outer cylinder respectively. There are 8 constraint conditions, among which the equivalent stress 

and tangential stress are all implicit expressions. The approximate mathematical expressions need to 

be established by finite element analysis. The optimization model of the composite cylinder is as 

follows: 

π

ϕ β

 =


= =
 ≥ ≥ = 

1 2 3

2

1

( , , )

max 12.5

. . ( ( ) 0) ( ), 1,2, ,8t

i

find x x x x

f V x

s t Prob g X i

 (33)

where β t is the target reliability index. Here β = 2.4t . 

The stress constraint and geometric constraint of the inner cylinder are 

τ τ

τ τ

 = −


= −


= −
 = −

1 1

2 1

3 1

4
1.2

a

b

g S S

g

g

g b a

 (34)

The stress constraint and geometric constraint of the outer cylinder are 

τ τ

τ τ

 = −


= −


= −
 = −

5 2

6 2

7 2

8
1.2

b

c

g S S

g

g

g c b

 (35)

The value range of the design variable of the composite cylinder is as follows: 

 ≤ ≤


≤ ≤
 ≤ ≤

31.496 40.64

38.1 50.8

30.48 60.96

a

b

c

 (36)

where S and τ  represent allowable equivalent stress and tangential stress respectively; 1
S  and 2

S  

represent the maximum equivalent stress of inner cylinder and outer cylinder respectively; τ
1

a  and 
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τ
1

b  represent the maximum tangential stress on inside diameter a  and outside diameter b  of the 

inner cylinder; τ
2

b  and τ
2

c  represent the maximum tangential stresses on inside diameters b  and 

outside diameters c  of the outer cylinder. Ansys Workbench software was used for finite element 

analysis. The relevant parameters of the composite cylinder are shown in Table 8. 

Table 8. Composite cylinder-related parameters. 

Name Symbol Value 

Modulus of elasticity /GPa E  210 

Poisson's ratio ρ  0.3 

Internal pressure /MPa p  139.7 

Allowable stress /MPa S  607.7 

Allowable shear stress /MPa τ  244.5 

3D modeling was carried out in Ansys Workbench. The inner diameter a  of the inner cylinder, 

outer diameter b  of the inner cylinder and outer diameter c  of the outer cylinder were set as input 

parameters, which were used to solve the subsequent response surface. Tetrahedral elements are 

used to divide the grid. To ensure the number of elements and nodes on the composite cylinder wall, 

the cell size is set as 1mm. The displacement constraints in the direction of X, Y and Z are respectively 

applied to the cylinder end face of the composite cylinder. Meanwhile, the stress loading p  is 

applied to the inner cylinder of the inner cylinder. The contact between the inner cylinder and the 

inner cylinder is selected as "no separation" in the "connection" option. The equivalent stress and 

maximum shear stress were solved respectively. The results are shown in Figure 7. The equivalent 

stress and maximum shear stress were set as output parameters. 

  
(a) (b) 

  
(c) (d) 
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(e) (f) 

Figure 7. Stress nephogram of the composite cylinder. (a) Equivalent stress of inner cylinder (b) 

Equivalent stress of outer cylinder (c)Tangential stress on inner diameter of the inner cylinder (d) 

Tangential stress on outer diameter of the inner cylinder (e) Tangential stress on inner diameter of the 

outer cylinder (f) Tangential stress on the outer diameter of the outer cylinder. 

According to the results of finite element analysis, the stress of the inner cylinder exceeds the 

maximum allowable value, so it cannot meet the use requirements at present. Its size parameters 

need to be further optimized. In this example, the expressions of the equivalent stress and tangential 

stress are approximated by polynomials. Quadratic polynomials with cross terms are selected here. 

The form is that the finite element analysis results show that the stress of the inner cylinder exceeds 

the maximum allowable value, so it cannot meet the use requirements at present. Its size parameters 

need to be further optimized. In this example, the expressions of equivalent stress and tangential 

stress are approximated by polynomials. Here, the quadratic polynomial with cross terms is selected. 

Its form is 


= = = = +

= + + + +   
3 3 2 3

2

0 123 1 2 3
1 1 1 1

( )
i i i i ij i j

i i i j i

F x a b x c x d x x e x x x  (37)

The response surface module in Ansys Workbench software is used to generate design points 

and calculate corresponding output values. The results are shown in Table 9. 

Table 9. Design point. 

 a b c 1
S  2

S  
1

aτ  
1

bτ  
2

bτ  
2

cτ  

1 38.5 39.9 49.7 889.90 997.82 483.00 400.66 526.84 346.94 

2 39.2 49.6 53.1 1069.30 518.25 578.87 273.39 273.69 180.97 

3 33.0 49.5 55.5 589.82 252.57 324.35 130.22 133.18 89.94 

4 39.3 43.8 58.0 792.55 528.81 441.83 281.42 279.47 186.87 

5 37.1 47.6 50.4 751.12 438.64 414.24 234.62 230.51 177.81 

6 32.8 39.7 52.7 605.15 391.49 337.28 195.88 207.00 135.23 

7 34.2 43.1 52.3 811.37 436.74 442.53 218.96 231.57 170.05 

8 36.4 49.0 56.8 881.32 430.42 483.57 201.98 226.71 155.63 

9 39.7 47.5 49.7 1256.80 565.43 675.41 353.23 308.07 260.49 

10 39.7 49.5 55.1 990.28 564.01 536.79 274.83 297.29 199.18 

The coefficients of the quadratic polynomial are solved in Matlab by using the above 10 groups 

of design points. The obtained values of each system are shown in Table 10. 

Table 10. Polynomial coefficient. 

 1
S  2

S  
1

aτ  
1

bτ  
2

bτ  
2

cτ  

0
a  1306319 41973.2 685669.2 116143.7 34266.6 -23063.3 

1
b  -34404 -644.3 -18032.3 -2974.9 -663.4 748.8 
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2
b  -28761.7 -1219.7 -15093.5 -2522.8 -894.6 502.7 

3
b  -24292.4 -753.5 -12764.2 -2184.7 -628.1 367.9 

1
c  -5 -1.7 -3 0.8 -0.7 0.6 

2
c  -10.9 0.5 -5.5 -1.1 0.01 -1.7 

3
c  -9.4 -3.1 -4.7 -0.4 -1.5 0.3 

12
d  761.1 18.5 399.3 65.2 16.7 -14 

13
d  645.8 18.3 339 55.2 15.2 -14.6 

23
d  550.9 23.7 288.7 48.9 17.5 -6.8 

123
e  -14.1 -0.4 -7.4 -1.2 -0.3 0.3 

By the above method, the limit state function is expressed explicitly instead of implicitly. In this 

problem, which has random uncertainty, their probability distribution is normal. Their standard 

deviation is 1% of their mean. c  has interval uncertainty. Its value range is shown in Equation (36). 

This problem is solved. The results are shown in Table 11 below. 

Table 11. Optimization result. 

Variable a  b  c  V  

Result 37.40 45.72 60.96 54929.13 

In order to verify the accuracy of the results, modeling and finite element analysis were 

conducted on the optimized composite cylinder again. The results are shown in Figure 8. It can be 

seen from the stress program that the maximum equivalent stress and maximum shear stress of the 

composite cylinder do not exceed the allowable value, which proves that the optimization scheme is 

feasible. 

  
(a) (b) 

  
(c) (d) 
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(e) (f) 

Figure 8. Stress nephogram of the composite cylinder after optimization. (a) Equivalent stress of inner 

cylinder (b) Equivalent stress of outer cylinder (c) Tangential stress on inner diameter of the inner 

cylinder (d) Tangential stress on outer diameter of the inner cylinder (e) Tangential stress on inner 

diameter of the outer cylinder (f) Tangential stress on the outer diameter of the outer cylinder. 

5. Conclusion 

In this study, an RBDO method based on a meta-heuristic algorithm is proposed for RBDO with 

mixed uncertainties. The research involves: (1). Due to the high computational efficiency of the PSO 

algorithm, the improved PSO algorithm makes the process of solving MPP points faster and alleviates 

the computational burden of solving complex RBDO problems; (2). The improved PSO algorithm is 

combined with the SA algorithm to achieve a complete reliability optimization; (3). The double loop 

nesting problem of RBDO is avoided by decoupling. This method gives full play to the advantages 

of the two meta-heuristic algorithms and effectively improves the efficiency of solving the mixed 

uncertainty RBDO problem. The reliability and safety of RBDO in practical engineering applications 

are ensured. A mathematical example, a gear reducer volume optimization and a composite barrel 

size optimization problem are used to illustrate the advantages of the proposed strategy. 

Mixed uncertainties are considered by the proposed method. However, in practical engineering, 

mixed uncertainties are very complex. Therefore, future work should be to introduce better 

algorithms into RBDO strategies considering mixed uncertainties. 
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