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Abstract: The synchronization of complex networks is believed to be closely related to network 

topology. How to study synchronization of real network without clear topology and parameters? 

In this Letter, a synchronized stability boundary equation is derived that is system- and disturbance-

independent and applicable to arbitrarily coupled grids. The results imply that spontaneous 

synchronization in a network may be network independent. These conclusions provide new 

research paths for network synchronization and analyze the synchronization stability of grids in a 

unified way. 
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Introduction 

The study of synchronization began with Huygens. With the increase in the number of studies 

on collective behavior in complex systems, spontaneous synchronization in coupled systems has 

attracted public attention [1]. Synchronization in complex systems is widespread in the real world 

[1,2], e.g., the aggregation of flocks of birds and schools of fish, the flashing of fireflies, and the 

synchronization of generators. 

Currently, it is widely believed that network topology is closely related to spontaneous 

synchronization [2]. To analyze these spontaneous synchronization behaviors, the interactions 

between individuals are first simplified into a coupled complex network, and then studied using the 

knowledge of network synchronization. However, this is actually difficult to achieve in practice [3,4]. 

Realistic interactions are often invisible, which may lead to incorrect network topologies. The 

complexity and nonlinearity of real networks can also make topological information incomplete [5]. 

Overly large networks make clear topology modeling very difficult. Therefore, the appropriate 

solution is to construct a network-independent synchronization analysis path that identifies 

collective synchronization and which individuals are not in this collective solely by the behavior of 

each individual in the system. In this study, this approach is experimentally verified on a realistic 

grid. 

Synchronization is a prerequisite for the normal operation of a power grid [6]. Large power 

systems are complex coupled systems where uncertainties [7] and nonlinearities coexist. To analyze 

the stability of these systems, researchers have developed numerous insightful discriminatory 

methods [1,8–12], including finding stability region boundary  [13–15] and describing the 

synchronization of generators using the spontaneous synchronization conditions of complex 

networks [2]. 

Finding the stability boundary of a system is an important fundamental problem [14,16,17]. A 

stable boundary is the union of unstable equilibrium points [18]. When an operating point is outside 

the boundary, the corresponding system is desynchronized [15]. A synchronous stability boundary, 

which is a core concept of grid stability, is closely related to many issues [19–21]. Therefore, studying 

synchronous stability boundary has a significant impact on the development of power systems. For 

decades, scientists and engineers have searched for an analytical equation to describe the 

boundary [13,14,22]. On the other hand, the spontaneous synchronization of complex systems has 
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been used to explain the synchronized operation of generators in interconnected grids [23]. 

Therefore, many studies on power system stability are based on the knowledge of synchronization 

conditions on complex networks [2,23,24]. However, this scheme is sometimes considered to 

oversimplify real systems [9,23], while arguing that self-organization does not exist in the grid 

case [9]. 

Here, an equation is derived and visualized to describe the stability boundary of a power system 

in a unified way. This approach solves the problem of multi-swing stability discrimination of 

multiple generators in the grid. This equation proves that the synchronization stability boundary is 

independent of the network and disturbances. In addition, evidence that spontaneous 

synchronization occurs near the boundary and manifests itself as a specific spatiotemporal structure 

was found in the study. This is the first time evidence of self-organization has been found in a power 

system. This indicates that the synchronization conditions on a network are also independent of the 

network. In this context, for potential scenarios where it is difficult to construct network models, this 

research develops a new method for synchronization on complex networks. This approach can 

provide analysis for the synchronization of power grids in a unified way and be instructive for other 

disciplines. 

Stability Boundary  

Regarding the synchronization, there is one different assumption not previously 

considered [21]: the system requires the synchronous power uP  to maintain synchronous stability, 

and the synchronous power is provided by the coupling power uP  within the system. That is, when 

u uP P  , the system is synchronized, otherwise it is out of step (see supplementary material for 

details). 

The amplitude (voltage in this case), whose dynamics have been neglected for simplicity [9,23], 

actually plays a decisive role in synchronization stability. Counterintuitively, there is no direct 

relationship to phase. The boundary equation is 

2cos 1, 0, 0,
3

L

K L KL K L KL

K

u
u u u u

u


 

 
= = −    

 
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,K Lu u  are the voltage per unit of the Kth and Lth meta-generator(see supplementary material 

for details), respectively. 0KL K L  = −   and 2arctan( )K K =  is the angle of rotation rate 

of the Kth meta-generator. K  is the rotor speed per unit of the Kth meta-generator, which is a 

normalization quantity commonly used in power systems studies. Note that K  is not a phase and 

1L K= + . By the definition of synchronization, 1 K L n   = = = = = . 

Eq.(1) is the analytical equation for the synchronous stability boundary. Specifically, when 

0KL  , the set where L Ku u=  is the isolated stability domain [13]. This may explain why 

symmetric networks have better synchronization capabilities [23]. 

The current analysis for synchronous stability on a network requires the creation of a network 

coupling matrix and then the master stability equation [25]. This approach is mainly applicable to a 

case where the network topology is complete. In contrast to previous reports [2,13,14], Eq.(1) is 

independent of the network topology, system parameters, perturbations and the number of 

subsystems. This shows that the stability boundary is independent of these factors. This provides the 

basis for the applicability of Eq. (1) to different grids. Additionally, this case demonstrates that the 

synchronization of complex networks can be analyzed even without a coupling matrix. As shown in 

Figure 1 and Figure S4, these conclusions are proved by numerical experiments on different standard 

arithmetic models. 
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Figure 1. Stability boundary. (a). Visualization of the boundary. The stability boundary (blue surface) 

and the planes 0 L KLu − − , 0K KLu − −  and 0K Lu u− −  (pink surface) together enclose the 

stability domain.  (b). Synchronization stabilization discrimination. The plane K Lu u=  is not 

shown. t  is the fault duration. At 0.154t s = , all operating points are clustered at the 

boundary(cyan dots). At 0.155t s = , the three operating points are outside the boundary and 

away from the other points(magenta dots). ( ) 0.001d t s =  is a step length commonly used in 

power system studies. (c). Multiswing stabilization discrimination ( 0.155t s = ). The numbers 9, 

10 denote the moment 9 9T s= , 10 10T s= , respectively. The figure shows the trajectory of 

( )1 2 1,2, ,u u  . The operating point crosses the boundary outwardly, and kl  rapidly increases after 

the voltage changes. (d) and (e) are the results of the numerical experiment. The maximum value of 

i  is represented by the magenta curve and the minimum value is represented by the cyan curve.

min maxi  ≤ ≤ . (d), i  of all meta-generators are close to each other and have approximately 

the same rate of change. (e), in time interval ( )9 ,10s s , max min −  becomes sharply larger. 

In Figure 1, a New England test system (10-gen) was used. A three-phase short-circuit ground 

fault occurred at node 18. 

Figure 1(b) shows that the synchronization stability boundary can distinguish between 

synchronized and desynchronized states and provides specific information about synchronized and 

desynchronized individuals or groups, respectively. This result shows that the system is critically 

stable at 0.154t s = . For n-1 operating points of n generators, the system is considered out of 

global synchronization if any of the operating points ( , , )K L KLu u   is outside the boundary and far 

from the other operating points ( ( ) ( ) ,0t i t i t      −    , where t  is the fault 

duration) [see Figure 1(b) and Figure 2(a)]. This result suggests that the partial synchronization 

phenomenon [26–28] in which two states coexist is caused by the loss of synchronization stability 

between these individuals or groups. The different synchronization patterns can be easily identified 

in Figure 1(b), where m operating points outside the boundary indicate that the n meta-generators 
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are sequentially divided into m+1 coherent groups. This approach can be directly applied to 

discriminate coherent generators [29]. 

Figure 1. (c) shows that the synchronization stability boundary can discriminate the stability of 

multiple swings for multiple generators in real time, which is an important issue that has not yet been 

resolved [30,31]. The moment the operating point crosses the boundary is the moment of loss of 

synchronization. 

The results shown in Figure 1(b), (c) fit well with the results of the numerical experiments [see 

Figure 1(d), (e)]. This shows the ability of the boundary to discriminate the synchronization stability 

of the grid, and demonstrates that Eq. (1) is valid. 

Eq. (1) has a variant as follows: 

arccos(1 ).
2

K Lcr

KL

K

u u

u


−
= − (2) 

When ,K Lu u  are sufficiently close [32], the stability margin of the Kth and Lth meta-

generator angle rate difference 
cr

KL  also tends to 0. This indicates that the system may already be in 

a critical state during normal operation. In this case, even if the difference in the values between K  

and L  is small, it takes only a very small perturbation to make the system asynchronous [33,34]. 

As K Lu u−  increase, the stability margin 
cr

KL  increases. This explains why the system has better 

synchronization stability when it is highly asymmetric [6,35]. This may also indicate the need to 

enhance the low voltage ride-through capability of generators in the future [36]. 

Similar results are obtained for the 3-generator test system (3-gen) via the same steps (see Figure 

S5). The New England test system and 3-gen are two completely different network systems, but both 

apply the same boundary equation. This demonstrates that the synchronization stability boundary is 

independent of the network topology. As a result, Eq. (1) allows a unified analysis of the 

synchronization stability of the grid and provides a new understanding of synchronization. 

Synchronization is a pervasive topic in other disciplines such as social networks, biological 

systems, brain neural networks and other physical systems [1]. In many cases, it is impractical to 

model a network with a clear topology. Here, a synchronization-stabilizing boundary equation for 

real networked systems, independent of network topology, is developed. This helps to open up new 

avenues for synchronization studies. For example, studying the response of operating points to 

network and parameter changes, and to compare the post-response results with the boundary to 

discriminate synchronous behaviour and identify important nodes. Boundary equations in other 

fields may have different forms. 

Spontaneous Synchronisation 

To study desynchronization process, the trajectories of the operating points near the critical 

point are investigated and found to exhibit a special spatiotemporal structure. 

As shown in Figure 2(a), the decrease in  from the highest point indicated that near the 

critical point, the system spontaneously directed the velocity of the subsystem to the mean value. 

This can be interpreted as a spontaneous synchronization effect due to system coupling  [8,37]. As 

the stability boundary is approached, the system self-organizes toward synchronous evolution [23]. 

 is discontinuous on the boundary, and in addition, spontaneous synchronization causes 

 to decrease whether the running point crosses the potential barrier inwardly or 

outwardly[see Figure 2(a)]. Since the phase transition point [the magenta point in Figure 2.(a)] does 

not coincide with the critical point, the different starting points of spontaneous synchronization in 

these two directions may lead to hysteresis. This phenomenon is similar to the hysteresis 

phenomenon of explosive synchronization [38,39]. 

( )i 

( )i 

( )i 
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Figure 2. Unique spatiotemporal structure. The fault duration t  increased from 0.140 s to 0.154 s. 

The arrow shows the direction of increase in t  (the 18-node three-phase short circuit to ground 

fault). ( ) 0.001d t s = . (a). ( )i   denotes the standard deviation of δ, which started to 

decrease at 0.147 s and rose by 1300% at 0.155 s when the system became unstable. (b). In 

the 1 2 −  plane, the elliptical area marks the position of the potential barrier. From 0.147s 

onward the interval between operating points decreased in the direction of increasing t  

(shaded area). (c). In the 1 2u u−  plane, the graph is a cycle structure that appears at 0.147 

s. 

Self-organizing behavior emerges from the interactions of these meta-generators, and its effects 

are reflected in the perturbation trajectories at the operating point (see Figure 2). When the conditions 

are correct (as t  increases, L  undergoes a second-order phase transition), the trajectories emerge 

with a special spatiotemporal structure. Before reaching the boundary, the operating points were in 

"decelerating motion", as if they were crossing a potential barrier in Figure 2(b). The potential barrier 

and cycle were the results of self-organizing in the K L −
 and K Lu u−

 planes, respectively [see 

Figure 2(b), (c)]. Although spontaneous synchronization has been used to understand the 

synchronous operation of generators [23], this structure has not been reported. Due to the presence 

of long-range correlation effects near the critical point, the perturbed trajectories of all the meta-

generators take on this structure at the same time (see Figure 3 for detailed). This suggests that 

spontaneous synchronization causes long-range correlations among all individuals in the system. 

Moreover, the phase transition point is not a critical point for desynchronization. 
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Figure 3. Second-order phase transition, long-range correlation and the potential barrier. (a). Near the 

boundary, i  undergone a second-order phase transition at 0.147t s = . Amplified points were 

the phase transition points. The disturbed trajectories of all points were almost identical. (b)-(i). In the 

-K L   planes, all operating points crossed the potential barrier at 0.147t s = . The images are 

almost identical due to the effect of long-range correlation. 

Spontaneous synchronization is considered the onset of network synchronization [1]. Currently, 

spontaneous synchronization is considered closely related to network topology [40]. However, the 

experimental results show that spontaneous synchronization occurs on the synchronization stability 

boundary. (see Figure 2 and Figure S7 for detailed). For coupled network systems, this strong 

correlation indicates that the location where spontaneous synchronization occurs is determined in 

K L KLu u − −  by Eq.(1). This may indicate that the mechanism of spontaneous synchronization is 

not necessarily related to the network topology, i.e., synchronization of the network may be 

independent of the network. This will challenge the traditional perception of synchronization in 

networks. Additionally, this finding also implies that there may be a close relationship between the 

critical stability of the dynamic system and the self-organized behavior. 

The behavior of the operating point near the boundary is very complex. For example, it does not 

always result in the formation of a potential barrier [In some cases, L  undergoes a first-order phase 
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transition in Figs. S2.(c) and S6.(c)]. The reasons for this difference, or rather, the specific conditions 

for the formation of a potential barrier require further research. 

Supplementary Materials: The following supporting information can be downloaded at the website of this 

paper posted on Preprints.org. 

Data availability: All the data that support the findings of this study are available at Figshare 

(DOI:10.6084/m9.figshare.23585961). 
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