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Abstract: We discuss the issues with tentative generalisations of the process matrix formalism
from finite-dimensional mechanical systems all the way to quantum field theory. We present a
detailed overview of possible open problems that arise when one attempts to move from particle
ontology into the realm of field ontology, i.e., when one transitions from mechanics to field theory
framework. These issues need to be addressed, and problems solved, if one aims to expand the scope
of applicability of the process matrix formalism, and therefore its usefulness. This is far from a trivial
and straightforward endeavour, but rather a task for a whole future research programme.
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1. Introduction

The process matrix formalism has been introduced as a powerful tool to study abstract physical
processes, that go beyond standard quantum mecahnics [1]. For example, it enabled the formulation
and study of the so-called causal inequalities, which explicitly discuss processes that cannot be
explained by a fixed causal order between events [1,2], as well as other related no-go theorems such as
[3,4]. Also, it was extremly useful in the analysis of the properties of the so-called quantum switch
protocol [5-8]. In addition, there are other protocols in quantum information theory where this
formalism can be successfully used (for example the analysis of the del Santo-Daki¢ protocol [9], and
so on). The purpose of the process matrix formalism is to provide a probability distribution for the
outcomes of a very large class of conceptually possible protocols, including those for which we do not
know of an experimental realisation [10-21].

The standard formulation of the process matrix formalism is given only for finite-dimensional
mechanical systems, such as qubits. Given the mentioned importance of the formalism, one is tempted
to generalise it to other mechanical systems as well, and ultimately to field theory. The process matrix
formalism can be extended in three main stages. The first extension deals with the input and output
spaces which are generalized to the infinite-dimensional separable Hilbert space (such as in the case of
a harmonic oscillator). The second extension deals with the nonseparable Hilbert spaces (such as in the
case of a free particle). Finally, the third extension deals with the full Fock space, and other properties
necessary for the successful description of quantum field theory (QFT) processes.

However, the existing literature that discusses these generalisations is scarce (see for example
[22]), since each stage of the above extensions faces nontrivial theoretical problems, of both technical
and conceptual nature. The main purpose of our paper is to give an overview of these issues, with
an emphasis on the ones opened by field theory. Our analysis suggests that the generalisation of the
standard process matrix formalism to QFT is far from a trivial and straightforward endeavour, but
rather a task for a whole future research programme.

The paper is organised as follows. In Section 2 we briefly review the process matrix formalism for
finite dimensional mechanical systems, and point out possible problems of its extension to the infinite
dimensional cases (both separable and nonseparable). In Section 3 we study beta decay as a prime
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toy example which serves as an illustration of the problems one faces when trying to generalise the
process matrix formalism to QFT. We discuss each of these issues in turn. In Section 4 we give a brief
summary and discussion, as well as prospects for future research.

2. The process matrix formalism

The fundamental notions of the process matrix formalism are a set of laboratories and a set
of quantum systems being exchanged between them. Each laboratory receives an input quantum
system, and sends an output quantum system, while inside of a laboratory these two systems can be
manipulated by a so-called instrument, which represets the most general quantum operation that can
be performed over the two systems. It is assumed that inside laboratories the usual laws of quantum
theory hold, and it is also assumed that the size of each laboratory and the durations of its operations
are small enough to be considered negligible for the quantum protocol under consideration. The latter
assumption allows one to assign a specific spacetime point to each operation of a given laboratory.
This leads one to introduce the notion of a gate, which represents the action of an instrument at a
given spacetime point (see Section 2 of [20]). In what follows, we will therefore denote both the gate
and its corresponding spacetime point by the same symbol, G. Also, we denote the input and output
Hilbert spaces of the corresponding quantum systems by G; and G, respectively. In the standard
formulation of the process matrix formalism, these spaces are assumed to be finite-dimensional [1,10].
The action of an instrument on quatum systems is described as follows. Given some classical input
information 4 and some readout x of an instrument at G, the instrument maps the input state p;
into an output state po = Mgﬂ(p 1), where the action of the instrument is described by an operator
M, : G ® G} — Go ® G},

Within this scenario, one can introduce the notion of a process, which is represented by a functional
over all gates, and denoted W, so that:

1) )
p(x,y,...la,b,...) ZW(MS,; ®M§,b2 ®...). 1)

Here, p(x,y,...]a,b,...) is the probability for obtaining the results x,y, ..., given the inputs 4,0, . ...
Since the left-hand side is understood to be a probability distribution, the expression on the right-hand
side must satisfy the following three axioms,

W>0, TW=[]dmGY, wW="psW), @)

where the positivity of the probability distribution is guaranteed by the first axiom, while the
normalisation is guaranteed by the second and third axioms. The Pg is a particular projector onto a
subspace of ®); (G}i) ® Gg)) , defined in detail in [10].

In order to represent an operation M, as a matrix, one can apply the so-called Choi-Jamiotkowski
(CJ) isomorphism that acts over the operations of instruments. This provides us with a computationally
more convenient formalism, where the corresponding matrix is defined as

S, = [(ZeMS,) (10{1)] € (610 Go) ® (61 Go)', ©

where
1) =) l)®li)e G oG 4

1
is a non-normalised maximally entangled state, called the transport vector, while Z is the identity. The
process W is thus given by a process matrix W that determines the conditional probability (1) via the
equation
p(x,y,...|a,b,...):Tr[(MS},@M;;@...)w}. G)
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In certain circumstances, specifically when the instrument Mga is linear, one can employ the
simpler “vector” notation (see Appendix A.1 in [10]),

(ME) ) = [Z@ (ME)*] 1) € Gr & Go, (6)

resulting in

MC, = [(ME) N UML) @)

Additionally, if the process matrix W is a one-dimensional projector and if all instruments are linear,
one can also simplify the expression (5) for the probability distribution using the notion of a process
vector |W)). It is introduced so that W = |W)) (W], which then gives:

Py by = || (M€ & (Mg e ) Wy ®)

As described above, the process matrix formalism assumes that all Hilbert spaces involved are
finite-dimensional, which can be explicitly seen from the second axiom in (2), and is also implicitly
assumed in the third axiom (the definition of the projector Pg involves division with dimensions of
input and output spaces, see [10]). Therefore, any provisional generalisation of the process matrix
formalism to the framework of QFT faces the inadequacy of this assumption, given that the Fock
space is infinite-dimensional and moreover nonseparable. On one hand, the process matrix axioms
explicitly make use of finite dimensions, while on the other hand, the standard rigorous definition
of the CJ isomorphism is also establised only for finite-dimensional spaces (see [23] for the separable
infinite-dimensional case). In the next Section, we will illustrate both the mentioned two issues, and
some additional problems which arise in the context of QFT, on the prototype example of beta decay.

3. Process matrix description of beta decay
In elementary particle physics, a paradigmatic process that illustrates most of the crucial features
of QFT is beta decay. It describes the decay of a neutron into a proton, an electron and an antineutrino:

n—pt+e +7,. ©)

Using the standard QFT approach, one associates the Feynman diagram to this process as depicted in
Figure 1. On the other hand, one can try to describe beta decay using the process matrix formalism,

e

n

Figure 1. The full Feynman diagram for beta decay.

associating to it the process matrix diagram depicted in Figure 2. The connection between the
Feynman’s and the process matrix approaches goes beyond the obvious similarity of the two diagrams.
Namely, the evaluation of the Feynman diagram gives the amplitude for the process, from which one
can obtain the decay width, I', or equivalently the mean lifetime of neutron, T = 1/I'. This decay
width enters the formula for the number N(tf) of neutrons in the ensemble at the final time ¢,

N(t) = N(t;) e "1,
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Figure 2. The process matrix diagram for beta decay.

where N(t;) is the number of neutrons in the ensemble at initial time f;. Therefore, the probability for
an individual neutron to decay after time f; — t; is given as:

_ N(tf) _ —T(tj—t;)
p(tf|t,') =1- N(t) =1-e f . (10)

However, this probability is precisely the output (5) of the process matrix description (Figure 2), when
applied to beta decay:

N () g 11 ? o M s 147
plislty) = Te [ (M @ MY @ M @ M{T ) W) . (11)

This establishes the correspondence (in terms of the desired aim one might even say equivalence)
between the Feynman and the process matrix diagrams, since they both contain the same physical
information about the process.

With this in mind, let us now discuss the main issues one faces when attempting to generalise the
process matrix formalism to QFT.

3.1. Nonseparability of Hilbert spaces

To begin with, note that while QFT and the process matrix formalism are equivalent at the
operational level of predicting the probabilities of the processes, (10) and (11), respectively, they do not
represent two equivalent mathematical formalisms. Namely, recall that the paradigm of QFT is based
on the idea of particle scattering. This assumes the notions of asymptotically free particles as input
and output states. It is well known already from QM that the state of a free particle is an eigenvalue
of the momentum, and as such is not normalizable. Technically speaking, the Hilbert space of a free
particle is not just infinite-dimensional, but also nonseparable, since it contains uncountably infinitely
many momentum eigenstates, one for each § € R3.

On the other hand, the process matrix formalism is based on the axioms (2) and the technical
notion of CJ isomorphism, both of which are tailored to finite-dimensional Hilbert spaces. Therefore,
the first issue is that the axioms explicitly depend on the dimension of the Hilbert space, which is
infinite in the case of a free particle. And the second issue, as we have remarked above, is that the CJ
isomorphism has not been formulated for nonseparable Hilbert spaces, rendering the case of a free
particle an open technical problem.

3.2. Renormalisation and regularisation

The next issue is related to the (non)perturbative formulation of QFT. Given the established
operational equivalence with the process matrix description, and the analysis from the previous
Subsection, one can argue that providing a precise definition for the axioms (2) of the process
matrix formalism in QFT is at least as hard as providing an exact, nonperturbative definition of
QFT itself. Unfortunately, the latter is still unknown, and in fact it represents one of the Millenium
Prize Problems [24,25]. Lacking the nonperturbative formulation of QFT, the only way to define
the axioms in process matrix formalism is perturbatively. This method faces the same issues with
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divergences, having to encode the equivalents of the regularisation and renormalisation schemes used
in the perturbative definition of QFT.

All this can be easily seen at the level of our example. One starts by noting that the Feynman
diagram from Figure 1 represents the full (i.e., nonperturbative) description of beta decay. In practice,
the only way to evaluate the diagram is to employ the perturbative expansion, as depicted in Figure 3.
Here, the first term is called the tree-level diagram, while all others are called loop diagrams. Although

e e e e
P v p v p v p v
%{ ) \y + \?/ +.+ +.“
n n n n

Figure 3. Perturbative expansion of the full Feynman diagram for beta decay.

the tree level diagram is straightforward to evaluate and gives a finite amplitude, the loop diagrams are
far more intricate, and their evaluation relies on suitable regularisation and renormalisation schemes.
The main purpose of these prescriptions is to render the resulting amplitude finite, despite the fact
that contributions coming from each particular loop in the diagram are divergent. In fact, one can
say that the regularisation and renormalisation schemes actually enter the operational definition of
perturbative QFT. As a consequence, any attempt at a perturbative definition of the process matrix
formalism will have to mirror these technical issues.

3.3. Radius of convergence

The perturbative expansion, depicted in Figure 3, of the full Feynman diagram from Figure 1
also suffers from an additional issue. Namely, even after eliminating the divergences of individual
diagrams, the expansion itself fails to converge. In fact, perturbative QFT is known to be an asymptotic
theory, since at any order n of the expansion, there are approximately n! Feynman diagrams of that
order, while the contribution of the perturbation parameter g is ¢g7", i.e., the total amplitude M, at

order n is proportional to
n!

M,y ~ r

Since the factorial grows faster than any power, there will be a finite order #, after which the series
will begin to increase without bound. In other words, the perturbative expansion of a QFT has zero
radius of convergence, and thus represents an asymptotic series, rather than a convergent one [26,27].

Therefore, even if one adopts a perturbative approach to process matrix formalism in QFT, and
incorporates certain regularisation and renormalisation schemes in the axioms (2), it is to be expected
that the resulting axioms would be adequate only up to a certain perturbation order. Since in such
approach one can only obtain a finite approximation of the exact result, the perturbative probability
distribution is in fact not supposed to be normalised. This is especially problematic for the latter two
axioms in (2), since they ensure the normalisation of the probability distribution.

3.4. Variability of the number of systems

The issues with the formulation of the process matrix framework based on the perturbative QFT
do not end here. Namely, looking again at our example of beta decay, let us recall that the neutron can
decay in more than one way. One example is the radiative beta decay, given by the following family of
processes,

n—pt+e +v+ky, (12)
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where the last term represents k outgoing photons. This is described by the full Feynman diagram in
Figure 4 (for such processes and their perturbative evaluation, see for example [28]). For each k, (12)

e v Y
p

n

Figure 4. The full Feynman diagram for the radiative beta decay.

specifies one possible decay channel of a neutron, with its own decay width I}, and the corresponding
decay probability pi(tf|t;). Then, the total decay probability of the neutron via the channels (9) and
(12) is in fact given via the equation

Ptot(tf|ti) =1- e_F“’t(tf_ti) , (13)

where Iiot = I' + ) ¢ I. In the process matrix formalism, each decay channel is described by a process
matrix Wy and the corresponding set of gate operations My, such that the probability of neutron decay
via that particular channel is given by the expression analogous to (11). However, for different values
of k the number of output systems and the corresponding gates is not the same, which implies that the
corresponding process matrices Wy act on different Hilbert spaces. Therefore, one cannot describe the
total probability (13) for beta decay by an equation of the form (11), since the latter features a fixed
number of gates.

It is not obvious how one should generalise the equation for the total probability piot(tf|t;) in the
process matrix formalism to include a variable number of gate operations. Namely, employing (13)
and the analog of (10) for each channel separately, one can express the total probability in terms of
single-channel ones as follows,

prot(telti) =1—]1] [1 - Pk(tf|ti)} , (14)
k=0

where po(tf|t;) = p(t¢[t;) corresponds to the original nonradiative channel (9). This expression is
nonlinear in single-channel probabilities, which means that the process matrix formula for the total
probability cannot have the form analogous to (5), i.e., the process functional W cannot be linear
anymore. Therefore, the issues with generalising the process matrix formalism to QFT lie not just
in the precise definition of the axioms (2), but also in the precise definition of the expression for the
probability (5).

An alternative viewpoint could be to treat all output gates of the process matrix corresponding to
the process (12) as a single big gate. In this scenario, the whole process matrix describes just a simple
channel, between one input and one output gate. However, in this case the state of the physical system
in the output gate must belong to a full Fock space, since it describes multiple particles, and moreover
a variable number of them. Having a process matrix formalism defined over a full Fock space suffers
the same technical issues of nonseparability discussed in Subsection 3.1, since the Fock space is defined
as an infinite orthogonal sum of tensor products of Hilbert spaces for a single free particle. Apart from
nonseparability, there may be various additional technical issues of limits and convergence due to the
fact that the orthogonal sum is infinite. It should be emphasised that by merely replacing a variable
number of output gates acting over single-particle Hilbert spaces by a single gate acting over a Fock
space, one still does not resolve the above mentioned problem of nonlinearity of the process functional
W and consequently the resulting output probabilities (14).
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3.5. Noninertial motion and the Unruh effect

The problem of variable number of input and output systems manifests itself also in an additional
manner, which is not directly a consequence of the established correspondence between Feynman'’s
and process matrix formalisms, but is a generic phenomenon that must be addressed whenever one
discusses QFT. Namely, originally the process matrix formalism has been formulated for mechanical
systems. When moving from the particle ontology to the field ontology framework of QFT, one of the
novel effects that must be accounted for is the Unruh effect (more precisely the Fulling-Davies-Unruh
effect [29-31]). In short, the Unruh effect says that the same physical state of a system can be interpreted,
for example, as a vacuum state by an inertial detector, and as a thermal state by an accelerating detector.
In the context of the process matrix formalism, this means that a given gate will receive different input
quantum states and transmit different output quantum states, depending on the state of motion of
the gate and its corresponding instrument. In other words, the number of input and output systems
depends on the state of motion of the gate. All our discussion so far in this paper has implicitly
assumed that all gates are inertial. However, in a general situation, noninertial gates should also be a
part of the formalism, which means that any given gate should additionally be characterised by its
local acceleration vector. This additional information about a state of motion must therefore enter the
fundamental description of the process matrix formalism for QFT.

4. Conclusions

In this paper, we have discussed the issues and problems that arise when one attempts to
generalise the process matrix formalism to the level of QFT, on the standard toy example of beta decay.
In order to better isolate the problems one faces in such generalisation, we have established
the correspondence between the Feynman'’s and the process matrix diagrams, and their resulting
probability distributions. Due to this correspondence, we have discussed the following list of issues:

¢ It is necessary to work with infinite-dimensional and nonseparable Hilbert spaces, which are
incompatible with the standard axioms of the process matrix formalism, as well as with the CJ
isomorphism used throughout the formalism (Subsection 3.1).

¢ Lacking the full nonperturbative formulation of QFT, the only way to define the axioms in
process matrix formalism is perturbatively. However, such a perturbative formulation inherits
the standard issues of pertubative QFT such as regularisation and renormalisation prescriptions,
in order to eliminate infinities from the theory (Subsection 3.2).

¢ Even if one adopts a perturbative approach to process matrix formalism in QFT, and incorporates
certain regularisation and renormalisation schemes in the axioms, it is to be expected that the
resulting axioms would be adequate only up to a certain perturbation order, since the radius of
convergence of the perturbative expansion in QFT is zero, and the theory is asymptotic rather
than convergent (Subsection 3.3).

¢ In QFT there are many processes (inlcuding the beta decay) which feature different channels with
variable number of input and output systems. One way to tackle this problem is to move from
single-particle Hilbert spaces to Fock spaces, but this also suffers from known and potential new
problems related to separability and infinite number of dimensions. Additionally, the variable
number of input and output systems implies the nonlinearity of the process functional and
therefore its total probability distribution (Subsection 3.4).

e While not directly a consequence of the above mentioned correspondence, one must take into
account the state of motion of the gates, whenever one deals with QFT. This is necessary because
of the Unruh effect, which predicts different number of systems interacting with an apparatus,
depending on the state of motion of the apparatus. This state of motion must enter the the
fundamental description of the process matrix formalism for QFT (Subsection 3.5).

Finally, note that the issues raised and analysed on the example of beta decay are in fact generic
for all interactions between particles in QFT, and as such need to be addressed for the process matrix
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generalisation discussed here. In conclusion, our analysis suggests that the generalisation of the
standard process matrix formalism to QFT is far from a trivial and straightforward endeavour, but
rather a task for a whole future research programme.
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