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Abstract: Field electron emission, or electron tunneling through a potential barrier under the 

influence of a strong electrostatic field, is of broad interest to the accelerator physics community. 

For example, it is the source of undesirable dark currents in resonant cavities, providing a limit to 

high-field operation. The classical approach to field electron emission is the Fowler-Nordheim (FN) 

framework, which incorporates a simplified surface potential and various assumptions. Here we 

build a more realistic model using the potential and charge densities derived from a density-

functional theory (DFT) calculation. We examine the correction factors associated with each model 

assumption. Compared to the FN framework, our results can be extended up to 80 GV/m, a limit 

that has been reached in laser-induced strong field emission scenarios. 
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1. Introduction 

Field electron emission from metals is due to electron tunneling from a metallic surface under a 

strong electrostatic or radio frequency (RF) field. This is to be differentiated from laser field emission, 

or electron emission under a strong laser field. Field electron emission induces surface breakdown in 

RF cavities at a surface field of 300 to 400 MV/m, which after geometric enhancement yields a local 

surface field up to 10 GV/m [1]. Surface breakdown is the source of undesirable dark currents from 

high-gradient accelerating structures, which can dissipate significant power from RF cavities 

containing such cathodes. Dark current also gives rise to significant pollution of the experimental 

environment downstream of the electron source. Modeling such dark currents, however, requires an 

accurate understanding of the physical and chemical defects of the emitting surface. The first step is 

to accurately model the emission from a one-dimensional, flat, chemically pure surface, and this is a 

major focus of the present paper. 

In laser field emission, transient electric fields typically exceeding 10 GV/m and reaching values 

as large as 80 GV/m have been achieved [2,3]. For an 800 nm laser, the Keldysh parameter is valued 

at 0.23 [4], identifying the tunneling process as dominant compared to the multiphoton emission 

process. We therefore expect similarities between field electron emission and transient laser field 

emission in this limit. 

The conventional model of field electron emission is the Fowler-Nordheim (FN) framework. It 

is a one-dimensional quantum mechanical model that arises from solving the time-independent 

Schrödinger equation (TISE). It uses the Wentzel-Kramers-Brillouin (WKB) approximation to find the 

electron transmission coefficient across a model potential barrier. The transmission coefficient as a 

function of the electron normal energy is given by 𝐷ሺ𝐸௡ሻ = 𝑒ିீሺா೙ሻ, where the Gamow coefficient is 

GሺE୬ሻ =
ඥ଼୫౛ℏ ඥ𝑈ሺ𝑧ሻ׬ − 𝐸௡𝑑𝑧, with the integration between the two classical turning points, or the 

boundary of the classically forbidden region of the potential. 𝑚௘ is the electron mass, 𝑈ሺ𝑧ሻ is the 

electron potential as a function of longitudinal position and 𝐸௡ is the normal energy (total energy 

minus the surface-parallel kinetic energy) of the electronic state under consideration. The decay 

width, describing the exponential dependence of the transmission coefficient on normal energy, is 
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defined as 𝑑ିଵ = − பீபா೙ .  A first-order Taylor expansion of 𝐺  around the Fermi level leads to a 

simple formula for the emission current density 𝐽 = 𝑧௦𝑑ிଶ𝐷ி , where 𝑧௦  is the Sommerfeld’s free 

electron supply constant, and the subscript 𝐹  indicates evaluation at the Fermi level [5]. 

Besides the WKB approximation and first-order Taylor expansion, the FN framework typically 

employs two simplified potentials. One is the exact triangular (ET) potential of the form 𝑉ሺ𝑧ሻ = 𝜙 −𝑒𝐹𝑧 outside the surface, where ϕ is the work function, 𝑒  the elementary charge, 𝐹 the applied 

electric field, and 𝑧 the distance from the surface. It is set to some arbitrary nonpositive constant 

within the surface. Although the ET potential is an unrealistic model of a metal surface, it admits 

analytical solutions under the FN framework [5]. The other model of interest is the Schottky-

Nordheim (SN) potential given by 𝑉ሺ𝑧ሻ = 𝜙 − 𝑒𝐹𝑧 − ௘మଵ଺గఢబ௭, where the last term corresponds to the 

image-charge potential [6]. The image-charge potential oversimplifies the electron exchange and 

correlation effects, but it has been widely used in the field electron emission literature. 

In this study, we build a more realistic one-dimensional potential using results from a density-

functional theory (DFT) calculation, which incorporates an appropriate exchange-correlation 

functional. We also replace the WKB approximation, which is only strictly true at low fields and for 

smooth potentials, by a numerical technique called the transfer-matrix (TM) method. The potential is 

discretized and is assumed to be piecewise constant, allowing us to solve for the wavefunction by 

applying boundary conditions within each interval [7]. Finally, we substitute the first-order Taylor 

expansion by an integral in energy space. The emission current thus calculated should be more 

accurate, especially when used with larger electric fields. 

2. Materials and Methods 

2.1. DFT Calculation 

There are ongoing experimental and computational efforts to study laser field emission from 

metal-coated (recently with Au) nanoblades, which are one-dimensional structures with a sharp edge 

used for field enhancement [3,8] in laser-matter interactions. Inspired by such efforts, we choose to 

study an Au (100) slab geometry. The DFT calculations are implemented by the package JDFTx [9]. 

Each slab consists of 15 layers of Au atoms. The innermost 9 layers are fixed, while the outermost 3 

layers on each side can be optimized along the longitudinal direction to the surface. The periodic 

slab-to-slab spacing is equivalent to 26 layers such that the interaction between neighboring slabs is 

negligible [10]. The lattice constant of Au is fixed to 7.71 Angstroms [11]. We consider both the 

ultrasoft GBRV pseudopotential (PP) [12] and the norm-conserving SG15 PP [13]. Although a norm-

conserving PP generally provides more accurate results at the cost of computational efficiency, our 

calculation using the SG15 PP fails to converge. We therefore choose to continue with the GBRV PP. 

For electron exchange-correlation functionals, previous studies of similar systems have used the 

generalized gradient approximation (GGA) of the form Perdew-Wang 1991 (PW91) and Perdew-

Burke-Ernzerhof (PBE) [10,14–16]. It turns out that the PBE exchange-correlation results in a more 

reasonable Kohn-Sham (KS) potential for our system. Our DFT calculation also uses truncated 

Coulomb potentials [17], total energy minimization with auxiliary Hamiltonian [18], and smooth 

electrostatic potentials by atom-potential subtraction [19]. We perform a convergence test on the 

12*12*1, 16*16*1, and 20*20*1 k-point grids, and we choose 20*20*1 for best convergence. Since the 

wavefunctions are expanded on a planewave basis, we perform an additional convergence test on 

the planewave energy cutoff, with the optimal value at 50 Ry.  

2.2. DFT Results Post-Processing 

JDFTx yields the KS potential on a three-dimensional grid in real space. To construct a one-

dimensional model, we extract the potential along the longitudinal line 𝑥 = 𝑎/2, 𝑦 = 0, which avoids 

all nuclei [20]. To decrease the high-frequency noise in the KS potential outside the slab, we employ 

a Gaussian filter with a width of one grid-point separation. To obtain the KS potential at nonzero 

electric field, one solution is to implement a new DFT calculation with such an electric field. However, 
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the KS potential fails to converge to the vacuum level for fields greater than 1 GV/m, a problem also 

noted by previous literature [20]. Instead, we use the KS potential from the zero-field calculation and 

add a linear potential in vacuum due to the applied electric field. The location where the field begins 

is known as the electrical surface, which can be calculated from the electrical centroid rule [21,22]. It 

states that the electrical surface coincides with the centroid of the induced charge densities, or the 

excess charge densities induced by an applied electric field. The centroid is calculated for fields 100 

MV/m, 300 MV/m, 700 MV/m, and 1 GV/m, using the charge densities from corresponding DFT 

calculations and from zero-field DFT calculation. As the fluctuations in the centroid are small, we 

assume that the electrical surface does not change significantly for fields greater than 1 GV/m. We 

therefore take the average of the centroid locations to be the electrical surface. 

The zero-field KS potential is presented along with the ET and SN potentials (Figure 1). The 

periodic oscillations in the KS potential up to 30 Bohr radii are due to the nuclei inside the slab. 

Regions beyond 30 Bohr radii show a gradual transition to vacuum. The ET and SN potentials inside 

the slab are approximately the average of the KS potential. Note that the Fermi level is placed at 0 eV. 

The jump discontinuity in the ET potential and the image plane of the SN potential both coincide 

with the electrical surface. Note also that the KS potential has a “bump” around 34 Bohr radii, where 

we expect the curve to be smooth. It is therefore reasonable to generate a piecewise-defined potential 

to remove this feature. The first piece is the same as the KS potential up to some point before the 

observed bump while the second piece should be smooth and monotonic. A simple model for the 

second piece is the image-charge potential. The problem at hand is to determine the optimal location 

that connects these two pieces. We want the new potential to be continuous and differentiable, 

resulting in two boundary conditions that completely specify the location of this junction. We term 

this piecewise-defined potential the image-charge corrected (IC) potential. Finally, under an applied 

electric field, these four potentials have different barrier heights: the ET potential is the highest, 

followed by the KS, IC, and the SN potentials. Generally, the higher the potential barrier, the smaller 

the emission currents tend to be, as anticipated by the WKB approximation. 

 

Figure 1. The one-dimensional KS, IC, ET, and SN potentials at zero electric field, from the center of 

the slab to the center of the vacuum. 

2.3. Transmission Coefficient 

The WKB approximation assumes the potential barrier to be slowly changing, high and wide on 

the scale dictated by the electron momentum. This breaks down near the metal-vacuum interface, 

where the potential changes sharply, especially for the ET potential. The assumption no longer holds 

for a large electric field, which may reduce the height and width of the potential barrier significantly. 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 10 October 2023                   doi:10.20944/preprints202310.0477.v1

https://doi.org/10.20944/preprints202310.0477.v1


 4 

 

To obtain more accurate results and to extend the FN framework to fields above 10 GV/m, we need 

to replace the WKB approximation with a more quantitatively accurate method. 

To obtain the transmission coefficient, we want to solve the one-dimensional TISE for any 

discretized potential to obtain the full wavefunction. While the TM method is tailored to this problem, 

there are many numerical techniques to solve general initial value problems for ordinary differential 

equations. We first perform cubic spline interpolation to obtain a continuous potential. Then we 

discretize it on increasingly finer grids to test the convergence of such methods. It turns out that the 

TM method and the explicit Runge-Kutta method of order 8 (DOP853) [23] have the best accuracy. 

We examine the ratio of transmission coefficients from the two methods from 500 MV/m to 80 GV/m 

(Figure 2). The discrepancy is larger at smaller electric fields, presumably because of numerical errors 

inherent in extremely small transmission coefficients. The larger discrepancy for the ET potential may 

be caused by its jump discontinuity. Even then, with a sufficiently small step size, the results of the 

two methods deviate by less than 1% overall. This indicates that both the TM method and DOP853 

produce accurate, replicable results for this problem. For computational efficiency, we use the TM 

method for the following computations. 

 

Figure 2. Ratio of TM transmission coefficient to that of DOP853 for all surface potentials under 

consideration. 

2.4. Emission Current Densities 

Once we have the transmission coefficient as a function of electron normal energy, we can 

compute the emission current densities by integrating over the energy-space diagram, assuming a 

free electron distribution [5]. The general result takes the form 𝐽 = −𝑧௦ ׬ 𝐸௡𝐷ሺ𝐸௡ሻ𝑑𝐸௡଴ିாಷ , where 𝐸ி 

represents the Fermi energy (Appendix A). According to the free electron assumption, we have 𝐸ி =ℏమଶ௠೐ ሺ3𝜋ଶ𝑛ሻଶ/ଷ, with 𝑛 the number density of free electrons in bulk Au. The integral above is then 

performed numerically. 

3. Results 

3.1. Tunneling Pre-Factor 

It is shown that the transmission coefficient should be 𝐷 = 𝑃𝑒ିீ, where 𝑃 is the tunneling pre-

factor that provides a correction to the WKB transmission coefficients [24]. We present the tunneling 

pre-factor using the TM method (Figure 3). For electric fields lower than 10 GV/m, the tunneling pre-

factor for the ET potential is close to 2 which is consistent with existing literature [25,26]. The pre-

factor for SN varies dramatically. There is a notable cusp around 21 GV/m. This field completely 
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lowers the SN potential barrier to below the Fermi level. Electron emission is no longer classically 

forbidden and so the WKB approximation is no longer appropriate. We take the WKB transmission 

coefficient to be 1 for fields greater than 21 GV/m to fill in this gap. Both the KS and IC potentials 

have comparable tunneling pre-factors, which are close to 1 for fields smaller than 10 GV/m, but 

approach 0.65 at 80 GV/m. Our results confirm the necessity of the tunneling pre-factor for the ET 

and SN potentials even at low fields, while demonstrating greater accuracy at high fields for the KS 

and IC potentials, which are more realistic models of an Au (100) slab. 

  

Figure 3. Tunneling pre-factor to the WKB transmission coefficients. 

3.2. Correction Factor to the First-Order Taylor Expansion 

We present an additional correction factor 𝑐  to the emission current densities which are 

calculated by expanding the Gamow coefficient G to first order within the integral over the energy 

space. The emission current density then takes the form 𝐽 = 𝑐 𝑧௦𝑑ிଶ𝐷ி. For both the first-order Taylor 

expansion and numerical integration we use the TM transmission coefficients for consistency. The 

decay width of the former method is computed by numerically differentiating 𝑙𝑛ሺ𝐷ሺ𝐸௡ሻሻ  with 

respect to 𝐸௡ with a decreasing step size until the results converge.  

This correction factor 𝑐 is close to unity at low fields but decreases to around 0.2 as the electric 

field approaches 80 GV/m (Figure 4). This indicates that the first-order Taylor expansion 

systematically overpredicts the emission current densities, especially at high electric fields. 
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Figure 4. Correction factor arising from the first-order Taylor expansion. 

3.3. Fowler-Nordheim Plot 

Finally, we present the emission current densities as a function of the applied electric field, using 

the well-known Fowler-Nordheim plot (Figure 5). For an ET potential, the analytical solution on this 

plot is a straight line with negative slope. Our results show this behavior for all four potentials, for 

fields less than 10 GV/m. The slopes of all curves are comparable in this region, so our new potentials 

(KS and IC) would not account for the experimentally deduced field enhancement factor that tends 

to increase these slopes [27]. For fields greater than 10 GV/m, all four curves are concave down, 

indicating that the emission current densities are smaller than expected. This is most likely due to the 

overprediction by the first-order Taylor expansion in the FN framework (Figure 4). 

The difference in emission current densities among the four potentials is most pronounced at 

low electric fields. The SN potential has the greatest predicted emission current densities, followed 

by the IC, KS, and ET potentials. This hierarchy is also the order of barrier heights from lowest to 

greatest as would be expected. 

 

Figure 5. Fowler-Nordheim plot of four potentials. 𝐹 denotes the applied electric field and 𝐽 the 

emission current density. The horizontal axis is the inverse of the applied electric field. The vertical 

axis is on a logarithmic scale. 
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4. Discussion 

This study is part of the continuing efforts to build accurate numerical models for field electron 

emission. We used a generalized FN framework for greater electric fields up to 80 GV/m and replaced 

the WKB approximation and the first-order Taylor expansion. The correction factors due to these two 

effects are presented. Except for the tunneling pre-factor to the ET potential, both correction factors 

are less than 1 for all potentials in the high field limit. We also obtain the KS and IC potentials from 

a DFT calculation, and these two potentials produce similar results despite the numerical artifact in 

the KS potential. The current framework can be employed to study different metal surfaces, including 

those with defects and adsorbates, as they can be partly modeled by DFT [28,29]. This study also has 

implications for laser field emission, which in the high field limit can be studied semi-classically using 

instantaneous tunneling currents. 

Our numerical method, though, has several limitations. First, the source of the artifact in the 

one-dimensional KS potential is unclear. It can be examined by optimizing the lattice parameter or 

using a larger lattice in DFT, both of which are more computationally expensive. Second, the 

generation of the KS potential at fields above 1 GV/m assumes the electrical surface to be fixed. 

Although this seems true for fields up to 1 GV/m, this claim needs further examination in the high 

field limit. Finally, metallic surfaces cannot withstand a static field as large as 80 GV/m, which will 

necessarily lead to breakdown. Therefore, our results in the high-field limit should be regarded as 

applicable to transient perturbations only. 

Our DFT-based field emission model can be further improved. We have not considered the band 

structure of a real metallic surface and instead used the free electron model, neither have we 

incorporated thermionic effects on the Fermi-Dirac distribution of electrons [26]. Incorporating these 

two effects would lead to a more complete one-dimensional model of field electron emission. We are 

well-situated for generalization to a three-dimensional model since the KS potentials are given on a 

three-dimensional grid. Such a calculation may be helpful in determining the effects of transverse 

momentum on emission, which could have implications on emitted beam quality in electron sources 

such as nanoblades. To evaluate this system, one possible solution is to use the three-dimensional TM 

method to calculate the transmission coefficient [25]. From there, we can then additionally 

incorporate surface effects such as defects and adsorbates into our field electron emission model. 
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Appendix A 

According to the free electron assumption, the electrons are evenly distributed in total energy 

and normal energy below the Fermi level. The emission current density takes the form J =𝑧௦∬𝐷 𝑑𝐾௣𝑑𝐸, where 𝐾௣ is the surface-parallel kinetic energy and 𝐸 the electron total energy [5]. In 

our calculation, the transmission coefficient is only a function of electron normal energy 𝐸௡, so we 

use change of variables to convert the integral. The complete integral can be written as 𝐽 = 𝑧௦න න 𝐷൫𝐸 − 𝐾௣൯𝑑𝐾௣𝑑𝐸ாಷାா଴
଴
ିாಷ  

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 10 October 2023                   doi:10.20944/preprints202310.0477.v1

https://doi.org/10.20944/preprints202310.0477.v1


 8 

 

By conservation of energy, 𝐸௡ = 𝐸 − 𝐾௣, so we can change the inner integral from 𝐾௣ to 𝐸௡: 𝐽 = 𝑧௦න න 𝐷ሺ𝐸௡ሻ𝑑𝐸௡𝑑𝐸ா
ିாಷ

଴
ିாಷ  

Now reverse the order of integration: 𝐽 = 𝑧௦න න 𝐷ሺ𝐸௡ሻ𝑑𝐸𝑑𝐸௡଴
ா೙

଴
ିாಷ  

The inner integral over 𝐸 no longer explicitly depends on 𝐸, so it can be performed directly. 

The final result is 𝐽 = −𝑧௦න 𝐸௡𝐷ሺ𝐸௡ሻ𝑑𝐸௡଴
ିாಷ  
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