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Abstract: In this study, we present different methods of estimating fuzzy reliability of a two-parameter 

Rayleigh distribution via the maximum likelihood estimator, median first-order statistics estimator, quartile 

estimator, L-moment estimator, and mixed Thompson-type estimator. The mean-square error MSE as a 

measurement for comparing the considered methods using simulation through different values for the 

parameters and unalike sample sizes is used. The results of simulation show that the fuzziness values are better 

than the real values for all sample sizes, as well as the fuzzy reliability at the estimation of the Maximum 

likelihood Method, and Mixed Thompson Method perform better than the other methods in the sense of MSE, 

so that we recommend to use this type of estimation. 

Keywords: rayleigh distribution; fuzzy reliability function; method of estimation mean squared 

error 

 

1. Introduction 

Reliability analysis is of paramount consideration in engineering science. Reliability of a device 

is the probability that the system will efficiently work for a given time period under specified 

operating conditions. Reliability or the survival functions have been rated many times as the most 

efficient and productive function for lifetime data analysis of any system. However, the data and 

knowledge gathered from the conventional sources are mostly inaccurate and imprecise. So that it 

becomes very cumbersome to estimate the precise value of the probabilities due to inaccuracy and 

imprecision of the data,. In order to overcome these data oriented hurdles, the concept of fuzzy 

reliability has been formulated. Fuzzy approximation of the parameters has been considered as an 

essential technique for solving the problems arising from imprecise data gathering [1]. 
The fuzzy reliability concept is potentially much sounder and robust then classical reliability 

concept as it knocks out the old reliability paradigm which takes all lifetime density parameters 

precisely. In real world randomness and fuzziness is associated with lifetime of the system. In 1965 

L. A. Zadeh [2] introduced the fuzzy set theory. Then the fuzzy set theory has been applied in many 

branches of mathematical and engineering sciences. The fuzzy set theory has been developed and 

modified by researches and scientists. The notion of intuitionist fuzzy sets is presented by K.T 

Atanassov [3] as an extension of the conception of fuzzy sets . The Probability density distributions 

of a lifetime random variables has crisp parameters. In numerous cases the parameters are not simple 

to conclude due to uncertainties and imprecision of data. Therefore it is practical to consider the 

parameters as a fuzzy amount.  

Through the several distributions that previously studied, Weibull distribution has been 

demonstrated useful having monotonic failure rate . CAI et al. [4],[5] contributed a different 

understanding by presenting the possibility assumption to substitute the probability and binary state 

premise and probability assumptions. CAI et al. [6] Also studied the system reliability for coherent 

system depending on the fuzzy hypothesis. Karpisek et al. [7] demonstrated two fuzzy reliability 
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models using fuzzy Weibull distribution. Below Jamkhaneh [8] assessed reliability function of fuzzy 

exponential distribution. Below Jamkhaneh [9] Also evaluated reliability estimation through fuzzy 

environments. The parametric quantity in organization is characterized by a trapezoidal fuzzy 

number [10]. Neither A. Ibrahim, and Hussein A. Mohammed [11] discussed the estimation of fuzzy 

reliability function for exponential distribution and they achieved the best estimation for the scale 

parameter be MLE, when 𝑘 =0.3.  
In this work, we introduce and estimate  the fuzzy reliability for Rayleigh distribution, different 

estimations using methods, like Maximum likelihood estimator, Median-First Order Statistics 
estimator, Quartile estimators, L- moment estimators and Mixed Thompson - Type estimators 
methods.Comparisons among the suggestion estimators are completed via Monte Carlo based on 

mean squared error criteria.  

2. Essential Definitions 

• In a fuzzy set the addition of traditional set theory is represented wherever elements have a degree 
of membership. 

• The sample space Ω is a set of all possible consequences of random trials, however the fuzzy 
subset Y or Ω is known as a membership function symbolized by 𝜇Y(𝑥), which produces [0,1] 
for all (𝑥∈Ω), so that 𝜇Y(𝑥) is a function into [0,1] such that 𝜇Y(𝑥) = ቄ1 if x ∈ 𝑌 0 if x ∉ Y   , [12] . 

• Fuzzy set takes the following properties ; 
The height of a fuzzy set is the maximum of the membership grades of Y, which is denoted 

by [ℎ (Y)] [12]. ℎ𝑔𝑡 (Y) =𝑠𝑢𝑝𝑥∈𝑋𝜇𝑌 (𝑥) 
 Fuzzy set A is normal if ℎ𝑔𝑡 (Y )=1 
The support of a set A is the crisp subs of A with non – zero membership grades [13]; 𝑠𝑢𝑝𝑝 (Y) = {𝑥⃓ 𝜇௒ (𝑥)  > 0 } 𝑎𝑛𝑑 𝐶𝑜𝑟𝑒 (Y) = {x ⃓𝜇௒ (x) = 1 } 
 Other various notations that correlate to fuzzy sets are given in [3]; 
Y=Z⇔𝜇Y ( )= 𝜇𝑍 (𝑥) ∀𝑥 
Y⊂Z⇔ 𝜇𝑌 (𝑥) ≤ 𝜇Z (𝑥) ∀𝑥 
𝑌ത 𝑐𝑜𝑚𝑝𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 Y⇔ 𝜇𝑌ത  ( )=1− 𝜇Y (𝑥) ∀𝑥 
Y∪Z⇔𝜇Y∪Z (𝑥) =𝑀𝑎𝑥 [𝜇𝑌 ( x ) , 𝜇𝑍(𝑥)] ∀𝑥 
Y∩Z⇔𝜇Y∩Z 𝑥 =Min[ 𝜇Y( 𝑥 ), 𝜇Z( 𝑥) ]∀𝑥 
Y⨁Z⇔ μY⨁Z (𝑥) = [𝜇𝑌 ( 𝑥 ) +μZ ( 𝑥 ) – μY ( 𝑥 ) 𝜇𝑍 ( 𝑥 ) ] ∀𝑥 

In our research we use the fuzzy reliability distribution, so that we give some basic definitions 

of certain probability measuring of fuzzy events and reliability function. For more details see [13]. 

The reliability of a unit or component denotes to the probability that which gives acceptable 

performance for n indicating period under definite operating condition which is denoted by R (t), 

where 1. 𝑅(0) = 1. 2. lim௧→ஶ  𝑅(𝑡) = 0 .  3. 𝑅(𝑡) is decreasing and continuous from right side. 
4. 0≤ 𝑅(𝑡) ≤1 
5. If t1<t2 then R (t1) ≥ R (t2) 
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Let T be continuous random variable such that 𝑇>0, and the reliability function R (𝑡) is R(t) = න f(x)dx = 1 −ஶ

୲ න f(x)dx = 1 − F(t)௧
଴  

− 𝑑R(t)𝑑𝑡 = f(t) 

The cumulative hazard function is the total number of failures or deaths over an interval of time  H(t) = න ℎ(x)dx = −Ln (R(t))୲
଴  

Where hazard function ℎ(𝑡) = ௙(௧)ோ(௧)  

Furthermore, in that respect is a different cumulative hazard function for each statistical 

distribution .  

There exist relations among R (t), h (t), and f (t) by the definition ℎ(𝑡) = ௙(௧)ଵିி(௧) . 
Hence, ℎ(𝑡) = − ௗௗ௧ Ln R (t) . 
Thus, we are given every one of the three function R (t), h (t) and f (t), others can be derived.  

Conferring to previous, one can describe that the fuzzy reliability represents the probability of a 

device work for purpose in varying degrees of success for the period time intended under operating 

conditional encountered and it can denote by 𝑅෨ , Which is a function of a fuzzy set Y𝑖 [14,15].  

Let μଢ଼෩ (R ) refer the degree of membership R in 𝑌෨  . Then ;  𝑅 ෩  =μଢ଼෩ (R ).R Where R = ׬ f(t)dt∞t  then 𝑅 ෩ = μY෩  (R ) ׬ f(t)dt∞t . 

3. Rayleigh Distribution Function 
The Rayleigh distribution is a continuous probability distribution of positive-valued random 

variables. 

A continuous random variable T is said to follow the Rayleigh distribution if its probability 

density function is defined as 
𝑓(𝑡𝑖, 𝛼, 𝛽) = ⎩⎪⎨

⎪⎧(𝑡𝑖 − 𝜉)𝛽ଶ 𝑒𝑥𝑝 ቆ− (𝑡𝑖 − 𝜉)22𝛽2 ቇ  𝜉 < 𝑡𝑖 < ∞ 0 𝑜𝑤 ⎭⎪⎬
⎪⎫  (1) 

Ω = {(𝜉, 𝛽); 𝜉 > 0, 𝛽 > 0} 
Where , 𝛽 are a location parameter and scale parameter, respectively . [16].  

The mean and the variation of Rayleigh distribution are: 𝑀௧ = 𝐸(𝑡) = ට𝜋2  𝛽 + 𝜉 (2) 𝜎ଶ௧ = 𝑣𝑎𝑟(𝑡) = ቀ2 − 𝜋2ቁ 𝛽ଶ (3) 
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𝐸(𝑡ଶ) = 2𝛽ଶ + √2𝜋 𝜉𝛽 + 𝜉ଶ (4) 
The reliability function and hazard function of Rayleigh distribution are: 𝐹(𝑡) = 1 − 𝑒𝑥𝑝 ቆ− (𝑡௜ − 𝜉)ଶ2𝛽ଶ ቇ (5) 𝑅(𝑡) = 𝑒𝑥𝑝 ቆ− (𝑡௜ − 𝜉)ଶ2𝛽ଶ ቇ (6) ℎ(𝑡) = (𝑡௜ − 𝜉)𝛽ଶ  (7) 
We suppose that the values of a fuzzy random variable  𝑇෩  are fuzzy numbered [13]; 𝑡 ෥ ={ [0,∞) 

, μ௧ሚ } and 𝑡 ෥ =𝑘 𝑡, 𝑡∈𝑇.  

And the vagueness is a real triangular fuzzy number, 𝐾 ෪ = {[0, ∞), μ௄෩ }; 

μ௄෩(𝑘) = ⎩⎪⎨
⎪⎧ k − k୫୧୬1 − k୫୧୬  k ∈ (k୫୧୬, 1) k − k୫ୟ୶ 1 − k୫ୟ୶  k ∈ (1, k୫ୟ୶)0 otherwise  

0< 𝑘𝑚𝑖𝑛 ≤ 1 ≤ 𝑘𝑚𝑎𝑥 

 

For a random variable T that follows a crisp Rayleigh distribution { Ray ( 𝛽 ,  𝜉 )}, the 

correspondent fuzzy random variable 𝑇෨  with fuzzy Rayleigh probability distribution { Ray ෫ (𝛽, 𝜉)}, 

with the followed features; for all 𝑡∈[0,∞), the fuzzy cumulative distribution function [1];  𝐹෨(𝑡) = 1 − 𝑒𝑥𝑝 ቆ− (𝑡௜ − 𝜉)ଶ2𝐾෩𝛽ଶ ቇ (8) 

Then for the 𝛼−𝑐𝑢𝑡 fuzzy distribution function where { α ∈[0,1]}, we have  𝐹𝛼 (𝑡) = [𝐹1𝛼 (t ) ,F2𝛼 (𝑡 )]={1−𝑒xp −  (௧ିక)మଶ(ଵି୩୫ୟ୶ ஑ା୩୫ୟ୶)ఉమ, 1−𝑒xp−  (௧ିక)మଶ(ଵି୩୫୧୬ ஑ା୩୫୧୬)ఉమ} (9) 

Although the fuzzy reliability function is defined by ; 𝑅෨ (𝑡) = 𝑒𝑥𝑝 ቀ− (𝑡𝑖−𝜉)22𝐾෥𝛽2 ቁ 

Then ∀𝛼∈ [0, 1) 𝑡ℎ𝑒 𝛼−𝑐𝑢𝑡𝑠 of fuzzy reliability function can be written every bit; 𝑅𝛼( 𝑡) = [𝑅1𝛼 (𝑡) ,𝑅2𝛼( 𝑡) ]=[ 𝑒xp−  (௧ିక)మଶ(ଵି୩୫୧୬ ஑ା୩୫୧୬)ఉమ, 𝑒xp −  (௧ିక)మଶ(ଵି୩୫ୟ୶ ஑ା୩୫ୟ୶)ఉమ ] (10) 

4. Theoretical Part (Method of estimation) 

In this section, we deal with six estimation methods for the parameters and the reliability 

function of two- parameters Rayleigh distribution 

4.1. Maximum likelihood  
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This method is one of the most important methods of estimation that aims to make a possible 

function at the end of maximum. The method can be described as follows :  

Write down the likelihood function L(𝑡௜ , 𝜉 , 𝛽 ), and then find the value ̂ of that maximizes 

L(𝑡௜ , 𝜉 , 𝛽; ). The log -likelihood function based on the random sampling of t1 ,t2 ,,,,,,tn is specified by 

;[14]: L = ෑ 𝑓(𝑡௜ ௡
௜ୀଵ , 𝜉 , 𝛽) (11)  

L = ∏ (𝑡௜ − 𝜉)௡௜ୀଵ 𝛽ଶ 𝑒𝑥𝑝 − (𝑡௜ − 𝜉)ଶ2𝛽ଶ  (12)  
Take the Natural for equation (12)logarithm for the previous likelihood function, so we get the 

following: Ln L = −2n Ln 𝛽 + ෍ Ln(t୧୬
௜ୀଵ − 𝜉) − ෍ (𝑡௜ − 𝜉)ଶ2𝛽ଶ୬

௜ୀଵ  (13)  
But 𝜉መெ௅ = min (𝑡௜) = 𝑡(ଵ) order statistics (14) 

Partial derivative of equation (13) for respect to unknown parameter β is: ∂Ln L∂𝛽 = −2𝑛𝛽 + ෍ (𝑡௜ − 𝜉)ଶ𝛽ଷ୬
௜ୀଵ  (15) 

Equate equation (15) to zero and we solve this equation:  −2𝑛𝛽 + ෍ (𝑡௜ − 𝜉)ଶ𝛽ଷ୬
௜ୀଵ = 0 

−2𝑛 𝛽መଶ + ∑ (𝑡௜ − 𝜉መ)ଶ௡௜ୀଵ𝛽መଷ = 0 

−2𝑛 𝛽መଶ + ෍(𝑡௜ − 𝜉መ)ଶ௡
௜ୀଵ = 0 

2𝑛 𝛽መଶ = ෍(𝑡௜ − 𝜉መ)ଶ௡
௜ୀଵ  

𝛽መଶ = ∑ (𝑡௜ − 𝜉መ)ଶ௡௜ୀଵ 2𝑛  

∴  𝛽መெ௅ = ඨ∑ (𝑡௜ − 𝜉መெ௅)ଶ௡௜ୀଵ 2𝑛  (16) 

Then, according to different values of 𝛼−𝑐𝑢𝑡 estimate fuzzy, reliability function of the two-

parameters Rayleigh distribution using Maximum likelihood method will be 𝑅෠ெ௅ = 𝑒𝑥𝑝 − (𝑡௜ − 𝜉መெ௅)ଶ2𝐾෩𝛽መெ௅ଶ  (17) 

4.2. Median-First Order Statistics (MD): 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 11 October 2023                   doi:10.20944/preprints202310.0481.v2

https://doi.org/10.20944/preprints202310.0481.v2


 6 

 

In this method, the second moment will be replaced by Met = tme, wherever Met is the population 

median and tme is the sample median [14]. The median of Rayleigh distribution with two parameters 

is as follows 0.5 = න 𝑓(𝑥)஺
଴  𝑑𝑡 (18) 1𝛽ଶ න (𝑡௜ − 𝜉)exp [− (𝑡௜ − 𝜉)ଶ2𝛽ଶ஺

଴ ] 𝑑𝑡 = 12 𝐴 = 𝜉 + 𝛽 ඥ(2𝑙𝑛2) 

The cumulative distribution function of the random variable is  𝐹௧(భ)𝑡 = 𝑃𝑟ൣ𝑡(ଵ) < 𝑡൧ = 1 − 𝑃𝑟[𝑡(ଵ) > 𝑡)] = 1 − 𝑃𝑟[𝑡(ଵ) > 𝑡 , 𝑡(ଶ) > 𝑡 … … . . 𝑡(௡) > 𝑡] = 1−[𝑝𝑟(𝑇 > 𝑡)]௡ = 1 − [𝑅(𝑡)]௡ 
So, the cumulative distribution function of the random variable 𝑡(ଵ) is  𝑓௧(భ)(𝑡) = 𝑑𝐹௧(భ)𝑑𝑡 = 𝑛(𝑡 − 𝜉)𝛽ଶ exp ቈ− (𝑡௜ − 𝜉)ଶ2𝛽ଶ ቉ ; 𝜉 < 𝑡 < ∞ , 𝛽 > 0  
For, the mathematical expectation of a random variable 𝑡 (ଵ) this 

The Median first order statistics method was proposed by Afify [2], to estimate the unknown 

parameters This method is based on the assumption that 𝐸[𝑡(ଵ)] = 𝑡(ଵ) 𝐸[𝑡(ଵ)] =  න 𝑡𝑛(𝑡 − 𝜉)𝛽ଶ exp ቈ− (𝑡௜ − 𝜉)ଶ2𝛽ଶ ቉ 𝑑𝑡  ஶ
 క = 𝜉 + 𝛽ට 𝜋2𝑛  = 𝑡(ଵ) ∶ 

The first statistic represents the values of t . 

If ൫𝜉መ , 𝛽መ൯ 𝑖𝑠 𝑢𝑛𝑏𝑖𝑎𝑠𝑒𝑑 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑜𝑟 𝑡𝑜 (𝜉 , 𝛽) respectively then the equationrealized  𝜉መ =  𝑡(ଵ) − 𝛽መඥ𝜋/2𝑛 (19) 

Thus, we have 𝜉 + 𝛽 ඥ(2𝑙𝑛2) = tme      (20)  𝜉 + 𝛽ඥ(2𝑙𝑛2) = 𝑡௠௘  →  𝜉 =  𝑡௠௘ − 𝛽ඥ(2𝑙𝑛2) 𝜉 + 𝛽ඥ𝜋/2𝑛  = 𝑡(ଵ)  →  𝜉 =  𝑡(ଵ) − ඥ𝜋/2𝑛 𝛽  𝑡௠௘ − 𝛽ඥ(2𝑙𝑛2) = 𝑡(ଵ) − 𝛽ඥ𝜋/2𝑛  →  𝑡௠௘ − 𝑡(ଵ) = 𝛽ඥ(2𝑙𝑛2) − 𝛽ඥ𝜋/2𝑛 

𝛽መௌ = 𝑡௠௘ − 𝑡(ଵ)ඥ(2𝑙𝑛2) − ඥ𝜋/2𝑛 (21) 

From equation (20) and (21), we obtain  𝜉෡ௌ = 𝑡௠௘ − 𝛽መௌ(ඥ(2𝑙𝑛2)) (22) 

Then according to different values of 𝛼− the estimate fuzzy reliability function of the two-

parameters Rayleigh distribution using Median-First order Statistics Method(MD) will be 𝑅෠ௌ = 𝑒𝑥𝑝 − (𝑡௜ −  𝜉෡ௌ)ଶ2𝐾෩𝛽መௌଶ  (23) 
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4.3. Quartile (QM) 

Since the previous two methods use the smallest observance t (1) X to estimate the location 

parameter 𝜉 and the scale parameter 𝛽 , therefore in the event that the minimum statistics is an 

outlier the estimation will be invalid. Our method is based on two approaches, the first one uses third 

and first quartile Q3and Q1, while the second one is based on third quartile and the median Q3and 

Med [16]. 

The first and third quartile of two-parameter Rayleigh distribution are: 

Q1= 𝜉 + 𝛽(ටln (ଵ଺ଽ )) (24) 

Q3= 𝜉 + 𝛽(ඥ𝑙𝑛(16)) (25) 

Now solving (24) and (25) turn over the following estimation: 𝛽መொ = ொଷିொଵඥ௟௡(ଵ଺)ିඥ௟௡(ସ/ଷ) (26) 

𝜉መொ = 𝑄3 − 𝛽መொඥ𝑙𝑛(16) (27) 

T he first and third quartile of the sample are specifically ,Q1 , and Q 3  

Now we consider the median and the third quartile case, the median can be written as 𝜉 + 𝛽 ඥ(2𝑙𝑛2) = med (28) 

From (24) and (27) we get 𝛽መொெ = ொଷି௠௘ௗඥ௟௡(ଵ଺)ିඥ௟௡(ସ) (29) 𝜉መொெ = 𝑚𝑒𝑑 − 𝛽መொெ(ඥ𝑙𝑛(4)) 

Then, according to different values of 𝛼−𝑐𝑢𝑡 estimation fuzzy reliability function of the two-

parameter Rayleigh distribution using Median-First Order Statistics Method (Q, QM) will be 𝑅෠ொ = 𝑒𝑥𝑝 − (𝑡௜ − 𝜉መொ)ଶ2𝐾෩𝛽መொଶ  𝑎𝑛𝑑 𝑅෠ொெ = 𝑒𝑥𝑝 − (𝑡௜ − 𝜉መொெ)ଶ2𝐾෩𝛽෢ ொெଶ  (30) 

4.4. L-Moments estimates (LM) 

The method of Hosking [17] is used for L moments estimation. To write these estimations , 

let 𝑋௜:௡ denotes the ith order statistic for a sample of size n. Let 𝑙ଵ = 1𝑛 ෍ 𝑋௜:௡௡
௜ୀଵ  𝑙ଶ = 2𝑛(𝑛 − 1) ෍(𝑖 − 1)𝑋௜:௡௡

௜ୀଵ − 𝑙ଵ 

Two first populations L-Moment are 𝜆ଵ = ට𝜋2  𝛽 + 𝜉 , 𝜆ଵ = 2𝛽2 + ඥ2𝜋 𝜉𝛽 + 𝜉2 . For more details 

seeGupta [11] 
Now to get the LM of unknown parameters 𝜉 and 𝛽  we require the equal the sample L-

Moment to with the populations L-Moment. 

Hence the LM can be obtained from  𝑙ଵ = ට𝜋2  𝛽 + 𝜉 (31) 𝑙ଶ = 2𝛽ଶ + √2𝜋 𝜉𝛽 + 𝜉ଶ (32) 
First we obtain LME of 𝜉 , 𝑠𝑎𝑦  𝜉෡௅ெ as solution of the following non-linear equation  
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𝑙ଶ𝑙ଵ =  2𝛽ଶ + √2𝜋 𝜉𝛽 + 𝜉ଶට𝜋2  𝛽 + 𝜉  (33) 

Once  𝜉෡௅ெ is obtained the LM of 𝛽 say  𝛽෢௅ெ can be obtain from (31) as 

 𝛽෢௅ெ = ට𝜋2  𝛽 + 𝜉 𝑙ଵ  (34) 

We can obtain a solution numerical through the equation ( 33 )and (34) non-linear equation by 

using F solve in Matlab2018 b. 

Then, according to different values of 𝛼−𝑐𝑢𝑡 estimate fuzzy reliability function of the two-

parameters Rayleigh distribution using L-Moments(LM) is 𝑅෠௅ெ = 𝑒𝑥𝑝 − (𝑡௜ −  𝜉෡௅ெ)ଶ2𝐾෩ 𝛽෡௅ெଶ  (35) 

4.5. Mixed Thompson-Type Shrinkage Estimator(MX) 

The shrinkage estimation method is the Bayesian approach depending on prior information 

regarding the value of the specific parameter 𝜃 from past experiences or previous works .However, 

in certain situations prior information is usable only from of an initial guess value (natural origin) 𝜃° 
of 𝜃[18]. In such situation, it is natural to start with an estimator 𝜃෠ (e.g., MLE) of 𝜃and modify it by 

moving it closer to 𝜃°.Thompson has suggested the problem of shrink a classical estimator 𝜃෠ of the 

parameter 𝜃  toward prior information (a natural origin) 𝜃°by shrinkage estimator 𝜓൫𝜃෠൯𝜃෠ + (1 −𝜓൫𝜃෠൯)𝜃° , 0≤ 𝜓൫𝜃෠൯ ≤ 1, which is more efficient than 𝜃෠ if 𝜃° is close to 𝜃 and less efficient than 𝜃෠ 

otherwise.  

According to Thompson [24] 𝜃° is a natural origin andmay arise from any one of number of 

reasons—e.g., we are estimating 𝜃 and (a) we believe 𝜃° is close to the true value of 𝜃, or (b) our fear 

that 𝜃° may be near the true value of 𝜃, that means something bad happens if 𝜃° = 𝜃, and we donot 

know about it (that is, something bad happens if 𝜃°≈𝜃 and we do not use 𝜃°). 

And, 𝜓൫𝜃෠൯ is so called shrinkage weight factor; 0≤ 𝜓൫𝜃෠൯ ≤ 1 which represents the belief of 𝜃෠ 

,and (1- 𝜓൫𝜃෠൯) it represents the belief of 𝜃°.Thompson  notes that the shrinkage weighting element 

may be a function of 𝜃෠ or may be constant and the chosen of the shrinkage weight factor is ad hoc 

basis. 
Also, the shrinkage weight function ψ(θ෠) can be found by minimizing the mean square error 

of θ෨: 𝑀𝑆𝐸൫ 𝜃෨்ு൯ = 𝐸(𝜃෨்ு − 𝜃)ଶ (36) = 𝐸(𝜓(𝜃෠ ) 𝜃෠ெ௅ + (1 − 𝜓(𝜃෠) ) 𝜃° − 𝜃)ଶ 
The partial derivative for equation (36) w .r. t. to 𝜓(𝜃෠) is 𝜕𝑀𝑆𝐸(𝜃෨)𝜕𝜓(𝜃෠) = 2𝜓൫𝜃෠൯𝐸൫𝜃෠ெ௅ − 𝜃°൯ଶ − 2 ቀ1 − 𝜓൫𝜃෠൯ቁ ൫𝜃෠ெ௅ − 𝜃°൯ଶ (37 ) 

Equating equation (38) to zero and we solve this equation: 𝜕𝑀𝑆𝐸൫𝜃෨൯𝜕𝜓൫𝜃෠൯ = 0 

2𝜓൫𝜃෠൯𝑀𝑆𝐸(𝜃෠ெ௅) − 2 ቀ1 − 𝜓൫𝜃෠൯ቁ ൫𝜃෠ெ௅ − 𝜃°൯ଶ = 0 

𝜓൫𝜃෠൯ = ൫𝜃෠ெ௅ − 𝜃°൯ଶቂ𝑀𝑆𝐸൫𝜃෠ெ௅൯ + ൫𝜃෠ெ௅ − 𝜃°൯ଶቃ (38) 

Suppose that 𝜃° = 𝜃෠௅ெ 
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Therefore, the shrinkage estimators of 𝜉 and β are respectively becomes as below: 𝜉መெ௑ =  𝜉෡௅ெ° + ൫𝜉መெ௅ −  𝜉෡௅ெ൯ଷቂ𝑀𝑆𝐸(𝜉መெ௅) + ൫𝜉መெ௅ −  𝜉෡௅ெ൯ଶቃ (39) 

𝛽መெ௑ =  𝛽෡௅ெ° + ൫𝛽መெ௅ −  𝛽෡௅ெ൯ଷቂ𝑀𝑆𝐸(𝛽መெ௅) + ൫𝛽መெ௅ −  𝛽෡௅ெ൯ଶቃ (40) 

Then according to different values of 𝛼−𝑐𝑢𝑡 estimate fuzzy reliability function of the two-

parameters Rayleigh distribution using Mixed Thompson-Type Shrinkage (MX)are 𝑅෠ெ௑ = 𝑒𝑥𝑝 − (𝑡௜ −  𝜉෡ெ௑)ଶ2𝐾෩ 𝛽෡ெ௑ଶ  (41) 

5. Practical part 

5.1. Simulation Study 

We carried out a Monte Carlo simulation in order to compare the performance of all the 

estimators that proposed in the preceding part. The programs are written in Matlab (2017b). The 
results are based on 1000 simulations runs. Random samples of different sizes by observing that if U is uniform 
(0, 1), then 𝑡 = 𝜉 +  β [−2log (1 − U)]భమ is Rayleigh of (𝜉 , β) are generated. The sample sizes are considered 
were n=25, 50, 75, 100. 

We used 1000 replications to estimate by using the ML, MD,QM Q ,LM and MX methods. The 

process of simulation strategy is explained the numerical results in the Tables 1–5. And comparison 

are made among all proposes estimators fuzzy reliability. After that we make the randomized fuzzy 

values 𝑡௜ of the CDF function indicated by the size of the given samples and the default values of 

initial parameters according to the formula 𝑅෨(𝑡௜) , the values of 𝑡௜  and the initial parameters were 

computed according to the function of the μ ௧ഢ෪(t) for each fuzzy unit 𝑡௜ .Then, extract for each 𝑅෨(𝑡௜) 

and find expectation of 𝑅෨(𝑡௜) as follows: 𝑅෨(𝑡) = 𝐸෠ ቆ𝑅෨(𝑡௜)𝑥ప෥ ቇ = 1𝑄 ෍ 𝑅ℎ (𝑡)𝑄
ℎ=1  where Q = 1000 and ℎ = 1 … … … … . 𝑄 

Fuzzy random variable ( 𝑇෩ ) are fuzzy numbered , 𝑡 ෥  = k t 
Statistical measures Mean Squared Error is 𝑚𝑠𝑒(𝑅෥) = 1𝐾 ෍(𝑅෥ − 𝑅)2𝑞

ℎ=1  

Table 1. The value β, 𝜉 and K 

..K 0.4 0.7 
β 0.5 0.8 1.8 0.4 3 0.6 0.9 1.6 0.4 3.5 𝜉 0.3 0.12 0.7 1.7 2 0.13 0.2 0.8 1.7 2.6 

Table 2. Estimate fuzzy reliability of Rayleigh distribution is Based on simulations K=0.4. 

n β 𝜉 𝑅෠ோ௅  𝑅෠ெ௅  𝑅෠ெ஽ 𝑅෠ொெ 𝑅෠ொ 𝑅෠௅ெ 𝑅෠ெ௑ 

 
 

0.5 0.3 0.9760 0.9756 0.9970 0.9910 0.9882 0.9983 0.9753 
0.8 0.12 0.9509 0.9753 0.9995 0.9989 0.9989 0.8195 0.9674 
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25 

1.8 0.7 0.9832 0.9756 0.9993 0.9959 0.9950 0.9994 0.9756 

0.4 1.7 0.9790 0.9776 0.9998 0.9942 0.9925 0.9990 0.9781 
3 2 0.9814 0.9754 0.9993 0.9989 0.9989 0.9995 0.9753 

50 

0.5 0.3 0.9598 0.9512 0.9993 0.9958 0.9949 0.9944 0.9506 
0.8 0.12 0.9205 0.9512 0.9993 0.9971 0.9967 0.9971 0.9503 

1.8 0.7 0.9617 0.9514 0.9965 0.9914 0.9887 0.9995 0.9515 

0.4 1.7 0.9706 0.9757 0.9988 0.9950 0.9934 0.9995 0.9759 

3 2 0.9615 0.9521 0.9965 0.9862 0.9812 0.9996 0.9518 

75 

0.5 0.3 0.9880 0.9278 0.9922 0.9863 0.9814 0.9988 0.9273 
0.8 0.12 0.9627 0.9278 0.9990 0.9948 0.9935 0.9986 0.9272 
1.8 0.7 0.9244 0.9279 0.9936 0.9880 0.9838 0.9995 0.9279 

0.4 1.7 0.9348 0.9321 0.9972 0.9932 0.9912 0.9990 0.9325 

3 2 0.9264 0.9280 0.9947 0.9889 0.9851 0.9996 0.9278 

100 

0.5 0.3 0.9088 0.9049 0.9968 0.9917 0.9891 0.9981 0.9043 

0.8 0.12 0.9308 0.9049 0.9959 0.9893 0.9857 0.9992 0.9041 

1.8 0.7 0.9045 0.9049 0.9954 0.9881 0.9840 0.9995 0.9050 
0.4 1.7 0.9179 0.9075 0.9959 0.9893 0.9857 0.9991 0.9078 
3 2 0.9037 0.9050 0.9953 0.9871 0.9825 0.9996 0.9049 

Table 3. Estimate fuzzy reliability of Rayleigh distribution is based on simulations K=0.7. 

n β 𝜉 𝑅෠ோ௅  𝑅෠ெ௅  𝑅෠ெ஽ 𝑅෠ொெ 𝑅෠ொ 𝑅෠௅ெ 𝑅෠ெ௑ 

25 

0.6 0.13 0.9778 0.9753 0.9996 0.9984 0.9983 0.6844 0.9684 

0.9 0.2 0.9739 0.9753 0.9997 0.9997 0.9998 0.9960 0.9744 

1.6 0.8 0.9708 0.9755 0.9977 0.9961 0.9953 0.9994 0.9756 
0.4 1.7 0.9731 0.9773 0.9944 0.9912 0.9884 0.9991 0.9776 
3.5 2.6 0.9791 0.9763 0.9959 0.9960 0.9951 0.9996 0.9753 

50 

0.6 0.13 0.9600 0.9512 0.9993 0.9965 0.9958 0.9940 0.9502 
0.9 0.2 0.9527 0.9512 0.9993 0.9989 0.9990 0.9840 0.9511 
1.6 0.8 0.9531 0.9514 0.9960 0.9928 0.9907 0.9995 0.9514 
0.4 1.7 0.9771 0.9714 0.9996 0.9975 0.9969 0.9993 0.9717 
3.5 2.6 0.9508 0.9513 0.9993 0.9992 0.9993 0.9995 0.9513 

75 

0.6 0.13 0.9551 0.9278 0.9976 0.9937 0.9919 0.9979 0.9269 
0.9 0.2 0.9306 0.9278 0.9987 0.9971 0.9967 0.9981 0.9271 
1.6 0.8 0.9290 0.9278 0.9971 0.9952 0.9940 0.9994 0.9279 
0.4 1.7 0.9309 0.9302 0.9978 0.9948 0.9935 0.9989 0.9307 
3.5 2.6 0.9272 0.9278 0.9990 0.9976 0.9973 0.9995 0.9278 

100 

0.6 0.13 0.9366 0.9049 0.9950 0.9919 0.9895 0.9984 0.9040 
0.9 0.2 0.9104 0.9049 0.9961 0.9939 0.9922 0.9990 0.9041 
1.6 0.8 0.9014 0.9049 0.9963 0.9951 0.9939 0.9994 0.9050 
0.4 1.7 0.9005 0.9058 0.9957 0.9944 0.9930 0.9989 0.9062 

3.5 2.6 0.9053 0.9049 0.9944 0.9921 0.9896 0.9996 0.9048 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 11 October 2023                   doi:10.20944/preprints202310.0481.v2

https://doi.org/10.20944/preprints202310.0481.v2


 11 

 

Table 4. Mean squared error (MSE) of fuzzy reliability estimates is based on simulations K=0.4. 

n β 𝜉 𝑅෠ெ௅  𝑅෠ெ஽ 𝑅෠ொெ 𝑅෠ொ 𝑅෠௅ெ 𝑅෠ெ௑ Be
 Best 

25 0.5 0.3 5.3476e-
06 

5.9924e-
06 

5.8094e-
06 

5.7224e-
06 

6.0319e-
06 

5.3389e-
06 

𝑅෠ெ௑ 

0.8 0.12 3.9482e-
06 

4.5802e-
06 

4.5627e-
06 

4.5644e-
06 

1.0035e-
06 

3.7523e-
06 

𝑅෠ெ௑ 

1.8 0.7 2.6826e-
05 

2.8402e-
05 

2.8172e-
05 

2.8112e-
05 

2.8409e-
05 

2.6828e-
05 

𝑅෠ெ௅ 

0.4 1.7 1.6511e-
07 

2.9842e-
07 

2.6089e-
07 

2.5043e-
07 

2.9322e-
07 

1.6725e-
07 

𝑅෠ெ௅ 

3 2 2.8624e-
05 

3.0264e-
05 

3.0232e-
05 

3.0236e-
05 

3.0274e-
05 

2.8615e-
05 

𝑅෠ெ௑ 

50 0.5 0.3 1.6599e-
07 

3.8743e-
07 

3.6823e-
07 

3.6332e-
07 

3.6026e-
07 

1.6357e-
07 

𝑅෠ெ௑ 

0.8 0.12 4.8631e-
06 

5.8575e-
06 

5.8102e-
06 

5.8005e-
06 

5.8102e-
06 

4.8453e-
06 

𝑅෠ெ௑ 

1.8 0.7 9.9539e-
06 

1.1267e-
05 

1.1115e-
05 

1.1034e-
05 

1.1357e-
05 

9.9551e-
06 

𝑅෠ெ௅ 

0.4 1.7 3.2210e-
07 

4.5008e-
07 

4.2765e-
07 

4.1804e-
07 

4.5450e-
07 

3.2305e-
07 

𝑅෠ெ௅ 

3 2 5.8345e-
06 

6.8352e-
06 

6.5961e-
06 

6.4822e-
06 

6.9071e-
06 

5.8285e-
06 

𝑅෠ெ௑ 

75 0.5 0.3 9.2121e-
06 

1.0694e-
05 

1.0554e-
05 

1.0438e-
05 

1.0852e-
05 

9.1995e-
06 

𝑅෠ெ௑ 

0.8 0.12 2.7541e-
06 

3.6846e-
06 

3.6263e-
06 

3.6081e-
06 

3.6794e-
06 

2.7475e-
06 

𝑅෠ெ௑ 

1.8 0.7 2.2750e-
06 

3.0559e-
06 

2.9850e-
06 

2.9325e-
06 

3.1327e-
06 

2.2754e-
06 

𝑅෠ெ௅ 

0.4 1.7 4.1922e-
08 

1.9582e-
07 

1.8295e-
07 

1.7675e-
07 

2.0159e-
07 

4.2488e-
08 

𝑅෠ெ௅ 

3 2 3.4142e-
08 

1.8347e-
07 

1.6584e-
07 

1.5476e-
07 

1.9925e-
07 

3.3974e-
08 

𝑅෠ெ௑ 

100 0.5 0.3 2.9035e-
07 

6.8798e-
07 

6.6173e-
07 

6.4860e-
07 

6.9486e-
07 

2.8840e-
07 

𝑅෠ெ௑ 

0.8 0.12 2.0463e-
06 

2.9528e-
06 

2.8812e-
06 

2.8427e-
06 

2.9882e-
06 

2.0393e-
06 

𝑅෠ெ௑ 

1.8 0.7 5.7874e-
06 

7.2465e-
06 

7.1227e-
06 

7.0534e-
06 

7.3166e-
06 

5.7882e-
06 

𝑅෠ெ௅ 

0.4 1.7 2.4157e-
06 

3.3634e-
06 

3.2876e-
06 

3.2463e-
06 

3.4005e-
06 

2.4189e-
06 

𝑅෠ெ௅ 
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3 2 3.9297e-
06 

5.1436e-
06 

5.0262e-
06 

4.9615e-
06 

5.2055e-
06 

3.9288e-
06 

𝑅෠ெ௑ 

Table 5. Mean squared error (MSE) of fuzzy reliability estimates is based on simulations K=0.7. 

n  β 𝜉 𝑅෠ெ௅  𝑅෠ெ஽ 𝑅෠ொெ 𝑅෠ொ 𝑅෠௅ெ 𝑅෠ெ௑ Best 

25 

0.6 0.13 
5.3261e-

06 
6.0589e-

06 
6.0204e-06 

6.0185e-
06 

2.1880e-
07  

5.1259e-
06 

𝑅෠ெ௑ 

0.9 0.2 
1.5004e-

07 
2.9352e-

07 
2.9307e-07 

2.9408e-
07 

2.6875e-
07 

1.4582e-
07 

𝑅෠ெ௑ 

1.6 0.8 
3.0898e-

05 
3.2477e-

05 
3.2364e-05 

3.2306e-
05 

3.2598e-
05 

3.0905e-
05 

𝑅෠ெ௅ 

0.4 1.7 
2.3708e-

05 
2.4773e-

05 
2.4572e-05 

2.4394e-
05 

2.5070e-
05 

2.3728e-
05 

𝑅෠ெ௅ 

3.5 2.6 
2.0514e-

05 
2.1650e-

05 
2.1659e-05 

2.1608e-
05 

2.1871e-
05 

2.0458e-
05 

𝑅෠ெ௑ 

50 

0.6 0.13 
5.1477e-

06 
6.1099e-

06 
6.0707e-06  

6.0426e-
06 

6.1221e-
06 

5.1324e-
06 

𝑅෠ெ௑ 

0.9 0.2 
1.4274e-

05 
1.5945e-

05 
1.5932e-05 

1.5935e-
05 

1.5401e-
05 

1.4270e-
05 

𝑅෠ெ௑ 

1.6 0.8 
5.7988e-

07 
9.2348e-

07 
8.9688e-07 

8.7922e-
07 

9.5385e-
07 

5.8045e-
07 

𝑅෠ெ௅ 

0.4 1.7 
1.8808e-

05 
1.9921e-

05 
1.9835e-05 

1.9813e-
05 

1.9906e-
05 

1.8820e-
05  

𝑅෠ெ௅ 

3.5 2.6 
1.4057e-

05 
1.5715e-

05 
1.5711e-05 

1.5715e-
05 

1.5720e-
05 

1.4059e-
05 

𝑅෠ெ௑ 

75 

0.6 0.13 
5.2548e-

06 
6.4891e-

06 
6.4165e-06 

6.3843e-
06 

6.4945e-
06 

5.2405e-
06 

𝑅෠ெ௑ 

0.9 0.2 
6.9653e-

06 
8.4006e-

06 
8.3667e-06 

8.3574e-
06 

8.3872e-
06 

6.9525e-
06 

𝑅෠ெ௑ 

1.6 0.8 
4.8120e-

06 
5.9871e-

06 
5.9521e-06 

5.9314e-
06 

6.0277e-
06 

4.8138e-
06 

𝑅෠ெ௅ 

0.4 1.7 
8.0019e-

06 
9.4591e-

06 
9.3922e-06 

9.3628e-
06 

9.4825e-
06 

8.0107e-
06 

𝑅෠ெ௅ 

3.5 2.6 
2.1634e-

08 
1.6571e-

07 
1.6169e-07 

1.6086e-
07 

1.6739e-
07 

2.1632e-
08 

𝑅෠ெ௑ 

100  

0.6 0.13 
3.5018e-

06 
4.6498e-

06 
4.6084e-06 

4.5750e-
06 

4.6965e-
06 

3.4918e-
06 

𝑅෠ெ௑ 

0.9 0.2 
1.7235e-

06 
2.5640e-

06 
2.5420e-06 

2.5252e-
06 

2.5939e-
06 

1.7176e-
06 

𝑅෠ெ௑ 

1.6 0.8 
4.0730e-

07 
8.5970e-

07 
8.5302e-07 

8.4613e-
07 

8.7828e-
07 

4.0774e-
07 

𝑅෠ெ௅ 

0.4 1.7 
6.7645e-

08 
2.9664e-

07 
2.9217e-07 

2.8723e-
07 

3.0749e-
07 

6.8305e-
08 

𝑅෠ெ௅ 
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3.5 2.6 
2.2340e-

06 
3.1603e-

06 
3.1336e-06 

3.1065e-
06 

3.2187e-
06 

2.2333e-
06 

𝑅෠ெ௑ 

5.2. Numerical Analysis 

If we use K=0.4 n=25,50,75,100 , 𝜉 =(0.3, 0.12 ,2) and , β=(0.5 ,0.8 ,3) the estimator 𝑅෠ெ௑ 

preforms good and will best than the other estimators in the sense of MSE, and it follows by 𝑅෠ெ௅ , 𝑅෠ெ஽ , 𝑅෠ொ 𝑅෠ொெ 𝑎𝑛𝑑 𝑅෠௅ெ for all 𝜉 and β. 

1. If we use K=0.4, n=25,50,75,100, 𝜉 =(0.7, 1.7) and , β=(1.8 ,0.4) we can see in the Table (4) , the 

MSE of estimator 𝑅෠ெ௅ is less than of the MSE of the other estimators , thus it will be the best in 

the sense of MSE and it follows by the estimators by 𝑅෠ெ஽ , 𝑅෠ொ , 𝑅෠ொெ, , 𝑅෠௅ெ and 𝑅෠ெ௑ . 

2. If we use K=0.7 ,n=25,50,75,100 , 𝜉  =(0.13, 0. 2 ,2.6) and , β=(0.6 ,0.9 ,3.5) the estimator 𝑅෠ெ௑ 

preforms good and will best than the other estimators in the sense of MSE, it follows by 𝑅෠ெ௅ , 𝑅෠ெ஽ , 𝑅෠ொ 𝑅෠ொெ 𝑎𝑛𝑑 𝑅෠௅ெ for all 𝜉 and β. 

3. If we use K=0.7 n=25,50,75,100, 𝜉 =(0.8, 1.7) and , β=(1.6 ,0.4) we can see in the Table (5) , the MSE 

of estimator 𝑅෠ெ௅ is less than of the MSE of the other estimators , thus it will be the best in the 

sense of MSE and it follows by the estimators by 𝑅෠ெ஽ , 𝑅෠ொ , 𝑅෠ொெ, , 𝑅෠௅ெ and 𝑅෠ெ௑ . 

6. Conclusions 

From all Tables, one can be noticed that, the Maximum likelihood Method, and Mixed 

Thompson Method, perform better than the other methods in the sense of MSE, and we recommend 

to use this type of estimation. Also , as accomplished, the fuzzy estimator of (R) is better than the 

conventional estimator subsequently it contains the entire variable under consideration. 
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