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Abstract: In this study, a design of Morlet wavelet neural networks (MWNNs) is presented to solve the 

prediction differential model (PDM) using the global approximation capability of genetic algorithm (GA) and 

local quick interior-point algorithm scheme (IPAS), i.e., MWNN-GAIPAS. The famous PDM is known as a 

variant of functional differential system that works as an opposite of the historical delay differential models. A 

fitness function is optimized using the mean square error by applying the GA-IPAS for solving the PDM. Three 

PDM examples have been presented numerically to check the authenticity of the MWNN-GAIPAS. For the 

perfection of the designed MWNN-GAIPAS, the comparability of the obtained results and exact results is 

performed. Moreover, the neuron analysis is performed by taking the 3, 10 and 20 number of neurons. The 

statistical observations have been performed to authenticate the reliability of the MWNN-GAIPAS for solving 

the PDM. 

Keywords: Morlet wavelet kernel; prediction differential system; genetic algorithm; delay 

differential system; interior-point algorithm scheme 

 

1. Introduction 

The study of the prediction differential model (PDM) is considered very significant for the 

researchers due to various applications in climate forecasting, biological systems, stock markets, 

transport, astrophysics, and engineering, etc. The sense of delay differential model (DDM) that 

presents a historical system has been applied to design the form of PDM. The idea of DDM introduced 

by Newton and Leibnitz that has been presented few centuries ago and has widely been applied in 

many applications of engineering, economical systems, population dynamics, communication and 

transport networks [1-5]. Many researchers applied different techniques to solve the DDM, e.g., 

Bildik et al [6] implemented to solve DDM using the optimal perturbation iterative scheme. 

Rahimkhani et al [7] presented an approach in order to solve the fractional form of DDM. Sabir et al 

[8] presented a new multi-singular nonlinear system with the delayed factors. Aziz et al [9] used Haar 

wavelet approach for solving the partial form of DDM. Frazier [10] implemented the wavelet 

Galerkin method to solve the DDM of the second kind. Tomasiello [11] solved a famous class of the 

historical DDM by applying the fuzzy transform method. Vaid [12] implemented the trigonometric 

B-spline approach to solve the second kind of singularly perturbed based DDM. Hashemi et al [13] 

solved the fractional pantograph delay system by an efficient computational approach. Adel et al [14] 

discussed the solutions of pantograph singular DDM using the Bernoulli collocation scheme. 
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Erdogan et al [15] worked to solve perturbed singularly DDM using a well-known finite difference 

approach. The DDM is a second order differential model, which is given as [16]: 

( )1 1

1

( ) , ( ), ( ) , 0, ,

( ) ( ), , 0 ,
( ) ,

y t f t y t y t c t b

y t t t c c

y c w

γ γ

θ σ γ σ

′′ = − > ≤ ≤


= ≤ ≤ ≤ ≤ −
 ′ =

 (1) 

where 1γ , ( )tθ  indicate the delayed factor and initial conditions. The delayed form 1( )y t γ−  

shows in the above model, which is to subtract in time t, i.e., c t b≤ ≤ . σ  is a small constant and 

w is value derivative of y . The prediction form of the DDM is achieved by adding some terms in t, 

i.e., ( )y t γ+ , with prediction termγ . The literature form of the mathematical PDM is given as [17-

18]: 

( ) 1

1

( ) , ( ), ( ) , 0, ,

( ) ( ), , 0 ,
( ) ,

y t f t y t y t c t b

y t t t c c

y c w

γ γ

θ σ γ σ

′′ = + > ≤ ≤


= ≤ ≤ ≤ ≤ −
 ′ =

 (2) 

The above mathematical PDM shown in equation (2) has been designed recently and never been 

solved by functioning the universal approximation ability of Morlet wavelet neural network 

(MWNN) together with the global and local search optimizations of genetic algorithm (GA) and 

interior-point algorithm scheme (IPAS), i.e., MWNN-GAIPAS. The numerical investigations have 

been performed by using the MWNN-GAIPAS by taking 3, 10 and 20 numbers of neurons. Recently, 

the stochastic computing solvers have been used to exploit the corneal shape nonlinear system [19], 

nonlinear doubly singular model [20], system of Emden–Fowler model [21], nonlinear model SIR 

based dengue fever [22], functional differential singular systems [23-24], HIV infection based CD4+ 

T cells [25], Thomas-Fermi system [26], prey-predator models [27], stiff nonlinear models [28], 

fractional multi-singular differential models [29-30], heat conduction based human head system [31] 

and singular nonlinear system of third kind [32]. These above performances of the stochastic solvers 

authenticate the worth in terms of robustness, convergence and precision. Based on the above 

applications, the authors are inspired to present the solutions of the PDM by using the universal 

approximation ability of MWNN together with the optimization procedures of GAIPAS. Few 

noticeable, prominent and salient measures of the current study are summarized as: 

• A layer structure of MWNNs is designed and optimization is performed through integrated 

neuro-evolution based heuristic with IPAS to solve the PDM numerically. 

• The analysis with 3, 10 and 20 numbers of neurons is presented to interpret the stability and 

accuracy of the designed approach for solving the PDM. 

• The proposed MWNN-GAIPAS is executed for three different examples based on PDMand 

comparison is performed with the exact solutions to validate the accurateness of proposed 

MWNN-GAIPAS. 

• Statistics investigations through different performances of fitness, “root mean square error 

(R.MSE)”, “variance account for (VAF)”, “Theil's inequality coefficients (TIC)” and semi inter 

quartile range (S.I.R) further authenticate the MWNN-GAIPAS for solving all examples of the 

PDM. 

• The complexity performance of the MWNN-GAIPAS based on 3, 10 and 20 numbers of neurons 

using different statistical operators is examined for all the examples of the PDM. 

• The proposed MWNN-GAIPAS provides reasonable and accurate results in training span. 

Furthermore, smooth processes of implementation, constancy, and expendability are other 

obvious applauses. 
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The organization of the paper is as follows: Section 2 provides the detail of the design MWNN-

GAIPAS. Performance procedures are given in Section 3. Results are provided in Section 4. 

Conclusions along with upcoming reports of the research are provided in final Section. 

2. Methodology: MWNN-GAIPAS 

The proposed methodology based on the MWNN-GAIPAS to solve each example of the PDM is 

separated into two phases. 

• An error-based merit function is presented to construct the MWNNs. 

• For the optimization of the merit function, the hybrid form of GAIPAS is described for the 

decision variables of MWNNs. 

2.1. MWNN Modeling 

The ability of the NNs using the MW function is used to present the stable, steady and reliable 

outcomes in many areas. The PDM mathematical form given in equation (2) is stated with feed 

forward NNs including the derivatives in input, hidden and output layers as: 

1

ˆ( ) ( )
s

k k k

k

y t q v w t m
=

= + , 

(3) 

(n) (n)

1

ˆ ( )
s

k k k

k

y q v w t m
=

= + . 

In the above network, s represents the neurons, [ , , ]=W q w m is the unknown weight vector, 

i.e., 1 2 1 2 1 2[ , ,..., ], [ , ,..., ] and [ , ,..., ].s s sq q q w w w m m m= = =q w m The MWNN is not 

implemented before to present the numerical solutions of PDM, mathematically given as [33]: 

21
24( ) cos

3
t

v t t e

 
− 
  

=  
 

. (4) 

Eq. (3) takes the form as: 
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A merit function E is defined as: 

1 2E E E= + , (6) 

where 1E and 2E  are the unsupervised error based on differential model and boundary conditions, 

shown as: 

( )1
1

1 ( , , ( ) , 0 1,
N

m m m m m

m

E y f t y y t t
N

γ
=

′′= − + ≤ ≤  (7) 

where ˆ ˆ1, ( ), ( )k k k kNh v v y y tτ= = =  and mt mh=
. 

( ) ( )
2 2

2 0 1
1 1ˆ ˆ .
2 2 NE y a y w′= − + −  (8) 

2.2. Optimization process: GAIPAS 

The optimization through MWNN is accomplished to solve all the examples of the PDM using 

the computing hybrid construction of GA and IPAS, i.e., GAIPAS. 

Genetic Algorithm is a reliable global search method, which is applied to unconstrained, nonlinear 

systems using its important operators called selection, elitism, crossover, and mutation. Recently, GA 

is used in extensive applications in heart disease diagnosis model [34], economic and environmental 

multi-objective based optimization of a household level of renewable energy [35], power and heat 

economic dispatch models [36], nonlinear singular system arising in astrophysics [37], prediction of 

air blast [38], SITR system based COVID-19 [39], three-point boundary value systems of second kind 

[40] and monorail vehicle based dynamical system [41]. These recent, potential citations inspired the 

authors to use the global search GA process to achieve the decision variables of MWNNs for solving 

the PDM. 

Interior-point algorithm scheme is a well-known local search mechanism implemented for the 

convex optimization systems. IPAS does work to solve the optimization problems of both type 

constrained and unconstrained. Recently, IPAS is used in image restoration [42], nested-constraint 

resource allocation problems [43], power system state estimation [44], risk-averse PDE-constrained 

optimization problems [45] and monotone weighted linear complementarity problems [46]. 

The hybridization is performed to regulate the sluggishness of GA with the IPAS through the 

optimization procedure. The detail of the hybridization of GAIPAS is provided in the Table 1. 
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Counts & Iterations

Results
Proposed Solutions

5
Results Comparison Performance 

Measures

Weights of ANNs

 

Figure 1. Structure of MWNN-GAIPASfor solving the PDM. 

Table 1. The optimization based MWNN-GAIPAS is given in the pseudo code for solving the PDM. 

“GA” start 

i) Inputs: Select the chromosome selected with equal entries of the system as: W = [

q , w ,m ] 

ii) Population:Chromosomes are given as: 

  1 2[ , ,..., ]sq q q=q , 1 2[ , ,..., ]sw w w=w , 1 2 3[ , , ,..., ].km m m m=m  

iii) Output: Best GA values are denoted as: WBGA 

iv) Initialization: Form a vector of weights “W” to signify the ‘chromosome’. This set 

is related for initial population. Set the values of ‘Generation’&‘declaration’ based 

on [gaoptimset] and [GA]. 

v) Fitness designs: AdjustE, which is fitness in population for each vector 
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vi) Ending process: Stop if 

• [Fitness=10-19], [Iterations =120], [PopulationSize240], [TolCon/Fun=10-21], 

[StallLimit=135],  

• Setas default the other values. 

  Goto [storage] to achieve the stopping standards. 

vii) Rank: For the fitness, rank the weight vectors in Population 

viii) Generation: {selectionuniform}, {mutationadaptfeasible}, 

{crossoverheuristic}. 

 iX) Storage: To get the best WBGA, counts of function, Generations, and   E. 

End of GA 

 

IPAS initiates 

i) WBGA is an initial point. 

ii) Output: Optimal GAIPAS denoted as WGAIPAS. 

iii) Initialize: Take best WBGA, Bounded restraints, 

assignments, iterations and the other points. 

iv) Terminate: Practice terminates, when any of the condition obtains 

 [ E = 10-18], [MaxFunEvals= 275000], [Iterations = 650], [TolX/Con =10-  21], [TolFun =10-

22]. 

v) Fitness: Calculate E ,  andW. 

vi) Modifications: Use “fmincon” usingIPAS. Adjust ‘W’ for IPAS. 

vii) Accumulate:Adjust ‘WGAIPAS’, ‘ E ’, ‘count of function’, epochs and ‘time’. 

IPAS procedure ends 

3. Statistical performances 

The statistical measures are presented based on root mean square error (R.MSE)”, “variance 

account for (VAF)” and “Theil's inequality coefficients (TIC)” and S.I.Rtogether with global 

arrangements of Global R.MSE, VAF and TIC as: 

( )
2

1

1 ˆ= ,
s

i i

i

RMSE y y
s =

−  

(9) 

( )
( )

ˆvar
1 100,

var

E-VAF 100 VAF ,

i i

i

y y
VAF

y

  −
= − ×      


=  −   

 

(10) 

( )
2

1

2 2

1 1

1 ˆ
= ,

1 1 ˆ

s

i i

i

s s

i i

i i

y y
s

TIC

y y
s n

=

= =

−

 
+  

 



 
 

(11) 
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( )1 3

1 3

1S.I R= ,
2

& 1 & 3  quartiles.st rd

q q

q q


− × −


 =

 

(12) 

4. Simulations of the results 

The comprehensive form of the solutions based three examples of the PDM are presented in this 

section. 

Example I: Consider  

2 ( ) ( ) ( ) 0,
(0) 1, (0) 1.
y t y t y t

y y

π′′ − + + =


′= =
 (13) 

The exact form Eq. (13) is sin 1t + , while the fitness function is shown as: 

( ) ( )( )
2

22
0 0

1

1 1ˆ ˆ ˆ ˆ ˆ2 ( ) ( 1) 1 .
2

N

i i i

i

E y y y t y y
N

π
=

′′ ′= + − + + − + −  (14) 

ExampleII: Consider the trigonometric PDM based problem is given as: 

The exact form of the above model (15) is ( )Sin t and the merit function is given as: 

( )

( )( )

2

1

22
0

1 ˆ ˆ ˆ ˆ( 1) ( 1) ( ) cos(1 ) sin(1 )

1 ˆ ˆ( ) 1 .
2

N

i i i i i i

i

i

E y y t y t y t t t
N

y y

=

′′ ′= − + + + + + + − +

′+ + −


 (16) 

Example III:Consider the PDM based equationis given as: 

The exact form of the above model (17) is 
2 3 2t t− +  and the merit function is given as: 

( ) ( )( )
2

22
0

1

1 1ˆ ˆ ˆ ˆ ˆ( ) (1 ) 2 ) ( 2) .
2

N

i i i i N

i

E y y t y t t y y
N =

′′= − + + − + − +  (18) 

The prediction terms are ( 1)y t′ + , ( )y t π+ and ( 1)y t +  in the above examples. The 

optimization of each example using the MWNN-GAIPAS for forty independent executions to assess 

the parameters of the system. The best weight set is accessible to authenticate the proposed outcomes 

of the PDM are given in equations (19-21), (22-24) and (25-27) for 3, 10 and 20 neurons. The estimated 

results using 3, 10 and 20 neurons are given as: 

( ) ( 1) ( 1) ( ) cos(1 ) sin(1 ) 0,
(0) 0, (0) 1.
y t y t y t y t t t

y y

′′ ′− + + + + + + − + =


′= =
 (15) 

ˆ ( ) ( 1) ( ) 2 0,
(1) 0, (0) 2.
y t y t y t t

y y

′′ + + − − =


= =
 (17) 
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ˆ ( ) 0.4821cos 1.75( 0.5832 0.908)

1.27390cos 1.75( 1.114 0.1298)

1.11890cos 1.75(1.1290 0.3187)

.... 0.1105cos 1.75( 0.7800 1.34

t

E

t

t

y t t e

t e

t e

t

− − −

−

− − +

− −

=− − −

− − +

+ −

+ − − +( )
20.5( 0.7800 1.3431)31) ,te− − +

, 
(25) 

2

2

2

0.5(10.2434 7.2396)
II

0.5(19.991 4.9252)

0.5(19.9923 4.908)

4ˆ ( ) 9.24cos (10.2434 7.2396)
3
419.991cos (19.991 4.9252)
3
419.992cos (19.9923 4.908)
3
4.... 10.897cos (1.12
3

t

E

t

t

y t t e

t e

t e

− +

−

− +

− +

 
=− + 

 
 

+ + 
 
 

− + 
 

+ +
20.5(1.1228 6.9925)28 6.9925) ,tt e− − 

− 
 

, 

(26) 

( )

( )

( )

( )

2

2

2

0.5(4.1848 6.807)
III

0.5(0.0045 3.020)

0.5(0.0093 4.305)

0.5

ˆ ( ) 1.366cos 1.75(4.1848 6.807)

0.4530cos 1.75(0.0045 3.020)

1.4459cos 1.75(0.0093 4.305)

.... 19.191cos 1.75(1.0855 3.0155)

t

E

t

t

y t t e

t e

t e

t e

− −

−

− +

− −

−

=− −

+ +

− −

+ + +
2(1.0855 3.015) .t+

. 
(27) 

The performances of the optimization to solve the model are presented through MWNN-

GAIPAS for the trained values set using forty independent executions based 3, 10 and 20 number of 

neurons. Figure 2 is drawn using the 3, 10 and 20 numbers of neurons based Eqs (19-27) to find the 

optimal weights. 
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(a) Optimal weights for 

Example I (3 neurons) 

(b) Optimal weights for 

Example II(3 neurons) 

(c) Optimal weights for 

Example III(3 neurons) 

   

(d) Best weights for 

Example I for 10 neurons 

(e) Best weights for 

Example II for 10 

neurons 

(f) Best weights for Example 

III for 10 neurons 

   

(g) Best weights for 

Example I for 20 neurons 

(h) Best weights for 

Example II for 20 

neurons 

(i) Best weights for Example 

III for 20 neurons 

Figure 2. Best weights of MWNN-GAIPAS for each example of the PDM using 3, 10 and 20 number 

of neurons. 

For the comparison, the obtained outcomes have been compared with the exact solutions to solve 

each example of the PDM using 3, 10 and 20 number of neurons. These comparison plots are drawn 

in Figure 3 andone can observe that the optimal results are intersected with the exact outcomes for 

each example of the PDM by considering 3, 10 and 20 number of neurons, which shows the precision 

of MWNN-GAIPAS. 
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(a) Result of Example I (3 

neurons) 

(b) Result of Example II(3 

neurons) 

(c) Result of Example III (3 

neurons) 

   

(d) Result of Example I (10 

neurons) 

(e) Result of Example II(10 

neurons) 

(f) Result of Example III (10 

neurons) 

 
  

(g) Result of Example I (20 

neurons) 

(h) Result of Example II(20 

neurons) 

(i) Result of Example III(20 

neurons) 

Figure 3. Comparison of the best and exact solutions based MWNN-GAIPAS for solving each 

example of the PDM using 3, 10 and 20 number of neurons. 

The performances through statics of the designed MWNN-GAAPAS for each example of PDM 

using 3, 10 and 20 numbers of neurons is tabulated in Tables 2–4, respectively. The Minimum (Min), 

Median (Med), Mean, S.I.R and standard deviation (SD) value for Examples I, II and III found in good 

measures for each Example of the PDM. These very small calculated values based on these statistics 

gages for each example of the PDM based 3, 10 and 20 neurons shows the accurateness of designed 

MWNN-GAIPAS.  
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Table 2. Statistical measures using MWNN-GAAPAS for each example of PDM using 3 neurons. 

 Mode 
ˆ( )y t  

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

E-I 

Min 4.14E-9 2.07E-8 2.85E-7 4.46E-7 4.86E-7 5.58E-7 7.48E-7 1.00E-6 1.20E-6 1.30E-6 1.34E-6 

Mean 3.75E-1 4.13E-1 4.54E-1 4.98E-1 5.41E-1 5.83E-1 6.22E-1 6.59E-1 6.92E-1 7.23E-1 7.49E-1 

SD 4.46E-1 5.1E-1 5.57E-1 6.7E-1 6.53E-1 6.95E-1 7.35E-1 7.72E-1 8.05E-1 8.34E-1 8.60E-1 

Med 3.93E-2 2.13E-2 1.21E-2 2.48E-2 4.61E-2 6.65E-2 8.59E-2 1.05E-1 1.23E-1 1.41E-1 1.59E-1 

S.IR 4.38E-1 4.84E-1 5.38E-1 5.88E-1 6.35E-1 6.79E-1 7.21E-1 7.60E-1 7.97E-1 8.30E-1 8.59E-1 

E-II 

Min 5.20E-7 7.23E-7 4.89E-6 1.14E-5 1.59E-5 1.68E-5 1.60E-5 1.72E-5 2.20E-5 2.71E-5 2.77E-5 

Mean 6.72E-2 1.31E-1 2.03E-1 2.76E-1 3.50E-1 4.22E-1 4.91E-1 5.57E-1 6.18E-1 6.74E-1 7.23E-1 

SD 3.19E-2 5.19E-2 7.16E-2 9.52E-2 1.19E-1 1.43E-1 1.66E-1 1.89E-1 2.10E-1 2.29E-1 2.46E-1 

Med 7.70E-2 1.57E-1 2.33E-1 3.6E-1 3.89E-1 4.79E-1 5.65E-1 6.44E-1 7.17E-1 7.83E-1 8.41E-1 

S.IR 1.55E-2 2.86E-2 1.99E-2 1.31E-2 1.46E-2 2.09E-2 2.71E-2 3.30E-2 3.83E-2 4.31E-2 4.70E-2 

E-III 

Min 1.98E-5 8.21E-6 8.50E-6 5.50E-6 7.92E-6 2.12E-5 1.52E-5 1.19E-5 2.95E-5 5.74E-5 5.59E-5 

Mean 1.25E-1 1.08E-1 9.21E-1 7.77E-1 6.43E-1 5.19E-1 4.03E-1 2.95E-1 1.90E-1 1.28E-1 1.50E-1 

SD 9.57E-1 8.20E-1 6.93E-1 5.72E-1 4.60E-1 3.60E-1 2.75E-1 2.15E-1 1.98E-1 2.18E-1 1.06E-1 

Med 1.91E-1 1.65E-1 1.40E-1 1.17E-1 9.51E-1 7.42E-1 5.37E-1 3.29E-1 1.37E-1 8.53E-2 1.65E-1 

S.IR 9.91E-1 8.47E-1 7.10E-1 5.77E-1 4.52E-1 3.39E-1 2.31E-1 1.34E-1 5.59E-2 6.92E-2 7.89E-2 

Table 3. The performances through statics of MWNN-GAAPAS for each example of PDM using 10 

neurons. 

 Mode 
ˆ( )y t  

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

E-I 

Min 1.20E-9 4.45E-9 3.18E-8 6.57E-8 8.26E-8 7.97E-8 7.48E-8 8.81E-8 1.21E-7 1.48E-7 1.47E-7 

Mean 4.26E-1 4.78E-1 5.34E-1 5.88E-1 6.39E-1 6.88E-1 7.33E-1 7.75E-1 8.14E-1 8.48E-1 8.79E-1 

SD 4.46E-1 4.97E-1 5.50E-1 6.02E-1 6.51E-1 6.98E-1 7.42E-1 7.83E-1 8.20E-1 8.54E-1 8.83E-1 

Med 2.54E-1 2.99E-1 3.68E-1 4.31E-1 4.80E-1 5.27E-1 5.71E-1 6.13E-1 6.53E-1 6.89E-1 7.22E-1 

S.IR 4.66E-1 5.23E-1 5.79E-1 6.33E-1 6.82E-1 7.27E-1 7.68E-1 8.06E-1 8.40E-1 8.77E-1 9.05E-1 

E-II 

Min 1.15E-8 2.04E-8 6.16E-8 1.79E-7 2.65E-7 2.88E-7 2.64E-7 2.38E-7 2.55E-7 3.30E-7 4.24E-7 

Mean 4.16E-2 8.85E-2 1.47E-1 2.06E-1 2.63E-1 3.19E-1 3.72E-1 4.23E-1 4.70E-1 5.12E-1 5.48E-1 

SD 6.10E-2 7.67E-2 1.03E-1 1.36E-1 1.73E-1 2.10E-1 2.46E-1 2.79E-1 3.11E-1 3.40E-1 3.64E-1 

Med 2.32E-3 7.26E-2 1.73E-1 2.69E-1 3.58E-1 4.48E-1 5.15E-1 5.86E-1 6.52E-1 7.12E-1 7.61E-1 

S.IR 3.70E-2 7.45E-2 1.11E-1 1.50E-1 1.93E-1 2.36E-1 2.79E-1 3.18E-1 3.53E-1 3.84E-1 4.08E-1 

E-III 

Min 5.56E-9 1.91E-8 4.54E-9 2.45E-8 1.44E-8 2.28E-9 9.65E-9 1.85E-8 3.85E-9 6.66E-9 3.87E-9 

Mean 2.30E-1 2.50E-1 2.13E-1 1.80E-1 1.50E-1 1.24E-1 9.84E-2 7.42E-2 5.08E-2 2.80E-2 3.14E-2 

SD 5.50E-1 5.48E-1 4.69E-1 3.97E-1 3.28E-1 2.63E-1 2.00E-1 1.40E-1 8.43E-2 4.14E-2 4.69E-2 

Med 7.86E-4 7.97E-4 4.52E-4 6.83E-4 1.40E-3 2.06E-3 3.38E-3 4.62E-3 5.79E-3 7.18E-3 8.47E-3 

S.IR 9.30E-3 6.24E-3 3.54E-3 4.98E-3 6.69E-3 1.19E-2 1.87E-2 2.58E-2 3.32E-2 2.27E-2 2.45E-2 

Table 4. The performances through statics of MWNN-GAAPAS for each example of PDM using 20 

neurons. 

 Mode 
ˆ( )y t  

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

E-I 

Min 4.22E-9 1.67E-8 7.93E-8 1.42E-8 3.39E-8 4.01E-8 1.32E-7 1.50E-7 8.64E-8 5.00E-8 1.43E-7 

Mean 3.47E-1 3.89E-1 4.43E-1 4.94E-1 5.44E-1 5.92E-1 6.37E-1 6.79E-1 7.19E-1 7.55E-1 7.87E-1 

SD 4.24E-1 4.62E-1 5.07E-1 5.53E-1 5.97E-1 6.41E-1 6.83E-1 7.23E-1 7.61E-1 7.95E-1 8.25E-1 

Med 8.71E-4 1.89E-2 4.71E-2 7.45E-2 1.02E-1 1.28E-1 1.54E-1 1.79E-1 2.03E-1 2.26E-1 2.49E-1 

S.IR 4.23E-1 4.62E-1 5.14E-1 5.62E-1 6.04E-1 6.48E-1 6.92E-1 7.32E-1 7.69E-1 7.99E-1 8.23E-1 

E-II 

Min 2.31E-9 1.48E-8 8.52E-8 9.16E-8 9.46E-8 1.67E-7 3.06E-7 4.31E-7 4.63E-7 4.43E-7 5.02E-7 

Mean 1.15E-2 5.33E-2 1.04E-1 1.54E-1 2.03E-1 2.50E-1 2.95E-1 3.37E-1 3.75E-1 4.10E-1 4.41E-1 

SD 2.85E-2 5.47E-2 9.77E-2 1.43E-1 1.88E-1 2.31E-1 2.72E-1 3.11E-1 3.47E-1 3.79E-1 4.08E-1 

Med 4.78E-5 6.73E-2 1.50E-1 2.29E-1 3.16E-1 3.89E-1 4.54E-1 5.16E-1 5.72E-1 6.25E-1 6.78E-1 

S.IR 9.75E-4 4.99E-2 9.93E-2 1.48E-1 1.95E-1 2.40E-1 2.82E-1 3.22E-1 3.59E-1 3.92E-1 4.21E-1 
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E-III 

Min 2.23E-9 6.07E-8 7.51E-8 9.56E-8 1.82E-7 7.64E-9 2.99E-8 4.07E-8 5.42E-8 1.76E-9 4.38E-9 

Mean 6.58E-1 5.99E-1 5.08E-1 4.24E-1 3.46E-1 2.74E-1 2.06E-1 1.42E-1 8.09E-2 3.31E-2 4.71E-2 

SD 8.23E-1 7.13E-1 6.04E-1 5.02E-1 4.06E-1 3.17E-1 2.35E-1 1.58E-1 8.82E-2 3.78E-2 7.41E-2 

Med 2.43E-2 5.77E-2 4.54E-2 3.42E-2 3.23E-2 3.22E-2 3.50E-2 3.96E-2 4.82E-2 1.77E-2 4.90E-3 

S.IR 7.97E-1 7.09E-1 6.07E-1 5.11E-1 4.21E-1 3.36E-1 2.47E-1 1.64E-1 7.70E-2 2.73E-2 2.96E-2 

The plots of absolute error (AE) for each example of the PDM for 3, 10 and 20 number of neurons 

are shown in Figure 4(a), 4(b) and 4(c), respectively. One can observe that the AE values using 3 

numbers of neurons for examples 1, 2 and 3 lie 10-7- 10-9, 10-5- 10-6and 10-4 - 10-6.The AE for 10 neurons 

for examples 1, 2 and 3 lie 10-7- 10-9, 10-6- 10-8 and 10-07- 10-9. For 20 neurons, the AE lies around for 

examples 1, 2 and 3 lie around 10-07 - 10-09, 10-6- 10-07 and 10-07- 10-10, respectively. It is clear in the AE 

for each example of the PDM are found in good ranges for considering 3,10 and 20 numbers of 

neurons. The R.MSE, Fitness (FIT), TIC and EVAF are measured in Figs 5(a to c)for 3, 10 and 20 

number of neurons. Figure 5(a) presentsthat the best FIT for Examples I to IIIis calculated as10-09- 10-

10, 10-07- 10-09 and 10-5- 10-6, respectively. Theoptimal R.MSE is found around 10-6 to 10-07, while the 

R.MSE for other two Examples lie around 10-5 to 10-6.The best EVAF values are found around 10-11 to 

10-12, while the R.MSE for other two Examples lie around 10-09 to 10-10. The TIC best values for all the 

Examples based on 3 neurons are calculated around 10-09 to 10-10. The performance based on 10 

neurons is presented in Figure 5(b). The plots in this figure indicate the FIT and EVAF best measures 

for each example of the PDM lie 10-10 to 10-12, while the R.MSE and TIC best values lie around 10-6 to 

10-8 and 10-10 to 10-12, respectively. The performance based on 20 numbers of neurons is presented in 

Figure 5(c). The plots in this figure indicate that the best values of these statistical operators for 

example I to III lie around 10-10- 10-12, 10-6- 10-8, 10-12- 10-14 and 10-10- 10-12.These obtained outcomes 

verify the competent trend for solving PDM based on 3, 10 and 20 numbers of neurons. 

 

a) AE values of Examples I to III for 3 neurons 
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b) AE values of Examples I to III for10 neurons 

 

c) AE values of Examples I to III for20 neurons 

Figure 4. AE for solving each example of PDM using 3, 10 and 20 neurons. 

 

a) Performance values for each Example of PDM for 3 neurons 
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b) Performance values for each Example of PDM for 10 neurons 

 

c) Performance values for each Example of PDM for 20 neurons 

Figure 5. Performance values for solving each example of the PDM based 3, 10 and 20 neurons. 

The performances-based statics to solve each example of PDM are drawn in Figs.6-9 for 3, 10 

and 20 number of neurons. Figure 6 presents the FIT measures for forty trials to present the solutions 

of each Example of PDM using 3, 10 and 20 numbers of neurons. One can observe that the best runs 

are found around 10-01to 10-04, 10-02 to 10-8 and 10-02to 10-12 for solving each Example of the PDM using 

3, 10 and 20 number of neurons. Figure 7 shows the statistical investigations through R.MSE using 

MWNN-GAIPAS for each example of the PDM taking 3, 10 and 20 number of neurons.  It is seen 

that the best runs are found around 10-01 to 10-3, 10-02to 10-6 and 10-02to 10-8 for solving each Example of 

the PDM using 3, 10 and 20 numbers of neurons. Figure 8 shows the statistical investigations through 

EVAF using MWNN-GAIPAS for each example of the PDM taking 3, 10 and 20 number of neurons.  

It is seen that the best runs are found around 10-01to 10-5, 10-02to 10-08 and 10-02to 10-15 for solving each 

Example of the PDM using 3, 10 and 20 numbers of neurons. Figure 9 represents the statistical 

investigations through TIC using MWNN-GAIPAS for each example of the PDM taking 3, 10 and 20 

number of neurons. It is seen that the best runs are found around 10-02to 10-07, 10-04to 10-10 and 10-04to 

10-12 for solving each Example of the PDM using 3, 10 and 20 numbers of neurons. It is easy in 

understanding that by taking three numbers of neurons, the method performs quicker in the 

comparison of 10 and 20 numbers of neurons, but one can get more reliable solutions by taking a 

larger neuron. 
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The statistical performances through MWNN-GAIPAS for each example of PDM for forty 

independent executions using 3, 10 and 20 numbers of neurons are provided in Tables 5–7, 

respectively. The smaller optimum measures of the statistical operators further validate the 

exactitude of the MWNN-GAIPAS. 

 

a) Plots of Fitness convergence for each example of PDM using 3 number of 

neurons 

 

b) Plots of Fitness convergence for each example of PDM using 10 number of 

neurons 
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c) Plots of Fitness convergence for each example of PDM using 20 number of 

neurons 

Figure 6. Statistical investigations-based fitness for example I to III by taking 3, 10 and 20 number of 

neurons. 

 

a) Plots of R.MSE convergence for each example of PDM using 3 number of 

neurons 
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b) Plots of R.MSE convergence for each example of PDM using 10 number of 

neurons 

 

c) Plots of R.MSE convergence for each example of PDM using 20 number of 

neurons 

Figure 7. Statistical investigations of R.MSE for example I to III by taking 3, 10 and 20 number of 

neurons. 
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a) Plots of EVAF convergence for 3 number of neurons 

 

b) Plots of EVAF convergence for10 number of neurons 

 

c) Plots of EVAF convergence for20 number of neurons 

Figure 8. Statistical investigations of EVAF for each example by taking 3, 10 and 20 number of 

neurons. 
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a) Plots of TIC convergence for each example of PDM using 3 number of neurons 

 

b) Plots of TIC convergence for each example of PDM using 10 number of neurons 

 

c) Plots of TIC convergence for each example of PDM using 20 number of neurons 

Figure 9. Statistical investigations based TIC operator for example I to III by taking 3, 10 and 20 

number of neurons. 
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Table 5. Performance through Global operators for each example of the PDM using 3 neurons. 

Example 
(G.FIT) (G.TIC) (G.RMSE) (G.EVAF) 

Mean SIR Mean SIR Mean Range SIR Mean SIR 

I 4.269E-05 2.163E-01 1.963E-05 8.540E-05 1.493E-01 6.500E-01 1.776E-01 5.001E-01 

II 7.355E-06 1.762E-01 5.651E-05 3.482E-05 1.493E-01 6.500E-01 4.935E-01 4.950E-01 

III 3.869E-03 6.616E-01 6.403E-06 5.848E-05 1.493E-01 6.500E-01 1.116E-03 3.265E-01 

Table 6. Performance through Global operators for each example of the PDM using 10 neurons. 

Example 
(G.FIT) (G.TIC) (G.RMSE) (G.EVAF) 

Mean SIR Mean SIR Mean Range SIR Mean SIR 

I 4.269E-05 2.163E-01 1.963E-05 8.540E-05 1.493E-01 6.500E-01 1.776E-01 5.001E-01 

II 7.355E-06 1.762E-01 5.651E-05 3.482E-05 1.493E-01 6.500E-01 4.935E-01 4.950E-01 

III 3.869E-03 6.616E-01 6.403E-06 5.848E-05 1.493E-01 6.500E-01 1.116E-03 3.265E-01 

Table 7. Performance through Global operators for each example of the PDM using 20 neurons. 

Example 
(G.FIT) (G.TIC) (G.RMSE) (G.EVAF) 

Mean SIR Mean SIR Mean Range SIR Mean SIR 

I 4.269E-05 2.163E-01 1.963E-05 8.540E-05 1.493E-01 6.500E-01 1.776E-01 5.001E-01 

II 7.355E-06 1.762E-01 5.651E-05 3.482E-05 1.493E-01 6.500E-01 4.935E-01 4.950E-01 

III 3.869E-03 6.616E-01 6.403E-06 5.848E-05 1.493E-01 6.500E-01 1.116E-03 3.265E-01 

5. Conclusion 

The design of Morlet wavelet neural network using the hybridization process of global and local 

search schemes GA-IPAS are presented to solve the prediction model. This model is a kind of 

functional differential equation that work as an opposite of the historical delay differential models. 

The analysis of neurons for 3, 10 and 20 number of neurons is also presented to solve three different 

examples of the prediction differential model. The overlapping of the obtained results through the 

proposed methodology with the exact results shows the exactness of each example of the model based 

on3, 10 and 20 neurons. The AE for examples I to III is found in good measures for 3, 10 and 20 

number of neurons. One can access that the proposed MWNN-GAIPAS can be implemented 

accurately, efficiently and viably for different number of neurons to solve the model. Furthermore, 

statistical soundings based on forty runs for solving the prediction system in terms of statistical Min, 

Med, standard deviation, mean and SI. Range operators, which authenticates the accurateness, and 

trust worthiness of MWNN-GAIPAS that is updated further by the investigations of TIC, EVAF and 

R.MSE along with their global presentations to solve each example of the prediction differential 

system. It is also noticed that the small optimum values of these operators further used to justify the 

accuracy and precision of MWNN-GAIPAS. 

In upcoming studies, the MWNN-GAIPAS can be executed to solve the biological systems, fluid 

dynamic nonlinear equations and higher order singular differential models [47-51]. 
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