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Abstract: In this paper, we explore a new norm on LP-space called r-norm, and hence producing a
new normed space called r-normed space. Measure theoretic and functional analytic properties are
covered such as the relation between r-norm and the classical p-norm. An application of r-normed
space in probability theory and statsitics is also presented, notably, its role as a rigorous framework
in describing the coefficient of determination.
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1. Introduction

In functional analysis [1,2], a normed-space is a vector space [3] together with a map [4] from the
vector space to the set of all nonnegative real numbers which satisfies a set of axioms [4] called normed
space axioms [2]. A comprehensive and formal description about normed spaces will be presented
later. Mathematicians have studied normed spaces from the late 19th and early 20th centuries as the
history is concerned.

In this paper, we explore a new kind of normed space related to L” functions [1,2] which we refer
to as the r-normed space. The formal definition of this normed space will be presented as well its
rigorous construction. We also present an application of -normed space in probability theory and
statistics [5].

For the rest of the paper, symbolic first or second order notations [6] will frequently occur in every
formal expression. The readers are referred to [4,6] for comprehensive explanations regarding the
formal expressions. Foundations in abstract measure theory [7] are also required since we will not
present basic concepts in measure theory unless we think necessary.

2. Basics of Lp Space and Normed Space

The underlying vector space [3] in the whole discussion is the L? space, a function space satisfying
some Lebesgue integration property [7] which will be described further. The designation of L? space
can be broad since many different vector spaces may be examples of L? space such as finite dimensional
vector space, infinite dimensional vector space in forms of sequences and function space of certain
type of Lebesgue integrable functions [2,7]. We will present the general measure theoretic definition of
L? space as follows.

Definition 1 (Equivalence Classes Family L?). Let (X, A, 1) be a measure space [7]. Let p € R such that
1 < p < co. Let LP () be a family of measurable functions [7] X — R such that

vf e L [ IFPdp <oo.
Suppose an equivalence relation [4] ~ on LP (u) defined by

Vf,g € Ll(p): f~g = p{xe X f(x) #g(x)}) =0.

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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Then we have a family of equivalence classes [4] in LF (u)

LP(p) = A{lf) ] f € £P(w)}

in which
Vf,geLP(u): g€lf] &= f~g.

We will need to show that the family L? of equivalence classes in definition 1 is a vector space.
First, let us observe the axiomatic definition of vector space in the following definition.

Definition 2 (Vector Space). A set V is a vector space [3] over a field IF together with operations + : V x V —
Vand - : F x V — V if the following axioms are satisfied:

V1 Vu,o,weV: (u+v)+w=u+ (v+w)
V2VuveV:u+ov=v+u
V3 There exists a unique Oy € V such that

VueV: O0y+u=u+0y=u.

VivVuveV:u+v=v+u=0y
V5 Va,b € FYu € V : a(bu) = (ab)u
V6 There exists a unique 1g € I such that

VueV: lgu=u.

V7 VaeFVu,v e V: a(u+v) =au+av
V8 Yab e FVu e V: (a+b)u = au + bu

The following theorem will show that the family L? of equivalence classes in definition 1 is in fact
a vector space over R which is referred to as an L? space.

Theorem 1. Let (X, A, i) be a measure space. The family LP (1) of equivalent classes as described in definition
1 is a vector space over R.

Proof. To show that L” () is a vector space over R we need to show that all axioms in definition 2
hold.
Let f,g,h € LP(u). Since f, g, h are real-valued functions, then

Vx € Xt (f(x)+8(x)) +h(x) = f(x) + (g(x) + h(x))
and
Vx e X: f(x)+g(x) =g(x)+ f(x)

holds and show that axioms V1 and V2 are satisfied. Note that in the sense of L? (y1), the symbol ‘=’
designates the equivalence relation ~ as described in definition 1. The zero function e € L”(u) also

exists as it satisfies
N:={xeX|e(x)#0} A u(N)=0.

Then we have
Vxe X\N: e(x)+ f(x) = f(x) +e(x) = f(x)+0= f(x)

which shows that axiom V3 is satisfied. Then —f € LF () is certain since

L1 spane 11 [ yran <o
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With
VxeX: f(x)+ (—f(x)) = —f(x) + f(x) =0=re(x),
axiom V4 is satisfied. Note that
Ve e RYf € LP(u) : cf € LP(u)
since ) ) ) )
veeRVf € L(0): [ leflPdp= [ lePfIPdu= el [ 17" du<eo.

Now, let a,b € R. Then we obtain

Vx € X: a(bf(x)) = (ab)f(x),

which shows that axiom V5 is satisfied. Then, certainly 1 € R and we have

Vxe X: 1f(x) = f(x)

which shows that axiom V6 is satisfied. Also

Vx e X:a(f(x) +g(x)) = af(x) + ag(x)

and

VxeX: (a+b)f(x)=af(x)+bf(x)

show that axioms V7 and V8 are satisfied. Thus, we conclude that L?(u) is a vector space. [

Another functional analytic [2] notion to necessarily be presented is normed space [2], which is
given in the following definition.

Definition 3 (Normed Space). Let V be a vector space over a field F. Anormon Visamap | -| : V — [0, 00)
satisfying the following axioms:

NI YueV:|ul|>0

N2VueV: |u| =0 <= u=0y
N3 Va e FVu € V: |lau|| = |a|||u|
N4 Yu,v e V: [Ju+o| < |ull + ||

If || - || is @ norm on V., then we call (V, || - ||) a normed space [2].

For a given vector space and a possible norm, the common challenge is proving axiom N4, which
is sometimes also referred to as the triangle inequality. An indispensable tools in mathematical analysis
to help prove axiom N4 are the so-called “Holder’s inequality” and “Minkowski inequality” which
will be presented. In fact, Minkowski inequality is a consequence of Holder’s inequality. However, we
first need Young's inequality in order to prove Holder’s which is presented in the following lemma.

Proposition 1. Let p,q € R such that p,q > 1 and % + % = 1. Note that the following expressions are
equivalent:

i pg—p—q+1=1
i (p-— )(q1—1):1

P _ _ 1
iii ;17—1—%?1, 1_1_ﬁ
o l—q1_1l_9al,_ a
v f ! ;] pil P Zj
v g=l-p=5% Fa=57
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Lemma 1. Let a,b € R such that a,b > 0. Let p,q > 1 such that % + % = 1. Then the inequality

known as Young's inequality [2], holds.

Proof. Suppose a function f : [0,4] — [0,«] such that b < «, f(a) = « and f is continuous [8] as well
as bijective [4]. Note that we will have

ab < /Ouf(X) dH/Obf‘l(y) dy.

In particular, f can be defined by
Vx € [0,a] : f(x):=xP1

as it is continuous [2] and bijective. And we can show the bijectivity of f if we can show that f is
strictly monotone, since strict monotonicity of such a function implies bijectivity. Now let s, t € [0, a]
such that s < t. Certainly we have

fls) ="t <t = f(t)

which shows that f is strictly increasing. Hence f is bijective. It implies that f ! exists, which is now
our task in finding it. Follows from proposition 1, we obtain the inverse f ! as given by

vyelon: iy =y

And we have

booar pa

0 p q

b< [feoydet [ iy = [ drt [ ytdy =2
ﬂf/ofx x /Of y y—/ox X /Oy y—;

a
q
L
o 4

which proves the lemma. [
Now we present Holder’s inequality in the following theorem.

Theorem 2. Let (X, A, i) be a measure space [7]. Let p,q > 1 such that % + % = 1. Let f € LP(u) and

g € Li(p) [7]. Then 1 1
Jvrstan< ([1rran)" ([ 1siran)”,

holds, which is known as Holder’s inequality.
Proof. Suppose some functions f,§ : X — R defined by
Ve X: f(x):= Ao T
(Jx [fIPdu)?

and
8(x) :
(fx g7 d:u) i

respectively. Follows from lemma 1, i. e., Young’s inequality, we obtain

Vye X: §(x):=

Vx e X - |f(X)g~(X)’ S |f(:)|l7 4 |g~(;c)|q .
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By taking Lebesgue integral [7] to the expression above, we obtain

7 s AP 181
d </ LA B L |
/X!fgly_xp+q H

fgl . Tl s
/X(fxlfl”dﬂ)’l’(fxlgl‘?duﬁ V§/><Pfx|f|”dﬂ+qfxgl"du :
Jx Ifgldp _ JxlfiPdn | fylgl?dp
([ LfIPdu)? (fylgloduyr — P xIfIPdra [y lgl7du
1 1
p g
=1

which implies

[otrstan< ([1rran)” ([ o)

which proves Holder’s inequality. O

Theorem 3. Let (X, A, i) be a measure space [7]. Let p € R such that 1 < p < co. Follows from theorem 1,
we have a vector space LV (u). Let f,g € LP(u). Then

(/X|f+g|r’dy>3’ B (/X|f|pdy);+ ( |g|pdy>;

holds, which is known as Minkowski inequality [2].

Proof. Proving for p = 1 is trivial, since obviously

Vxe X: [f(x)+e() < [f(0)]+Ig(x)],

then by the property of Lebesgue integral [7] we have

di< [ Ifldu+ [ Igidn,
J\f+gldan< [ Afldu+ [ Ildn

which proves the inequality for p = 1.
Now we prove the inequality for p > 1. Let 4 € R such that g > 1 and % + % =1.Leth:X =R
such that

Vx € X: h(x) = |f(x)+g(x)[P~L.

Note that |f + g| € LP(u) since LP (i) is a vector space, which means that it is closed under addition
and scalar multiplication. That is,

Vr e X |f(x) +8(x) = sgn(f(x) +g(x)) - (f(x) +g(x)),
where the map sgn : R — {—1,0,1} is defined by

1 a>0
VaeR: sgn(a):==4¢0 :a=0.
-1 :a<0
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From the expression above, additive closure shows that f + ¢ € LP(u), and scalar multiplicative
closure shows that sgn(f +g) - (f +g) € LP(u), and hence |f + g| € LP(u). Follows from proposition
1, we obtain

1)
Jomiau= [ 1f g0 = [ 1f gl du = [ (f gl dn < oo,

from the fact that |f + g| € LP(u). Hence h € L9(u). Then follows from the triangle inequality and
Holder’s inequality we obtain

J gl du= [ 1 +gllf+gl " du
< [ UF1+1DIf + 8l dn - (rrangie nequatiy
= [ AIF gl et [ Isllf + gl dn
=/X|fh|du+/ |ghdu

( /. IfIPdu) ( /. |h|qdu) +1< /. Ig\”dy>}7 ( / hqdy); (Hilder's inequality)

(e ()] (1)
R

- (/ ran) + ([iran)’] (firesran)”
(fran)  (feran)

IN

—

Jx |f +glPdu
I ([xlf+glrdp)?

which implies
1 1 1
4 4 4
rolPdu)’ < / Pd) +</ Pd)
(forresran)” < ([uran) ([ s am
which proves Minkowski inequality for p > 1. Thus, we conclude the proof. [

Now let us observe the very fundamental norm defined on L? space, which is the p-norm [2].
This norm is a fundamental concept in functional analysis and is the interest of study in Banach spaces
[1,2]. This norm will also be essentially related to our formulation of -norm. We will present this norm
on a theorem after we present the following lemma.

Lemma 2. Let (X, A, u) be a measure space [7]. Let p € R such that 1 < p < oo. Follows from theorem 1, we
have a vector space LP (). The expression

Va € RYf € LP(i) : af ~ 0 <= /X|af|”dy:O

holds.

Proof. We prove the forward part first. Leta € Rand f € L?(u). Suppose af ~ 0. Then we have

N:={xe X |af(x)#0} A u(N)=0,
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which implies
af|fPdu=0.
/N |af1P dp
And by the property of Lebesgue integral [7], we obtain

Jolas = [ laflPap+ [ Jafldu=0+0-p(x\N) =0,

which proves the forward part.
Now for the backward part, suppose

Pdu=0.
/Xlafl p

Let g: X — R such that g := |af|P. Note that g is measurable and nonnegative. By simple function [7]
approximation theorem, for every n € N there exists a simple function s, : X — [0, ) such that

Ve X: 0<si(x) <sp(x) <--- <g(x)

and
VxeX: nlgr.}osn(x) = g(x)
holds. Note that there are only finitely many points in the image of s, since it is a simple function, for

any n € N. Now let

m:N— N

n e my

such that
Vn e N: |im(s,)| = my.

The notation im above refers to the image of a function [4]. Now suppose
Vn e N: im(sy) = {ay i} -
And suppose
Vne NVke {1,...,mu}: App:={x€ X |s,(x) =ayi}-

We can now express the simple function as

ny
VneNVx € X: sy(x) =) X kX A, (X)
k=1

where
1 xe An,k

VneNvVkell,..., m,}Vx € X : x) =
{ 'rl} XA,,,k( ) {0 ZxéAn,k,

which is known as an indicator function. And the Lebesgue integral of ¢ over X can be given in
accordance with its definition [7] by

My
/ gdp =sup | sudp=sup ) anip(Ang).
X neN /X neN k=1

doi:10.20944/preprints202310.1770.v1
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Recalling the assumption, we now have
My
0= / jaf|P dp = / gdp =sup ) it (Ang) -
X X neN k=1
Note that each term in the summation above is nonnegative. Then we must have

mj My
V] eN: 0L 2 Dé]',k]/l(A]‘/k) < sup Z “n,kV(An,k) =0,
k=1 neN k=1
which implies
nj

VieN: Y aju(Aj) =0.
k=1
The only solution to this circumstance is

A Vke{1,...,mi}: u(Ajp) #0 = aj; =0.
jeEN

The statement above implies that
p({x € X[ g(x) #0}) =0,

which means that g ~ 0, or g = 0 py-almost everywhere [7]. It also implies that af ~ 0, which proves
the backward part. We conclude that

af ~0 < /X|af|”dy:O,
which proves the theorem as a whole. O

Theorem 4. Let (X, A, jt) be a measure space [7]. Let p € R such that 1 < p < co. Follows from theorem 1,
we have a vector space LP (u). Amap || - ||, : LP(u) — [0, c0) defined by

vr e Il = ( /. Ifl”du>;

is a norm on LP (u) known as the p-norm, and hence (L¥ (), || - ||,) is a normed space.

Proof. To show that | - ||, is a norm on L?(y), we need to show that axioms N1, N2, N3 and N4 in
definition 3 are satisfied. For the whole discussion in this proof, leta € Rand f,g € LP(u).

By definition, || - ||, involves the designation of | - |V within the Lebesgue integral, hence we will
always have a nonnegative integrand. By the property of Lebesgue integral [7], since ||V > 0 then

o= (157 an) =0,

which shows that axiom N1 is satisfied.
Now we need to show that || f||, =0 <= f = 0, which is equivalent to showing |||, = 0 <=
f =0, as shown by

{Ifll, =0 = f=0,lfll; =0 <= |fll, =0} - Ifl} <= f=0.
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Follows from lemma 2, we obtain

Fr = /X|f|7’dy:0.

Note that the equality symbol ‘=" in terms of L? (j¢) refers to ‘~ in terms of LP (). Thus, the statement
above shows that ||f\|5 =0 <= f = 0whichimplies | f||, =0 <= f = 0and hence axiom N2 is
satisfied.

By the property of Lebesgue integral [7], we obtain

st = ( flasran)” = (10 [1van)” 1ot ([ raw)’ = sl

which shows that axiom N3 is satisfied.
Then by the property of Lebesgue integral as well as theorem 3 (Minkowski inequality), we obtain

I+l = ( [, |f+g|pdu); <(/, Ifl”dzi>; ([ |g|ﬂdu)’1ﬂ = 1l + Il

which shows that axiom N4 is satisfied.
Thus, we conclude that || - ||, : LP () — R is anorm on L¥(u). Hence (LP(u), || - || p) is a normed
space. [

3. Definition and Properties of »-Normed Space

We formulate r-norm as a norm on L” space. The formal definition of r-norm and r-normed space
follows from the following theorem.

Theorem 5. Let (X, A, jt) be a measure space [7]. Let p € R such that 1 < p < co. Follows from theorem 1,
we have a vector space LP (u). Let r € LP () such that

N:={xeX|r(x)=0} A u(N)=0,

i. e, v # 0 p-almost everywhere [7]. Let
R:= / Pdp.
. [P du

Amap || - ||pr : LP(u) — [0, 00) defined by

¥F €U0 Iflpri= ( [, 'lepduy

is a norm on LP (p).

Proof. We need to show that axioms N1, N2, N3 and N4 are satisfied. For the whole disucssion in this
proof, leta € Rand f,g € LP(u).

Note that r € LP(u), r # 0 p-almost everywhere [7] and |r|P > 0, which imply 0 < [r|P < oo
p-almost everywhere. Then

O<R:/ |r|P dp < oo.
X

And note that f € LP (), which means

0</ Pdy < oo.
_lel p<oo
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Then by the property of Lebesgue integral [7], we obtain

o= ([, L) = ([1rran) =0

which shows that axiom N1 is satisfied.
Note that

f

frl = —=~

R

/){%dy:O — (/lefdy);:o

hold. Follows from lemma 2, we obtain

and

$ AP
dy—/XTd‘u—O.

f / ' f
—— ~0 = ——
{/R x| {/R
Note that the equality symbol ‘="in terms of L¥ (y) refers to the equivalence relation [4] symbol ‘~" in
terms of L7 (u). Then by the transitive property of biconditional statements, we obtain

1
» 1
f = 0 (p-almost everywhere) <= ||fllp:r = </X UT' dy) -

which shows that axiom N2 is satisfied.
By the property of Lebesgue integral [7], we obtain
1

lafllpr = </X |a£|p d;l); = (Ial”/xvlydﬂ>; = |al (/leipdu)p = la[l| fllp:r

which shows that axiom N3 is satisfied.
Follows from the property of Lebesgue integral [7] and theoerm 3 (Minkowski inequality), we

obtain
1
+gP N7
1+ gl = ([ L8 o)

= Jﬁ (/X |f+g\”d#>;
< (/1R ( /X | f|de>; + ( /X Ig|P dy);] (Minkowski inequality)
-7 (/lel”dﬂ>;+</1§ (/X|g|de)’l’

() (5 a)

= [1fllpr + lIgllp:r

which shows that axiom N4 is satisfied. We conclude that the map || - || . : LP(u) — [0, c0) is a norm
onLF(u). O

By theorem 5, we can present the formal definition of r-normed and r-normed space in the
following definition.
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Definition 4 (r-Normed Space). Let (X, A, i) be a measure space [7]. Let p € R such that 1 < p < oo.
Follows from theorem 1, we have a vector space LP (u). Let r € LP (u) such that v # 0 p-almost everywhere [7].

And let
R:= / Pdu.
r|P du

Follows from theorem 5, a map || - || . defined by

9 € s Ifllr = ( /. 'J;'pdu);

is a norm on LP (), which we call r-norm. And the normed space (L¥ (i), || - || p.r) is called r-normed space.

As we have mentioned in the earlier section that p-norm and r-norm are closely related. The
relationship is described in the following proposition.

Proposition 2. Suppose an r-normed space (LV (u), || - || p:r) with respect to a measure space (X, A, i) [7]. Let
f € LP(u). Note that from theorem 4, we have another norm || - ||, : L (u) — [0, 00) defined by

= (i)

And follows from definition 4, we obtain

(PN 1 P lFPan) fl
e = (o) = g ()" = 2t = T

4. An Application of r-Normed Space

A notable application of r-normed space is in a formal description of the coefficient of
determination (CoD) in probability theory and statistics [5]. The CoD is used in statistical models for
predictions or hypotheses testing. It provides a numeric representation on the performance of the
model [9]. This section will discuss the formal construction of CoD based on the r-norm, begun from
defining the underlying measure space [7] and random variables [5].

Suppose we have a real world observation. Note that we will only have finitely many data points
in the observation. Let ) be the possible outcome of the observation, and hence |(}| < co. Let F be a
o-algebra [7] representing the set of probable events from the observation. Then we have a measurable
space (Q), F). Thenlet P : F — [0,1] be a probability measure, and hence we have a probability space
(Q, F, P) [5]. Let us consider another measure 7y : F — N defined as the counting measure [7] on
(Q,F), e,

VAe F: y(A):=|A|.

Since we only have finitely many data points in the observation, then
7(Q) = Q) < oo,

which means that 7 is a finite measure.

Also suppose that the observation produces random variables [5] of which some of them are
independent and one of them is dependent. We will focus on the dependent random variable Y : (3 —
R. Suppose Y is almost surely [5] nonconstant, that is,

VaeR: P{fweQ|Y(w)=a}) <1,

doi:10.20944/preprints202310.1770.v1
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and almost surely [5] bounded, that is,
P(fw e Q| ]Y(w)| < oo}) = 1.

On the other hand, suppose Y € L?(7y). Theorem 5 and definition 4 allow us to define an 7-norm on
L%(vy). Let r € L2(v) such that

Vw e Q: r(w) :=Y(w) — E[Y]
where E[Y] denotes the expectation [5] of Y, that is,
E[Y] :/ YdP < co.
0

The boundedness of the expectation is implied from the designation that Y is almost surely bounded.
Also note that E[Y] is just a constant, which means that it is also an L?(7y) function, since

/Q E[Y]? dy = E[Y]? /Q dy = E[Y24(Q) < oo.

Now let
R::/ rzd'y:/(Y—E[Y])zd'y.
(@) Q

Then the r-norm || - ||2., : L?(7y) — [0, o) is defined by

XZ 2
2 . o o
vx e () Xl = ([ o)

Suppose we develop a predictive model to estimate Y, either using a statistical or machine learning
(ML) model. Let Y : Q — R be the predictive model. The CoD regarding the predictive model Y with
respect to Y can be be given by

1- ||y -Y|3,.

With that in mind, we can also present a new method of numeric performance evaluation of the model
by making use of only the r-norm in exchange for the CoD. We propose the method in the following
proposition.

Proposition 3. Suppose an observation which produces a finite number of data points. Let a measurable space
[5] (Q), F) be the underlying event space [5]. Note that

Q] < o0

Then let (Q), F, P) be the corresponding probability space. And let 7y : F — N be a counting measure [7] on
(Q), F), and hence we have another measure space (Q), F,y). Let Y : (O — R be a dependent random variable
such that Y has a bounded expectation [5], is almost surely nonconstant [5] and Y € L?(7). Letr : Q — R
such that

Vwe Q: r(w) :=Y(w)—E[Y].

And let
R::/ r*dy.
Q

Follows from theorem 5 and definition 4, there exists a normed space (L?(7y), || - ||2.r) such that

XZ 2
2 . . =
vxe () Xl = (o)
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Let Y : Q — R be a predictive model on Y such that Y € L?(-y). The model Y is p-reliable if there exists some
p € Rwith0 < p < 1 such that
HY - YH%:r <p-

Here is the main difference of the CoD with the performance evaluation presented in proposition
3. In CoD the model can be deemed showing a good performance if the corresponding CoD has a value
close to 1. While in our proposed method, the model has a good performance if the corresponding
squared r-norm has a value close to 0. On the other hand, an awful model will give a negative CoD, or
equivalently a squared r-norm greater than 1.

5. Conclusion and Future Work

We have presented a new norm called r-norm on an L? space which produces a new normed space
called r-normed space. Some property of r-normed space has also been presented regarding its relation
with the classical p-norm on the same underlying function space. An application of #-normed space has
also been presented in the formal description of coefficient of determination in probability theory and
statistics [5]. The r-normed space of square integrable random variable with respect to a measure space
space (Q), F, ) and probability space (Q), F, P) of a finite observation ), with v : 7 — N being a
counting measure [7], serves as an alternative framework in describing the coefficient of determination.
We have also proposed an alternative model performance evaluation using the squared r-norm as
presented in proposition 3.

For the future works, we are interested in further exploring the measure theoretic and functional
analytic properties of r-normed space. We are also interested in exploring other possible applications
of r-normed space in probability theory, statistics, or other fields of science and engineering.
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