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Abstract: We consider a real scalar field in de Sitter background and compute its thermal propagators.
We propose that in a dS/CFT context, non-trivial thermal effects as seen by an ‘out’ observer can be
encoded in the anomalous dimensions of the d = 3 Ising model. One of these anomalous dimensions,
the critical exponent 7, fixes completely a number of cosmological observables, which we compute.
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1. Introduction

The rapidly expanding phase of the universe can be modelled by de Sitter (dS) space and the
simplest form of matter by a real scalar. It is believed that basic effects that left an imprint on the Cosmic
Microwave Background (CMB) were of thermal nature. Therefore a simple model that could explain
some of the observed features of the CMB is a real scalar field ¢ in fixed dS background [1-3], formulated
in the context of thermal quantum field theory [4]. The action is

s= [ y=g [;gﬂvayqvau«p e (1)

which we will quantize taking into account finite temperature effects. After fixing the parametric freedom
by an RG flow argument that has its origins in the d = 3 Ising model, we will extract several simple
cosmological observables.

2. Propagators and temperature

Consider a d + 1 dimensional FRW spacetime with metric
ds? = a2 (dT2 — dxz) (2.1)

with 7 the conformal time and a(7) the scale factor. de Sitter space corresponds to a = —%. The
expanding Poincare patch of dS space is parametrized by T € (—o0,0]. The scalar field mode in
d-dimensional momentum space ¢ = % in this background yields the classical Klein-Gordon equation
of motion (k = (k% k) is the four-momentum and the dot is derivative with respect to 1)

X+ wigxe =0, 2.2)
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. . . 2_
with w|2k| = |k + m3g and a time-dependent mass given by m3g = %(M2 - %) The dS mass
. . 2 . o
parameter is M? = p2; + 12¢ with y2, = 77z and H the inverse curvature parameter of dS space, satisfying

R = 12H2. The solutions to Eq. (2.2) are linear combinations of the Hankel function H,, (7, |k|) and its
complex conjugate, of weight v, with

2

Vd:g 1—%. (2.3)
Quantization of this system results in the notion of a time-dependent vacuum state and a doubled Hilbert
space. Regarding the vacua, we will be concerned with the so called “in" vacuum defined at T = —oo and
the “out" vacuum defined at the boundary (i.e. the horizon) of the expanding patch, at T = 0. These are
empty vacua from the perspective of corresponding local (in conformal time) observers. The |in) will be
chosen to be the maximally symmetric Bunch-Davies vacuum [5,6]. The two vacua are related via the
Bogolyubov Transformation (BT) (J| @' = (I| ® where I, ] = in, out is a label of the vacuum and ®/ is
the field operator with mode function )(|Ik|. Note that the field is the same in both vacua, with the mode
functions and the creation and annihilation operators inside it being the vacuum dependent quantities.
Common notation is Xi‘rﬁ‘ = up and )(‘01?‘" = V|-

The doubled Hilbert space can be understood in the context of the Schwinger-Keldysh (SK) path
integral as being related to a 4 (or forward) branch and a — (or backward) branch in conformal time
evolution. The field propagator D in such a basis has a 2 x 2 matrix structure and is (7 (7 *) denoting
time (anti-time) ordering and (0| is a generic vacuum):

0] ()@ (1) [0) = D—y(T; )

0]~ (1)@ (n)[0) = Dy (1) (2.4)
and

O T[@ ()@ ()] |0) = Dii(m;n)

O 7T7[@" ()P ()] 0) = D——(1;72) (2.5)

where Dy (1;%2) = D2 (;72), D-—(t;%) = Dii(w;n) and Doy (t;7%2) = X ()X ()
Dit(tym) =0(n —)D-+(11;12) + 0(2 — 1) D4 —(11; T2). The above matrix elements satisfy the
relation

D +D__—D. —D_,=0. (2.6)

Hidden in these expressions is the ie shift, implementing the projection on the vacuum at T = —oo. It
—i

2 _mitic The above

construction of the propagator at zero temperature in dS spacetime has been recently studied in [7].

can be chosen so that in the flat limit the propagator becomes diagonal with D =

The thermal generalization of the propagator components in Eq. (2.4) and Eq. (2.5) is our next goal.
If the Hamiltonian of the system was time-independent, one could just follow the process described in
Appendix A and show that the propagator satisfies the KMS condition [8], which ensures that it is a
good thermal propagator. Here however we are dealing with a time-dependent Hamiltonian and this
is not straightforward. Instead, we will use the method introduced in [9] that takes advantage of the
SK contour, by adding an extra,“thermal" leg to it. In particular, if C is the forward branch where time
evolution follows the path Tj, — Tout, C— is the backward branch where 7oyt — Tin, we attach an extra
part to the contour C3, where T, — Tin — 1 g and B = 1/T is the inverse temperature parameter:
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Tin Tout
' Rer
B
Tin — iy
Furthermore, we introduce the propagators
(0] T[@*(11)®@*(12)] |0) = D33(T1;72)
0| @™ (11)®*(12) [0) = D34 (11, 72)
(0] @~ (1)®*(12) |0) = D3 (11;12) (2.7)
where 71, 7» € C and we demand that the junction conditions for a € {+, —,3}:
d 0
Doy (11, 12) =Dy (11, 72) 877311+(T1;T2) = aTDaf(Tl}TZ) (2.8)
T =Tout T =Tout 2 T =Tout 2 T =Tout

are satisfied at the time instance T = Tyt where the C+ and C_ contours meet, while the conditions

0
gpa— (Tl)Tz)

0

Dy (11;72) = Dy3(11;2) = TDaS(Tl) ) (2.9)

=T

T =Tin T=Tn =T

need to be satisfied at T = Tj, where C_ and C3 meet. Finally for the SK analogue of the KMS condition
to hold, we need to sew together C; and C; which results in the conditions

= Dy(11;12) Dyt (115 12)

T2=Tn

Dyt (115 2) (2.10)

1—2:711'171‘/8/2

d
E = EDaB:(Tl} )

T=Tin—ip/2 T=Tin

that ensure the consistency of the deformed contour and yield a good thermal propagator.

The above conditions will introduce corrections of thermal nature into the propagators Eq. (2.4) and
(2.5), which we compute by making two assumptions. Since the chosen contour allows for an imaginary
time flow, we assume that there is no inflation in that direction. This means that the mode functions
living on the C3 leg of the contour can be taken to have a plane wave form. In addition, at T = T1;, we
assume the BD vacuum so that the mode functions are expressed in terms of the Hankel functions of
v = 3/2 order. According to these assumptions, the solution to the conditions results in the in-in thermal
propagator components [9]:

D2 =D\ +np(B/2) (Dyy +D_)
D2 =D__ 4+ ng(p/2) (Diy + D)
D2 =Dy +ny(p/2) (Dyy +D )
DP2—D | +np(B/2) (Dyy +D__) 2.11)
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with np the Bose-Einstein distribution parameter
eiﬁwlk\

n =—. 212
B(B) = gy @12)

We can express conveniently this propagator collectively in a matrix notation as:

2 * 11

Do =D +5°(B/2) (D1 + D% y) 11 (2.13)

with
p_ [P+ Di- ,
D_y D__
and the parametrization s(8/2) = sinh 0y (8/2) = \/np(p/2) and c(B/2) = cosh by (8/2).! Itis easy
to see that this thermal propagator satisfies a condition like Eq. (2.6).

Here we are actually interested in the out-out thermal propagator. We will first derive the result
using a novel shortcut and then we will show that it indeed yields the correct result. The shortcut uses the
Thermofield Dynamics (TFD) formalism, where the doubled Hilbert space is seen as the tensor product
of the Hilbert spaces of positive and negative momenta H and #. The fields living in these Hilbert spaces
are ® and P correspondingly. The validity of this strategy is based on the fact that the SK structure can
be read also as a TFD structure, in which case the passage to finite temperature is via the transformation
Dy = Uy DU and [10]

_ [coshby(B') sinh6y(B)
Uy = .nh()' I\ h()‘ NSl (2.14)
sinh 6y (B’) cosh by (B')
That this is an allowed operation on dS propagators is supported by the fact that a transformation by the
matrix Ug is a BT with coefficients sinh 6| (8') = % and cosh 6y (B') = — o Hence, we
— —e

essentially calculate the thermal corrections that the BT has on the propagator via the TFD formalism.
The result of the rotation gives the out-out thermal propagator

. 11
Dy =D+ (s*(B') +s(B)c(B) (Dyy + D) (1 1) : (2.15)
One immediately notices that the two expressions in Eq. (2.13) and Eq. (2.15) disagree in the thermal
correction, as the latter has an extra term along sinh 6} cosh 6} |. This might seem troublesome at first,
however they both contain the same physical information. Taking advantage of the trivial identity

—Bwy| —gwuq
e 1 _ e =, (2.16)
1— e 24K

+
T—e Pom 1 — e P

the propagators in Eq. (2.13) and Eq. (2.15) are seen to be equal for 8’ = B. Note that the above identity
does hold in the sinh 63| and cosh 6]y | parametrization, where it reads s?(B) + s(B)c(B) = s*(B/2). We
have therefore proved that the known form of the dS thermal propagator of [9] can be equivalently

1 The flat limit of this propagator is diagonal and its +-+ component is such that the ie shift of the zero temperature propagator

denominator becomes iE = ie coth(Bw)y|/2) in the thermal state.
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obtained via a TFD rotation of the zero temperature SK propagator of the half thermal parameter. The
equivalence of the two expressions reflects of course the universal nature of the dS temperature as
measured at an arbitrary time instance by the in and out observers. The advantage of the TFD rotation
operation is that it is very simple and can be easily generalized to any background. Thus, we will use this
point of view in the following.

The result of all allowed thermal transformations of D are correlators of the form
D, = (L T@(®)]|];7) - 2.17)

The doublet field, now in the language of TFD, is (®!)T = (®!, ®!) and v is a thermal index, associated
with any combination of thermal transformations of the form Eq. (2.14). The label (not index) I on the
field is a reminder of the vacuum state to which the mode functions belong. The two types of thermal
transformations that are relevant to us are the insertion of an explicit density matrix, resulting in a
transformation by a unitary operator U, as |I; ) = U |I), where the eigenvalue of U is Ug(6) and the
Gibbons-Hawking (GH) effect [11] (for which we will momentarily use the parameter J to distinguish it
from B) that is expressed as |I) = |];J) with I # ]. But the only temperature that dS space can sustain
is the GH temperature which means that 1/845 = Tqs = H/2m = 1/6. It is then sufficient to know the
form of the thermal dS-scalar propagator for some generic temperature and then set f = Bg4s.

3. The spectral index with thermal effects

The propagators in Eq. (2.13) and Eq. (2.15) determine several important observables. At equal
space-time points and at the time of horizon exit, defined as |[t|H = 1 and concentrating on horizon
exiting modes specified by |kt| < 1, they determine various cosmological indices derived from the scalar
power spectrum (here 1 is the 2 X 2 matrix with unit elements)

PS,ﬁl = D‘B1|T1:T2 7 (31)

in terms of a single parameter (when the temperature takes its natural value T = Tyg):

5—d?2
= =1/ — + M2, 3.2
K W|1<||T|“kﬂ:l VT (3.2)

This parameter can be traded for the weight of the Hankel function, as determined by the Klein-Gordon
equation, in Eq. (2.3). Of special importance in d = 3 is the choice M = 0, or ¥ = i, which is known to
generate a scale invariant CMB spectrum. This corresponds to v = % and decaying modes at the time of
exit.

A particularly useful point of view [12] is to recognize the system at T = —co as related to a UV
Conformal Field Theory (CFT) labeled by the weight v and associated with the Gaussian fixed point of
the d = 3 real scalar theory, that flows towards an interacting IR fixed point and the corresponding CFT
at T = 0. It is clear that in the present context, exact scale invariance is realized in the |in) vacuum, with
the deviations generated by a spontaneous shift in M that, according to Eq. (2.15), should have a finite
temperature origin. Deviations can be encoded in general in a shift of the weight vy — v = v + 14 that
can be interpreted as a shift in the scaling dimension of a dS scalar field

d d
A,zi—v:i—vd—vq:AcL_—vq. (3.3)


https://doi.org/10.20944/preprints202308.2005.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 30 August 2023 d0i:10.20944/preprints202308.2005.v1

60f11

There is a corresponding shadow partner solution to this with AL = % + v. In this letter, we will be
concerned with (A_,A})q = (0,3).

In order to understand vq (which will turn out to be a non-trivial zero) we first point out that the
lout; fi) (B > Bgs) state is a BT of the Bunch-Davies vacuum. The mode functions before and after the
transformation solve the same Bessel equation with frequency wyy|. Upon a time-dependent BT however,
the frequency that an observer sees for a time other than his own, is [13]:

Q= wpq (e + Is%) . (3.4)

As a result, the horizon exit parameter is transformed as

efzxx

K_>A:K<1+21_62x1c

> = k coth(xx), (3.5)
where we have defined the dimensionless temperature parameter x = %, that takes values in |77, 0].
The transformed state in general has a reduced isometry with respect to the Bunch-Davies state. This can
be seen by the fact that the BT introduces a non-zero mass term (u2; + ¢ %)aszcpz in the Lagrangian

with exit parameter A2 = |kt|? + a2 {]J%{ +(¢—- %)%)} and that the late time equations of motion

¢ +2aHe + (y%{ + 552) P?H* =0, H= —21714)2 (3.6)

have no non-trivial solution with H = const. and a non-zero, finite mass term.

The two limiting values of x are interesting. Its natural value x = 7w where T = Ty4g gives A = oo
for k¥ = i. This is a special case where we recover a dS solution of maximal isometry that corresponds to
lout; figs). As in the BD vacuum, no modes are seen to exit the horizon, this time due to their ultra-short
wavelength. In the limit x — oo on the other hand, the out observer sees modes of any wavelength as
exiting modes, since in this limit the time of exit approaches the horizon. This means that if he calls
his frequencies Q‘k‘, then his horizon exit parameter will be forced to Ay = limT_>o(Q|k|T) — 0.2 This
suggests to construct a trajectory from (A, x) ~ (oo, 1) to (0, c0) along which the value of some yet to be
defined thermal effect is kept non-zero and constant, starting from a position a bit shifted away from the
scale invariant limit (oo, 77). Deviations from exact dS isometry due to finite temperature effects can be
encoded in the shift of the spectral index of scalar curvature fluctuations

dIn (|k|3PS,ﬁ)

dIn K| 3.7)

Tls’ﬂ = 1+

In the previous section, we showed that the SK and TFD formalisms result to equivalent propagators.
Consequently, from Eq. (3.1) they both determine the same thermal deviation

2x e~ A
57’15 = nsl‘B —1= _X |:1e—2x1\:| ’ (38)

2 In this limit x becomes an odd multiple of 7t/2.
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of ng away from unity. Observe that in |out; figs) where x = 7t and A = oo, dng vanishes and we see
a scale invariant spectrum. Moving a bit away from it, x > 7, the state is |out; fi) and dng becomes a
one-parameter expression of A. We can fix this freedom by determining the value ng g by interpreting
its deviation from unity as an anomalous dimension in the dual field theory in the spirit of the dS/CFT
correspondence. Then we can reach x = oo along a trajectory which keeps this value constant for all
temperatures.

In [14] it is proposed that within the dual field theory that lives on the horizon, the anomalous
dimension that shifts the spectral index is the critical exponent #, whose non-perturbative value is around
0.036. Thus, near the horizon

ng ~1—n=0964. (3.9)

This is a constraining statement that leaves no free parameters. In [14] it is also shown that the quantity
by which A  shifts is the operator anomalous dimension of the trace of the Ising stress energy tensor ©,
which is an exact zero. This is however realized on the fixed point as the cancellation I'g = # — # and
it is the term 7 that ends up shifting the spectral index. We therefore see that it is in this sense that v,
is a non-trivial zero. Outside the fixed point, when for example the Ising field is massive, M deviates
from zero in the bulk, the solution to Eq. (3.6) is not dS and Vg becomes non-zero. It is important to
understand that the main effect comes from the critical value # and the breaking effects that a non-zero
v, represents are small as long as the system sits near the fixed point. For this reason the leading order
results are independent of the source of the breaking. In a sense the only assumption here is that there is
a mechanism of spontaneous breaking of scale invariance. From the point of view of the boundary this
could be for example justified as some sort of a Coleman-Weinberg mechanism.

4. Line of constant physics and other observables

What we will demonstrate now is that in the bulk, there is a line of constant physics (LCP), labelled
by the value dng = —7, along which the system is heated up from zero temperature where Ay = 0 and
x = oo, up to the dS temperature. A few points on this line and a picture of the LCP can be found in
Figure 1.

Rek

out; &

LA ] x|
— 0 — 0
10-° 3.5-107
0.01 1600
0.5 14.8

— 15117 | —=x

Imk

Figure 1. Left: A few points of the nearly conformal LCP defined by éng = —#. Right: The Bogolyubov
Transformation |in) — |out; fi) and the LCP, on the complex plane where x = A +iIm".

3 It is implicitly assumed here that moving away from Tgs is a result of spontaneous breaking of scale invariance, which is

expected to lower the temperature.
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We stress that for a given x the corresponding value of A is fixed by the label of the LCP. Thus
near the endpoint of the LCP where x ~ 7, the value A; ~ 1.5117 is a fixed output. It is important to
emphasize that the LCP is really meaningful up to just outside its two limiting points. Up to around
x =~ 7t it is characterized by a non-zero dng which however at exactly x = 7t becomes equal to zero, since
the trace of the boundary stress-energy tensor to which the bulk scalar couples, vanishes. Analogously,
the interpretation of each point on it as a dS space of the same Tyg is possible everywhere except at x = oo,
where the intrinsic temperature must become abruptly unobservable.

Since there are no free parameters, several other observables that are determined by Ps g are expected
to be also fixed. Define for example the moment

L _ dnsp
SB ™ din K|

(4.1)

)

and let us compute it using that n s = 0. The result, evaluated under the same conditions as n S,Br is

1 1 X De—2xA
nS,‘B = (SI’ZS |:2 — F — X <1 + m (42)

which, substituting x ~ 7w and A = Ay ~ 1.5117, gives

niy = 0.0186 (4.3)

for the running of the index.

Finally, the universal contribution to the non-Gaussianity parameter fyy, [15], can be expressed in

t . .
terms of N = f t,-f dtH and its derivatives in the in-vacuum, as [16]

5 Npp

=—-— 44
=g N2 (4.4)

with N, = %—ZX, Npp = %2712’ and p = Ps g. It is computed to be

5[x(~1+ A%)%(1+ xAcot(3)) +24% sinh(xA)]
NL=— (4.5)
6A2 [x(—l +A2) 4+ Asinh(x/\)}
For x ~ rand A = Ay ~ 1.5117 this gives

fnL = —1.7138. (4.6)

5. Conclusion

We considered a thermal scalar in de Sitter background. Starting from the Bunch-Davies |in) vacuum,
a Bogolyubov Transformation placed us in the interior of the finite temperature phase diagram in a
thermal state |out; fi). This state can be connected through holography to the vicinity of an interacting IR
fixed point, in the universality class of the 3d Ising model. The system in this state is rather special, in
the sense that the boundary operator that couples to the scalar curvature perturbations in the bulk has a
classical scaling dimension. The critical exponent 7 is the order parameter of the breaking of the scale
invariant spectrum of curvature fluctuations and a simple argument from the dS/CFT correspondence
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fixes the parametric freedom in the dS scalar theory, yielding the prediction ng = 0.964. We also computed
in the same context additional cosmological observables such as the first moment of the scalar spectral
index and the non-Gaussianity bispectrum parameter fy; and evaluated them numerically. Our predicted
values of ng, nglg and fy are well within current experimental bounds [17,18].

Acknowledgments: The research of FK. leading to these results has received funding from the Norwegian Financial
Mechanism for years 2014-2021, grant nr DEC-2019/34/H/ST2/00707. The authors thank I. Dalianis for discussions.

Appendix A

In this Appendix we discuss the real time construction in the Hamiltonian formulation. First we give
a shortcut derivation of the thermal propagator Eq. (2.13) that starts from flat space and the definitions

PP _(n,m) = Wiu,m)+Wi(n,n)
DEJF(TLTz) = Wi(m, 1)+ Wa(2, 1) (A1)

with the Wightman functions defined as

Wi(t, ) = Tr{aJr%l{)Z;TZ)p} = npelw(n—n)

where p = ¢~ P is the thermal density matrix, # is the (harmonic oscillator) Hamiltonian and the second
equalities show the result of the trace computations. Now since the time dependent part of the mode
iwT

function in flat space is u(7) = ¢/“T we can write ¢/(1—%2) = y(1;)u* (1) and pass to dS space via the

substitution u(7) — x| (7). Then indeed

Di_(mm) = X () +m(B) (X (W) (%) + X (@) ()

PP (1) = X (T () + 76 (B) (X\k\(Tl)X\*k\(TZ)+er|(Tl)X\k\(72)) (A3)

and by imposing DﬁJr(Tl,‘TZ) = 0(mq — Tz)'Dli+(Tl;T2) +0(m — Tl)Dﬁi(Tl;TZ), DE,(TUTz) =
Di’ﬁr (71; 12) and applying for B/2, we arrive again at Eq. (2.13).

A thermal propagator has to satisfy a variant of the KMS condition. The KMS condition originates
from the definition

(@(t1,x1) (12, 32)) g = Tf{¢<f1f;rlgz>}<fz, x2)p} "

that leads, in principle, to the thermally corrected dS propagator. However for time dependent

Hamiltonians the direct computation of the trace is not obvious.

The condition takes a simple form though near T — —oo, which we can show explicitly. In
Thermofield Dynamics, the form of the KMS condition depends on a gauge parametrized by a real
number, say «. It is a well known fact that TFD propagators satisfy such a condition in any of these
x-gauges [19,20]. The condition holds due to the relation [10]

a [0;B) = e *Pmal (0;8),  (0;B|ay = (0; Bl a e TmVPIK (A5)
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between the standard annihilation operator acting on the vacuum of the Hilbert space H and the tilded
creation operator acting on the vacuum of H. The thermal vacuum |0; 8) is defined by the action of a
unitary operator on the tensor product of the vacuum states in H x 7. Using the above relations, one
can straightforwardly show that the Wightman function between the fields ®, ® for a = 1/2 satisfies the
condition (the mode functions of the scalar field near T — —oo reduce to plane waves):

(0; Bl (1, )@ (72, ) 0 B) = (0 Blab(a + b, y)B(m1 — b x)l0; ), (A6
which is the KMS condition in the & = 1/2 gauge. This is a relevant for us case, since the transformation
matrix Eq. (2.14) is in this gauge [19]. A different gauge choice is to take « = 1, where

a 10:8) = e PNE10:8), (0Bl = (0 Bl Ay (A7)
Then, the same Wightman function as above needs to satisfy

(0; B|® (11, x)D(12,¥)]0; B) = (0; B| (12, y)® (11 — iB, %) 0; B) , (A8)

the KMS condition in the « = 1 gauge. Note that this is a relation where the usual form of the KMS
condition of thermal field theory can be recognised. These two gauges however can be readily seen to
correspond to equivalent Wightman functions, as they can be related by a shift in the imaginary time, by
Tip — T —1 g By this shift freedom, one can also see that the diagonal elements of the propagator do
not satisfy any non-trivial constraint. In conclusion, to the extent that Eq. (A4) applies to dS space and
the trace is computable, the thermal propagator it defines satisfies a KMS condition.
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