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1. Introduction

A commutative residuated lattice is defined as an algebra (L, A,V,-,—,e) of type (2,2,2,2,0)
satisfying the following conditions:

(RL1) (L, A, V) is a lattice;

(RL2) (L,-,e) is a commutative monoid with identity e; and

(RL3) (Vx,y,z € L) x-y < z <=y < x — z, where < is the lattice ordering.

Some time, commutative residuated lattices are also called commutative residuated lattice-ordered
monoids and abbreviated by CRLs. It is well known that (RL3) holds if and only if < is compatible
with - and foralla,b € L, {p € L:a-p < b} contains a greatest element (denoted by a — b).

A CRL L is called idempotent if foralla € L, a-a = a; is called integral if foralla € L, a < e; is
called fotally ordered if for alla,b € L, a < b or a > b; is called semilinear when it is a subdirect product
of totally ordered CRLs; is called conic if foralla € L,a < eora > e (see [4,9,12]). A semilinear
idempotent CRL is said to be an odd Sugihara monoid if for alla € L, (a — ¢) — e = a. An integral
idempotent CRL is said to be a Brouwerian algebra if for alla,b € L,ab =a Ab. Asin [12],a CRL Lis
called semiconic when it is a subdirect product of conic CRLs.

Idempotent CRLs form an important tool both in algebra and logic ( see [10]). Among them,
semiconic ones make a valuable contribution, because they include several important algebraic
counterparts of substructural logics (see [19]). Recently, algebra properties for semiconic CRLs have
been given by many authors ( see [4,5,7-10,12-21]). In [20], the authors obtain a structure theorem
for semilinear idempotent CRLs. In this paper, we will investigated algebraic structure properties
of semiconic idempotent CRLs. Idempotent CRLs are indeed ordered semigroups (for ordered
semigroups, see [1]). The natural partial order play an important role in investigation of semigroups
(see [16]). We will make use of the natural partial order to obtain some important properties and then
establish a structure theorem of semiconic idempotent CRLs, which generalizes the main result of [20].

We proceed as follows: in Section 2, we present some definitions and facts used in the sequel. In
Section 3, we obtain some properties of semiconic idempotent CRLs. In Section 4, we give a structure
theorem for semiconic idempotent CRLs, which generalizes the main result of [20]. In Section 5, we
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prove that the variety of strongly semiconic idempotent CRLs has the amalgamation property, which
generalizes the main result of [11].

2. Preliminaries

In this section, we will list some facts about CRLs.

A monoid (M, -, e) is said to be a po-monoid when it is also a poset (M, <), and in which < is
compatible with -, in the sense that (Va,b,c € M)a < b = c-a < cb,a-c < bc. A po-monoid
(M, -,e,<) is said to be a lattice-ordered monoid when (M, <) is a lattice. A lattice-ordered monoid
(M, -, e, <) is said to be idempotent if for alla € M, a - a = a; is said to be commutative when the monoid
reduct (M, -, e) is a commutative monoid; is said to be conic, if foralla € M, a < eora > e. For
convenience, we simply write a - b as ab for a,b € M. The reader is referred to reference [1] for detailed
information on lattice-ordered monoids.

We need the following results.

Lemma 1. [21] Let (M, -, e, <) be an idempotent lattice-ordered monoid with identity e, and a,b € M.

(I)anb<ab<aVb.

(2) Ifa,b > e, then ab = a V b.
(3)Ifa,b <e, thenab =a Ab.
(4) Ifa <e < ab, then ab =b.
(5) Ifab < e < a, then ab = b.

Let (L, A,V,,—,e) bea CRL and < shall always denote the lattice order of L in this paper.

Lemma 2. [10,14] Let (L, A,V,+,—,e) bea CRL and a,b,c € L.
(1)a(bVve)=abV ac.

(2)a— (bAc)=(a—Db)A(a—c)
(3) (bVve) —a=(b—a)A(c—a)
(4)b(b—a) <a.

(5)e<a—a.

(6) ((a—b)—>b)—>b=a—0b.
(7)a— (b—c) = (ab) = ¢

From now on, we denote # — e and (@ — e¢) — e by a* and a**, respectively. Next, we shall
present some known facts on conic idempotent CRLs used in later proofs. More details on semiconic
residuated lattices can be found in [4,12,13].

Lemma 3. [12] Let L be a conic idempotent CRL, and a,b € L.

(1) If a and b are incomparable, then a* = b*.

(2) The elements a and b* are comparable.

(3)a L bifandonlyifa — b <e.
4)Ifa<e(a>e) thena* =a— a>e(a* <e).
(5){a* :a € L} isachainin (L, A, V).

3. Some Properties

To begin with, we obtain some properties of conic idempotent commutative lattice-ordered
monoids.
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Now let (L, -, e, <) be a conic idempotent commutative lattice-ordered monoid. Since the monoid
reduct of L is an idempotent commutative monoid, we define the natural partial order on L as follows:
fora,be L,

a <, bifand only if ab = a.

It is clear that (L, <,) is a semilattice. For a,b € L, a || b [resp. a ||, b] means that a and b are
incomparable under < [resp. <,]; 4 < b [resp. a <, b] means that a < b [resp. a <, b] and for any
ceLa<c<b[resp.a <,c <, b]implieseithera =corb=c. LetaA,b=max{c € L:c <, a,b}
andaV,b=min{c € L:a,b <, c}ifitexistsin (L, <,).

Proposition 1. Let (L,-,e, <) be a conic idempotent commutative lattice-ordered monoid. The following
statements are true for a,b € L:

(1) Ifa,b <e thena <, bifandonlyifa <b.
(2) Ifa,b > e, thena <, bifand only ifa > b.
(3) a || bifandonlyifa |, b.

@) Ifa|banda <e, thenaNyb=aAb.

(5) Ifa|banda > e thena Nyb =a\ b.

Proof. (1) Leta,b € L be such thata,b < e. Thenby Lemma 1(3),a <, b <= ab=a <= aAb =
a<—=a<b.

(2): is similar to (1).

(3) Ifa || b, then since L is conic, a,b < eora,b > e. If a,b < ¢, thenby (1), a }f, b is impossible.
Thus a ||, b. Similarly, if a,b > ¢, then a ||,, b. Conversely, let a,b € L such that a ||, b. Suppose that
a<e<borb <e <a. Thensince L is conic, by Lemma 1(4,5), ab = a or ab = b, which implies that
a<,borb <, a,acontradiction. Hence a,b < e or e < a,b. Thus, by (1) and (2), a || b.

(4) Leta,b € Lsuchthata || band a < e. Then by Lemma 1(3), a A b = ab. Let ¢ € L such that
c<paandc <, b. Thenca = cand cb = ¢,so cab = ¢cb = c. Thus ¢ <, ab. Since ab <, aand ab <, b,
aAb=ab=an,Db.

(5) Leta,b € Lsuch thata || band a > e. Then by Lemma 1(2), ab = aV b > a,b > e. So by
2),avb <y,aandaVb <, b. Letc € Lsuchthatc <, aandc <, b. Then ca = cand ¢b = ¢, so
cab=cb=c. Thusc <, ab=aVb. Thereforea A\, b=aVb. 0O

Secondly, we obtain some properties of conic idempotent CRLs.

Proposition 2. Let L be a conic idempotent CRL. The following statements are true for a,b € L:

(1) Ifa <e thena <, a* and a* }f,, b.

@ Ifa<eanda <, b <, a* thenb <e.

(3) Ifa > e, then a* <, aand a* }f,, b.

@ Ifa>eanda* <, b <,a, thenb>e.

(5) Ifa||banda < e, thenaV,b=aV\V band (a Nb)* = a*.

Proof. (1) Leta,b € Lsuchthata < e. Thenae =a <eandsoa <e <a — e =a* Sincea(a —e) <e
by Lemma 2(4), a(a — e) = a by Lemma 1(5), which implies thata <, a — e = a*. Since by Lemma
3(2), a* }t b, by Proposition 1(3), a* }f, b.

(2) Leta € Lsuch thata <eanda <, b <, a* =a —e. Thenab=a <eandsob <a —e=a"
Suppose that b > e. Then since by Lemma 3(4), a* > e, by Proposition 1(2), a* <, b, contrary to
b<,a*. Thusb <e.

(3): is similar to (1).

(4): is similar to (2).

(5) Leta,b € Lsuchthata,b < eanda || b. Sincea,b <aVb <eby(l),a <,aVbandb <,aVb.
Letd € Lsuchthata <, dand b <, d. Thenad =aand bd = b,sod(aVb) =daVvdb =aVbby

do0i:10.20944/preprints202309.0320.v1
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Lemma 2(1). Thusa Vb <, d. ThereforeaV, b =aV b.BecauseaAb<a <e,a*=a—e< (aNb)—
e = (a Ab)* by Lemma 2(3). Suppose that a* < (a Ab)*. ThenaAb < a < a* < (a Ab)*, soby (2),
a* < e. Butsince a < e, a* > e by Lemma 3(4), a contradiction. Thus a* = (a A b)*. O

Proposition 3. [4] Let L be a conic idempotent CRL, and let a,b € L such thata <e.Ifb < aora | b, then
a—b=bora—b|a.

Let (L, <) be a join-semilattice, and let L, = LU {_L} such that L <aforalla € L. Lis said to be
an upper pre-lattice when L isn’t a lattice and (L, , <) is a lattice. Let L be a lattice and C C L. C is said
to be an upper pre-sublattice of L if C is an upper pre-lattice and there exists a € L such that (CU {a}, <)
is a sublattice of L. Similarly, we can define lower pre-lattice and lower pre-sublattice.

Let L be a conic idempotent CRL. We define the following sets: L™ = {a € L:a >e}, L™ ={b €
L:b<e},L*={jeLl:(Zacl)j=a*},L* ={jel* :j<e}, L*" ={jel :j>e}={j€
L*:(3i e L*")j=i"}. Foreveryj € L* let Lj = {c € L : ¢ = j}. By Lemma 3(4), L; C L* for all
j € L*. Since a* <, a™* <, a <, e for all a > e by Proposition 2(1,3) and Lemma 3(4), a** > e by
Proposition 2(4). It follows that L; C L™ foralli € L*~. Because L*~ C L* and (L*, <) is a chain by
Lemma 3(5), (L*~, <) is a chain. It is clear that L* = L*~ U L**.

We have the following result, which generalizes [7, Theorem 3.2].

Theorem 1. Let L be a conic idempotent CRL.

(1) Ifa € L, then a € L* ifand only if a** = a.

(2) Ifi,1 € L*~, then i = l if and only if i* = I*. In addition, i <, i* foralli € L*~ \ {e}.

(3) If j,s € L* such that j # s, then L; N Ls = @.

(4) Ifi € L*~, then L; is a sublattice of (L, \,V) and (L;, A, V, -, =Y, i) is a Brouwerian algebra, where
—Liis given by x =Ly = (x = y) ANiforall x,y € L;.

(5) If j = i* € L**, then L; has a greatest element j and is either a sublattice of L or an upper pre-sublattice
of L.

(6) Ifi,l € L*~ suchthati #1,a € Lj,b € Lyandc € Li»,d € L theni <l <= a < b <= ¢ > d.

(7) Ifi € L*~ and j = i* such that L; is an upper pre-sublattice of L, then there exists | € L*~ such that
i <1lin L* and (L; U {I"}, <) is a sublattice of L with a least element I*.

(8) If L satisfies that (x Ay)* = x* V y* , then L; is a sublattice of L for all i € L**.

D Ifiel*,lel* andae€ L,be L, theni <,l <= a<,b.

(10) L is finitely subdirectly irreducible if and only if L, is a finitely subdirectly irreducible Brouwerian
algebra.

(11) L* is a totally ordered odd Sugihara monoid and subalgebra of L, that we call its skeleton.

Proof. (1) We only need to verify the necessity because the sufficiency is clear. Suppose thata € L*.
Then there exists ¢ € L such that ¢* = 4. Thus by Lemma 2(6), a = ¢* = ¢*** = a**.

(2) We only need to prove the sufficiency because the necessity is obvious. Suppose that i* = I*.
Since i,] € L*~ by assumption, i = i** = I"* = by (1). Leti € L*~ \ {e}. Then by Proposition 2(1),
i <, i*. Leta € Lsuchthati <, a <, i*. Suppose thati <, a <, i*. If a > e, then by Proposition 2(2),
a < e, a contradiction. If a < ¢, then since i = i** <, a <, i*, a > e by Proposition 2(4), a contradiction.
Consequently, i <, i*.

(3) It is obvious.

(4) Leti € L*~ and let x,y € L;. Then x** = y** = i which together with (x Vy)* = x* Ay* €
{x*,y*} by Lemmas 2(3) and 3(5), derives that (x VVy)** =i, whencex Vy € L;. If x < yory < x, then
(xy)* = (x Ay)* = x*or (xy)* = (x Ay)* = y* and so (xy)** = (x Ay)** = i, which implies that
xy = x Ay € L;. If x || y, then by Proposition 2(5), (xy)* = (x Ay)* = x* and so (xy)** = (x Ay)** =,
which implies that xy = x Ay € L;. Thus L; is a sublattice of (L, A, V). By (1),i € L;. Letc € L;.
Thenc < (¢ = e) = e =c" — e = ¢ = i. Thus i is the greatest element of L; and so (L;, -, i, <) is
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an integral idempotent commutative lattice-ordered monoid with an identity i. We can claim that
max{z € L;: xz <y} = (x - y) Aiforall x,y € L;. To prove this, we consider the following cases:

e Ifx <y theni<e<x—ybyLemma33)andsomax{z € L;:xz <y} =i=(x = y)Ai

e If x > yorx || y, then by Proposition3,x -y =yorx —y | x. So(x = y)"™ =y =ior
(x = y)** = x™ = iby Lemma 3(1). Thus x — y € L;, whencemax{z € L; : xz <y} = x —
y=(x—=y)Ai

We define x —Li y=(x—y)ANiforallx,y € L;. Thus (L;, A, V,-, —Li, 1) is a Brouwerian algebra.

(5) Let j = i* € L**. By similar arguments as in the proof of (4), j is the greatest element of L;
andbVc € Ljforallb,c € Lj, so L; is a join-semilattice with a greatest element j. Suppose that L; isn’t
a sublattice of L. Then there exist b, b’ € L;such thatb || b’ andd = bA D ¢ L;. Hencee < d < b and
d** < b™ = jby Lemma 2(3). Let c € L;. Suppose that ¢ || d. Then d** = ¢** = j by Lemma 3(1),
which is contrary to d** < j. Assume that ¢ < d. Then d** > ¢** = b** = j by Lemma 2(3), which is
contrary to d** < j. Thus forall ¢ € L;, d < c. Similarly, if ¢,¢’ € L; such that g A g’ ¢ L;, then for all
ce€LjgNng <c ltfollows thatd = g A g'. Therefore (L; U {d}, <) is a sublattice of L. Consequently,
L; is an upper pre-sublattice.

(6) Leti,l € L*~ such thati # landleta € L;, b € L;. If i < [, thenby (4),a < i < [ and
b < I. Suppose that b < i. Then b** < i** =i < j, which is contrary to b** = j. Thusi < b by
Lemma 3(2), whence a < b. Conversely, if a < b, thena <ianda < b <. Suppose that ! < i. Then
a** < I** =] < i, which is contrary to a** = i. Thus i < [. Similarly, i < [ <= ¢ > d.

(7) Leti € L*~ and j = i* such that L; is an upper pre-sublattice of L. Then there exist b, b’ € L;
suchthatb || b’ andd = bADY ¢ L. Let] = d*. Thend € Lj-. Sinced <b,i <Iby (6). Letk € L*~
such thati < k <. Suppose thati < k < I. Thenby (6) d < k* < b,V’, contrary tod = b Ab'. Thus
i<IlinL*. Wehavedl =dd* =d(d —e) <e = d < d* — e = d* = I*. We claim that I* = d.
Otherwise, if d < I*, then since i < [, j = i* > [* by (6) and so [* < b,V'. It follows that [* < bA b =d.
It’s a contradiction. Thus [* = d** = d = a A b. Consequently, (L; U {I*}, <) is a sublattice of L with a
least element [*.

(8) Leti € L*T and a,b € L;. Then (a Ab)** = (a* Vb*)* = a™ Ab** =iandsoaAb e L;. It
follows that L; is a sublattice of L.

(9)Sincea € Liandb € Lj,a <i<e<b<Iby(4—5)andi* #e. Thena <,iand! <, b
by Proposition 1(1-2). Suppose that i <;, . Then a <, b. Conversely, assume that a <;, b. We claim
that a* # e. Otherwise if a* = ¢, thena <, b = ab=a < e = b < a — e = a* = ¢, which
contrary to b > e. Consequently, a* > e by Lemma 3(4). By Proposition 2(1,3), 2 <, i = a** <, a* and
b* <, 1 =b"" <, b. Suppose that] <, i.Ifa <, [, thena <, | <, i = a** <, a*, and so by Proposition
2(2),I < e, which contrary to ] > e. If | <, a, then b* <,, I = b** <, a <, b, and so by Proposition 2(4),
a > ¢, which contrary to a < e. Consequently, i <, I.

(10) Suppose that L is finitely subdirectly irreducible, then e is join-irreducible in L. Since L, is
a sublattice of L, e is join-irreducible in L., which implies that L, is finitely subdirectly irreducible.
Conversely, L, is finitely subdirectly irreducible. Then e is join-irreducible in L. By (6), we have that
b<aforalla € L,and b € L; such thati € L*~ \ {e}, which implies that e is join-irreducible in L.
Thus L is finitely subdirectly irreducible.

(11) By Lemma 3(5), (L*, <) is a totally ordered set, which implies that L* is a sublattice of L. Let
a*,b* € L*. If a*,b* < e, then a*b* = a* ANb* € L*. If a*,b* > ¢, then a*b* = a* Vb* € L*. If a* <
e,b* > eora* > e b* <e, thenby Lemma 1(4,5), a*b* € {a*,b*} C L*. Thus L* is closed with respect
to multiplication. By Lemma 2(7), we have a* — b* = a* — (b — e) = (a*b) — e € L*. Consequently,
L* is a subalgebra of L. By Lemma 2(6), (a* —¢) —e= ((a —»e) > e) - e=a — e=a" Itfollows
that L* is a totally ordered odd Sugihara monoid. O

Theorem 2. Let L, K be conic idempotent CRLs, and f : L — K be a homomorphism between conic idempotent
CRLs.

do0i:10.20944/preprints202309.0320.v1
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2) Ifi € L* such that L; is an upper pre-sublattice of L an 1 e, then K¢y is an upper pre-sublattice
| € L* such th j pper p blatti d f(i hen K ;) i pper p blatti
of K and there exists j € L* such that j < iin L* and f(j) < f(i) in K*.

Proof. (1) Let a2 € L*. Then there exists b € L such that a = b*. Since f is a homomorphism,
f(a) = f(b*) = f(b)* € K*, which implies that f(L*) C K*. Leti € L* and a € L;. Then a™* = i and
so f(a)™ = f(a™) = f(i), which implies that f(a) € Ky;). It follows that f(L;) C K¢(;.

(2) Since L; is an upper pre-sublattice of L, i > e by Theorem 1(4) and there exist a,b € L; such
thata Ab ¢ L;. Let j = a A b. By the proof of Theorem 1(7),e <aAb=j<iinL*andsoj < iin L.
Hence i* < j* by Theorem 1(6). It follows that i <, j and i* <, j* by Theorem 1(2). We claim that
i < j*. Otherwise if j* <, i, then i* <, j* <, i and so by Proposition 2(4), j* > e, which contrary to
j*=(aAb)* <e Thusi <, j*. Wehave f(a), f(b) € K¢;y and f(a) A f(b) = f(a D) = f(j) € K(j
by (1). Suppose that £(j) = f(i). Then f(j) = £(i) = f(if) = f()f(*) = F()f()* = f(j)* and
so by Proposition 2(1,3), f(i) = f(j) = e which contrary to f(i) # e. Consequently, f(j) # f(i). It
follows that K¢(;) is an upper pre-sublattice of K and by the proof of Theorem 1(7), f(j) = f(a Ab) =

fla)Af(b) < f(i)inK*. O
4. The Construction Theorem

In this section we shall show how to construct a conic idempotent CRL and then prove that any
conic idempotent CRL is isomorphic to some conic idempotent CRL constructed in this way.
To start with, we introduce some new concepts.

Definition 1. Let (I, <) be a chain with a greatest element e. Let It = {i™ :i € I\ {e}} suchthat INITT =@
and it # IT for every pair i,] € I\ {e} such thati # 1. Let ] = IUI". Let A = {(A;,<4;) 1 j € J}
be a family of pairwise disjoint nonempty poset indexed by J. (1,17, ]; A) is called a chain expansion-system
(abbreviated by CE-system) if the following conditions hold:

(CE1) Ifi € I, then (A;, <4,) is a Brouwerian algebra with a greatest element i.

(CE2) Ifit € I, then (A;+, < A,y ) s either a lattice with a greatest element it or an upper pre-lattice with a
greatest element i™.

(CE3) Ifit € I'" such that (A;+, < A,y ) is an upper pre-lattice, then there exists j € I such thati < jin I.

Given a CE-system (I, I 1 A), putL = U A]-. Define a binary relation < on the set L as follows.
IS
Leta € A]-, b € Ag. a < bin L if one of the following conditions is satisfied:

(PD j=keJanda <y, b.

(P2) jjkelandj <k

(P3) j=if €I", k=i € Tandi, <ijinl
(P4) jelandk e IT.

Lemma 4. (L, <) is a lattice.

Proof. Firstly, we will prove that (L, <) is a poset. Obviously, < is reflexive. Next we prove that < is

antisymmetric. To see this, leta € Aj, b € Ay such thata < band b < a .We consider four cases:

e Ifj=ke ], thenby (P1),a <4, band b <4, a. Since (A, SA],) is a poset, a = b.

® Supposej # kand j,k € I. Thensincea < band b < 4, < kand k < j, a contradiction. Thus
j # kand j, k € Iis impossible.

e By similar arguments as in the previous case, j # kand j,k € I is impossible.

e Similarly, either j € [,k € [T ork € I,j € I'" is impossible.

Next, we prove that < is transitive. Leta € A]-, be Ay, c € Asbesuchthata < band b < c. We
consider four cases:
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j=k=s¢€ ] Thenby (P1),a SA]. band b SA]. ¢. Since (Aj,gAj) is a poset, a SA]. c. Thus by
(P1),a <c.

j=k#s.Ifk,selandk <s, thenj<sandsoby (P2),a <c.Ifk=if,s =iy €I suchthat
ip <ipinl, thenj =i andsoby (P3),a <c.Ifk € Iands € I, then j € I and so by (P4),
a<c.

j # k = s. Then by similar arguments as in the prior case , a < c.

j#kandk #s.1f j,k,s € I, then j < kand k < s, and so j < s, which implies that a < ¢ by (P2).
Ifj€lands € I, thenby (P4),a < c.Ifj,k,s € I'T suchthatj =i,k =i,s = i], theniz < i,
and 7ip < iy in I by (P3). Since (I, <) is a chain, i3 < i and so by (P3),a < c.

We conclude a < ¢, and whence < is transitive.

Finally, we will prove that for alla,b € L,aVband a Abexistin L. Leta € Aj,b € Agr. We

consider three cases:

e Ifa<b thenavVb=bandaAb=ain L.
e Ifb<ag,thenaVb=aandaAb=">bin L.
e Ifa || b, then by the definition of <, j = k. If j, k € I, then since (Aj, < Aj) is a Brouwerian algebra,

O

a VA4 b exist in Aj. Letc € Assuch thata, b <c. If s = j, then by (P1),a SA]. cand b §A], ¢, and
soaVAib gA]. c. Thus by (P1), a VvAib <c Ifs # j, thensince a < ¢, eithers € I and j < s or
s € I't, which together with a vAip e Aj, derives that a V% b < c. Tt follows thata Vb = a VA b
in L. Similarly,a Ab =a A bin L. Ifj=k=i" €I, then (A;+, SA#) is either a lattice or a
pre-lattice by (CE2). If (A;+, <4, ) is a lattice or an upper pre-lattice and a AAi+ b exists, then by
similar arguments as in the prior case,a Vb =a VAt bandaAb=a A bin L. If (A, SAﬁ)
is an upper pre-lattice and a A%+ b doesn’t exist, then by similar arguments in the prior case,
aVb=aVvA4 binL. By (CE3), there exists t € I such thati < tin I. We claim that t" = a A b in
L. Because ™ is the greatest element of (A;+, <4, ) by (CE2), t* < a,bby (P3). Letc € A, such
that ¢ < g, b. Since (A;+, < A +) is an upper pre-lattice and a AAi+ b doesn’t exist, ¢ ¢ A;+, and so
by (P3 —4), either s € I or there exists [ € I such thats =" and i </ in I, which implies that
either s € [ or s = I'* such that t < I. It follows that ¢ < t* by (P3 —4). ThusaAb=t"in L.

We define a multiplication o on L in the following ways: fora € A;,b € Ay,

aANb ifj kel
avb ifjkel",
a ifj=itelt,keli<korjelLk=I1Tel",j<],
b ifj=iteltkeli>korje Lk=1Tel,j>1

aob =

Lemma 5. (L, A,V,o0,e) is a conic lattice-ordered idempotent commutative monoid with identity e.

Proof. Itisclear thataoa =aandaob=boafora,b € L.

Leta € A;. If j € I, then since e is the greatest of I, j < e which together with ¢ is the greatest

element of A, by (CE1), derives thata < eand ace =a. Ifj = iT € I, theni < ¢,s0a > ¢ and
aoe = a. Now, we will show that o satisfies the associative law. Leta € Aj,b € Ay, c € As. We
consider the following cases:

e Ifj,k,s € I, then (aob)oc = (aANb)oc =aAbAcandao(boc) =ao(bAc) =aAbAcg,

whenceao (boc) = (aob)oc.

e Ifjkelands=i" €I, then

anb ifjAk<i,
¢ ifi<jAk

(aob)oc—(a/\b)oc—{
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and
aob=aAb ifk <i,
ao(boc) = aoc=a=aAb ifj<i<k,
c ifi <jAk

aNb ifjAk<i,
c ifi <jAk

It follows thatao (boc) = (aob) oc.
e Ifje LLk=it,s=1" €It then

aoc=a ifj <iAl,

(aob)oc = boc=bVve ifi<j,
aoc=c ifl <j<i;
a ifj <iAl,

bve ifj>iAl

and
a ifj <iAl,
bve ifj>iNnl

ao(boc):uo(b\/c):{

However,ao (boc) = (aob)oc.
e If j,k,s € I then (aob)oc = (aVb)oc=aVbVcandao(boc) =ao(bVc)=aVbVe,
whenceao (boc) = (aob)oc.

Finally, we will show that < is compatible with o. Let a,b € L be such that a < b. We need only to
prove thataoc < boc forevery ¢ € L. Suppose thata € A;,b € Ag,c € A;. We need to consider the
following cases:

(1) If j, k, s € I, then by the definition of o,aoc =aAcandboc=DbAc.Sincea <b,aoc<boc.

(2)Ifj,k € Iands =it € I't,thena < b < cand j < k. The following subcases need be
considered:

e Ifi < j, theni < k and so by the definition of o,aoc =cand boc = c, whenceaoc < boc.
e If j < i, then by the definition of o,aoc =aand boc € {b,c}. It follows thataoc < boc.

(38)Ifj,s € I and k € I, then by the definition of o, a0c =aAc <c <bandboc € {b,c},
whenceaoc < boc.

(4)Ifj € Iand k,s € I, thena < b < bV ¢, so by the definition of o, aoc € {a,c} and
boc=bVc,whenceaoc<boc.

(5)Ifj=it,k=1" €I ands € I, thensincea < b, I <iin I by (P3). The following subcases
need be considered:

e If s <, then by the definition of o,ao0c =cand boc = ¢, whenceaoc <boc.
e If s > I, then by the definition of o, a0 ¢ € {a,c} and boc = b. It follows thataoc < boc.

(6)If j,k,s € I'", then by the definition of o,aoc =aVcandboc = bV, whenceaoc < boc. O

We may define a binary operation — on L in the following way: fora,b € L such thata € A;,b €

Ay,
it ifjjkelanda<b,orje k=it €It andj<i
b ifjkelandj>k orje Lk=i" €I"andj>i,
a—=b=< a—=%b ifj=keIsuchthata|bora>Db,
b ifjjkelTanda<b,orj=it €lt,ke€landi>k,

i ifj=it,kel"andafb orj=i" €It kelandi<k.
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We denote by J ® A the above (L, A, V, 0, —,e).
Theorem 3. L = J & A is a conic idempotent CRL.

Proof. We need only to prove that for all a,b € L,a — b = max{c : aoc < b}. Suppose that
a € Aj,b € Ar. We need to consider the following cases:

Casel.j,k € Ianda < b,orje LLk=i" € I and j < i. We need only to check the following
subcases:

(1) If j,k € I and a < b, then by the definition of o, a0 (a4 = b) =aoj" =a <b. Letc€ A; CL
such thataoc < b. Ifs € I, thenby (P4),c < jt =a — b. Ifs =1" € I, then b < cby (P4), and
by the definition of o, a o ¢ € {a,c}, which together with a o ¢ < b, derives thataoc = a. Thusj <1,
whencec < jT =a —b.

(2)Ifj € k=it € I and j < i, then by the definition of o and (P4), a0 (a = b) =aojt =
a<b.Letc€ A; C Lsuchthataoc <b.Ifs € I, thenby (P4),c<jt =a—b.Ifs=1" € I, then
by the definition of o, a0 ¢ € {a,c}. Assume that a o ¢ = c. Then by the definition of o, ] < j <1, so
b < ¢ =aocby (P3), which is contrary to a o ¢ < b. Thus a o ¢ = a, which implies that j < I and so
¢ <jT by (P1) and (P3).

Case2. j,k€landj >k orje k=it € I andj > i. We need only to check the following
subcases:

(1)Ifj,k € I and j > k, then a > b by (P2), and so by the definition of 0,40 (a — b) =aob =
aAb="0.Letc € A; C Lsuch thataoc < b. Suppose thats € I". Then ¢ > b by (P4), and by the
definition of o, a o ¢ € {a,c}, which implies that a o ¢ > b, a contradiction. Suppose that s € I such
thats > j. Thenaoc=aAc € A]-, which implies that a o ¢ > b, a contradiction. Thus s € I and s < j,
whencec =aAc=aoc<b=a—b.

(2)Ifj € LLk=i" € It and j > i, then by the definition of 0, a0 (a — b) = aob = b. Let
ce€ As C Lsuchthataoc <b.Ifse I, thenc <b=a— bby (P4). Ifs = I € I'" such that [ > j,
then! >iandsoc <b=a — bby (P3). If s =" € I such that [ < j, then by the definition of o,
c=ago0c<b=a—b.

Case 3. j = k € I such thata || b or a > b. Then by the definition of o and (CE1),a0 (a — b) =
ao(a =% b) =an(a—-%0b)=ar"(a % b) <a b, whichimplies thatao (a — b) < b. Let
c € As C Lsuchthataoc < b. Suppose thats € I ors € [ such thats > j. Thenc > b by (P2,4),
and by the definition of o, a o ¢ € {a,c}, which implies thata o ¢ f b, a contradiction. If s € I such
thats < j, thenc < a =% b = a — bby (P2). If s € I such thats = j, then by the definition of
o,aNYc=aAc=aoc <b, which implies that a A ¢ SA]. b, soc SAj a—4b by (CE1). Thus
cga—>Afb:a—>b.

Cased.j, keIt anda<b,orj=i" €I,k € Iandi > k. We need only to check the following
subcases:

(1) If j,k € It and a < b, then by the definition of o, a0 (a — b) = aob =aVb = b. Let
c € A;s C Lsuchthataoc <b. Ifs € I, thenby (P4),c < b. If s € I, then by the definition of o,
c<aVc=aoc<b=a—b

(2)Ifj =it € I,k € I and i > k, then by the definition of o, a0 (¢ — b) = aob = b. Let
¢ € As C Lsuch thataoc < b. Suppose that s € I'". Then by the definition of o,a0c=aVec>b,a
contradiction. If s € I, then by the definition of o, a o ¢ € {a,c}, which together with a > b, derives
thatc=aoc<b=a—b.

Case5.j=iT,keItanda £ borj=i" € I",k € I andi < k. We need only to check the
following subcases:

(1)Ifj =itk eIt and a £ b, then by the definition of o and (P4), a0 (a — b) =aoi=1i<b.
Letc € A; C Lsuch thataoc < b. Suppose thats € I". Thenaoc = aVc £ b, a contradiction. If
s € I, then by the definition of o, a o ¢ € {a,c}, which together with a & b, derives thatc =aoc < b.

do0i:10.20944/preprints202309.0320.v1
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(2)Ifj =it € I'",k € I and i < k, then by the definition of o and (P2),a0 (a — b) =aoi=1i <b.
Letc € As C Lsuch thataoc < b. Suppose that s € I'". Then by the definition of o,a0c=aVc > b,
a contradiction. If s € I, then by the definition of o, a o ¢ € {a,c}, which together with a > b, derives
thataoc = c. Thuss <i,whencec <i. O

Next we shall prove that any conic idempotent CRL is isomorphic to some J ® A. Suppose that
L= (L,A,V, ,—,e)isaconicidempotent CRL.Let L* ={j € L:(Jae L)j=a*},I={ieL*:i<
e} =L and I = {i* :i € I\ {e}} = L*". Let Y = {(L;,<) : j € L*}. By Proposition 2, for all
iel\{e},i* >esol*NI=Q.Ifi,] € Isuchthati # I, then there exist 4, b € L such that a* =i and
b*=1s0i" =a™* =a*=i#1="0"=b"" =" Thusi* #I*.

Lemmaé6. (I,I*,L*;Y) is a CE-system.
Proof. By Theorem 1(1-5,7), (I,I*,L*;)) is a CE-system. [J
Theorem 4. LisequaltoL* @ ).

Proof. For convenience, we denote by <; the imposed ordering on L* @ ). We need only to prove
thatforalla,b € L,<=<janda-b=aob.

We now prove <=<3. Leta,b € L. Assume that a < b. We need to consider three cases:

(1)Ifa <e,b <e thena**, b** € I by Lemma 3(4) and by Theorem 1(6), a** < b**, which together
witha € Ly~ and b € Ly, derives thata <; b by (P1 —2).

(2)Ifa > e,b > e, thena*, b* € I, which together with a € Ly« and b € Ly, derives that a* > b*
by Theorem 1(6). Thus by (P3), a <; b.

(3)Ifa <eand b > e, then by Lemma 3(4), a** < e and b** > ¢,s0 a** € [ and b** € I*, whence
by (P4), a Sl b.

Thus <C<; .

Suppose that a <q b. We need to consider four cases:

(1) If a** = b** € I, thena < bby (P1).

(2) If a**,b** € I such that a** < b**, then by Theorem 1(6), a < b.

(3) If a**,b** € I* such that a* > b*, then by Theorem 1(6), a < b.

(4) If a** € I and b** € I*, then by Lemma 3(4),a < eand b > ¢,s0a < b.

Thus <;C<, whence <1=<

It remains to verify a - b =aobforalla,b € L. For this, we need to consider three cases:

(1)Ifa <e,b < e, thenby Lemma 1(3), a- b = a A b. On the other hand, by the definition of o and
<=<j,aob=aAb,whencea-b=aob.

(2) Ifa > e,b > e, then by similar arguments asin (1),a-b =aob.

(3)a>eandb <e.

o If b < a*, thena*, b** € I by Lemma 3(4) and b** < a*** = a* by Lemma 2(3), which together
with a € L) and b € Ly derives aob = b by the definition of o. On the other hand,
a-b=a-a*-b=a* b= >bbyProposition 2(3). Hencea-b =b =aob.

e If b > a*, then a*,b™* € [ by Lemma 3(4) and b** > b > a*** = a* by Theorem 1(4), which
together with @ € L(;+)» and b € Ly« derives a o b = a by the definition of o. Suppose that
a-b=">. Thena* <, b <, a, so by Proposition 2(4), b > ¢, a contradiction. Thusa-b = a by
Lemma 1(4,5). Hencea-b=a =aob.

O

By Theorem 4, we have the following result, which generalizes [20, Theorem 20].

Theorem 5. Let L = (L, A,V,-,—,e) be a CRL. The following conditions are equivalent:

(I) L is a subdirectly irreducible idempotent semiconic CRL.


https://doi.org/10.20944/preprints202309.0320.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 6 September 2023 do0i:10.20944/preprints202309.0320.v1

110f16

(I1) There exists a CE-system (1,17, ]; A) such that

(1) Ae is a nontrivial subdirectly irreducible Brouwerian algebra or A, = {e} and there exists i € I such
thati < ein I;

2)L2]Q A

Proof. Let L be a subdirectly irreducible semiconic idempotent CRL. Then since semiconic idempotent
CRL is the variety generated by conic idempotent CRLs, L is conic. By Theorem 4, L = L*® ),
where (I, I*,L*; V) is a CE-system. Because L is a subdirectly irreducible CRL, theset {a € L: a < e}
has a greatest element. Leti = max{a € L : a < e}. If i € L,, theni = max{a € L, : a < e}, so
by Theorem 1(4), L, is a nontrivial subdirectly irreducible Brouwerian algebra. If i ¢ L., then since
L. C L7, L. = {e} and i < ¢, s0 i** < ¢, which implies that i** < i. On the other hand, by Proposition
2(1),ii* =i <e,s0i <i* — e =1i". Thusi = i"*, whence i € I by Theorem 1(1).

Conversely, let (I, I, ]; A) be a CE-system such that (1) and (2). Then by Theorem 3, L is a conic
idempotent CRL. If A, is a nontrivial subdirectly irreducible Brouwerian algebra, then max{a € A, :
a < e} exists and so max{a € A, :a < e} = max{a € L:a < e}, which implies that L is a subdirectly
irreducible semiconic idempotent CRL. If A, = {e} and there exists i € I such thati < e, then by
(P1,2), max{a € L : a < e} = i, which implies that L is a subdirectly irreducible semiconic idempotent
CRL. O

5. The Amalgamation Property

In this section we will use the structure theorem of conic idempotent CRLs to give some new
result about the amalgamation property of the variety of semiconic idempotent CRLs, which generalize
the main results of [11].

Let K be a class of algebras. A span is a pair of embeddings (i; : A < B,i; : A — C) between
algebras A, B, C € K. The class K is said to have the amalgamation property if for every span of K, there
exist an amalgam D € K and embeddings j; : B— D and j, : C < D such that j; o i} = jp 0 ip.

Example 1. Let A = {ap,a1,e,a_1,a_5}. We define an order relation <pon Abya_, <pa_1 <pe <y
a1 < ay, see Figure 1.1. We can define a multiplication operation on A by foralli,j € {1,2, -1, -2},

a; if |jl <1il,
aiaj = aja; =4 a; ifi =],
a; l'fl.:*].<0;

and ae = ea = aforalla € A. Let B= {x_p,x_1,¢,X1,Y2,22, X2 }. We define an order relation <g on B by
X_p <px_1 <pe<px1<pYaz» <p Xy, see Figure 1.2. We can define a multiplication operation on B by
foralli,j € {1,2,—1, -2} and b € {y,z},

=

i iflil < lil,
xix]-:x]-xi: X lfi:j,
X l'fl.:*].<0;
by iffi| <2,
T { iflil =2

Yazp = 2pYp = Xp and ce = ec = c forall ¢ € B. Let C = {m_3,m_p,m_q,e,my, my, n3, k3, ms}. We define
an order relation <c on Cbym_3 <c m_y <c m_1 <c e <c my <c my <c n3, k3 <c ms, see Figure 1.3.
We can define a multiplication operation on C by foralli,j € {1,2,3,—1,—2, -3} and b € {n,k},
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miif [j] < i,
Wll’ﬂ”lj = m]'mi = m; lfl = j,
m; lfl = —j <0;

by ifli| <3,

mib3 = bSmi = { m lf|l| _ 3[

nsks = ksng = mg and ce = ec = c for all c € C. We define a division operation on P by a — b =
max{p € P | ap < b} foralla,b € P, where P € {A,B,C}. It's easy to see that A, B and C are subdirectly
irreducible semiconic idempotent CRLs. We define two maps as follows: ¢1 : A — B; e — e and a; — x;
forie{-2,-1,1,2}; pp:A— C e e, a;— mjfori € {—1,1};ap — mgand a_p — m_jz. It’s clear
that @1, @2 are embeddings of A into B, C, respectively. We claim that there doesn’t an amalgam in K where
K is the class of all conic idempotent CRLs. Suppose that there exist an amalgam D € K and embeddings
Y1 : B — Dand ¢ : C — D such that Y191 = Po@o. Then ¢ (xl) = l/)1§01(ﬂ1) = 1p2g02(a1) = lpz(ml)
and P1(x2) = P191(a2) = Poga(az) = Pa(mz). Hence by Theorem 2, pr(mq) = P1(x1) < P1(x2) =
Po(m3) in D*. But p(mq) < ¢p(my) < ¢p(mgz) in D*. It's a contradiction. We conclude that the span
(p1: A —> B,y : A — C) hasn't an amalgam in K.

ap m3
n X2 ns k3

Y2 Z2 My

e X1 mq

a4 e e

X_1q m_q
a_on X_2 m_o
m-_3

Fig. 1.1. (A,<4) Fig.12.(B,<p) Fig. 1.3. (C,<c¢)
Figure 1
By Example 1, we have the following result.

Proposition 4. The class of all conic idempotent CRLs and the class of subdirectly irreducible semiconic
idempotent CRLs haven't the amalgamation property.

Definition 2. The variety of strongly semiconic idempotent CRLs consists of the semiconic idempotent CRLs
that satisfy (x Ay)* = x* V y*.

Proposition 5. A conic idempotent CRL L is a strongly semiconic idempotent CRL if and only if L; is a lattice
forallie L.

Let L be a CRL. A lattice filter F of L is called normal if it contains e and it’s closed under
multiplication. A normal filter F of L is said to be prime if it is prime in the usual lattice-theoretic sense;
that is, whenever x Vy € F,then x € Fory € F. Let F and © be a normal filter and a congruence of L
respectively. It’s well known that ©r = {(x,y) € L? | (x = y) A (y — x) € F} is a congruence of L
and the upper set Fg =1 [e]e of the equivalence class [¢]g is a normal filter. Moreover:
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Lemma 7. [2] The lattice N'F (L) of normal filters of a CRL L is isomorphic to its congruence lattice Con(L).
The isomorphism is given by the mutually inverse maps F — Op and © —71 [e]o.

Lemma 8. [2] Let L be a CRL and let F be a normal filter of L. Then [e]le, = {x | x A\ (x —e) Ne € F} =
{x|FaeF ,a<x<a-—e}

In what follows, if F is a normal filter of L, L/ F shall always denote the quotient algebra L/®r.
Given a element x € L, we write [x]r or [x] if no confusion for the equivalence class of x in L/F.

Lemma 9. Let L be a semiconic CRL, and let F be a normal filter of L. Then the following statements are
equivalent

(1) F is prime.
(2) Foralla,b € L~, whenevera\V b € F, thena € Forb € F.
(3) L/F is a finitely subdirectly irreducible conic CRL.

Proof. (1) = (2) By specialization.
(2) = (3) Suppose that (2) holds, and leta € L. Since L is semiconic, (a Ae)V (a — eNe) =e € F.
It follows that eithera Ae € Fora — e/Ae € F. IfaAe € F, thenby Lemma 8, [ Ae] = [¢] =

[afAle] =1le] = [a] > Je]. Ifa — eNe € F, then[a — eAe] = [e] = [a] — [e] Ale] = [¢] =
[a] — [e] > [e] = [4a] < [e]. Thus L/F is a conic CRL. Let 4,b € L such that [a] V [b] = [e]. Then since
L is conic, ([a] V [b]) A [e] = [e] = ([a] A le]) V ([b] A e]) = [e] == [(ane)V (bAe)] = [e], which
implies that (1 Ae) V (bAe) € F. HenceaAe € For b Ae € F, which derives that [a Ae] = [e] or
[bAe] = le]. Since [aV b] = [e], [a] < [e] and [b] < [e]. It follows that [a] = [a] A[e] = [aAe] = [e] or
[b] = [b] A le] = [b Ae] = [e]. Consequently, L/F is a finitely subdirectly irreducible conic CRL.
(3) = (1) Assume that (3) holds, and let a,b € L such thataVvb € F. Then (aVb)Ae =
(ane)V (bAe) e F. It follows that [(aAe)V (bAe)| =[e] = [aNe]V[bAe] =[e] = [aNe] = [e]
or[bANe]=¢e]=aNec ForbANec F=a€ Forb € F. Thus F is prime. [

Lemma 10. [2] Let L be a residuated lattice and {a; | 1 <i < n}, {bj |1 <j<m} C L finite subsets of
the negative cone of L with the property that a; v b; = e, for any i and j. Then ([T{_q a;) V (ITj2, bj) = e

Lemma 11. [15] Let U be a subclass of a variety V satisfying the following conditions:

(i) Every subdirectly irreducible member of Vis in U.
(ii) U is closed under isomorphisms and subalgebras.
(iii) For any algebra B € V and subalgebra A of B, if ® € Con(A) and A/© € U, then there exists

® € Con(B) such that D A2 =@ and B/® € U.
(iV) Every span in U has an amalgam in V.

Then V has the amalgamation property.
We have the following result, which generalizes [15, Theorem 49] in the commutative case.

Theorem 6. Let V be a variety of semiconic CRLs, and suppose that the class of finitely subdirectly irreducible
conic CRLs in V has the amalgamation property. Then V has the amalgamation property.

Proof. It is well known that every subdirectly irreducible semiconic CRL is a finitely subdirectly
irreducible conic CRL. It is clear that the class of finitely subdirectly irreducible conic CRL is closed
under isomorphisms and subalgebras. By Lemma 11, we need only to prove that for any B € V, any
subalgebra A of B, and P € N F(A) such that A/P is a finitely subdirectly irreducible conic CRL,
there is Q € N F(B) such that QN A = P and B/Q is a finitely subdirectly irreducible conic CRL.
Since V has the congruence extension property, there is a normal filter F of B, such that P = FN A. Let
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A denote the poset, under set-inclusion, of all set-inclusion, of all normal filters of B whose intersection
with Ais P. Since F € X, X # @. By Zorn’s lemma, element Q. Next, we shall show that Q is a
prime normal filter of B. Suppose otherwise, and let x,y € B~ be such that x Vy € Qbut x ¢ Q and
y & Q. Let Qy and Qy be the normal filters of B generated by Q U {x} and Q U {y}, respectively. Then,
by the maximality of Q, P is a proper subset of the normal filters Qx N A and Q, N A of A and so
there exist elements c,d € A\ P,q,r € Q~ and n,m € 7% such that gx"* <c<eandry”™ <d <e.
Hence by Lemma 8, [q]g = [r]g = [eJoand x Vy € QN B~ = [x Vy]o = [e]g. Thus by Lemma
10, [elg = [x"]o V [v"]q = l9lo[x"]o V [rloly™]o = [ax"]q V [ry™]g = [qx" V ry™]|g < [c Vd]g < [e]g.
It follows that [c VV d]g = [e]g. Since P = QN A, the map ¢ : A/P — B/Q is an embedding, which
together with ¢ Vd € A derives that [c]p V [d]p = [c V d]p = [e]p. Because A/P is a finitely subdirectly
irreducible conic CRL, [c]p = [e]p or [d]p = [e]p. Then by Lemma 8, ¢ € P,ord € P. Butc,d ¢ P,
which is a contradiction. Thus Q is a prime normal filter of B, and by Lemma 9, B/Q is a finitely
subdirectly irreducible conic CRL. The proof of the theorem is complete. [

Lemma 12. [11] The class of totally ordered Sugihara monoids has the amalgamation property.
The following result is essentially due to Maksimova (see [6, Chapter 6]).

Lemma 13. (Maksimova) The variety all Brouwerian algebras has the amalgamation property and the class of
finitely subdirectly irreducible Brouwerian algebras has the amalgamation property.

Theorem 7. The class of finitely subdirectly irreducible strongly conic idempotent CRLs has the amalgamation
property.

Proof. Let (i; : A — B,ip : A — C) be a span of finitely subdirectly irreducible strongly conic
idempotent CRLs, assuming without loss of generality that i; and i, are inclusion maps and that
BN C = A. Then using Theorem 1(11), we also have inclusions between their skeletons A* — B* and
A* — C*. Since by Theorem 1(11), these skeletons are totally ordered odd Sugihara monoids, Lemma
12 yields an amalgam | for this span that is also a totally ordered odd Sugihara monoid. Moreover, we
may assume that ] = B*UC*. Let ] ={jeJ|j<eland Jt ={j€]|j>e}.

Consider i € A*. Recalling that A; = {x € A | x** =i}, clearly A; C B; = {x € B | x** =i}
and A; C C; = {x € C | x™ = i}. If i = e, then by Theorem 1(10), A,, B, and C, are finitely
subdirectly irreducible Brouwerian algebras and by Theorem 2, A, is a subalgebra of B, and C,.
Hence by Lemma 13, there exists a finitely subdirectly irreducible Brouwerian algebra D, as an
amalgam with D, = B, UC,. If i < e, then by Lemma 13, there exists a Brouwerian algebra D;
as an amalgam with D; = B; UC;. If i > ¢, then by Proposition 5, each of B; and C; is a lattice.
It is well known that class of lattices has the amalgamation property. It follows that there exists
a lattice D; as an amalgam with D; = B; UC;. Since i is the greatest element of A;, B; and C;, it
is also the greatest element of D;. Now, for all j € B*\ A* and k € C*\ A%, let D; = B; and
Dy = C. Let X = {(D;, §D].) | j € J}. By construction, (J=,J*,J; X) is a CE-system. Thus
D = J® & is a conic idempotent CRL. Since D, is a finitely subdirectly irreducible Brouwerian
algebra, D = J® & is a finitely subdirectly irreducible conic idempotent CRL. By Proposition 5,
D =J® & is strongly finitely subdirectly irreducible conic idempotent CRL. To show that D is an
amalgam of the original span, it suffices to check that B and C are subalgebras of D. Consider x,y € B
withx € Bj,y € B;. Theni,j € J.Ifi <jin B* C ], thenx <gyand x <p ys0xVPy=y=xVvBy
and x \Py = x = x ABy. Ifi = j € B** C J*, then since D; is a lattice and B; is a sublattice of D;,
xVPy=xVvPiy=xVBiy=xVvByandxA\Py=xAPiy=xABiy=xnByeB.Ifi=jeB*~CJ",
then since D; is a Brouwerian algebra and B; is a subalgebra of D;, x VP y = x VPiy = x VBiy = x VB y
and x APy = x ADiy = x ABiy = x ABy. Thus B is a sublattice of D. By the definition of D, we have
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xABy ifi,je B~ CJ,
B xVBy ifi,je B CJt,
xo”y = o ) _ . .. _ . . )
X ifieB**CJ,jeB* CJ ,i*<p-jorie€eB* CJ,jeB*" CJ",i<pj*
y ifi e Bt CJ*,jEB* CJ,i* >p jori€ B* CJ,j€ B CJ*,i>p j*.
and

xAPy ifije],
xVPy ifije]t,
x ifie]t,je] ,i*<jjorie] ,je]t i<,
y ifiet,je] it > jorie] ,je]t,i> "

XODy:

Thus x 0Py = xoBy.
By the similar arguments, we have x =P y = x =B y.
The proof that C is a subalgebra of D is symmetrical. O

Since every variety of commutative residuated lattices has the congruence extension property, by
Theorem 6, we have the following result ,which generalizes [11, Theorem 5.6].

Theorem 8. The variety of strongly semiconic idempotent CRLs has the amalgamation property.
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