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Abstract: We discuss the optimal control formulation for enhancement and denoising of satellite
multiband images and propose to take it in the form of an L!-control problem for quasi-linear
parabolic equation with non-local p[u]-Laplacian and with a cost functional of a tracking type. The
main characteristic feature of the considered class of parabolic problems is the fact that the variable
exponent p(t, x) and the anisotropic diffusion tensor D(t, x) are not well predefined a priori, but
instead these characteristic non-locally depend on a solution of this problem, i.e., p, = p(t,x,u) and

« = D(t,x,u). We prove the existence of optimal pairs with sparse L!-controls using for that the
indirect approach and a special family of approximation problems.

Keywords: optimal control; parabolic equation; variable order of nonlinearity; noncoercive problem;
compensated compactness technique

1. Introduction and Some Preliminaries

The main goal of any image denoising problems is to restore the noise-free gray-scale image
u : 3 — R from the observed one f : (3 — R. In this paper, we issue from the assumption that the
observed image can be represented as
f=uto+n,

where 7 is the white Gaussian noise following the Gaussian distribution A/(0,0?), and v stands for the
noise with a probably strong impulsive nature which the Gaussian model fails to describe. We assume
that both noises occur simultaneously and independently in the entire domain.

To eliminate both Gaussian noise 1 and impulse noise v, we propose the following optimal control
problem:

e 1
(R) Minimize J(v,u) = ||?JH%2(O,T;L1(Q)) +3 /Q\u(T) — fol?dx 1)

subject to the constraints

aalt‘ — div (|Du(t, x)Vu|p“(t'x)’2Du(t,x)Vu) —x(f—u—0o) o
in Qr:= (0,T) x Q,

du=0 on (0,T)x0Q, (3)

u(0,) = fo(-) in Q, 4)

va(x) <o(t,x) <vy(x), ae. in Qr. (5)

Here, QO C R? is a bounded open set with a sufficiently smooth boundary 9Q), T > 0 is a positive
value, ¥ € R is a given positive parameter, f € L?(Q) is the original noise-corrupted image, fo € L?(Q)
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is the pre-denoised image by applying a median filter to f, v,, v, € L?(Q), va(x) < v(x) a.e. in Q, are

given distributions,
T 2
HUH%Z(O,T;Ll(Q)) = /0 (/Q o] dx) dx (6)

is the so-called directional sparsity term which, in fact, measures the L'-norm in the space of the
L2-norm in time, D,, = D(t, x,u) is the matrix of anisotropy, and the variable exponent p,, : Qr — Ris

defined by the rule
1t _
puttx) =1+ (4 [ (V6o wile, ) ] de), (ex) € Qr, )
where
2(1-6
g(s) =0o+ ”ungZ) Vs € [0,400), )
Go(x) = ——— exp —ﬁ , o>0, 9)
(m0>2 202
(Goxii(t,)) (x) = [, Golx = )ii(t,y) dy, (10)

il stands for zero extension of u from Qr to R x R?,and & > 0 and 0 < § < 1 are given small positive
values. As for the parameters A > 0 and a > 0, they act as regularization and smoothing parameters.

It is clear now that, for each function u € L2(0, T; W'1(Q)), the inclusion p,(t,x) € [p~,pT] C
(1,2] holds almost everywhere in Qr with p~ =1+ and p™ = 2.

The study of optimal control problems for PDEs with variable nonlinearity is motivated by various
applications in the image enhancement, where some special cases of the problem (2)—(5) appear in the
natural way [1-4]. We also refer to [5], where the authors deal with a special case of the model (2)—(5)
and show the given class of optimal control problems is well posed.

In recent years, many different techniques have been proposed for the reconstruction of
noise-affected digital images. In particular, the following nonlinear hybrid diffusion model, which is a
symboisis of the mean curvature diffusion with the Gaussian heat diffusion, has been proposed for
image denoising (see [6])

ou . Vu .
i div <(|Vu|2 N 1)(2_p(|Vu2))/2> , in (0,T) xQ, (11)
u(0,x) =f, inQ, (12)
gTM/ =0, on (0,T) x9Q), (13)
where 1
2y _

f is an input image, k > 0 and T > 0 are fixed constants, Q) is a bounded open domain of R? with the
sufficiently smooth boundary, and v is the unit outward normal to the boundary 0Q).

The important characteristic of this model is the fact that it has a hybrid diffusion type which
combines the mean curvature diffusion with the heat diffusion such that inside those regions, where
the gradient of u is small enough, the new model acts like the heat equation and resulting in isotropic
smoothing, whereas near the region’s contours where the magnitude of the gradient is large, this
model acts like the mean curvature equation. Although the authors of [6] believe that this model
generalizes the well-known ones for nowadays (in particular, Perona-Malik model [7] or the models
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with p(x)-Laplacian operator that has been proposed in [4]), in fact, it is far from to be true because
none of the mentioned models can be obtained as a particular case of (11)—(13).

It is worth to notice that because of the variable character of exponent p, we have a gap between
the monotonicity and coercivity conditions. Because of this, the problem (1)-(4) can be specified as an
optimal control problem for the quasi-linear parabolic equations with nonstandard growth conditions,
and it can be interpreted as a generalization of the evolutional version of p(t, x)-Laplacian equation

%‘t‘ — div (|w|r’<t'x)—2w) (15)
with an exponent that depends only on t and x. Equation (15) was intensively studied by many authors.
There is extensive literature devoted to equation (15). We restrict ourselves by referring to the following
sources [8-13] which provide an excellent insight to the theory of evolutional p(t, x)-Laplacian
equations.

However, to our best knowledge, the above mentioned results on the solvability of parabolic
equations of the type (2) mainly concern the equations with variable exponent depending on (¢, x) only,
whereas hardly any attention has been paid to IBVP of the form (2) with D, (f, x) and the exponent
pu(t, x) given by the rule (7). Moreover, in contrast to the majority of the existing results, in this paper
we do not predefine the exponent p a priori. Instead we associate this characteristic with a particular
solution of IBVP (2)—(5). So, the rate of nonlinearity of p and the tensor D can be affected by the values
of the unknown solution u. It is also worth to emphasize that we do not assume in this paper that
the dependency of p, and D, on u is local whereas it is the crucial assumption in the most existing
publications (see for instance [8,14]). In fact, all weak solution to this problem live in the corresponding
‘personal’ functional space, and, in view of the appropriate assumptions on the structure of Dy (¢, x)
and py(t, x), the problem (2)—(5) can admit the weak solutions that may not possess the standard
properties of solutions to parabolic equations. In particular, it is unknown whether a weak solution to
the above is unique and satisfies the standard energy equality.

In spite of the fact that a number of different regularizations have been suggested in the literature
for optimal control problem related to the degenerate elliptic equations (see, for instance, [15-17]),
the question about solvability of the proposed optimal control problem remains perhaps open for
nowadays.

In view of this, our primary goal is to study the solvability issues for the OCP (1)—(5). In particular,
a couple of characteristic features of the proposed problem can be emphasized here. The first one
is that the tensor of anisotropy D and the exponent p depend not only on (t, x) but also on u(t, x).
The second feature is that the optimal control problem is formulated with L!(Q; L?(0, T)) control cost
(together with additional pointwise control constraints). As a result, the optimal control may have
directional sparsity, i.e., its support is constant in time whereas the control v can be identically zero on
some parts of the domain Q).

The paper is organized as follows: In Section 2 we introduce some preliminaries and give the main
assumptions on the structure of anisotropic diffusion tensor D, (¢, x) and variable exponent p;,(f, x).
We also discuss here the basic auxiliary results concerning the Orlicz spaces and Sobolev-Orlicz spaces
with variable exponent. In Section 3 we focus mainly on the solvability issues for IBVP (2)—(5). To this
end, we follow the indirect approach using a special technique of passing to the limit in the sequences
od variational problems. Precise statement of the optimal control problems for quasi-linear elliptic
equation with the sparse control is discussed in Section 4. We also discuss in this section the main
topological properties of feasible solutions to the given OCP and, as a consequence, we derive the
conditions when the set of optimal solutions is nonempty. As for the optimality conditions, their
substantiation, and the results of numerical simulations, these issues are the subject of a forthcoming

paper.
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2. Main Assumptions and Preliminaries

Let QO C R? be a bounded open set with a sufficiently smooth boundary 9Q, and let T > 0 be a
given value. For the simplicity, we suppose that the unit outward normal v = v(x) is well-defined for
a.e. x € 00). We also set Qr = (0, T) x Q. For any measurable subset D C (), we denote by |D] its
2-dimensional Lebesgue measure £2(D). We denote its closure by D and its boundary by aD. We also
make use of the following notation diam Q) = sup, ., lx —yl.

For vectors ¢ € R? and 77 € R?, (¢,77) = &'y stands for the standard vector inner product in R?,
where ! stands for the transpose operator. As for the norm ||, we take it as the Euclidean norm given

by the rule || = /(& ).

2.1. Functional Spaces

Let X be a real Banach space with norm || - [|x, and let X’ be its dual. Let (-, -) x/.x be the duality

bilinear form on X’ x X. By — and -, we denote the weak and weak-* convergence in the spaces X
and X', respectively.
For given 1 < p < +oo, the Lebesgue space L? (Q); R?) is defined by the standard rule

LR = {f: Q5 R ¢ |fllpome < +oo},

where || f[| 1y m2) = (Jalf(x)IP dx)l/p for 1 < p < +oo. The inner product of two functions f and g
in LP(0; R?) with p € [1,00) is given by

2
sy = |, F0800) d = |5 fulalgelo)

Let C°(IR?) be the locally convex space of all infinitely differentiable functions with compact
support in R%. We also define the Banach space W7 (Q) with p~ > 1 as the closure of C°(R?) with

respect to the norm
- _ 1/p~
Wlhysr 0y = (f, (17 + 199 ) ax)

- ' -
We denote by (WLP (Q)) the dual space of WP (Q). Let us remark that in this case the

embedding L?(Q) < (Wlff (Q))l is continuous.

Given a real separable Banach space X, we denote by C([0, T]; X) the space of all continuous
functions from [0, T] into X.

We recall that a function u : [0, T] — X is said to be Lebesgue measurable if there exists a sequence

{ux }rey Of step functions (i.e., 1y = Z;i 1 a}‘ X A4 for a finite number 7, of Borel subsets A;‘ C [0, T] and

with a¥ € X) converging to u almost everywhere with respect to the Lebesgue measure in [0, T]. Then
for1 < p < oo, LP(0, T; X) is the space of all measurable functions u : [0, T| — X such that

1
T [
[ullLro,m:x) = (/0 ||u(t)||§(dt> < o0,

while L (0, T; X) is the space of measurable functions such that

[ull e o,mx) = sup [[u(t)|x < oo.
te[0,T]
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This choice makes L?(0, T; X) a Banach space and guarantees that its dual can be identified
with L' (0, T; X'), where p’ = p/(p — 1) and X is the dual space to X. In particular, for functions
f € L?(0, T; L' (Q))) the continuous Minkowski inequality yields f € L1(0, T; L>(Q)) and moreover

T 2 1/2 T 1/2
Il = < (1) dx) < [ () pae)” dx = Uflsomion

Hence, we have L2(0, T; L' (Q)) < L'(0,T; L?(Q)). The full presentation of this topic can be
found in [18].

2.2. Variable Exponent

Letu € LY(0, T; LY(Q)) N L*(0, T; L?>(Q2)) be a given function. We associate with u : Qr ~ R the
variable exponent p, : Qr — R defined by the rule (7).

Since G, € C®(R?), it follows from (7) and absolute continuity of the Lebesgue integral that
1< pu(t,x) <2in Qrand p, € C}([0, T]; C*°(R?)) even if u is just an absolutely integrable function in
Qr. Then, for each t € [0, T], pu(t, x) = 1 in those points of (2 where some discontinuities are present
inu(t,-), and p,(t,x) ~ 2 if u(t, x) is smooth or contains homogeneous features. So, p,(t, x) can be
interpreted as a characteristic of the sparse texture of the function u.

For our further analysis, we make use of the following result (for comparison, we refer to [19,
Lemma 2.1]).

Lemma 1. Let {uy},yy C L1(0, T; LY(Q)) N L™(0, T; L*(QY)) be a given sequence of measurable functions.
We assume that each element of this sequence is extended by zero outside of Qr and

sup [[ukl Lo (0,7;12(00)) < 9,
keN (16)
uy — u weakly in LY(0, T; L1(Q)) for some u € L1(0, T; L}(Q)).

Let

{Puk =1+g (llz /tih (VG xui(T, )] dT) }keN

be the corresponding sequence of exponents. Then there exists a constant C > 0 depending on Q), G, and
SUPkeN [l ukl 1 (0,T;L1(Q)) such that

p =14+ <py(tx) <p":=2, V(tx)€Qr, VkeN, (17)
la(t,x) —q(s,y)| < C(|x —yl +[t—s]),
{pu,()} c& =< q€C"(Qr) Y (t,x),(s,y) € Qr, (18)

1<p <q(,)<pTinQr.

pu = pu=1+g (5 [ 1(VGewu(z,) ()] dr )

uniformly in Qr as k — oo.

(19)
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Proof. Since the sequence {u}, . is uniformly bounded in L!(0, T; L'(Q2)) and the Gaussian filter
kernel G, is smooth, it follows that

;t:MVQw%hpDQWhSh11:<%JW%@—WH@ﬁyH@>M

< ||Go\|c1 foie) h_1||”k||L1 0,T;L1(Q))”
( ) ( Q)

2(1 — 5)h?
Zzpuk(t,x):1+5+ t ﬂ( ) 2
@2+ ([ (96 1o (0] )
tf
a’h?(1—9)

>1+0+ P} 2 ’

@22 + (|l 7,11 (00 | Go 12 5=
V(t,x) € Qr,
where
o1 1.

T \2
reQyeQ (\/ 27770')

Then L!-boundedness of {u};.y guarantees the existence of a value § € (0,1) such that § > ¢
and py, (t,x) > 1+ 5. Hence, the estimate (17) holds true for all k € N.
Moreover, as immediately follows from the relations

|puk(t’x) - puk(t’y)|

21,201 2 2
TN 15wt @ de) ([ 1096wt ) )l a)
< g [ U076 () ()] + (V6 =, ) () de

T
< |1V G (1)) () = (VGo e(x,)) (9)] dv

ZHGUHCI(m)(l - 5)||ukHL1(O,T;L1(Q))
= aZh?

T
></ /|u(T,z)|dszmax|VGg(x—z)—VGg(y—z)|
0 JO zeQ)

2||G a—ay(1—90)73 Q
_3 ”Hcl(iz;?z)( )1%|Vca(x—z)—vca(y—z)|, Yxy e @)

2

with 7% = <iup [uiell 10,701 () | - and from the smoothness of the function VG, (-), there exists a
eN

constant C; > 0 independent of k such that, for each t € [0, T|, the following estimate

2HG¢7||C1 0-—Q (1- 5)’7%CG —
|Puk(tIX)_Puk<try){ < ( a2P)12 lx—y|, Vx,y € Q)
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holds true. Arguing in a similar manner, we see that
[P (5, y) = pug (1)
1-6|/ t 2 s 2
< |56 ) = ([ 1760 stz ) w)] )
_ 209G llo@maym
- a2h?
t t—h
< | [ TCe s, ) )] dr= [ (TG xi(x, ) (v)] dr
41 =9)IGo )1 =gy VUM 2
< a2(h2 ) ls—t|, Vtse[0T] (22)
with 72 = sup; .y ||”k||L°°(0,T;L2(Q))-
Utilizing the estimates (21)—(22), and setting
2||GOHCI(Q_Q)(1 —o)mn
ci= o (mCe+ 21216 loa=m i), @
we obtain
[P (5, %) = puy (6, 9)] < [Py (8, %) = P (1) | + | pu (£Y) = P (5, )|
< — _
<Clly—x+1t=sl], o0

V(t,x),(s,y) € Qr :=[0,T] x Q.

Thus, we see that {p,, } C &. Since each element of the sequence { py, } .y has the same modulus
of continuity and max; .o, |pu, (£, x)| < pT, it follows that this sequence is uniformly bounded and
equi-continuous. Hence, by Arzela-Ascoli Theorem the sequence { py, }k cn s relatively compact with
respect to the strong topology of C(Qr). Then, in view of the estimate (24) and the fact that the set &
is closed with respect to the uniform convergence and

%/th(VGa*uk(rw)) (x)] dT — %/tih|(VGg*u(T,-)) (x)| dt
ask — o0, V(t,x) € Qr

by definition of the weak convergence in L!(0, T; L}(Q2)), we finally deduce: p,, — p, uniformly in
Qr as k — oo, where

1 st

puttx) =18 ([ 10960 wu(r, ) ) d)
in QT. O
2.3. Anisotropic Diffusion Tensor

Let S? be the set of all symmetric matrices A = [aij]zz,jzl' (a;j = aji € R). We endow S? with
the Euclidian scalar product A - B = tr(AB) := 212,]-:1 a;;b;; and with the corresponding Euclidian
norm |Allg = (A A)/2 = /tr(A2). We also introduce the spectral norm ||A||» := sup {|A¢| :
¢ € R? with |¢| = 1} of matrices A € S?. Note that in this case we have the following relation
IA]l2 < [|Alls2 < V2]|All2 forall A € S2.

Letu € L1(0, T; L (Q))) N L*(0, T; L*(Q)) be a given function. We assume that this function is
zero-extended outside of Qt. Let u,(t, x) be its convolution with 2-dimensional Gaussian kernel of
width (standard deviation) o > 0 (see (9)—(10)).
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Being mainly motivated by the practical implementations in image processing [20,21], we define
the structure tensor J, (1) associated with the function u : Q7 +— R as follows

1 t
Jolite) =5 / Go# (Vitg @ Vo) dr =5 [ Go* (Vo (Vug)') dr, (25)

where G, stands for the Gaussian convolution kernel, and
Viug(t,x) = (VGg = u(t,-)) (x).

It is easy to check that the symmetric matrix J, (1s) = lj.n Ji2

is positively semi-definite and
2 J22

uniformly bounded in Q. Indeed, for any & € R?, we have

&'y (u0)E < 27 / /prf W) Vit (7, ) 222 dxdt

—1h 1 )
< 2| A GRS
27Tp
2¢ 1 2 5
< 72”””Loo(0/]";[‘1 HGUHCl 0-0) |Q||§| ’ V(t,x) € QT/ (26)
(\/Zﬂp)
1 t
pwe)e =5 [ [ Golx=1) (Vuo(ry), O dydr 20, ¥(bx)€Qr. @)

Taking this into account, we introduce the relaxed version of the anisotropic diffusion tensor
D, (t, x) and define it as follows (for comparison we refer to [1,2])

Dy(t, x) == yI + Jo(us), (28)

where 0 < 7 < 1 is a small parameter, and I € (R?, R?) is the unit matrix.
Then it easily follows from (26)~(27) and (28) that, for any u € C([0, T]; L' (Q)), the two-side
estimate
Ao <& Du(t )¢ <GP, YEER?, V(tx)€Qr (29)

holds true with

2e
dy =, d22d1+72”u||200(0/]‘il ‘Q|”GUHC1 a-q)

(v2m)

For the further convenience, we always suppose that d, > 1.
Then arguing as in the proof of Lemma 1, it is easy to establish the following result.

Lemma 2. Let {uy}. o, u C L1(0, T; LY(Q)) NL*(0, T; L2(Q)) be measurable and extended by zero outside
of Qr functions with properties (16). Let {Dy, (t,x)}, cn be a collection of the corresponding anisotropic
diffusion tensors. Then

B2 <& [Dy (1, x)]?E < BIEP, V(tx) € Qr, VEER?, VkeN, (30)
Dy (t,x) — Dy(t, x) uniformly in Qr as k — oo, (31)
{Dy,} C®, (32)
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where
dr=7, dy=di+ s sup [y Ge I g [
1= , U2 = U7 Y kLoo()TLl (Tclnn ’
(~/27Tp) keF

[A(s,x) = Alty)lla < C(lx =yl + [t —s]),
V(tx),(s,y) € Qr.

2.4. On Orlicz Spaces

Let w € L'(0,T;LY(Q)) N L*(0, T; L*(Q)) be given. Let py : Qr — R be the corresponding
variable exponent defining by the rule (7). Then

1<p <puw(tx)<pt <o ae in Qr (33)
(see Lemma 1), where p~ and p* are the constants given by (17). Let p),(t,x) = p:: Z("t(i)le be the
corresponding conjugate exponent. Then
P / Po_r
= < < - — .. [
2 er_1_pw(t,x)_p__1 5 a.e.in Qr, (34)
—— ——
() ()

where (p*)" and (p~)’ stand for the conjugates of constant exponents. Denote by LP«()(Qr) the set of
all measurable functions f : Q7 — R such that their modular is finite, i.e.

Poutn) () = /Q £t x) [P ) dxdt < . (35)

Equipped with the Luxembourg norm

. . = ol )
Hfﬂmwm@h)_qnf{Aﬁ>0 ./ng\ £t )P dedtgl}. (36)

LPel )(Qr) becomes a Banach space (see [22,23] for the details). The space Lpel (QT) is a sort
of Musielak-Orlicz space. In fact, it can be denoted by generalised Lebesgue space because its main
properties are inherited from the classical Lebesgue spaces. In particular, the two- sides inequality (33)
implies that LP«()(Qr) is reflexive, separable and the set C§° (QT) is dense in LP»()(Qr). Moreover,
under condition (33), L®(Qr) N LP( (QT) is also dense in LP«() (Qr).

Its dual can be identified with LP»()(Qr) and, therefore, any continuous functional F = F(f) on
LP«()(Qr) has the representation (see [13, Lemma 13.2])

T

Since the relation between the modular (35) and the norm (36) is not so direct as in the classical
Lebesgue spaces, it can be proven, from its definitions in (35) and (36), that

+
min { ||f||pr T), ||f||ipw()(QT)} S pr(t,x) (f) < max { ||f||pr ||f||ppw Q }

1 1 1
min{p;w(t,x) (f),P;;(t,x) (f) } < Hf||pr )(Qy) < max {P;w(t,x) pw(tx } (37)
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The following consequence of (37) is very useful,
—1< t, x)[Pe ) dxdt < 1,
e e A O L Vi o
v feLrO(Qr),
— (- -0 = / £x)— f(t,x Po(tX) dxdt — 0
e = Fllgracr o) [ 1At - £(e) o
as k — oo.
Moreover, if f € LP*()(Qr) then
Ifl L (op) < L+ TIODYP Il or)- (40)
/() by _PT +
||f||LPw(')(QT) < (1 + T|Q|) ||f||U’+(QT)’ (P ) = P+ 1’ \V/f eL? (QT)/ (41)

(see, for instance, [22-24]).
In generalised Lebesgue spaces, there holds a version of Young’s inequality,

AP0 gl
5 < el C S

with some positive constant C(¢) and arbitrary € > 0.
The following result can be interpreted as an analogous of the Holder inequality in variable
Lebesgue spaces (for the details, we refer to [22,23]).

Proposition 1. If f € LP»()(Qr; R?) and g € LP«()(Qr;R?), then (f,g) € L'(Qr) and

[, (F8) dxat <2 flupuor gmey 181 ey @)

As a bi-product of (42), we have that, for a bounded domain Qr = (0,T) x Q and for py(+)
satisfying (33), the following imbedding

LP*()(Qr) < L") (Qr) whenever py(t x) > r(t,x) forae. (t,x) € Qr (43)

is continuous. ~
Let 6 € (0,1] and let {py},cyy € C*(Qr) be a given sequence of exponents. Assume that

p,Px € Co,ﬁ(@) fork=1,2,...,and

pr(-) = p(+) uniformly in Q as k — co. (44)

We associate with these exponents the another sequence { fr € Lt (QT)} . We see that each

element f lives in the corresponding Orlicz space LP()(Qr). So, in fact, we have a sequence in the
pi() pi() i i
scale of spaces {L (Qr) }keN' We say that the sequence { fr € LPY(Qr) }keN is bounded if

limsup [ | f(t, x)|P%) dxdt < +oo. (45)

k— o0 T
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Definition 1. A bounded sequence { fr € LiL (QT)} is called to be weakly convergent in the variable

Orlicz space LP¥() (Qr) to a function f € LP0)(Qr), where p € C%(Qr) is the limit of { py }rery C CO‘S(QT)
in the uniform topology of C(Qr), if

lim / o dxdt = / Fodxdt, V¢ e C®(RxR2). (46)
k—o0 JQr Qr

For our further analysis, we make use of the following assertion concerning the lower
semicontinuity property of the variable LPk(")-norm with respect to the weak convergence in LPx(") (Qr)
(for the proof, we refer to [25, Lemma 3.1], see also [13, Lemma 13.3] and [19, Lemma 2.1] for
comparison).

Proposition 2. Assume that a sequence of exponents { py } . satisfies condition (33), py — pask — coa.e.in
Qr, and a bounded sequence {fk e Ll (QT)} converges weakly in LY~ (Qr) to f. Then f € LP1)(Qr),
keN

fx — f in variable LPx()(Qr), and

lim inf / et x) [P et > / £ (1, %) [P0 dxdt. 47)
k—oo JQr Q

T

We recall also the inequality which is well-known in the theory of p-Laplace equations: if 1 < p <
2 then, forall ¢,y € RN, the following estimate holds true

(=Dl 1P < ([l872E — P 2n] .6 —n) (&P + g7

2.5. On Weighted Energy Space with Variable Exponent

Let Dy (t, x) be a diffusion tensor associated with some function w € C([0, T]; L?>(Q2)) and given
by the rule (28). We define the weighted energy space W, (Qr) as the set of all functions u(t, x) such

that
u € L?(Qr), u(t-)€Wh(Q) forae.t € 0,T],

(48)
/ IDa(t, %) Vue|Pe ) dxdt < +oo.
Qr
We equip the space Wy, (Qr) with the norm
el wa(r) = Ill2(0r) + 1D V8l o oz 9)

where the second term in (49) is the norm of the vector-valued function Dy, (t, x) Vu(t, x) in the Orlicz
space LP«()(Qr; R2). Since (see (29))

B|E)* < & [Do(t, X)) E < d3JE[>, VEER? V(tx) € Qr, (50)

it follows that W, (Qr), equiped with the norm (49), is a reflexive Banach space. Since the exponent
pw : Qr — R s Lipschitz continuous, it follows that the smooth functions are dense in the weighted
Sobolev-Orlicz space Wy, (Q7) (see [26]). So, Wy, (Qr) can be represented as the closure of the set
{9 € C*(Qr)} with respect to the norm || - [y, (o,)-

2.6. On the weak convergence of fluxes to flux

Let us consider the following set of parabolic equations of monotone type

auk

S —div Ag(t,x, Vug) = f,  (t,x) € Qr, (51)
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where f € LZ(Q) and k = 1,2,.... Let, for a given k € N, u; be a solution of (51) in the sense of
distributions. Assume that Ag(-,-,¢) — A(-,-,&) as k — oo pointwise a.e. with respect to the first two
arguments and for all £ € RN,

A typical situation in the study of optimization problems can be described as follows: a solution
we € L2(0, T; WP (Q)) of (51) and the corresponding flow wy, = Ag(-,-, Vi) € L¥)' (Qr; RN)
converge weakly, namely,

we —u in L2(0, T; WP (Q)), w — w in LD (Qp; RN),

- + (ptY pr
L<p <p", (p7) =TT

The main question is whether the equality for the limit elements A(t, X, Vu) = w holds, i.e.,
whether a flux converges to a flux. The situation, in general, is not trivial because the function A(-,-,v)
is nonlinear in v and the weak convergence v, — v is rather far from sufficient to derive the limit
relation Ai(-,-,vx) — A(:,-,v). So, the important problem is to show that w = A(:,-, Vu). The
conditions (first of all, on the exponents p~ and p*) under which the answer to the above question is
affirmative, have been obtained by Zhikov and Pastukhova in their celebrated paper [27].

Theorem 1. Assume that the following assumptions are satisfied:

(C1) Ai(t,x,&) and A(t,x, &) are RN-valued Carathéodory functions, i.e., these functions are continuous in
& € RN forae. (t,x) € Qr and measurable with respect to (t,x) € Qr for each & € RN;

(C2) (Ak(t, x, &) — At x,0),¢& — C) >0, Ag(t,x,0) =0 V& € RN and forae. (t,x) € Qr;

(C3) |Ak(t,x,8)| <c(|¢]) < o0 and kh_r}rolo Ap(t,x, &) = A(t,x, &) forall £ € RN and for a.e. (t,x) € Qr;

(C4 up —uinLP (0, ;WP (Q)), ;3‘ > 1, and {uy by are bounded in L*(0, T; L?(Q)));

(C5) wy = A&(t, x, Vi) = win L (Qr;RN), pt > 1;

(C6) w € LP (0, ;WP (Q)) for all k € N, and supy .y || (wi, Viug) || 11, < o0
CN1<p <pt<2p .

Then the flux Ag(t,x, Vuy) weakly converges in the Lebesgue space L") (Qp; RN) to the flux A(t, x, Vu).
Further we make use of the following well-known results.

Lemma 3 ([24]). Let ¥ be a set of integrands F(t,x, &) such that they are convex with respect to & € RN,
measurable with respect to (t,x) € Qr, and satisfy the estimate

a1l < F(t,x,¢) < c2|§]p+, 1<p <p" <o, cp,0>0.
Assume that F and F belong to the set ¥ and the following condition holds:

klirn Fe(t,x,&) = F(t,x,&) forae. (t,x) € Qrandany & € RV,
—00
Then the following lower semicontinuity property is valid: if v, — v in L1(Qr; RN) then

liminf | F(t, x,v) dxdt > F(t, x,v) dxdt. (52)
k—oco JOr Qr

Lemma4 ([28]). Let Ax(t,x,&)and A(t, x, &) be RN-valued Carathéodory functions with properties (C1)~(C3).
Assume that
e — 0, wp = Ap(t,x,vp) = w in LY(Qr; RN) ask — oo,

and (w,v) € LY(Qr). Then

lim inf (A (t, x,vx),vx) dxdt > / (w,v) dxdt. (53)
k—oo JQr Qr
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3. Existence Result for a Class of Parabolic Equations with Variable Nonlocal Exponent

Let f € L%(Qr) and fy € L?(Q) be given distributions. Let us consider the following
initial-boundary value problem (IBVP)

% —div Ay, (t,x, Vu) +xu =x(f —v) in Qr, (54)
oyu=0 on (0,T) x0Q), (55)
u(0,-) = fo in Q. (56)
Here,
Aw(t,x, Vi) := |Dy(t, x)Vu|Pe*) 2Dy (£, x) Vu, (57)

the exponent py, : Qr — (1,2] is given by (7), the matrix Dy (¢, x) is defined in (28), 9, is the outward
normal derivative, f € L2(Qr) and fy € L?>(Q) are given distributions, v € V,; stands for the control,
and the class of admissible controls V,; is defined as

Vo = {v € L2(Qr) : va(x) < ov(t,x) < vy(x), ae. in QT}. (58)

As follows from (57), (28), and Lemma 1, for each function w € C([0, T]; L?(Q0)), the mapping
(t,x,¢) — Ayw(t, x,¢) is a Carathéodory vector function, i.e., Ay (t, x, &) is continuous in § € R? and is
measurable with respect to (, x) for each ¢ € R%. Moreover, the following monotonicity, coerciveness
and boundedness conditions hold for a.e. (t,x) € Qr [13]:

(Awltx,8) = Au(tx,0),6=¢) 20, V&R (59)
(Au(t,%,€),€) = [Dalt, )22 (Da(t,2)8, D (1,3 Do (1, 1))
by (50)
> g > apladjern), e e B2, (60)
[Au(t,x, )P < dye gt < B, vie R, (61)

However, in general, the operator —div A, (t, x, Vu) + xu provides an example of a strongly
non-linear, non-monotone, and non-coercive operator in divergence form. Mainly because of this, the
existence of the strong solutions (see Definition 2.1 in [29]) to IBVP (54)—(56) and the issue of their
uniqueness remain, apparently, open questions for nowadays [30, Chapter III]. In view of this, we
make use of the following concept:

Definition 2. We say that, for given f € L*(Qr), fo € L*(Q), and v € V,y, a function u is a weak solution
to the problem (54)—(56) if u € Wy (Qr), i.e.,

u € L2(Qr), u(t,-) € WH(Q) forae t €[0,T),

62
/ |Dy (t, %) Vu|Pr %) dxdt < +oo, (62)
Qr

and the integral identity

/ (—ua(P + (Au(t,x,Vu), Vo) +KU(p> dxdt
Qr ot

:K/QT(f—v)(pdxdt—f—/Qfogo|t:0dx (63)

holds true for any ¢ € ®, where ® = {9 € C*(Q7) : ¢|,_y =0}.
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To clarify the sense in which the initial value #(0, -) = fj is assumed for the weak solutions, we
give the following assertion (for the proof, we refer to [19, Proposition 2.2]).

Proposition 3. Let f € L?(Qr), fo € L2(Q), and v € V,, be given distributions. Let u € W, (Qr) be a weak
solution to the problem (54)—(56) in the sense of Definition 2. Then, for any 1 € C®(Q), the scalar function

h(t) :/Qu(t,x)iy( ) dx belongs to W1(0, T) and h(0) = /fo( x)n(x)dx

We next recall some known results that have been recently proven basing on the Schauder
fixed-point theorem and using the perturbation technique (see [19, Theorem 3.2]).

Theorem 2. For given f € L2(Qr), fo € L*(Q), and v € V,y, the problem (54)~(56) admits at least one weak
solution u € Wy, (Qr) for which the following energy inequality

f/u dx+// u(t,x, Vu), Vu)+1cu2) dxdt
< K/ (f+v)udxdt+/ fdx (64)
Qr Q
holds true for all t € [0, T].
Using (64), we can derive the following estimates
1412200y < €2 =T (112205 + 0120y ) + 5~ 1 foll3 2y (65)

by (38) , 1/p~
||Vu||LPu ) (Qr;R2) < </Q |Vu|p“(’x) dxdt—l—l)
T

1/p~
by (60) (g, /3 9 2K+K T 2
< <d% <2||f0||L2(Q) (11120 + HUHLZ(QT))) i

= Cz, (66)
IVull - g2 < L+ TIODYP G, (67)
Jullimorazay < VEy/x (12 gry + Iolagyy) + 1ol (69)

Since the uniqueness issue for the weak solutions of the initial-boundary value problem (54)-(56)
seems to be an open question, we adopt the following concept.

Definition 3. We say that a weak solution u € W, (Qr) to the problem (54)—(56), for given distributions
f € L*Qr), fo € LA2(Q), and v € V,y, is Wo-attainable if there exists a sequence {ey }, o converging to zero
as n — oo and such that

u, —u in L (0, T-WLP’(Q)),

asn — oo, (69)
Ay, (t,x,Vuy) — Ay(t,x,Vu) in L (QT, 2)
where
2 12 dw 5 12 !
uy, € W(O,T) = Jw € L2(0, ;W'A(Q), 7 € L*(0,T; [W' (Q)} )b, ¥neN,

Ay(t,x, Vi) := |Dy(t, x)Vu|P*t) 2D (t, x)Vu, (70)

d0i:10.20944/preprints202308.1846.v1
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and, for each n € N, uy, is the weak solutions to the following perturbed problem
u . .

= enAu —divA,, (t,x,Vu)+xu=x(f—v) in Qr, (71)

oyu=0 on (0,T) x9Q), (72)

u(0,-) = fo in Q. (73)

Remark 1. It is worth to emphasize that (see the recent results in [19]) Theorem 3.3 can be now specified as
follows: For given f € L*(Qr), fo € L*(Q), and v € V,y, the initial-boundary value problem (54)~(56) admits
at least one Wy-attainable weak solution u € Wy, (Qr) for which the energy inequality (64) holds true for all
t € [0, T]. Moreover, as follows from estimates (65)—~(68), this solution in bounded in LP~ (0, T; WP~ (Q)) N
L=(0, T; L2(QY)).

4. Setting of the Optimal Control Problem and Existence Result

As was pointed out in the previous sections, the operator — div A, (¢, x, Vi) + xu provides an
example of a non-linear operator in divergence form with is neither monotone nor coercive. In this
case (see Theorem 2) a weak solution of the initial-boundary value problem (54)—(56) under some
admissible control v € V,; may be not unique. Moreover, it is unknown whether all weak solutions
to (54)—(56) satisfy energy inequality (64) that plays a crucial role for derivation of a priori estimates
(65)—(68).

Our prime interest in this section is to consider the following optimal control problem of the
tracking type

Minimi ’ — 2 E / T) — 2 d
mimize ](U u) HUHLZ(O,T;Ll(Q)) + ) Q|u( ) f0| x
subject to the constraints (2)—(4), (58),

(74)

where f € L?(Q) is the original noise-corrupted image, fo € L?(Q) is the pre-denoised image by
applying a median filter to f, v,, v, € L%(Q), v,(x) < vy(x) a.e. in Q, are given distributions.
We say that (v.u) is a feasible pair to this problem if:
veEVy uc Wu(QT)/ ](Uru) < oo,
(v, u) are related by integral identity (63) and inequality (64), (75)

and u is a Wy-attainable weak solution to (54)-(56) for the given v.

Let & C L2(Qr) x W, (Qr) be the set of feasible solutions to the problem (74). Then Theorem 2
implies that & # @. Since main topological properties of the set = are unknown, in general, we begin
with the following observation.

Theorem 3. For given f € L?(Qr) and fo € L?(Q), the set E is sequentially closed with respect to the weak
topology of L>(Qr) x LP~ (0, T, WP (QQ)).

Proof. Let {(vy, ux) };cy C E be a sequence such that
o — v in L2(Qr), ux —u in LP (0, T, WY (Q)). (76)

Since the set V,; is convex and closed, it follows by Mazur’s theorem that V,; is sequentially
closed with respect to the weak topology of L2(Qr). Therefore, v € V,4. Let us show that (v, u) € E.
We will do it in several steps.
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Step 1. By the initial assumptions, for each k € N, the pair (v, uy) satisfies the energy inequality
(64), and uy is a Wp-attainable weak solution of (54)-(56). Hence, in view of Definition 3, we may
always suppose that there exists a sequence {u, },.y C W(0, T) such that {uy, },  are the weak
solutions (in the sense of distributions) of (71)—(73) with ¢, = 1/n and v = v;. and

U, — ug in LV (0, T; Wl'l”i(Q)), asn — oo, (77)
Auk,n—l(t’ x, Vg ,) = Ay (t,x, Vi) in L (QT,RZ) asn — oo, (78)

Moreover, the fact that the energy equality

1 /[ 5 t 1
2/Quk/ndx+/0/ﬂ<n

:K/QT(f—vk)uk,ndde/Qfgdx, vt e 0,T] (79)

+ (Auk,n—l (t,x, Vug,), Vuk/n) + Ku£,n> dxdt

is valid for all n,k € N, implies the boundedness of the sequence {”k,k}keN in the space
LP (0, T; WP (Q)) N L*(0, T; L?>(Q)). Hence, combining this fact with (77) and (76), we deduce

U — u in LV (0, T, WP (Q))), ask — oo, (80)
ugr — u in L2(0,T;L*(Q)), ask — co. (81)

Step 2. Utilizing the energy equality (79) and arguing as in (65)-(68), we can derive the following
a priori estimates

<KT<||f|| +sup||vk||LzQT)+Kl||fo|| =S (52)

Lp“kk 1C )(Q JR2)

2K+K T
= dZ ( ||f0||L2(Q (Hf”LZ(Q +sup Hka%Z(QT))) +1=:5,, (83)
keN
IV ukill o, 52 < A+ TIQNYP Sy, (84)
| (0,T;L2(Q)) = \fz\JK <||f| +sup l[oelI2, ) + ||f0||%2(0)r (85)
by (82)
| (QrRN) = f(”fOHLZ(Q ) < VkSs. (86)
for all k € N, where
sup lokllz2(0p) < VTlI0pll12(00) < oo (87)

Our main intention at this step is to establish the following asymptotic property:

1 .
EV”""‘ —0 in L*(Qr;R?). (88)

Indeed, for any vector-valued test function ¢ € C{°(Qr), we have

1 1 1/2 1/2
Vi, ¢ | dxdt| < — 2ddt> )
, (vomen) aaat] < 2 (], ) (P
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Hence, the sequence {%Vuk,k }k N is bounded in L?(Q7; R?). As a result, we obtain
€
by 86) 1 1/2
< S3— </ |g0|2dxdt> —0 as k— oo.
Qr

1
—Viugy, dxdt
'/Q (k bk “") N

Step 3. Let us show that in this case the flux %Vuk,k + Ay, (8, x, Vg ) weakly converges in
L (Qr;R?) to the flux A, (t, x, Vu) as k — 0. To do so, it is enough to show that all preconditions
(C1)-(C7) of Theorem 1 are fulfilled.

To begin with, we notice that the conclusion, similar to (80), can be also made with respect to the
sequence {ug_1};.y- Then Lemmas 1 and 2 imply that

D”k,kﬂ(tl x) — Dy(t,x) and Pugj_1 (t,x) — pu(t, x) (89)
uniformly in Qr as j — co.

Moreover, we deduce from (61) and (83) that the sequence

1
{ Evuk,k + Auk/k,1 (tl X, vuk,k) }
keR

is bounded in L")’ (Qr; R?). Hence, there exists an element z € L(P")'(Qr; R?) such that

1

kVuk,k + Augpy (K%, Vigy) =z weakly in L(’ﬁ),(QT; R?) as k — oo. (90)

We also make use of the following observation: the sequence

2 + (A“k,kfl (t, X, Vuk,k), Vuk’k) } (91)
keN

{ % |V
is uniformly bounded in LY(Qr). Indeed, this inference is a direct consequence of estimates (86), (83),
and the following one

# t
A, (bx, Vi) [ Vg| < Ay (%, Vg )P )

p;’lk,kfl (t’ x)

1 (%))

I v A L T

Puk,kfl(tfx)| ¢l

d3 tx) 1 (t,%)

< Ez‘v”k,kvg Hok-1t +pT|V<P|p”""H = (92)

+

Utilizing this fact together with the properties (89), (90), (59), (80) and
U € LPT (0, T; W' (Q)) Vk € N by (82),(86),

and taking into account that 1 < 1+6 = p~ < p* = 2 < 2p~, we see that all preconditions of
Theorem 1 hold true. Hence, in view of the property (88), the assertion (90) can be rewritten as follows

1

kVuk,k + Ay (8%, Vg ) — Au(t,x, Vu) weakly in L(p+)/(QT;R2) as k — oo. (93)
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Step 4. At this stage we show that the limit pair (v, u) is related by integral identity (63). First we
notice that uy ; is a weak solution (in the sense of distributions) of (71)—~(73) withn =k, &, = 1/k and
v = v;. Hence, uy  satisfies the integral identity

J
/ < ”kkag: = (Vugy, Vo) + ( ukk1(f,x,Vuk,k),V¢)+Kuk,k§0> dxdt
Qr

:K/Q (f—vk)godxdt—l—/ﬂfo(ph:odx Voed. (94)
T

Then utilizing the properties (93), (80), and (76), and passing to the limit in (94) as k — oo, we
immediately arrive at the announced identity (63).

Step 5. In order to show that the limit pair (v, u) satisfies the energy inequality (64), we have to
realize the limit passage as k — oo in the relation (see [19])

1 4 1
E/Qu%’k dx—i—/o /Q <k|V”k,k|2+ (Auk’kfl(t,x,Vuk,k),Vuk,k) +Ku%’k) dxdt
= K/Q (f—vk)uk,kdxdt—i-/ﬂfgdx Vte [0, T]. (95)
T

that can be viewed as the energy equality for the weak solutions of the problem (71)—~(73) with n =k,
en = 1/k and v = v;. With that in mind, we notice that the weak convergence in (80), by the Sobolev
embedding Theorem, implies the pointwise convergence

”%,k(tr ) = u?(t,") ae. inQforaa.tec (0,T).

Then, in view of estimate (85), we have the strong convergence u,%/k(t, ) = u?(t,-) in L1(Q) for
a.a.t € (0,T) (by the Lebesgue dominated Theorem), and, therefore,

fhm/ ukk(tx dxfz/ (t,x)dx foraa.te (0,T). (96)

Moreover, taking into account that the L2(Qr)-norm is lower semi-continuous with respect to the
weak convergence (81), we see that

t t
lim/ / u,%kdxdtZ/ / u? dxdt. 97)
k—ooJo JO 0 JO

We also notice that due to the properties (88), (93), and (80), we have

Vugr — Vu and Ay, (Hx, Vugr) = Ayt x, Vu) in L'(Qr;R?) ask — co.

Uk k—1
Since (Ay(t,x, Vu), Vu) € L1(Qr) (see (92)), it follows from Lemma 4 (seee also Proposition 2)
that

lim/ / Vukk| + (A”kk 1(t X, Vukk) Vukk) ] dxdt

k—o0
> lim// [ Vukk|2} dxdt
k—o0

—|—1iminf// Aukkfl(t,x,Vuk,k),Vuklk) dxdt
0 JO !

k—o0
y (86) ot
/O /Q (Au(t, x, V), Viu) docd. (98)
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So, in order to pass to the limit in (95), it remains to find out the asymptotic behaviour of the term
/. or (f — vx)ug g dxdt as k — co. We prove it at the next step using the well-known Aubin-Lions lemma.
Step 6. We recall that the Aubin-Lions lemma states criteria when a set of functions is relatively
compact in LP(0, T; B), where p € [1,00), T > 0, and B is a Banach space. The standard formulation of
the Aubin-Lions lemma states that if U is a bounded set in L¥ (0, T; X) and oU /0t = {du/dt : u € U}
isbounded in L"(0, T;Y), r > 1, then U is relatively compact in L (0, T; B), under the conditions that

X — B compactly, B < Y continuously.
Setting U = {uy } oy, we deduce from (82)—(85) that
{1k k }rep is bounded in LP (0, T; W' (Q) N L*(Q))). (99)

Since, by the Sobolev embedding Theorem, W7 (Q) < LF" (Q) compactly, it follows from the
Lebesgue dominated Theorem that the following embeddings are compact as well

WY (Q)NL2(Q) — [2(Q), L[*(Q)— (Wl'z(Q))/ (by the duality arguments). (100)

Further, having in mind the fact that for each k € N, the functions 1y j are the solutions in W(0, T)
of the variational problem

Juy (1) 1
< kaI;_ ’ ¢>(W1/2(Q)),;W1/2(Q) + \/Q |:k (vuk,k(t)fV(P)] dx
-I—/Q [(Auk’H(t,x,Vuk,k(t)),V(p) —I—Kuk,k(t)go} dx (101)
—x /Q (F(H) —oe())gdx, Yo € W2(Q) ae.in|0,T], (102)
urk(0) = fo. (103)

we derive from this the following estimate

Oy k 1
’ <8t' (P> ‘ < Vk IVurkllizopre) IV Olli2(0pm2)

+ 2||Auk,k_1 (t/ X, vuk,k) ||Lp£‘k,k—1 () (QT;RZ) || V(P”L’”“k,k—l (‘)(QT;RZ)

+ xllukkll 2 op 1l 20p) T %I f = vllizion 19 ll2(0p)
< (by (82)—(86))

< {53 +xS1 + k| fll2(gp) + % sup Hvk”LZ(QT)} lll20,mw12(02))
€

, 1/2
+ <1+/Q \Auk/kfl(t,x,Vuk’k)|p“k,k—1(t"‘) dxdt> 1+ 1IN 9l 200
T

by (83),(61)
7l const||¢|| . Yo € L2(0, T; W2(Q)).
= Plirz(0,;w12(Q)) i

Utilizing this fact together with (99) and (100), we deduce from the the Aubin-Lions lemma
that the set U = {ug }, .y is relatively compact in L? (0, T; L%(Q))). Hence, we can complement

Hence,
aukk

5 < +oo. (104)

L2(0,T;(W2(02))")

properties by the following one: uyx — u strongly in LP~ (0, T; L2(Q)) as k — 0. Since, U is bounded
in L°(0, T; L?>(Q)), it leads to the conclusion
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ugx — u strongly in L?(0, T;L*(Q))), ask — oo. (105)

Hence, the term |, or (f — vk )ug i dxdt is the product of weakly and strongly convergent sequences
in L2(0, T; L?(Q))). As a result, wee have

lim (f — vk )ug g dxdt = / (f —v)udxdt. (106)
k—=eoJQr Qr

Thus, in view of the obtained collection of properties (see (96), (97), (98), and (106)), the limit
passage in (95) as k — oo finally leads us to the energy inequality (64).

Step 7. To end the proof, it remains to notice that, due to the properties (62), that were established
at the previous steps, we have: (v, u) < +o0 and u € W, (Qr). Moreover, it has been proven that in
this case the sequence {uy } ren Satisfies all requirements that were mentioned in Definition 3. Hence,
u € Wy (Qr) is a Wy-attainable weak solution to the problem (54)-(56). The proof is complete. []

Taking this result into account, let us show that the original optimal control problem (74) has
a solution. In fact, this issue immediately follows from Theorem 3 and the facts that the set of
feasible solutions Z is bounded in L?(Q7) x L (0, T; WY (Q)) (see estimates (65)-(68) and (87)),
and the objective functional J(v, 1) is lower semicontinuous with respect to the weak topology of

L%(Qr) x (LV (0, T; WP (Q)) N L®(0, T; LZ(Q))> So, as a direct consequence, we can finalize this
inference as follows:

Corollary 1. Let f € L*(Qr), fo € L2(Q), and va, v, € L2(Q), va(x) < vp(x) ae. in Q, be given
distributions, and let k > 0,0 > 0, & > 0, and u > 0 be some constants. Then the optimal control problem (74)

admits at least one solution (v°,u®) € E.

Supplementary Materials: The following supporting information can be downloaded at the website of this paper
posted on Preprints.org

Author Contributions: Both authors, being equally contributed to all the results of the paper, have read and
agreed to the published version of the manuscript.

Funding: This research received no external funding.
Data Availability Statement: There was no dataset analyzed or generated during the study.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Afraites, L., Hadri, A., Laghrib, A. A denoising model adapted for impulse and Gaussian noises using a
constrained-PDE. Inverse Problems, 2020, 2, 1d:025006.

2. Afraites, L., Hadri, A., Laghrib, A., Nachaoui, N. A non-convex denoising model for impulse and Gaussian noise
mixture removing using bi-level parameter identification. Inverse Problems and Imaging, 2022, 16, 4, 827-870.

3. Blomgren, P.,,Chan, T.F.,, Mulet, P,, Wong, C. Total variation image restoration: Numerical methods and
extensions, In In Proceedings of the IEEE International Conference on Image Processing, 1997, III IEEE, 384-387.

4. Chen, Y, Levine, S., Rao, M. Variable exponent, linear growth functionals in image restoration. SIAM J. of
Appl. Math., 2006, 66, (4), 1383-1406.

5. Kogut, P, Kohut, Ya., Manzo, R. Fictitious Controls and Approximation of an Optimal Control Problem for
Perona-Malik Equation. Journal of Optimization, Differential Equations and Their Applications (JODEA), 2022, 30, (1),
42-70.

6. Ji, X., Zhang, D., Guo, Zh., Wu, B. Image denoising via nonlinear hybrid diffusion. Mathematical Problems in
Engineering, 2013, Article ID 890157, 1-20.

7. Perona, P, Malik, J. Scale-space and edge detection using anisotropic diffusion, IEEE Trans. Pattern Anal. Machine
Intelligence, 1990, 12, 161-192.

8. Andreianov, B., Bendahmane, M., Ouaro, S. Structural stability for nonlinear elliptic problems of the p(x)-
and p(u)-laplacian kind. 2009, HAL Id: hal-00363284.


https://www.preprints.org/
https://doi.org/10.20944/preprints202308.1846.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 August 2023 d0i:10.20944/preprints202308.1846.v1

21 of 22

9. Antontsev, S., Shmarev, S. Evolution PDEs with Nonstandard Growth Conditions: Existence, Uniqueness,
Localization, Blow-up. Atlantis Studies in Differential Equations , 2013, 4, Atlantis Press.

10. Bokalo, M. Initial-boundary value problems for anisotropic parabolic equations with variable exponents
of the nonlinearity in unbounded domains with conditions at infinity. Journal of Optimization, Differential
Equations and Their Applications (JODEA), 2022 30, (1), 98-121.

11. Ouaro, S., Sawadogo, N. Structural Stability of Nonlinear Elliptic p(u)-Laplacian Problem with Robin Type
Boundary Condition. In Studies in Evolution Equations and Related Topics. STEAM-H: Science, Technology,
Engineering, Agriculture, Mathematics & Health, 2021, 2021, Springer, Cham, 69-111.

12. Rédulescu, V., Repovs, D. Partial differential equations with variable exponents: variational methods and qualitative
analysis, CRC Press, Boca Raton, London, New York, 2015.

13. Zhikov, V.V. On variational problems and nonlinear elliptic equations with nonstandard growth conditions.
Journal of Mathematical Sciences, 2011, 173, (5), 463-570.

14. Antontsev, S., Zhikov, V. Higher integrability for parabolic equations of p(x, t)-Laplacian type. Advances in
Differential Equations. 2005, 10, 9, 1053-1080.

15. Kogut, P. I., Leugering, G. Optimal L1-Control in Coefficients for Dirichlet Elliptic Problems: H-Optimal
Solutions. Zeitschrift fiir Analysis und ihre Anwendungen, 2012 31 (1), 31-53.

16. Kogut, P. 1., Leugering, G. Optimal L!-Control in Coefficients for Dirichlet Elliptic Problems: W-Optimal
Solutions, Journal of Optimization Theory and Applications, 2011 150 (2), 205-232.

17. Roubicék, T. Relaxation in Optimization Theory and Variational Calculus, De Gruyter, 2013.

18. Dautray, R., Lions, J.L. Mathematical Analysis and Numerical Methods for Science and Technology, 5,
Springer-Verlag, Berlin Heidelberg, 1985.

19. Kogut, P.,, Kohut, Ya., Parfinovych, N. Solvability issues for some noncoercive and nonmonotone parabolic
equations arising in the image denoising problems. Journal of Optimization, Differential Equations and Their
Applications (JODEA). 2022, 30 (2), 19-48.

20. Gilboa, G., Osher, S. Nonlocal operators with applications to image processings. Multiscale Modeling &
Simulation, 2008, 7, (3), 1005-1028.

21. Lellmann, K.S.C., Papafitsoros, J., Spector, D. Analysis and application of a nonlocal hessian. Journal on
Imaging Sciences, 2015, 8, (4), 2161-2202.

22. Cruz-Uribe, D.V,, Fiorenza, A. Variable Lebesgue Spaces: Foundations and Harmonic Analysis. Birkhduser, New
York, 2013.

23. Diening, L., Harjulehto, P., Hasto, P., Ru2ick, M. Lebesgue and Sobolev Spaces with Variable Exponents. Springer,
New York, 2011.

24. Zhikov, V.V. Solvability of the three-dimensional thermistor problem. Proceedings of the Steklov Institute of
Mathematics, 2008, 281, 98-111.

25. Chipot, M., de Oliveira, H.B. Some results on the p(u)-Laplacian problem. Mathematische Annalen, 2019, 375,
283-306.

26. Alkhutov, Yu.A., Zhikov, V.V. Existence theorems for solutions of parabolic equations with variable order of
nonlinearity. Proceedings of the Steklov Institute of Mathematics, 2010, 270, 15-26.

27. Zhikov, V.V,, Pastukhova, S.E. Lemmas on compensated compactness in elliptic and parabolic equations.
Proceedings of the Steklov Institute of Mathematics, 2010, 270, 104-131.

28. Zhikov, V.V. On the weak convergence of fluxes to a flux, Doklady Mathematics, 2010, 81, (1), 58-62.

29. Antontsev, S., Shmarev, S. On a class of nonlocal evolution equations with the p[u(x, t)]-Laplace operator.
Nonlinear Analysis: Real World Applications, 2020, 56, Id 103165, 1-23.

30. Kinderlehrer, D., Stampacchia, G. An Introduction to Variational Inequalities and Their Applications, Academic,
New York, 1980.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s)
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or
products referred to in the content.


https://doi.org/10.20944/preprints202308.1846.v1

	Introduction and Some Preliminaries
	Main Assumptions and Preliminaries
	Functional Spaces
	Variable Exponent
	Anisotropic Diffusion Tensor
	On Orlicz Spaces
	On Weighted Energy Space with Variable Exponent
	On the weak convergence of fluxes to flux

	Existence Result for a Class of Parabolic Equations with Variable Nonlocal Exponent
	Setting of the Optimal Control Problem and Existence Result
	References

