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a source of examples and counterexamples in the field of fuzzy normed algebras, separate continuity
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1. Introduction and Preliminaries

The idea of fuzzy norm on a linear space introduced by Katsaras [11] in 1984. Also a type of
fuzzy metric introduced by O. Kaleva and S. Seikkala [10] in 1984. Felbin [7] in 1992 introduced an
idea of fuzzy norm on a linear space, such that its corresponding fuzzy metric is of type of introduced
by O. Kaleva and S. Seikkala. Another idea of a fuzzy norm on a linear space was introduced by
Cheng and Mordeson [6] in 1994. Following Cheng and Mordeson, a definition of a fuzzy norm whose
associated fuzzy metric is similar to Kramosil and Michalek type [12], was introduced by T. Bag and S.
K. Samanta [1] in 2003. A large number of papers concerning fuzzy norms have been published by
different authors such as papers [2-5,8,9].

The concept of fuzzy normed algebra is different from the notion of fuzzy normed linear space in one
step that had to be done.

In this paper we will consider A as a normed algebra over the field F € {C,R}. Also let Hom(A,F) be
the set of all algebra homomorphisms from A into F.

Given a normed algebra A, we will introduce some different classes of fuzzy normed algebras. Also
separate continuity of the elements of each class are investigated. The results of this paper can be
applied as a source of examples and counterexamples in the field of fuzzy normed algebras.

2. Algebra Fuzzy Norms Generated by Homomorphisms

Definition 2.1. [1] Let X be a linear space and let N : X x R — [0, 1] be a function such that for all
x,y € Xand foralls,t € R,

. N(x,t) =0forall t <0,

. N(x,t) =1forall t > 0if and only if x = 0,

. N(cx,t) = N(x, ﬁ) forall c # 0,

. N(x+y,s+1t) >min(N(x,s), N(y,t)),

. For each fixed x € X, N(x,.) : R — [0, 1] is an increasing function, and tlim N(x,t)=1.

—00

Q= W N =

Then (X, N) is called a fuzzy normed linear space.

Definition 2.2. [13] Let A be an algebra and let N : A x R — [0, 1] be a function such that for all
a,b € Aand foralls, t € R,
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N(a,t) =0forallt <0,

N(a,t) =1forallt > 0ifand onlyifa = 0,

. N(aa,t) = N(a, th) forall & # 0,

. N(a+b,s+1t)>min(N(a,s),N(b,t)),

. For each fixeda € A,N(a,.) : R — [0, 1] is an increasing function, and tlim N(a, t) =1,

—00

G W N e

6. N(ab,st) > N(a,s)N(b,t).
Then (A, N) is called a fuzzy normed algebra.

Example 2.3. If A is a normed algebra, then N : A x R — [0, 1] defined by

Nt {o < o]

1 t>|al

is an algebra fuzzy norm on A.

Proposition 2.4. Let A be a normed algebra over the field F and ¢ € Hom(A,F). Define
Ny:AxR—[0,1] by

0 t < la|l + |p(a)]
N(P(a/ t) = {t|a|(p(a) ¢ > ||a|| + ‘ (a)|
[ Fp(@)] LS

Then N, is an algebra fuzzy norm on A.

Proof. We only prove parts (2), (4), (5), and (6) of Definition 2.2.

(2): If a = O, then clearly Ny(a,t) = 1for all t > 0. For the converse let Ny(a,t) = 1 forall t > 0 and
suppose by contradiction that a # 0.

If t =||a|| + |@(a)|, then Ny(a,t) = O that is a contradiction.

(4): Leta,b € Aands,t € R. If s+t <0,thens <0ort <0.S0 Ny(a,s) =0or Ny(b,t) = 0.

Hence 0 = Ny(a +b,s 4 t) > min(Ny(a,s), Ny(b,t)) = 0.
Ifs+t>0ands+t<|a+b|+|pa+Db)|thens <|a| + |¢(a)| ort < ||b]| + |¢(b)|. Therefore

0= Ny(a+b,s+t)>min(Ny(a,s), Ny(b,t)) =0.

t—|la+b|— b
Ifs+t> |la+b|+|p(a+b)|, then Ny(a+b,s+t)= 2L+HZLH+}$EQI$&§ '

In this case if s < ||a|| + |@(a)| or t < ||b]| + |@(b)], then clearly

s+t—latbll—le(a)+ o)
¢

| B
sttt |latbl+ |ga)+ o) > min(Ny(a,s), Ny(b, t)) = 0.

— s=llall=|e(a)] — =)l =[o(®)]
If s > ||a|| + |¢(a)| and t > ||b]| + |@(D)], then Ny(a,s) = el Tleta and Ny(b,t) = R EOIE
One can easily verify that if Ny (a,5) < Ny (b, t), then

s(Ill + 1o (®)]) < t([lall + [¢(a)]).
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Also i Ny (b, ) < Ny(a,s), then t(]|al| + [¢(a)]) < (o] + |g(b)]).
A straightforward calculation reveals that
if s([[ll +[@(®)]) < t(llall +[¢(a)]), then

s+t—|la+bl—|p(a)+ ¢(b)]
s+t+lla+bl+ o)+ @)
< 5 llall = [¢(a)|

~ s+ lall + [@(a)]

= min(N,(a,s), Ny (b, t)).

Also if t([lall + [o(a)]) < s(|[b]] + [¢(D)]), then

s+t—|la+b| —|pla)+ @b
N“’(Hb’SH):s+t+”a+b”+i$ga;+ngil
ot 1Bl = le(b)]
~t+ bl + ()]

= min(Ny(a,s), Ny (b, t)).

Therefore Ny(a +b,s +t) > min(Ny(a,s), Ny(b, t)) foralla,b € Aands,t € R.

(5): Leta € Aand s < t. If Ny(a,s) = O, then clearly Ny(a,5) < Ny(a,t). If Ny(a,s) # 0, then
_ t=llall~|g(a)]
g

— s—llal—lg(a)] e@)| g;
Ni<j/5) = Sal ety and's >||a|| + |@(a)|. Hence t > ||a|| 4 |¢@(a)| and Ny(a,t) = TlalFgla)]- Since
51,

s(llall + le(a)]) < t(llall +[¢(a)]).

Therefore a straightforward calculation reveals that

sl = Jg(@)] _ t— lall— lp(@)] _
No(@) = Sl T lo@)] = T all ¥ lota)] — @)

This shows that Ny (4, .) is an increasing function for alla € A.

. D i lal-lo@l _
Also lim No(a,t) = im &ef o] = 1

(6): Leta,b € Aands,t € R.If st <0, thens <0ort <0.S0 Ny(a,5) =0or Ny(b,t) = 0.
Hence 0 = Ny (ab,st) > Ny(a,s)Ny(b,t) = 0.
If st > 0 and st < ||ab|| + |@(ab)|, then's < ||a| + |¢(a)| or t < ||b]| + |¢(b)|. Therefore

0 = Ny(ab,st) > Ny(a,s)Ny(b,t) = 0.

Let st > |lab]| + |@(ab)|, s > |a|| + |¢(a)| and t > ||b]| + |@(b)|. It is easy but tedious to show that the
inequality
Ny (ab,st) > Ny(a,s)Ny(b, t) (2.1)

is equivalent to

Sf(S(Ilbll +le®)]) + t(llall + |¢(ﬂ)|> > stlg(a)||p(b)] + stlab]]

+ [labllflall{|o]l + [l la]|lo(b)]

+ [labll[[olll@(a)] + [labll|@(a) || (D)
+lalllielle@)le®)] + llallloa)llp(b)|?
+blllg®)llg(@)]* + |p(a) lo(b) .
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So by hypothesis, we have

st (s(11 + o)) + t(lal + p(o)] )

> st ((lall -+ L@ (101 + o0 + (18] + (e Nlal + (o)) )

= 2st((al| + (o) D101+ p() )

= (st 50)lal 61+ el (8) + 61l (a) + (o)l (e) )

= st (Il 161+ Il (®)] + 1611960} + oo} (e)])

+5t Tl + lallp)] + 1ollo() + lo@lo(0)])

> st (lall o1+ o) o (8) )

+ (bl + Lot (e ) (lallol + Lalllo0)] + llo0)]+ lo@llo(@)))
> st lab] + Lot (0))

+ (||ab|| + |qo<a><p<b>|) (||a||||b|| T llalllg®)] + b]l9(a)] + |(p<a>||<o<b>|)

= st|@(a)||p(b)[ + st[|ab]| + [lab]|[|a[}[|b]| + ||ab]|[|al||@(b)]
+ llab[[[olll@(a)| + [labl[|@(a)|[(B)] + llal[[[b][¢(a) |0 (b)]
+lallle@|le®)* + [blle®)llp(a)* + |o(a) | (b)|.

This shows that inequality 2.1 holds for all a,b € A and s,t € R. Hence N, is an algebra fuzzy norm
onA. O

Proposition 2.5. Let A be a normed algebra, ¢ : A — F be a continuous homomorphism, and € > 0 be an
element such that (e + ||@||) > 1. Define Ny : A x R — [0,1] by

Noo(a,t) — 4 ° £< Jlall(e + gl
,€ 7 - —
’ et >lall e+ lel)-

Then Ny is an algebra fuzzy norm on A.

Proof. We only prove parts (2), (4), (5), and (6) of Definition 2.2.

(2) : If a = 0, then clearly Ny (a,t) = 1 for all t > 0. For the converse let Ny (a,t) = 1forallt > 0
and suppose by contradiction that a # 0.

If t =||a|/(e+]| ¢]|), then Ny (a,t) = O that is a contradiction.

(4):Leta,bc Aands, t e R.If s+t <0,thens <0ort <0.50 Nye(a,s) =0o0r Nye(b,t) =0.
Hence 0 = Nye(a+b,s+1t) > min(Nye(a,s), Nye(b,t)) = 0.

Ifs+t>0ands+t <|a-+b|(e+|e|), thens <|a| (e+]¢]]) or t <||b]|(e+] ¢]||). Therefore

0= Ngye(a+b,s+1t) >min(Nye(a,s), Nye(b, t)) = 0.
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- b
If s+t >|a+b|(e+]¢l), then Nye(a+b,s+1t) = %‘

In this case if s <||a||(e+]|¢]|) or t <||b||(e+]|¢]|), then clearly

stt—lo@)+o®)| _ . B
ST o) + o) > min(Nye(a,s), Nye(b,t)) = 0.

- —|o(b
if s >[|al/(e+ | pll) and t >[|b]|(e+ [ @])), then Nye(a,s) = ZHED and Ny, (b, t) = FE0.
One can easily verify that if Nyc(a,5) < Nge(b,t), then 2s|p(b)| < 2t[¢(a)|. Also if Nye(b,t) <
Ny,(a,s), then 2t|p(a)| < 2s|¢(b)|.

A straightforward calculation reveals that if 2s|¢(b)| < 2t|¢(a)|, then

s+ 1~ p(a) + p(b)|
s+t+|pa) + o(b)l
5— |g(a)]
5T lg(a)]
= min(N(p,e(a,s),Nq,,e(b, £)).

N(P,e(a + b,S + t) =

Also if 2t|¢(a)| < 2s|¢(D)|, then

s+t—|g(a) + ()]
s+i+[g(a) + (b

_ t=lo(b)

~ ()]

= min(Nye(a,s), Nye(b, t)).

Nq,,e(a +bs+t)=

Therefore Ny e(a+b,s +t) > min(Ny(a,s), Nye(b,t)) foralla,b € Aands, t € R.
(5): Letac Aands < t. If Nye(a,s) = 0, then clearly Nye(a,5) < Nye(a,t). If Nye(a,s) # 0O, then

_ —
Npe(a,5) = 20 and s > all(e+ gl Hence ¢ >[lall(e-[lgl]) and Noe(a,t) = ‘20,
Since s < t, 2s|@(a)| < 2t|p(a)|. Therefore a straightforward calculation reveals that Ny (a,s) =
s=le(@)| ~ t=|g(a)]
stlp(@)] = t+lg(a)]

= Ny, (a,t). This shows that Ny ¢(a,.) is an increasing function for all 2 € A. Also

lim Ny e(a,t) = lim t=lo(@)] =1
t—o0 t—oo £+ |@(a)]
(6): Leta,b € Aands,t € R. If st <0, thens <0ort <0.S0 Nye(a,5) = 0or Nye(b,t) = 0.
Hence 0 = Ny e(ab,st) > Ny e(a,5)Nye(b,t) = 0.
Let st > 0 and st < ||ab||(e + ||¢||). The condition € + ||¢|| > 1 implies that
s < Jlall(e + [lgl) or £ < [Ib]|(e + [lg]]). Therefore

0 = Ny, (ab,st) > Nye(a,s)Nge(b,t) = 0.
Finally let st > |lab|(e + ||¢]|), s > |lal/(e + ||¢]|) and t > ||b]|(e + ||¢]|). It is easy to see that the

inequality
N(p,e(ablst) 2 N(p,é(uls)N(P,E(b/ t) (22)
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is equivalent to st|g(a)||g(b)| + |p(a)[*|@(b)[* < 5| @(D)| + st |p(a)].
Since s > la|(e +[l¢ll) = llallll¢[l = |@(a)| and t > [|b]|(e + [l@[]) = [|b[l[[¢]] = [@(b)], we have

stlg(a)[l9(0)] + lo(a) Plo(b) | = stlg(a)||9(0)] + |o(b) *|g(a) lg(a)]
< st(s)|p(b)] + s|g(a)l
= s’t|p(b)| + st |p(a)].

This shows that inequality 2.2 holds for alla,b € Aands,t € R. O

Remark 2.6. Note that the condition € + ||¢|| > 1 in Proposition 2.5 is necessary. Indeed, for A = R,
¢ =0,and 0 < e < 1wehavee+ [[¢]| =€ < 1. Also Noe(1-1,1/€-+v€) = Noe(1,€) = 0 and
Noe(1,4/€) = 1. Since € < |1|(e +0) and /e > [1|(e + 0). So the inequality Npe(1-1, /€ - /€) >
Noe(1,v/€)No (1, 1/€) dose not hold. Hence Ny is not an algebra fuzzy norm .

Proposition 2.7. Let A be a normed algebra and ( € Hom(A,F). Then the maps

Nyt AxR — [0,1]

0 t <
Ny (a,t) = t <llall + lg(a)]
gy >l + lv(a)l,

and

N AR — [0,1]

N (0 — {0 < 19(@)
! @ > @)l

are algebra fuzzy norms on A.
Also if kerp = {0}, then the map

Ny AxR—[0,1]

Wan 0 1sw@
R

is an algebra fuzzy norm on A.

Proof. At the first we will prove that Nl)(bz) is an algebra fuzzy norm. At the end we will only prove

part (6) of Definition 2.2 for N&,l) and N,f). The proof of the other parts are similar. Note that for

investigation of the fuzzy norm properties in the case Nf), the condition ker iy = {0} will be used in
part (2) of Definition 2.2, since |¢(a)| = 0 implies that a = 0.
(1): If t <0, then clearly N&,z)(a, t) =0foralla € A.

(2): If a = 0, then ¥(a) = 0 and consequently for all t > 0 = |(a)], Nf,,z)(a,t) = r¢55 = 1. For
(2)

the converse let N (a,t) = 1for all t > 0. At the first we will show that ¢(a) = 0. Suppose by
contradiction that ¢(a) # 0.

If t = |(a)l, then Nf) (a,t) = 0 that is a contradiction. This shows that ¢(a) = 0. So by hypothesis,


https://doi.org/10.20944/preprints202309.2032.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 September 2023 doi:10.20944/preprints202309.2032.v1

7 of 18

forallt > 0= |¢(a)l, m = N&,z) (a,t) = 1. It follows that ||a|| = 0 that implies a = 0.
(3): If « # 0, then
0 t < |w(aa
N (a1 = o p(aa)
Telgea b > [w(xa)]
@ < p(a)|
- t
‘+||a\+w] T > ¥ (@)
N |t|) a€AteR.

(4): Leta,b e Aands,t e R. If s+t < |p(a+b)| = |p(a) + p(b)|, thens < |p(a)| or t < |ip(b)]. So

0= N (a+b,s+1) > min(N (a,5), N (8,1)) =

Lets+t > [p(a) + ¢p(b)| and s < |ip(a)| or t < |¢p(b)|. Then clearly,

o B s+t

N, bs+t)=

p @b+ = T (9(a) 9]
>0
- min(Ng) (a,s), N&,Z)(brf))-

Lets+t > |p(a)+(b)| and s > |¢p(a)| and t > |p(b)]. ThenNé)Z)(a—i-b,s—i-t) =

s+t
st+i+la+b][+[p(a)+y(b)|

and
Ny (a,5) = W and N7 (b, 1) = T
I SaT@l < AT )|'therl
s([Ib]l + ¢ (b)[) < t(l[all + [¢(a)]). (2.3)
If e < sl then
t(llall + [p(a)]) < s(l[bll + [w(D)]). (24)

In the case where N (2) a,s) <N (2) b, t), inequality 2.3 implies that
P ¥ q y p

s+t :N(z
s+t+lla+bl|+[p(a)+yp(b)

Na+b,s+t)
S
>_ °
~ stlall + [¢(a)]
= min(N} (a,5), NS (b, 1)).

Also in the case where &,2 (bt) < (2) (a,s), inequality 2.4 implies that
Ny (a+b,s+ 1) > min(N} (a,5), N 2)(b 1).

(5): Lets < t. If ngj )(a,s) = 0, then clearly N&J )(a,s) < N&,z) (a,t). Let ngjz)(a,s) # 0. Thens > [ip(a)|.
It follows that t > [(a)].

Since s(||a|| + |¢(a)]) < t(||a]| + |p(a)]), NIE,Z) (a,5) < NIE,Z) (a,t). So Nf)(a, .) is an increasing function

t
im —M— =1.
@) = b el o @]

and also
lim N?

t—o0 ¥
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(6): Leta,b € Aands,t e R.If st <0,thens < 0ort <0.So N&z)(a,s) =0or Néjz)(b,t) =0.
Hence 0 = N\ (ab,st) > Ny (a,5)N (b, ) = 0.
If st > 0and st < |¢(ab)|, thens < |ip(a)| or t < |ip(b)|. Therefore
0 =N (ab,st) > NP (a,5)N} (b, 1) = 0.
Let st > |p(ab)|, s > |¢(a)|, and t > |ip(b)]|. Clearly
st + |lab|+]p(a)|1p(b)] < (s + llall+|w(a)|)(t + [|b]+]p(b)]).
st st

50 b p@ e = Gl Fp@N oI gE - ience

N (ab,st) > N (a,5)N (b, 1). 2.5)

Therefore inequality 2.5 holds for alla,b € Aands,t € R.
Now we will investigate part (6) of Definition 2.2 for thzl) and NIEJS).

Ny AxR— [0,1]

0 t <
N (a, 1) = t <llall +[g(a)]
ey >l + lv(a)l,

(6): Leta,b € Aands,t € R. If st <0, thens <0ort <0.So N&Jl)(a,s) =0or ng,l)(b,t) =0.
Hence 0 = ngjl)(ab,st) > Nél)(a,s)Nél)(b, £)=0.
If st > 0 and st <||ab|| + |¢p(ab)|, then's <||a|| + |p(a)| or t <||b|| + | (b)|. Therefore

0 = Ny (ab,st) > N (a,5)N" (b,1) = 0.

Finally in the case where st >|ab| + |¢p(a)p(b)|, s >|a| + |¢(a)|, and t >|b|| + |[p(b)]
cleatly st + [[ab]+[¢(@)[[¢(®)] < (s + lal +1p@D(E + [b]+pE)D. S0 et >

t
@ g - Henee

Ny (ab, st) > Ny (a,5)NG (b, 1). 2.6)

Therefore inequality 2.6 holds for all a,b € A and s,t € R.

Ny i AxR— [0,1]

Wan 0 1w
P DT s )

(6): Leta,b € Aands,t € R. If st < 0, thens < 0ort < 0.50 N (a,5) = 0or N (b, ) = 0.
" v

Hence 0 = Nf)(ab,st) > Néjs)(a,s)Nf)(b, t) =0.
If st > 0and st < |¢(ab)|, thens < |ip(a)| or t < |ip(b)|. Therefore

0 = Ny (ab,st) > NS (a,5)NS (b,1) = 0.
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Finally in the case st > |¢(ab)|, s > |(a)|, and t > |p(b)] clearly
st+ |p(a)|[p(b)| < (s+ |g(a)])(t+ [¢(b)]). So SHW(ZglllP(l’)\ > (S+|¢(ﬂ)|§Ef+\¢(b)|) and consequently

Ny (ab,st) > N (a,5)NY (b,1). 2.7)

This shows that forall a,b € A and s,t € R inequality 2.7 holds. O
Proposition 2.8. Let A be a normed algebra and 1 € Hom (A, F). Then the map

N AXR — [0,1]

) 0 t <lla|l + |17(a)]
Ny (at) = {tlllv()l
t

t>|la]l +[n(a)],

is an algebra fuzzy norm on A.
Also if kery = {0}, then the map

NP AXR — [0,1]

N 0 t< [y(a)]
Ny“(a,t) =
0 (at) {t—lz(a)l t> |y(a)|,

is an algebra fuzzy norm on A.
Proof. We only prove part (6) of Definition 2.2 for N,gl) and N,gz).

N AXR — [0,1]

(1) _Jo t <lla|l + [17(a)]
Ny (a,t) = {tllaltn(a)l

t>|la]l +[n(a)],

(6): Leta,b € Aands,t € R. If st <0,thens < 0ort <0.So N,gl)(a,s) =0or N,;l)(b,t) = 0. Hence
0= N (ab,st) > NV (a,5)NSM (b, £) = 0.
If st > 0 and st <||ab|| + |7 (a)y ()|, then's <||a|| + |(a)| or t <||b]| + |1 (])|. Therefore

0= N (ab,st) > NIV (a,5)NM (b, 1) = 0.

Finally in the case where st > ||ab|| + |1 (ab)|, s >|a|| + |7 (a)|, and
t >||b]| + |7 (b)| we will show that the inequality

N (ab,st) > NV (a, )N (b, 1) (2.8)
holds. It is easy to see that inequality 2.8 is equivalent to

s(ll+[n @)]) + t(llall+|n(@)[) = lalll[ol[+l|abl|+llall[7(®)] + 6]y (a)] +2[n(a)[[7(b)].

In this case

s(ll+17@)]) = (llall+[7(a)) (Io]l+]1(2)])

and

t(llall+[y(a)]) = ([bll+[7 @) (lall+[7(a)])-
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Hence

s([ll+7(0)]) + tllall+ln(a)]) = 2(llal[ D]+ llalll7(0)] + [[b]l[17(a)| + [1(a) [ (D)])-

Therefore

s(oll+1n @)]) + t(llall+|n(@)]) = Clalll[oll+lallly )] + [b[l[7(a)] + 27 (a)[ |7 (b))

+ (llallliell) + (lalll7 (o) + o[l (a)])

> (llalllioll+llabll+[lallly )| + 1Bl ()] + 2[n7(a)[[7(b)])
+ (lallln@)] + 1|b]l3(a)])

> [lal[l|o]l+[labl[+[lally (2)] + [[b[l[17(a)] + 2[n(a)| |7 (b))

So inequality 2.8 holds for alla,b € Aand s, t € R.

NP AXR — [0,1]

T t < |n(a)]
o (at) = {t—z(a)l t > |n(a)l,

(6): Leta,b e Aands,t € R. If st <0, thens <0ort <0.So N,gz)(a,s) =0or N,gz)(b,t) =0.
Hence 0 = N,gz)(ab,st) > N,gz)(a,s)N,gz)(b, t) =0.
If st > 0and st < |f(a)n(b)|, thens < |y(a)| ort < |5(b)|. Therefore

0= N\?(ab,st) > NP (a,5)N (b,t) = 0.
Let st > |y(ab)|, s > |y(a)|, and t > |5(b)|. It is easy to see that the inequality
N (ab, st) > NI (a, )N\ (b, ) (2.9)

is equivalent to s|n(b)| + t|y(a)| > 2|5(a)||n(b)|. So in this case we have,

slp(b)| = [n(a)l|n(b)]

and
t(a)| = [7(0)|[n(a)l.

Hence
sly(b)] + tln(a)| = 2[n(a)||n(b)].

This shows that forall a,b € A and s,t € R inequality 2.9 holds. [

3. The separate continuity of Ny, Ny, ngf) N,gj ), 1<i<3,
1<j<2

In this section we characterize separate continuity of the algebra fuzzy norms Ny, Ny, N&Ji), N,gj ),

1<i<3,1<j<2 wheree > 0and ¢, ¢, are continuous homomorphisms from A into .

Theorem 3.1. Let A be a normed algebra and ¢ : A — F be a continuous homomorphism. If
Ny : A x R — [0,1] is defined by

Ny(at) = {o t <lla]| + [g(a)

t—|la||—|¢(a)]
W t>|lall + |p(a)|,
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then the map

Nyp(,t) : A — [0,1]
a— Nq,(a,t),

is continuous for all t € R.
Also the map

Ny(a,.) :R — [0,1]
t — Ny(a,t),

is continuous for all a € A except a = 0.

Proof. If t < 0, then Ny(a,t) = Oforalla € A. So Ny(.,t) : A — [0,1] is a constant function and
consequently is continuous on A for all t <0.

Forafixedt > 0,leta € Aand {a,};’; be asequence such thata, — aasn — co. If t =|a| + |@(a)],
then for all subsequences {a,, }3>; C {an}; satisfying t <||a,, || + |¢(as, )|, k € N, we have

lim Ny (xp,,t) = k11_r>r°100 =0 = Ny(a,t).

k—00

Also for all subsequences {ay, }2>; C {ax )5, satisfying t >||a,, || + |¢(an, )|, k € N, we have

t— _
lim Ny (ay,,t) = lim lan, || ¢ (an,)]
k— o0 k—o0 t+||(lnk|| + |(P(ank)|

bt
e
=0

= Ny(a,t).

If t <l|la]| + |@(a)|, then there exists an N € N such that t <||a,| + |¢(a,)| for all n > N. So
Tim No(an, £) = lim 0=0 = Ny(a, 1)
If t >||a|]| + |@(a)], then there exists an N € N such that t >||a,|| + |¢(a,)| foralln > N. So

lim Ny (a,,t) = lim t—llanll — |p(an)|

nyeo n=veo tt{|an || + | (an)|
)l = |g(a)]
t+lall + | (a)]
= Ny(a,t).

Hence for each t > 0, Ny (., t) is continuous at every a € A. So Ny (., t) is continuous on A for all t € R.
For any fixed a # 0,lett € Rand t, — tasn — oo. If t = ||a||+|¢(a)], then for all subsequences
{33y C {tn )iy satistying by <[lal[ + |¢(a)| we have

kh—{I;oN(P(a'tnk) = kh_r}I;O = 0= Ny(a,t).
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[e9)

Also for all subsequences {t,, }2>; € {tn}5 4

satisfying t,, >||al| 4+ |¢(a)| we have

t, —|lall —
lim Ng(a,t,,) = lim m—llall — |g(a)]
ke koo by |l + | (a)]

_ t=lall = lg(a)]
el + lo(o)

t—t

t+t

=0

= Ny(a,t).

If t <|la|| + |¢(a)|, then there exists an N € N such that t, <||a|| + |¢(a)| for all n > N. So
If t >||a|| + |¢(a)|, then there exists an N € N such that t, >||a|| + |¢(a)| foralln > N. So
lim = lall = ()|

lim Ny(a,t;) = lim
A, No (. tn) = Jim, 3 el & To(a)]

_ t=lall = [g(a)]
t+lall + [¢(a)]
= Ny(a, t).

It follows that for any fixed a # 0, t, — t as 1 — oo, implies that n@w Ny(a,ty) = Ny(a,t).
Hence Ny (a,.) : R — [0,1] is continuous for all a # 0.
We shall show that Ny (0,.) : R — [0, 1] is not continuous at t = 0.
Since
0 t<0

1 t>0,

Np(0,t) = {

lim Ny (0,t) =1 # Ny(0,0) = 0. This shows that Ny,(0,.) : R — [0, 1] is not continuous on R.  [J

t—0t

Theorem 3.2. Let A be a normed algebra, ¢ : A — F be a continuous homomorphism, and € > 0 be an
element such that (e + ||¢||) > 1. If
Nye : A xR — [0,1] is defined by

Noo(at) — 10 t<|lall(e + llgl)
,€ 7 - —

’ e > lal(e+ lol),
then

1.  the map

Nye(.,t) : A —[0,1]
a — Nye(a,t),
is continuous for all t < 0.
2. if t >0, then Ny(.,t) is continuous at everya € A\ S, where S ={a € A | |la|| =

t
el

3. themap Nyc(a,.) is continuous at every t € R\ T, where T = {t € R | t =||a||(e+]||¢]|)}.
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Proof. 1. Ift <0, then Nye(a,t) = 0foralla € A. So Nye(., t) is a constant function on A that is

2. Ift >0and a € S, then |ja]| =

continuous.

and Nye(a,t) = 0. Set a, = Tl aforalln € N. So

€+H(PH (€+||<0H)
a, —> aasn —» oo, and
t— 1 .
llan| = \Ial\(eﬁﬁfﬂll) lla|| < (€+|t\(PH) for all n € N. This shows that
t >||an|/(e+] ¢|) foralln € N.
Hence
. _ i B le(an)]
A, Noe(an t) = im0
_t—lp(a)
t+lo(a)l

# Nq),e(a, t) = 0,

since, t =||a||(e+|l@||) >|lall|l¢|l > [¢(a)|. Therefore Ny (., t) is discontinuous at every a € S.
Leta ¢ Sandleta, — aasn — co. Sot >||a||(e+]| @) or t <||a|/(e+]|¢l|). Ift >]|al(e+]¢]),
then there exists an N € N such that t >||a,||(e+]| ¢||) for all n > N. Hence

B t—|p(an)|
Jim Npe(an t) = lim t+|g(an)|
_i=lol)]
t+|p(a)l
= Npe(a,t).

If t <||a||(e+]|@||), then there exists an N € N such that
t <||lan||(e+]/¢||) foralln > N. So

lim Nye(an,t) = lim 0 =0 = Ny.e(a,t).

n—oo n—oo

Consequently in the case where t > 0, Ny ¢ (., t) is continuous at every pointa € A\ S.

. Lett € T.Sot =|a||(e+||¢||) and Ny(a,t) = 0.
Set t, = (||a| + 1)(e+]||¢|) forall n € N. Clearly t, — t as n — oo, and t, >||a||(e+]|¢]|) for
all n € N. Hence

_ ¢(a)]
Jim Noor ) = Jim 300

{1 a=20
=9 o)
Mg 270

It follows that r}l_r}r; Nye(a,ty) # Nge(a, t) = 0. Note that if ¢ =|[[a||(e+]|¢]|) and a # 0, then
t—|¢p(a)| # 0, since

t=llal|(e+[loll) >[lallloll = |p(a)]-

doi:10.20944/preprints202309.2032.v1
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We shall show that Ny ¢(a,.) is continuous at every t € R\ T.
Lett € R\Tand lett, — tasn — oo. Then t <|a||(e+]|¢]||) or t >|al(e+]|¢]). If
t <||la||(e+]||¢]|), then there exists an N € N such that t,, <||a||(e+] ¢||) for all n > N. Hence

nli*I;I(.)lo N(ple(a, tn) - ’}EIC}OO = 0 - Nq)/e(a, t).

If t >||a||(e+]|¢]|), then there exists an N € N such that
ty >||al|(e+] ¢]|) foralln > N. So

. .ty — a
Jim Noe(a, ta) = ,}L‘E}oﬂm
_ t—|p(a)]
t+ |p(a)l
= Nye(a, t).

This shows that N, ¢(a, .) is continuous at every t € R\ T.
O

Theorem 3.3. Let A be a normed algebra and ¢ : A — F be a continuous homomorphism. If
N&,l) A xR —[0,1]and NIEJZ) : A x R — [0, 1] are defined by

0 t<
N (a,t) = t <llall + [y (a)|
@y b > llel + ()],
0 t<
NP (a,t) = t < lg(a)]
Aegar > @)l

and in the case where ker p = {0}, Nf) : A xR — [0,1] is defined by

o > @)l

0 t <
N a1) = { < [p(a)
t+y(a)]

then

the maps Nl(pl) (., 1), NIEJZ) (., 1), and Nf) (., t) are continuous on A for all t < 0.
2. if t >0, then the map ngjl (., t) is continuous at every
a€ A\Sy, whereS; ={ac A | t=|al| +|p(a)l}.
3. if t > 0, then the maps Nf) (.,t) and Nf) (., t) are continuous at every a € A\ Sy, where Sy = {a €
Al t=[p(@)]}.
fora € A, the map Néjl)(a,.) is continuous at every t € R\ Ty, where Ty = {t € R | t =||a|| + [¢(a)|}.
for a # 0, the map NIEJZ) (a,.) is continuous at every t € R\ Ty, where Ty = {t > 0 | t = |¢(a)|}. Also
the map ngjz) (0,.) is continuous at every t € R except t = 0.

6. fora e A, the map Nl'(f) (a,.) is continuous at every t € R\ T3, where Ts = {t e R | t = |¢(a)|}.

Proof. 1. Itis obvious.
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2. Lett >0anda € S1.So t =||a|| + |¢(a)|. Seta, =
and so ¢(a,) — ¢(a) as n — 0. Also

HﬂHHlP( T e@? for all n € N. Obviously a, — a

lan]l = lal

IIaII + IlP( )

< s !

:”aHr neN,

and

t

=4
oG
< o @ @)
= |p(a)|, neN.

So ||an|| + [¥(an)| <|la]| + | (a)| = t for all n € N. It follows that

(1) t
A Ny ) = i e o]

t

t

N —

Z

”

y (@)

e

This shows that thzl) (.,t) is discontinuous at every a € S;. Now leta € A\ Sy and {z,}} ;
be a sequence such that z, — aasn — oco. So t >|a|| + |¢(a)| or t <|a| + |p(a)|. If
t >||a]| + |¢(a)|, then there exists an N € N such that t >||z,|| + |¢(z,)| for all n > N. Hence

t
lim N lim
A, Ny () = i e T ]

t
 ttlall + [y (a)]
= Nél)(a,t).

If t <||a]| 4+ |¢(a)|, then there exists an N € N such that t <||z,|| + |(z4)| foralln > N. So
: (1) e tmO0—=0~ND
lim N, (zn,t) = lim 0 =0 =N, (a,t).

This shows that Ny, (1 )( t) is continuous at every a € A\ S;.
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3. Leta € 5550t = |p(a)], a # 0and Ni(a,t) = Ny (a,1) = 0. Seta, = (1 - 4;)aforalln € N.

Clearly a, — a, P(a,) — (a) asn —» oo. Also [p(ay)| = (1 — 2)|¢(a)| < |¢(a)| = t for all

n € N. Hence
. (2) s t
5 Ny ) = 8 o, T T
ot
 tt|al| + ¢
ot
© 2t+|a]]
£0
2
= NP (a,1).
and
. (3) Y t
A, Ny (an ) = i ]

‘ -

t

ol
O NIm -

3
=N (a,t).
Hence NIE,Z) (., t) and Nf) (., t) are discontinuous at every a € Sy.

Now leta ¢ Sy and z, — aasn — oo. Then t < |¢(a)| ort > |¢p(a)|. If t < |¢p(a)|, then there
exists an N € N such that t < |(z,)]| for all n > N. Hence

and

Alsoif t > |¢(a)|, then there exists an N € N such that
t > |¢(zn)| forallm > N. So

t
= lim
n=00 t+|zp[| + [ (zn) |
t
— tlall + [y (a)]

= N (a,t),

and

t
lim N (z,, ) = lim ——
Jim Ny (zn, t) 050 £+ [(zn)]

t
- g(a)]
= 1513)(a,t).

Hence NIEJZ) (.,t) and Nf) (., t) are continuous at every a € A\ Sp.


https://doi.org/10.20944/preprints202309.2032.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 September 2023 doi:10.20944/preprints202309.2032.v1

17 of 18

4. Lett € Ty. Thent =||a|| + |¢(a)| and Nél)(a,t) = 0. Set
tn =[] + [¢(a)| + L forall n € N. Clearly t, >||a|| + |(a)| forall n € N and nlgn t, =t. So

t
lim N(l) at,) = lim G
Xim Ny“(a,tn) = lim, tntlall + |¥(a)]

_{1 a=20
o 1

It follows that nh_r}rolo Néjl) (a,ty) # Né)l) (a,t) = 0. This shows that Nthl) (a,.) is discontinuous at

every t € Tj. One can easily verify that if t € R\ Ty, then N&,l) (a,.) is continuous at t.
5. Leta #0.1f £ € Ty, then t = [1(a)| > O and Ny (a,£) = 0. Set t, = (1+ 1)[p(a)| forall n € N.

Clearly t, — tasn — oo, and t, > |¢(a)| for all n € N. So

t
li N(Z) b)) = li .. m
A, Ny~ (/) = lim, ty+llall + [p(a)]
t
= 2t+af
#0
2
:Néj)(a,t).

This shows that ngjz) (a,.) is discontinuous at every t € T.
Lett € R\ T;. Thent < 0ort # |p(a)|. In the case where t < 0 or t # |p(a)|, the continuity
of ngjz) (a,.) at t, can be obviously verified. If t = 0 and t, — 0 as n — oo, then for all

subsequences {f,, }?>, C {t.};; satisfying t,, < |¢(a)| we have, klim N& (a,ty,) =0 =
—00

[
ngjz)(a,O). Also for all subsequences {ty, }2>; C {tu}5. satisfying t,, > |¢(a)| we have,

t
lim N (a, £, ) = lim L 0

()
— =0=N, I/'l,O .
kooo ¥ k=00 ty 1 (la|+]p(a)] 0-+/[all + [¢(a)] (@.0)

Y
So Né}z) (a,.) is continuous at t = 0.

Clearly the map NI;Z) (0, .) is continuous at every t € R except t = 0.
6. Inspired by part (5), the proof is obvious.
O

Theorem 3.4. Let A be a normed algebra and 1 : A — ¥ be a continuous homomorphism. If

N,gl) : A xR — [0,1] is defined by

t <[la]| + [y (a)]

Wy gy 0
N, (a/t) - { - —
p Elel= @l 4 s i) + |y (a)),

and in the case where ker n = {0}, N,gz) : A x R — [0,1] is defined by

2 B 0 t < |17(11)|
Ny (a,t) =
- (at) {t—lvt(a)l t> |n(a)l,

then

1. the map N,gl) (., t) is continuous for all t € R.
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2. themap N,;l) (a,.) is continuous for all a € A except a = 0.
3. themap N,gz) (., t) is continuous for all t € R.
4. the map N,;z) (a,.) is continuous for all a € A except a = 0.

Proof. An argument similar to the proofs of the previous theorems can be applied. [
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