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Abstract: The fractional derivatives are a generalization the derivatives of integer order and find
applications in studying memory processes in various scientific fields. Numerical methods are
used to solve and analyze fractional models of real world problems. In this paper, we consider an
approximation of the Caputo fractional derivative and its asymptotic formula, whose generating
function is the polylogarithmic function. In the paper, we prove the convergence of the approximation
and derive an estimate for the error and order. We consider an application of the approximation
for the construction of finite difference schemes for numerical solution of the two-term ordinary
fractional differential equation and the time-fractional Black-Scholes equation for option pricing. The
properties of the approximation are used to prove the convergence of the methods used for numerical
solution of the fractional differential equations. The theoretical results for the error and order of the
methods are illustrated by the results of numerical experiments.
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1. Introduction

Fractional differential equations are an essential means of modeling complex processes in different
fields of science [3,10,35,50,51,53]. The Riemann-Liouville fractional integral of order « > 0 is defined

as
1) = g [0 0

When 7 is a positive integer and 0 < & < 1, the Caputo and Riemann-Liouville fractional derivatives
of order « are defined as

x—t

n+1
aCDZHf( )_Il aDnJrlf(x 1_@/ f

n+1 x
R’JLDZ+1xf<x) _ Dn+1llﬂxf(x) _ r(ll (X) ddxn+1 /a (xf<t2)a it

The Caputo and Riemann-Liouville fractional derivatives are related as

f(k)(()) k—n—u
“T(k—a—n+1)

S DI f(x) = {DY* f(x) +Z
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Without loss of generality the lower limit of the integral in the definition of fractional derivative is zero.
When 0 < a < 1 the Caputo derivative is defined as

F®(x) = DEf(x) = ml_a) A (J{/_(tt))“dt.

Fractional derivatives and integrals are nonlocal and have a singularity at the endpoint. The properties
of the fractional derivatives make them an important tool for describing memory processes. The
exponential, sine and cosine functions have Caputo derivatives,

D%e* = x17*E1p o(x), D%sinx =x'""Eyp o(—x?), D%cosx = —x*> “Ep3 ,(—x?),

where Eg, g,(x) is the Mittag-Lefler function

00 k

x
) = I Tk )

Finite difference schemes for numerical solution of fractional differential equations use
discretizations of the fractional derivative. Two important discretizations of the Caputo fractional
derivative are the Griinwald difference approximation and L1 approximation [8,26,30,49]. Griinwald
difference approximation has a first order accuracy and a generating function (1 — x)*. Central
difference approximations of integer order derivatives have a second order accuracy. Griinwald
difference approximation is a second order shifted approximation of the fractional derivative with
a shift parameter a/2, and it is a generalization of finite difference approximations [37,58]. L1
approximation has an order 2 — a and a generating function %72‘;)1(’() In Apostolov [7] and
Dimitrov [16] we use the L1 approximation and approximations of the second derivative for
construction of a second order approximations of the fractional derivative. Alikhanov [4] and Gao et
al. [22] construct approximations of the fractional derivative of order 3 — &, which are called L1 — 2
and L1 — 2, formulas. Finite difference schemes using L2 formula approximations of the fractional
derivative of order 3 — &, and their convergence are studied by Alikhanov [5], Lv and Xu [33], Wong
and Ren [55]. High order approximations of the fractional derivative and finite difference schemes
for fractional differential equations are constructed in [8,9,12,14,29,32,44,48,57]. Navot [38] uses Taylor
polynomials to deal with the singularity of the fractional integral fol t* f (t)dt. He derives the asymptotic
formula for Riemann sums on a uniform net, called extended Euler-Maclaurin summation formula.
The formula is extended in Navot [39] to functions with a logarithmic singularity. In [18] we derive
the asymptotic formula of the Riemann sum of the fractional integral using the series expansion
of the generating function Lij_, (e™*). Other types of numerical methods for fractional differential
equations include fractional multistep methods and methods using spline interpolation and wavelets
[2,20,31,34,46,47].

Let n be a positive integer, 1 = x/n and y; = y(kh) fork = 0,1,--- ,n. In [17] we derive an
approximation of Caputo fractional derivative and its asymptotic formula

LT bk ra ) BN f e 0 (1), <1>
k=1

Jlt+a he

Approximation (1) has a generating function Lij 1, (x), the polylogarithmic function of order 1 + a.
By substituting the derivative in the right-hand side of (1) using first order backward difference
(fn — fn—1)/h we find an approximation of the fractional derivative

A, . .
Enf(X)=Wk§00,ﬁ )fnszfﬁ )+O(h2 ), )
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) =@+, o =1-1@), o= g5, @<k<n).

Approximations (1) and (2) have an order 2 — & when the function f satisfies the condition f(0) =
£'(0) = 0. In paper [17] we extend approximation (2) to all functions in the class C2[0, x] by assigning
values of the last two weights.

BN < DN (O P u
Aflf(x) = Wkgoak fok=fa +0 (h2 ) , 3)
o) =g -0 +w), oY =1-Cw), of) =, @<k<n-2), )
" 1 1—w
Uﬁjlzm—ﬂSn[1+ﬁé]+Sn[a}—h, (5)
() nl—a
o’ = (n—1)Su[1+ a] — Syla] +m, (6)

where S, [a] = 22;11 k=% — {(a). In this paper we investigate the properties of approximations (2) and
(3) and applications of the approximations for numerical solution of ordinary and partial fractional
differential equations. The outline of the paper is as follows. In section 2 we study the properties of the
weights of approximation (3) and we derive the inequality

< (1 +a)n* —2. 7)

In section 3 we derive estimates for the errors of approximations (2) and (3). In sections 4 and 5
we construct numerical solutions of the two-term ordinary fractional differential equation and the
time-fractional Black-Scholes equation for option pricing and we prove the convergence and order of
the methods.

2. Properties of the Weights

L1 approximation and approximation (2) have an order 2 — « and similar performance and
properties of the weights [17]

o(g“) >0, 01(“) < 0'2(“) << (Tr(f‘_)l <0, kEU,E”‘) =0.
-0

(@) (a)

The weights of 0, ’; and ¢;, " of approximation (2) are chosen such that the values of A,1 and A, x are
equal to the fractional derivatives.
yl-u

Anl - Dfé]. == O, Anx - Dféx == m

(@)

In this section we prove inequality (7) and we derive an estimate for the weight o, ", of approximation
(2). The proof uses the inequalities in Claim 1 and Claim 2.

Claim1. Let0<a < land1 <k <mn. Then

ak

(n—k)* <n"‘—m. ®)
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Proof. From the binomial formula

e (1-2) () )

The numbers (—1)’(}) are negative for k > 1. Then

e fen () () <o

(n—k)* —n"+

O

Claim 2. Let 0 < a < 1. Then

1—a+a?  al(a)

2.
a(l—a) 2w~

Proof. The Riemann zeta function has a series expansion [36]

Z(a) = ! +7+°° Tk (1 — gk,

a—1 = k!

where v = 0.5772 is Euler’s constant and 1, are Stieltjes constants
v1 = —0.0728158, 9, = —0.0096904, 3 = 0.0020538.

Then
(1—a)?
2

1

{0)> 2 fyt (1—a)y +

r—1 Y2 >

1
a—1 2

>

a—1

The value of In2 = 0.693147 < 0.7. From Taylor’s Theorem

2
L T R

2
<1- <ln2—m2> (1—a)
2
<1-045(1 — &) = 0.55 + 0.454.

From (11) and (12)

1—a+a®  al(a) S 1—a+a?
a(l—a) 21—« a(l—w)

1
>+ 0.036a° + 0.2676542 + 0.72335a.

Inequality (9) holds when
1
—+ 0.036a> + 0.26765a4% + 0.72335a > 2,

0.036a* + 0.267654° + 0.723354% — 20 +1 > 0.

+y+(1-a) <v1+ﬁ

1
+a (a — +0497 + o.o&x) (0.55 + 0.45a)
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The function f(a) = 0.036a* + 0.26765a° + 0.723354 — 2a + 1 has a first derivative
f'(a) = 0.144a> + 0.80295a% + 1.4467a — 2

and a minimum value f(0.882) = 0.00414. Therefore f(«) is positive on [0,1]. O

The asymptotic formula of E,’z;ll (n — k)*k~1=* is obtained from the asymptotic formula of the
fractional integral [18,38]

n—1 — k) —k
k; (”km) =T(1+a)l(—a)+ Z ( )mjk“a) (13)

“1—a\l(—a—k
+ kg<—1>’<( )

Let B = min{2 + «,3 — a}. From the properties of gamma function

(14 a)T(—a) = — mfm).

From (13) we find the asymptotic formula of 22;11 (n —k)*k~1=% of order B

n—1
(n—k)" p 4 af(a)  C(—a) f(a—1) -8
k; St T (14 a)n® — sin(7ta) pla + plta «(1 _D()Znﬁ +0 (n ) )
Lemma 3. Let n > 2. Then
n—1 o
y (”k%;) <Z(1+a)n®—2. (14)

Proof. From inequality (8)

— (n—k)* — 1 ak =l = |
Z Kl+a kzl J1+a (ntx B nlzx) <n I; e pl-a ]; e

Sum of the a-th powers of the first n — 1 integers has an asymptotic formula [21]

o nlte 201 4a\ by
Lk —g(—a>+1+ap§1( )i (15)

p )nPf

where b, are the Bernoulli numbers. Formula (15) is derived using Euler-Maclaurin formula and the
actual value of 22;11 k* lies between two consecutive partial sums [21]. Then

n—1
1 1 1 14«  (1+0)2+a)B+a)
Lojare <C0+0) — o~ gt~ g 720ntte
n=1q nl-u 1 o

P el A0 i U e

do0i:10.20944/preprints202309.0337.v1
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and
n—1
1 1 1 1+« 1
14 1 « _ - - ,
" kg pira < ¢+ o 1272 308
zle1> ® af(a)  a A
nl-w k" 1—a nl=&  2n  12n2
Therefore

l(n_

Z k1+oc <n2k1+4x_nla2k4x

1—a+a?  al(a) 1—a_1+oc—a2 1

o J— J— —
<t - E T T T 2n2 T 3008
1—a+a? al(a) 1 1
1 & - -
<E+an a(l —a) A 1202 3048
1—a+a? al(a)
o p— —_—
<& +an a(l—a) nl-a’
From Claim 2 it follows that
n—1 (71 _ k)"‘

) e <1 +a)n* —2.

O

Now we derive an estimate for the weight Or(zpi)l of approximation (3). Denote

1—w
(“) _ () 1 o n
w1 = 0p 1 — CEEC Sula] —nSu[1+a] — ad o)
Claim 4. Let n > 2. Then
_ () 1+ 2«
Tn-1 12pn1+a”
Proof. From (15)
7’117“ ]_ nl*ﬂé 1
Sn[a]:]_—[x_ﬁ—i_Rl, nsn[ﬂé+1]:— _M+R2’
where
1+« o
Ril < i IRl < 5 im
Then
1—u
(o) | _ n
w1 = |Snla] = nSu[1+ « =
142
< [Rq|+[Ry| < Topite


https://doi.org/10.20944/preprints202309.0337.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 6 September 2023 do0i:10.20944/preprints202309.0337.v1

7 of 25

3. Estimate for the Error

In this section we use the method from [38] to derive estimates for the errors of approximations
(2) and (3). Let0 < t < x and

_ 12
8 = £~ F() + (x =07 (0) ~ B2 (), 6

—
=y
[¢)
=)
=]
o)
5
=}

2
0
0
jmg
)
=
[¢]
®

2

OQ\

X

I
OQ\
|
o
1
g
3
5
=
Q
=
»
—
=3
9]
Q
@
3

—x)3 1" / (t—x )2 1 " 1"
g(t) = ———f"(Cot) &'(t) = fH(Ge), g7 () = (t=x)f"(G2)
6 2

wheret < §;; < xfori=0,1,2. Let

M; = [fmax LFD (1)), (i=0,1,2,3).

Then
8] < "2 (=, |9 (0] < - 02 18" ()] < Ma(x - 0).

Denote G(t) = g(t)/(x —t)!*%. The function G(t) satisfies G(x) = G’(x) = 0 and its second derivative
of is not defined at the point x.

Claim 5. Let 0 < t < x. Then

G0 < IMax =0, [G"(0)] < o
Proof (= g'(x) + (1 + )5t
, x — x «
G(t): g(x t)2+oc ’
b (e D287(0) + 20+ 1)(x — D) + (& + (e + 2)g (1)
G (t) o (x )3+zx )
Therefore
/ 1 1—a 1+uw 1—a 5 1—a
G/(1)] < 3 Ma(x — )+~ Ma(x = 1)1 < Ma(x 1)
601 < (24 + 0% + by + M ) (vt < M
O

Lemma 6. Let f(0) = f'(0) = 0. Then

x / 1-a 1" 2—a
/0 G(t)dt =T (=) f*) (x) + ];(xX) +f (1x)_xa - fz((;)_xa) :

Proof.

f) cwae= [ Sl f(,ffw ar= ["ga ="

oy =D 1 ()
=g(#) " O_E/O (x—t)"‘dt

__8(0)  T(=a) r* gt
= e T I(1—a) /0 (x — t)"‘dt'
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The function g(t) satisfies
$(0) = —f() + f (e - L0 2
Hence
X 2—n
/0 (xg(:))pr“dt =T(~a)g™ (x) + % (j:(cf) —x T (x) + xzf"(x)> : (17)
The fractional derivative of the function g(x) satisfies
g (x) = £ (x) - F(Jrl(f)zx) [ = 2r{ 1@0 | 20—t
_ fla x4 (x) X2 f1(x)
=Y - Tota —a T Eoara )
(-0)g® (x) = T(-a) ) ) + = L) 2700 )

a(l—w) w(2—a)

From (17) and (18) it follows that

/Ox ( g<t) F— F(—oc)f(“)(x) + f(x) + fl(x)xlia _ f”(x)xZﬂX

d .
x — t)l+e axv 1—a 2(2—w)
O

The trapezoidal rule of a function F(t) has a second order accuracy when F € C?[0, x]. The error
of the trapezoidal rule E% satisfies [56]

1
Ef| < —h°x F'(#)].
[Er| < g3/ max [F()]
The second derivative of the function G(f) is undefined at the point x, which leads to a lower order
of accuracy of the trapezoidal rule in the interval [0, x]. Now we estimate the error of the trapezoidal

rule of the function G(t). Let h = x/n and T} be the error of trapezoidal rule of G(t) in the interval
[0, x — h].

G(0) "= Gx—h)\ " 1
h <2+k_ZlG(kh)+2 _/0 G(t)dt + T2 (19)
Claim 7. 1

1T} < gM3x3hH.

Proof. The error T, of trapezoidal rule (19) satisfies

§ihz(x—h)3 max |G" ()]

Tl
n 12 0<t<x—h

A4M3 1. 55
< = h=*.
e = 3M3x

1
< —h*xd
Sttt
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Let T? be the error of the trapezoidal rule of G(t) in the interval [x — &, x].
h —h x
hG(x=h) :/ G(t)dt + T2. (20)
2 x—h
Claim 8. 5
‘T2| < h3 a

Proof.

/:h G(t)dt = /711 G(b)d (t 4 g - x) - gG(x —h) - /711 <t+ g - x> G/ (t)dt.

The error T,% satisfies
x h
T? = / [ - "(#)dt,
2= [ (5 -x) 0

! § 1—a *
|G/ (1)]dt < M

xX—

|T2|</x t—i—ﬁ—x dt < 2 Myh30
S e T2 2470

t—l—k—x
h 2

O

Let T, = T} + T2 be the error of the trapezoidal rule of G(t) in the interval [0, x].

Lemma 9. 1
|T,| < gM3x(x2 + 1R

Proof. From Claim 7 and Claim 8
1 5
[Tl < |Tal + [Tl < 3Max*h*™" 4 2 Mal® ™
1 3 2—u 1 2 2—u
< 3Ms (= +n) W2 < I Mx(x + DR
O
Let E;, be the error of approximation (1).

- Z Sk —T(-wpY + th %) b (@) fH + En

Theorem 10. Let £(0) = f/(0) = 0. Then

2Max(x% 4+ 1) + My
6

|Eq| < h2e

Proof. The trapezoidal rule of the function G(t) on the interval [0, x] satisfies

x t
(Z kl+a 2n1+1x) :/0 (xg(t))l-i-adt—i_T”

and the function g(t) has a value at zero

0 fx) s _f”(x)x2:h< @), F) f”(x)xl”‘).
2

opltape — opltapae pltapa 4nltapa x1+a X 2
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Then

“f&*=ﬁx4”Lﬂu(ﬂﬂ‘fm+ﬁwwlwh+n

he = Jlta x — t) x1+a X 2 2
1—a g/ !
(@) flx) | fx)h  x7%f(x)  f(x)h
T(=a) f9 )+ axx + 2x 1+« + 1—«a 2xt
xl_"‘f”(x)h x2—af//(x)
+ 1 - 22 =) + Ty.
From the definition (16) of the function g ()
k1 fuk = N O 1
hazkl-s-a_ﬁ;k Zkl-m haZktx 2 h[xzklx
From (15)
nzl g 1 1
= Jl+a - g(l + a) o an® 2nlta TRy,
n—1 1 nl—zx
L =14 ¢W3
n—1 2—u 1—«a
K= o =+ {(a = 1) + Rs,
k=1
where 1+ .
o o —
Ril < e IRl < g IRl < 10
Then
flo= 1 flx)  flx) f(x) f(x)
he = Jl+e g(l +0() he B anthe o 2pltapa + Ry he
fx)  f(x)  f(x)h f(x)
={(1+a) Wt ax® | 2xlta + R L
Similarly
n—1 1 ! 1—a ! h
Fom= Y, & = fom=rg(e + LS L0 e,
= - X

f”(x) hZ*tX ni:l klfrx — C(“ _ 1)&]/127& + f”(x)xzia . f”(x)xlf”‘h i R3f”2(x) hzf”‘.

2 k=1 2 22—« 4
Hence
n—1 x
e Lo =T+ fe0 ) - w2
=1
fﬁ( P jesg(a 1)+ E,
where

En:Tn—i—le}(ta) f/(x)h' "Ry + Rs ! ( UGS
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Bl < Tl 4 R L oty Ry L g @)

From Taylor’s Theorem
f0) = 3@ £ = f G,
where 0 < ¢, < x fori = 1,2. Therefore
My < %szz, M; < Mpx.
The terms on the right hand side of (21) satisfy the estimates

(1+a)Moh™ (1 + a)Moh? _ (14 a) Mph?~*

IRuf ()" Dn2re | 1x2te 2% /
, 1« DCMlhl_a . D(Mlhz OiMzhz 0(M2h2_a
Rof W < e = Totts < T < 12
(%) 0 n;  (T—a)Mah®>™* (1 —a)Mph* (1 —a)Mph>™®
L I TF % ‘
Hence
1 1 W2«
|Eq| < §M3x(x2 + 1R+ %
2—u 2
< EMSx(xz + 1)]12_“ + MZh _ 2M3x(x + 1) + Mzhz_a‘
3 6 6
O
Let L, be the error of approximation (2).
Lo e N @ ) g e
nf(X)_r(_“)k:Z]ak fnfk—fn + Ly 7
1
iV =g —¢(1+w), o™ =1-¢@), oY= T @<k<n).

Approximation (2) is constructed from approximation (1) by substituting f,, with first order backward
difference approximation (f;, — f,,—1)/h.

Claim 11. Let f € C3[0,x] and f(0) = f'(0) = 0. Then

2M3x(x? +1) + (1 + 3| (a) ) M2

W,
6|l (—a)l

[Ly| <

Proof. From Taylor’s Theorem
K2
fo1 = fa =y + 5 1"(0),

fn fn h 1!
<31

where ¢ € (x,_1,xy). The error L, of approximation (2) satisfies

fo—

Lo = g (B = pE@ @),
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1
“”<wvw( 5
2Max(x* +1) + (14 3|7 (a)|) M2
< 6T (—a)|

2Max (P + 1) + Mo 5 [E(2)| My h“>
2

e,

O

Let A, be the error of approximation (3).

Anf(x

: £
ag + Ap.

The weights of approximation (3) are defined with (4), (5) and (6). Denote

F() = f(t) = £(0) = f(0)t.

The function f satisfies f(0) = f(0) = 0 and the second and third derivatives of f and f are equal.
Therefore

o /// _
max |f(t)] = My, max ()] = Ms.

Lemma 12. Let f € C3[0,x]. Then

AMsx(x% +1) +3(1 +2|¢(a)]) M.

A th—lx.
|Anl < 12[T(—a)]

Proof.

From Claim 4
142« 1 1

Tonite “an <%

From Taylor’s Theorem

- KL, h?
Al =" < .
Then
1
|An| < |Lu| + W Al
2Max(x® + 1) + (1+3)3(@))Ma | M u
<< 8T (—a)] *d@h>>ﬁ
_ AMax(¥? +1) +3(1+ 28 () )Ms 54
12T (—a)] '
O

4. Numerical Solution of Two-Term Equation

The two-term equation is an ordinary fractional differential equation in the form

y®W(t)+ Dy(t) = F(t),  y(0) = yo. (22)
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Numerical and analytical solutions of ordinary fractional differential equations are studied in [6,24,25,
41,43,45]. In this section we construct the numerical solution of the two-term equation (22) which uses
approximation (3) of the fractional derivative and prove its convergence and order. Let 1 = x/N and
xp =nhforn=0,---,N. By approximating the fractional derivative at the point x, we find

1 n
e B s Dy =t A
k=0

(o) + T (~a) D) 2 'Yk + Dy = T(—a)h*E, + By,

where B, = I'(—a)A,h*2.

(¢(&) = ¢(1+a) +T(—a)Dh") yn — {(a)yn—1+ 2 k1+« — 0™ uy = T(—a)h*F, + B,

The numerical solution {u, }!\_, of equation (22) is computed as

(€@) ~ (1 + ) + T(~a)DH) ey — L@ty 1 + Y, M0k 10,0+ Duy = T(—a)hFy,
k=1

! a )
c g (T o - B st ot ). e

The value of the numerical solution u#; on the first step is computed with the following approximation
[17]

Uy =

(@) _  Y1—Yo 2—
Y1 = 71_.(2 ) + a h™ 4. (24)

From the estimate for the error of L1 approximation [8]

lag| < 1 240 1+« ma |,, )|< 2M;
USTe—o\222—a) 12 ) osion r2—a)

(25)

where M, = maxo<;<y |y”(#)|. Numerical solution (23) has initial conditions [17]

y(0)+T(2—a)F(h)h"
1+DI(2—a)h®

up=y(0), w3 =

When the solution of two-term equation (22) satisfies the condition y(0) = y’(0) = 0 both
approximations (2) and (3) can be used for computation of numerical solution (23).

Example 1: Consider the following two-term equation
Y@ 4 Dy = —a**"Eps_, (—(m)z) + D(cos(at) —1), 1o = 0. (26)
Two-term equation (26) has a solution y(x) = cos(at) — 1 which satisfies y(0) = y’(0) = 0.

Experimental results for the error and order of numerical solution (23) of equation (26) which uses
approximation (2) of the fractional derivative are given in Table 1 and Table 2.

do0i:10.20944/preprints202309.0337.v1
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Example 2:
y®) 4+ Dy = at'*Eqo_,(at) + De, yo=1. 27)

Equation (27) has a solution y(t) = e*'. Experimental results for the error and order of numerical
solution (23) of equation (27) are given in Table 3 and Table 4. The experimental results in Tables 1-4
suggest that numerical solution (23) of two-term equation (22) converges and has an order 2 — « for all
positive values of the parameter D and negative values with small and large modulus.

Table 1. Error and order of numerical solution (23) of equation (26) in [0, 1].

«=01D=1 «=0.3,D =100 a=05D=-1
Error Order Error Order Error Order

0.005 51055 x 1079 1.7046 1.0160 x 1078 1.2454 6.0036 x 107>  1.5741
0.0025 1.3680 x 1072 17130 3.0907 x 1072  1.2473 34169 x 10~>  1.5808
0.00125 3.6656 x 10710 17196 93780 x 10710 12484 21249 x 10~ 15857

Table 2. Error and order of numerical solution (23) of equation (26) in [0, 2].

a«=0.7,D=-10 a«=09,D=-20 « =0.5,D = —1000
Error Order Error Order Error Order

0.005 2.0798 x 107 3.1743  3.6733 x 108 42249 16892 x 1078  1.4931
0.0025 5.1807 x 10° 2.0052  7.0672 x 107 23778  6.0126 x 1077 1.4902
0.00125 1.7366 x 10° 1.5768  2.2313 x 107 1.6632 2.1463 x 1077 1.4861

Table 3. Error and order of numerical solution (23) of equation (27) in [0, 1].

a=02D=1 a=04,D =100 a=0.6D=-0.1
Error Order Error Order Error Order

0.005 9.6187 x 1078 17998 6.3486 x 1078  1.5989 2.1642 x 10~%  1.3975
0.0025 2.7624 x10~8  1.7999 2.0950 x 1078  1.5994 8.2091 x 10~>  1.3985
0.00125 79333 x 102 17999 69123 x 1077 15997 3.1124x10~>  1.3992

Table 4. Error and order of numerical solution (23) of equation (27) in [0, 2].

a«=0.8D=-20 a =0.75,D = —50 a = 0.75,D = —1000
Error Order Error Order Error Order

0.005  7.0524 x 103* 15733 4.6487 x 10% 27426 4.2435x 1078  1.4986
0.0025 79788 x 1032 6.4657 4.9857 x 10*3  9.8648 1.5010 x 108  1.4993
0.00125 7.8671 x 1031 33422 20753 x 102 45863 5.3082 x 1077  1.4996

Denote by e, = vy, — u, the error of numerical solution (23) at the point x, = nh, where n =
0,1,---,N. The errors e, satisfy

= 1 _ €n— kK ~ 2
o {(a) = (14 a) +T(—a)Dh* ( Jen—1 E SEra. el + Buh > (28)

(2 —a)ah?
13 DI2— )k

eg =0, e =
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In Theorem 13 and Theorem 14 we prove the convergence of numerical solution (23) of two-term
equation (22) and derive estimates for the error, depending on the value of the parameter D. The
proofs use induction on n, wheren =1,2,--- ,N.

Theorem 13. Let D € (— , %%g%ﬂ)) U (0, 00) and y € C?[0,1]. Then
lea| < CH?n%,  (1<n<N), (29)

1
where C = 2Mjp + = max |By]|.
2 1<n<N

Proof. The value of the error e; on the first step satisfies

T2 —a)|a|h? 2Myh?

e = T pre—wm] < TFDre—am (30)

When D > 0 the denominator |1+ DI'(2 — «)h*| > 1 and
le1| < 2Mh? < CH?.
Now we estimate the error e; when the parameter D < — & 'szfa)
DI (—a)h® > 2(|¢(a)| + (1 + ),

IDIT(2 —a)h® > 2a(1 —a)(|¢(a)] + (1 + a)).
From (10)

(1+a) > Sty (@) > =,

1—«a
1 1 1
@)+ 20 +0) > 5+ 5 = 2o

Hence |D|T'(2 — a)h* > 2. In this case the denominator of (30) is again greater than one, |1 + DI'(2 —
a)h*| > 1 and the error e; satisfies
|€1| < 2M2h2 < Chz.
Suppose that inequality (29) holds foralln =1, - - ,m — 1. The values of {(«) and I'(—«) are negative.
In both cases D > 0and D < — % w the following estimate holds
0(a) = (1 +a) + T(—a) D[ > |g(a)| + {(1 + a).

From (28) and Claim 4

1 Hew—il o) |42 2
< @t ( Wit Z e+ [onaen [+ Bl

1 em k| 2 2
= |Z(a)| + (14 a) ( w)lem—1+ Z (AR h +|Bm|h>

! len il o2
NAOIESET)) (Ié(a)lem_lJrkZl Tira +2Ch>
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By induction hypoyhesis
Ch2 a
< —1)% .
ol < T+ e+ w) ('“ ! 2 e )
From inequality (7)
Ch? 1% % 2
lem| < RO (I¢(a)|m* 4+ (C(1 4+ a)m™ —2) 4+ 2) = Ch*m".
O
Theorem 14. Let ( o <D <0andy e C2[0,1]. Then
lea| < KW?n*, (1 <n<N), (31)

where K = 3M, + max_|By|.
1<n<N

Proof. The error e; on the first step satisfies the bound

2Myh? __2Mpl?
1—a(l—a)DT(—a)h® ~1—a(l—a)

leq| <

Assume that (31) holds foralln =1,--- ,m — 1. Then

ol < e T <'C( ewea + 2 bt +1f",§f‘)1el\h2+|3m|hz>
- 1 S K2 — 1) + k2 S R
|€(“)| + (f(l + a) — 3 Em
Kh? ) 1 -
= 10(a0)] + (14 a) — h® (1Z(a)|m® + 7 (1 + a)m® — 1)

< Kh2m~
C()|+C(1+a)—h*

(g1 +20-+0) = ) < K

O

From Theorem 13 and Theorem 14 the errors ¢, of numerical solution (23) of the two-term equation
in the interval [0, 1], satisfy the estimate

len| < Kh?n® < Kh>~%. (32)

foralln =1, --- ,N. Now we generalize the results of Theorem 13 and Theorem 14 to an arbitrary
interval [a, b]. Consider the two-term equation

y"(6) +Dy(H) = F(t), y(@) =y, t€lab] (33)

Substitute t = a + (b —a)s and z(s) = y(t) = y(a + (b — a)s). The function z(s) satisfies a two-term
equation

2 (s) + (b —a)*Dz(s) = G(s) = (b—a)*F(a+ (b—a)s), z(0) =yo, se€[0,1] (34)

Let & = {en}nl\[:1 be an N-dimensional vector with the errors of numerical solution (23) of equation
(33). The Lo (maximum) norm of a vector is the maximum of the absolute values of its elements.
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From Theorem 13 and Theorem 14 we get conditions for the convergence of numerical solution (23) of
two-term equations (33) and (34).
Corollary 15. The maximum error of numerical solution (23) of two-term equation (33), satisfies
€] < K(b—a)*h>~®

when the solution y € C%[a,b] and h = (b —a)/N,

pe (o) (reaae)

O

5. Time Fractional Black-Scholes Equation

The time fractional Black-Scholes equation is a fractional partial differential equation which is
used for modeling the prices of the options [2,11,13,28,42,54,59].

9*C(S, 1)

2
(e 2PC(S,) | AC(S,1)

-~ S —rC(s,1) =0, (35)

12
+§US

where C is the option price, T is the expiry time, 7 is the risk-free rate, o is the volatility and S is the
underlying stock price. Fractional Black-Scholes equation (35) has terminal and boundary conditions

C(S,T) = Co(S), C(0,8) = Ci(t), C(oo,t) = Ca(f)

and the fractional derivative is
2*C(S,t) _ 1 d /T C(5,&)—C(5,T)
t (E—2z)*

ot T(1—a)dt
The terminal condition is transformed to an initial condition with the substitution [59]

dé. (36)

t=T—z, n=T-¢, oS u)=C(S:¢E =C(5t—pn).

By applying the substitution to (36) we find [59]

#C(s,t) 1 d [TC(58)—C(ST)
o T(1 —a)%/z (€ —z)™ 4
_ 1L d FoSpu)—oS,0) e
_71“(1—04)%/0 (z—p)* = Diels2)

The function v(S, z) satisfies the partial fractional differential equation

2
Div(S,z) = %02528 o(5,2) | g9ul5:2)

952 aS

—rC(S,z). (37)
The substitution u(x, t) = v(e*, z) transforms (37) into a linear partial fractional differential equation [59]

1 ,0%u(x,t) o2\ Qu(x,t)
@ = g2\ - o
fu(x, t) = 57 52 + (r 7 > gy ru(x, t). (38)

Finite difference schemes for the time fractional Black-Scholes equation are constructed in [19,
23,52,59]. Now we construct an implicit finite difference scheme which uses approximation (3) of the
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fractional derivative and central difference approximations of the partial derivatives for the following
time fractional Black-Scholes equation

1 ,0%u(x,t 2\ ou(x,t
Dfu(x,f) = LT uEl) (r - "2) WL (e, ) + F(x, 1), (39)

where (x,t) € R = [B;, By] x [0, T]. Equation (39) has initial and boundary conditions

u(x,0) = ug(x), u(B,t)=u(t), u(B;t)=us(t).

Let M and N be positive integers and G be a rectangular grid on R which has a step size h =
(B — B;)/N in space and T = T/M in time,

G={(nh,mt)|0<n<N,0<m<M}.

Denote u}}! = u(nh, mt). The central difference approximations of the partial derivatives of equation
(39) have second order accuracy

ou(nh,mt) _ Uyq — Uy 4
ox o 2h

+ e}lrm W2,

Pu(nh,mr) _ uy'yy — 2 +u +e2 2
dx2 h? fm
where |e} | < M3/3 and |e?,,| < Ms/12. The numbers Mjs and M, are bounds for the third and
fourth order partial derivatives

3
% , Mjy= max

M; = max
(xt)eR

*u(x,t) ' '
(x,H)eR

x4

The numerical solution {U};'} 2’;11 of equation (39) on layer m of the grid § satisfies

T_lx i U(“)um—k ZLZ ( m _ zum + um )
F(—Oc) = k n 242 n+1 n n—1

+op |15 ) (Wi = URly) — U + F
form = 2,---, M and has has initial conditions
Y = ug(nh), UL =ui(mt), UZ=uy(mr).

Denote 77 = I'(—«)t*/h? and

2 2 2 2
K1:<02 (r(;)h) ’7' Kzz‘féa)+‘72’7+rh2’7r K3:(02+(r(f2)h> T

The numerical solution of time-fractional Black-Scholes equation (39) is a solution of the system of
linear equations

m
KUy — KUl + KUy = — Y o™ ur—* 4 w2y ry. (40)
k=1
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Denote by E! = U — ul! the error of finite difference scheme (40) at the point (nh, mT) and by
Al'72=% and BI"h? be the the truncation errors of the approximations of the left-hand and right-hand
sides of (39). The errors E]} on row m > 2 of the grid G satisfy

m
KyE' 4 KoEl + K3 = — Y o™ Er* 4 T(—a)7® (AZ%H + B,’{‘h2> .
k=1

The errors are equal to zero, E) = Ef* = E% = 0 at the boundary points of G. Let K be the (N —
1)-dimensional tridiagonal matrix with entries K, on the main diagonal and K; and K3 bellow and
above the main diagonal. The error vector £™ of row m is a solution of the matrix equation

cEM = le. gm — ’Cleml

where

m E}rflnfk

Qn = C(a)Ey " — kz

— o) EL 4 T(—a) 7 (AR + B (41)
=1

1+ m

The numerical solution on the first row of G is computed with approximation (24)

ul_uO 2 1 2
oS O (b ol Ul ) o (r— O ) (Ul - uly) - Ul EL
F(2—a)t® 2h 2h 2

Denote 7j = I'(2 — a)t* /h?. Then
KyUy_q + Koy + Rl = Uy + WP Fy,

where1 < n < N and

2 2 2 2
o= (T (T iR — 25 L2 Ra= — (L 7 i
Ky = (2 (r 2>h)17, Ky =140 +rh%j, K3= <2+<r 2>h>17.
The errors of the numerical solution of the fractional Black-Scholes equation (39) on the first row of G
are the solutions of the system of linear equations

REL | + RoEL + K3EL, | =T (2 — a)T® (A}ZTZ_"‘ + B}Jzz) .

Let K be the (N — 1)-dimensional tridiagonal matrix with elements K;, K, and K3. The error vector for
the first row satisfies

,Cgl _ Ql,' gl — IC*lQl,

where
Ql =T(2 - a)t® (A,lﬁz_“ + B,ﬁhz) .

Let C = maxy, {|A"|,|B¥|} foralln =1,--- ,N; m=1,--- ,Mand K = |[T(—«)C|. The Lo norm of
a matrix is the maximum of the absolute row sums.

Theorem 16. Let u € C*[B;, B,] x C2[0, T) and r < % Then
€M) < Km*T® (h2 + TH) (42)

forallm=1,--- M.
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Proof. When 0 < & < 1, the gamma function satisfies [15]

088 <T(2—uw) <1,

Then
QY < CT(2 —a)T® (Tz_"‘ + h2> <Cct™ (TZ—tx +h2> .

When r < 02/ (2h) we have that

2 0-2
Kl + s = +(r= 5 ) ol < 2l

o r_"’j h| |+ | %
2 2 13

Ka| — |Ka| — [K3| > [

Similarly
|K2‘ — |K1‘ — |K3| > 1.
The matrices K and K are M-matrices. From the Ahlberg-Nilson-Varah bound [27,40]
o _ 1 1
IR <1, K< | =

A T @+ +a)

The Lo norm of the error vector of the first row of G satisfies the bound
JEN < IRTIQM < e (727 + 1) < Kx* (T +12).

Suppose that inequality (42) holds forallm =1,--- ,p — 1. From (41)

foi

r
<te@er )+ Y 1570 (ot el +
k=1

+T(—a)CT" (h2 + TZ*”‘)

® —a 1
ko () (e + £ B o)

< KT (12 4 727) <|€(v<)lp“ +{(1+a)p —1+ 8|p(1,x)|> '

0(

Therefore

1971 < (J2(@)] + 201+ a)Kpes (12 + 722,

1P| < 1K HIIQP| < Kp*e® (h2 +TH) .
O

Corollary 17. Let r < % Then
|EM|] < KT* (h2 + TH)

forallm=1,2,--- , M.
Proof. From Theorem 16

€M < Km®T® (h2 + TH) < KM*7* (h2 + TH) = KT* (h2 + TH) .
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Example 3: Consider the following time fractional Black-Scholes equation
1 ,0%u(x,t) o2\ ou(x,t)
o _ 2 ’ _ v ’ _ 1—a,x
Diu(x,z) = T R (r 3 ) 33 ru(x,t) + "% E1p_o(t), 3)

u(x,0)=e*, u(0,t)=et, u(l,t)=e*.

Equation (43) has a solution u(x, t) = e'**. Experimental results of the numerical solution of equation
(43) with parameters o = 0.35,7 = 0.05 are given in Tables 5 and Table 6. The orders of convergence of

o errory
the finite difference scheme are log
T, errorp

L errory
in time and log,, —— in space.
fiy €ITor)

Table 5. Error and order of the numerical solution of equation (43) and N = 100.

a = 0.25 a =05 a = 0.75
Error Order Error Order Error Order

1/10  8.1169 x 107° 2.0202 x 1073 1.9422 x 102

1/20 24655 x107° 17190 74716 x10~%* 14350 8.6786x 1073  1.1622
1/40 73993 x107° 1.7364 2.6940 x 107% 14716 3.7472x 1073 1.2116
1/80 22091 x107® 17439 9.6139 x107° 14865 1.5955x 1073 12318
1/160 65748 x 1077  1.7483 3.4152x107° 14931 6.7505 x 10~%  1.2409

Table 6. Error and order of the numerical solution of equation (43) and M = 1000.

a=0.2 a=05 a=0.8
Error Order Error Order Error Order

1/4 5.4801 x 10~4 5.3179 x 10~* 6.5937 x 10~*

1/8 1.4906 x 1074  1.8782 15812 x 10~% 1.7497 2.1445x10~*  1.6204
1/16  3.8174x 107> 19653 44648 x107° 1.8244 6.6887 x 107>  1.6809
1/32  9.6285x107% 19872 1.2065x 107> 1.8877 1.9485x10~°> 1.7793
1/64  24210x107® 19917 3.0974x10°® 19617 53211x10°° 1.8726

Example 4: Consider the time fractional Black-Scholes equation (37) for pricing European call options,
with a source term F(x, t) = 0 and initial and boudary conditions

up(x) = (e —=K)*, uy(t) =0, up(t) =elr —Ke ™.

The European call option premium curves for different values of « are given in Figure 1, for values of
the parameters r = 2%, 0 = 30%, B; = 0, B, = 200, T = 1 (year) and strike price K = 100. Regarding
near-the-money options, lower values of a prices them lower, and evaluates higher out-of-the-money
and in-the-money options, compared to the classical Black-Scholes dynamics.
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Option Premia C 08 Difference between integer-order derivative
100 - a=1

a=0.9

=== a=0.7

g0 | | a=05

a=0.3
C 60
40 +
20 -

0 ‘ : : 0.6 . : :
0 50 100 150 200 0 50 100 150 200
S S

Figure 1. Option premia for various « (left) and difference between them and the option premium for
integer-order model (right).

The graphs of call option and put option premiums for « = 0.7 and all t are given in Figure 2 and
Figure 3.

Option Premium C

200

Figure 2. Call option premium for all ¢.

Option Premium P

100
80
60
40

20

200
05 150

Figure 3. Put option premium for all ¢.
6. Conclusions

In this paper we study the convergence and order of numerical solutions of ordinary and partial
fractional differential equations which use approximation (3) of the fractional derivative. The results
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of the numerical experiments given in the paper illustrate the theoretical results. In future work we
will use the method from [7] for construction of secon-order and high-order approximations of the
fractional derivative and we will study the convergence of the finite difference schemes for numerical
solution of fractional differential equations.
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