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Abstract: Spinors are used for the computation of probability in quantum mechanics. They are treated as elements
of a complex vector space in contrast to a real vector space. Spinor theory is abstract mathematics with an
ambiguous interpretation. The overall phase of spinors does not affect the computation of probability in
quantum mechanics. If two spinors have an overall phase of imaginary number i, then they can be treated like
vectors in a real vector space. The square of the magnitude of the number, which is the sum of dot product and
the term having basis vector i of cross product of two such vectors, is equal to the probability computed using
the corresponding spinors. Therefore, the geometry of such spinors can be easily depicted in a three-dimensional
space like vectors in a real vector space. Spinors are not isotropic vectors in Hilbert space. The sum of dot product
and cross product of two complex numbers is equivalent to the quotient of the division of one complex number
by another. Similarly, the sum of dot product and cross product of two vectors is the quotient of the division of
one vector by another. Using the rules of division of vectors, we can find the rules of multiplication of vectors.
The rules of multiplication and division of basis vector i match the rules of multiplication and division of
imaginary number i. Therefore, basis vector i is nothing but imaginary number i. Multiplication of dot and
cross product of two vectors to the second vector will give us the components of the first vector that are parallel
and orthogonal to the second vector. Vectors are also made up of complex numbers like spinors. The reason for
finding dot product of complex numbers in the process of computing the probability is to ignore the overall phase
in contrast to the phase difference. This is misconstrued as complex vector space in quantum mechanics. 3-D
number which is nothing but a spinor with new notation is an extension of vector algebra. It can have a real
number as a term in addition to the terms i, j and k. In all other respects, it is a vector. 3-D numbers are part
of the number system like real numbers and complex numbers. The real numbers are one dimensional numbers,
the complex numbers are two-dimensional numbers and the 3-D numbers as well as vectors and spinors are
three-dimensional numbers. As polarisation and spin are one and the same, we can straight away apply 3-D
numbers to polarisation of light. 3-D numbers will greatly simplify the study of areas of science where three-
dimensional space is involved.

Keywords: spinor; vector; complex vector; spin; quantum mechanics; isotropic vectors; Hilbert space;
division of vector; inversion of vector; three-dimensional number; quaternion; ket (physics); inner
product; outer product; cross product; dot product; geometric algebra; vector projection; Stern-
Gerlach analyzer; Bloch sphere; general quantum state vector

1. Introduction

Spinors are treated as elements of a complex vector space in contrast to a real vector space.
Spinors are used in quantum mechanics to compute the probability of finding a particle. An
introduction to spinors for beginners is given in Appendix I.

Spinor theory is abstract mathematics with an ambiguous interpretation. The geometrical
significance of spinors is a mystery. The major issues flagged by mathematicians and physicists
concerning spinors are given in Appendix II. There is no clarity about the spinor except for the fact
that probabilities computed using spinors match the experimental results in quantum mechanics. A
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table of notations and symbols used in this article is given in Appendix VIII for reference. We will try
to understand the spinor and simplify its notation.

2. Spinor notation

A general spin% superposition state vector |{f) can be expressed as a combination of the basis kets
[4+) and |=). If @ isthe angle between kets |+) and |—)and ¢ is the angle of phase difference, then
the general spin % superposition state vector can be expressed as follows[1]:

a) vector in the spin up direction

0 0 .
|+), = cos§|+)+sin§e“"|—) [2.1]
b) vector in the spin down direction
.0 0 .
|=)n = sin5|+) — cos 5 e*|—) [2.2]
2 2
Instead of the above equations, two basis kets can be expressed as a column vector
0
cos
Sin = 5
sinze

The above column vector is commonly known as a spinor. In this form, basis kets |+) and |—)
are not expressly stated but implied.

The above equations are based on the convention of choosing the first coefficient to be real and
positive.  The overall phase of a quantum state spinor is not physically relevant. Only the relative phase
between different components of the spinor is physically measurable. Hence, we are free to choose
one coefficient of each spinor to be real and positive without any loss of generality.[2,6]

If the said convention is not followed then:

0 s 9 i@ ,i8
|+)n=cosze |+)+sm§e e|-)

0 s 0 g is
|—)n=sm§e |+)—cosie‘/’e =)
where & is the angle of the overall phase or phase factor.

3. New Spinor notation

We can skip |+) ket identification and |—) ket can be replaced by j.

o 0.,
[+), = cos§+smije @ [3.1]

6 6.
[=)n = sinz — coszje 4 [3.2]

If the term does not have j as its factor, then it is the term of basis ket |+) and if the term has j
as its factor then it is the term of basis ket |—).The division of angle 6 by 2 is done in spinor theory due
to the representation of # as 20 in the Bloch sphere (refer to Section 17). Therefore, replacing 6

instead of g:
|+), = cosf + sinfje'? [3.3]

| =), = sinf — cosBje'® [3.4]
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Spinors under the new notation may be termed as ‘spin-numbers’. Different forms of spin-
numbers are:

Form spin-number with equal phase spin-number with phase difference
trigonometric r{cos0e®® + sinfje’®} r{cosfe’® + sinfje'?e'®}

factorised r{(x + yj)(a + bi)} r{x(a + bi) + yj(c + di)}

Expanded {ax + bxi + ayj + byji} {ax + bxi + cyj + dyji}

Expanded simplified  {a + bi + ¢j + dji} {a + bi + ¢j + dji}

where a,b,c,d,x &y are real numbers. @ is the degree of polarisation, which is the same as in optics;
6 the overall phase angle; ¢ is the phase difference; and r is the magnitude (or modulus or
amplitude) of a spin-number. A spin-number may have one term each of a real number, an imaginary
number i, new numbers jandji. The number ji is the product of two numbers, one being an
imaginary number and the other being the new number j. The new number j has all the properties
of an imaginary number i. Note that any reference to an angle of the circle in this article shall be
construed as the central angle of the circle in a sphere.

If the spin-number is in trigonometric form, then the same can be converted to expanded form as
shown below:

S = r{cosBe' + sinfje?e'd}

S = r{cosOcoss + cosOsindi + sinbcosdcospj + sindsindsingji}

4. Computing probability in Quantum mechanics using Spin-numbers

4.1: Let us compute the probability of finding the particle using spin-numbers. Let [+), be the
output state spin-number and |+)5 be the input state spin-number.

|+), = cosa + sinaje'f [4.1]
|+)p = cosO + sinfje'? [4.2]

We will find the inner product 4(+|+)p using the rules applicable to spinors. While taking the
inner product under the spinor method, we have to change the complex number term of the output
spin-number to its conjugate. Then the complex number and real number factors in each term of the
output spin-number have to be multiplied with the complex number and real number factors of the
corresponding term of the input spin-number. We will use the symbol small circle ‘o’ to denote inner product
operation on spinors.

A(Ft|+)g= (cosa + sinaje’) o (cosh + sinfje'?)
4(+14)5= (cosa + sinaje™#)(cosd + sinbje'®)
A(+|+)p = cosacosh + sinasinfe!@F) [4.3]

In spinor mathematics, the inner product is the sum of a real number and an imaginary number.
Therefore, it is more appropriate to term it as ‘complex dot product’.

The probability of finding a particle is given by multiplying the complex dot product, which is a
complex number, with its complex conjugate.

P, a+5 = (cosacost + sinasinfe'@=F)) x (cosacosd + sinasinfe'#=)

P, 445 = cosacosfcosacost + cosacos@sinasing(e!@=F) + 6=

+ sinasinfe! @ =P sinasinfe'F~¢)
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Py a4 = cos?acos?6 + cosacosfsinasing(e'@~F) + ¢{B=9)) + sinasin?6

{ei(F=9} is the conjugate of {e!®~P)}. The sum of a complex number and its conjugate will always be
two times the real part of that complex number. Here, (¢ — ) is the phase difference.

Py 45 = cos®acos?0 + (2cosacosOsinasind cos[g — B]) + sin®asin®6

Theorem 1: The probability of finding input spin-number {|+)z = cos6 + sinfje'?} in output state
spin-number {|+), = cosa + sinaje'f} is given by

Py 4145 = cos?acos?0 + (2cosacosOsinasind cos[p — B]) + sin®asin?6 [4.4]

4.2: Let us compute the probability of finding a particle using spin-numbers when the first term is
an imaginary number and not a real number. To do so, we have to change the overall phase to e!("/2),
Therefore, we will multiply the spin-numbers [4.1] and [4.2] with the imaginary number i.

|+)a = (cosa + sinaje’) « i
|+)s = (cosf + sinfje'®) = i
. T
[+)4 = cosai + sinaje'(BJrf)
. T
|+)g = cosBi + sin@je’("”i)
{[)’ + g} and {(p + g} will be replaced by f and ¢ for the time being.
|+)4 = cosai + sinajetf 45]
|+)p = cosBi + sinfje'? [4.6]

Let us find the complex dot product 4(+|+)5.

A{+]+)s= (cosai + sinaje'’) o (cosOi + sinbje?)
4(+1+)s= (—cosai + sinaje~#)(cosi + sinbje'®)
A(+]+)g = cosacosd + sinasinfe B el® [4.7]
P, a+p = (cosacost + sinasinfe~Fe'?) x (cosacosd + sinasinfePe=i?)

Py +5 = cosacosfcosacost + cosacos@sinasinfe~#Fel®
+ cosacosBsinasinfef e~ + sinasinfe~Fe'?sinasinfe’fei¢
Py aj+p = cos*acos?6 + cosacosfsinasind(e~Fe'® + e'fe~®) + sin®asin®6
P, a+p = cos?acos?6 + cosacosfsinasing(e'@~F) + eB=9)) + sinasin?
“ Pyajep = cos?acos?6 + (2cosacosOsinasinb cos[ — B]) + sin®asin?6
Replacing back {,8 + g} and {(p + %},
2 2 . . 7T 1T . 2 . 2
~ Pyaj4p = cos“acos“8 + (2cosacosOsinasing cos [((p + E) - (ﬁ + E)]) + sin“asin“f

“ Pyaj+p = cos?acos?6 + (2cosacosBsinasind cos[g — B]) + sin*asin®f [4.8]
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a{t|+)p in[43] and P,44p in[4.4] are equal to ,(+|+)p in[4.7] and P,,,p in[4.8].
It may be noted that multiplying the spin-number with imaginary number i has not made any
difference on the probability.

Theorem 2: If spin-numbers are multiplied by the imaginary number i, then the complex dot product
and the probability of spin-numbers after such multiplication will be same as the complex dot product
and probability of spin-numbers before such multiplication.

4.3: We will find the complex dot products and the probabilities of all permutations of spin-up
numbers +), and +)pin equations [4.5] and [4.6] and their spin-down numbers.

A(+|+)p= (cosai + sinaje’?) o (cosi + sinBje'?)
4{+]=)5= (cosai + sinaje’) o (sinfi — cosfje'¥)
4{—|+)p= (sinai — cosaje'?) o (cosOi + sinfje'?)
4{—|—)5= (sinai — cosaje'f) o (sinfi — cosBje'?)
g{+|+)a= (cosOi + sinfje'?) o(cosai + sinaje’f)
s{+|—)a= (cosi + sinfje'?) o(sinai — cosaje’r)
s{—|+)4)= (sindi — cosBje'®) o(cosai + sinaje'F)
5(—|=)a)= (sinfi — cosBje'?) o(sinai — cosaje'¥)
We know  that Pusing TParing =1, Pacing TPy =1, Poina T Py =1 and
Pyt Po-imp = 1

We can prove the following theorems by finding the probabilities of the above complex dot
products.

Theorem 3: P ,(14)5 = Py -5 = Py(rira = P
Theorem 4: Py+1me = Pac-1mp = Ptimia = Pi-1+a

5. Computing probability using Vectors

We will compute the probability of finding a particle by treating spin-numbers as Euclidean
vectors or spatial vectors @ and b of real vector space, hereafter referred to as ‘vectors’. We will use
the star symbol (*) for multiplication, dot (-) for dot product and cross (X) for cross product. In
physics, Standard basis vectors are denoted by i,j and k. While converting spin-number to vector, we
will treat imaginary number i as basis vector i and treat ji as basis vector k (refer to Section 8 for the
proof).

Let us convert the spin-numbers [4.5] and [4.6] to vector form.

|+)4 = cosai + sinaje'?
|+)4 = cosai + sinacosfj + sinasinfik

Converting to vector form by treating i,jand k as basis vectors,

C_i = (ali + azj + a3k) [5.1]

|+)p = cosOi + sinfje’®?
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|+)p = cosOi + sinfcos@j + sinbsinpk
Converting to vector form,
b = (byi + byj + bsk) [5.2]
G- b = (ayi + ayj + azk) - (byi + byj + bsk)
G- b = (arby + ayb, + azhs)
3x b = (ayi + a,j + ask) X (byi + b,j + bsk)

As per the vector method, dot product is a real number. As per the spinor method, inner product
is the sum of a real number and an imaginary number. Let us check whether the term with basis vector
i in cross product of vectors corresponds to the required imaginary number.

(@xb) = (aybsjk + asb,kj) + -
(Gxb) = (aybs—aszb,)i + -

Let us add {a: 3} and term having basis vector i of cross product {HXB} which will be
represented by the new notation {A o B} and the same may be called complex dot product as in the
case of spinors (the symbol small circle ‘" denotes complex dot product).

AoB = (albl + a2b2 + a3b3) + (a2b3_a3b2)i [53]

We will treat the above number as a complex number.
Converting to trigonometric form,

A o B = [(cosacosb + sinacosfsinfcose + sinasinfsinfsing)
+ (sinacosfsinfsing — sinasinfsinfcosp)i]
A o B = cosacosb + sina(cosf — sinffi)sinf(cose + singi)

Ao B = (cosacosf + sinasinfe~Fei#) [5.4]

Comparing the complex dot product of spin-numbers in [4.7] and that of vectors in [5.4], we can
see that {4 o B} is equal to{ 4(+|+)5}.

|A o B| 2 = (cosacost + sinasinfe~#e'?)(cosacosd + sinasinfef e~i#)
|A o B| 2 = cos?acos?0 + (2cosacosBsinasind cos[p — f]) + sinasin?6 [5.5]

The probability as per the spinor method in equations [4.4] and [4.8] are equal to the probability
as per the vector method in equation [5.5].

|A ° Bl 2= PA(+|+)B [56]

It may be noted that replacing back {,[)’ + g} and {(p + g} is unnecessary as it will not make any
difference to the result.

Theorem 5: The sum of dot product and term having basis vector i of cross product of two vectors is
the complex dot product of vectors.

Theorem 6: The probability of finding an input vector in an output vector using the complex dot
product is equal to the probability of corresponding spin-numbers using the spinor method.
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[lustrations on computing probabilities in quantum mechanics using the spinor method, vector
method and spin-number method are given in Appendix IV.

It may be noted that the mathematical procedure for the complex dot product of spinors is different from that
of vectors. In the case of Spinors, we multiply the complex numbers of first term of two spinors followed by the
complex numbers of second term of two spinors and the sum of the results is taken as the complex dot product.
On the other hand, in the case of vectors, the sum of dot product of two vectors and the term with basis vector i
in cross product of vectors is the complex dot product.

6. Geometry of Spinors

6.1: In Section 5, spin-numbers were treated like vectors of real vector space and we arrived at
probability that is equal to the probability under the spin-number method in Section 4.2.

About the spinor mystery, Gerrit Coddens has stated as follows: “.... a thorough understanding
of the ideas behind the mathematics is absolutely necessary if one wants to overcome the conceptual
difficulties inherent to quantum mechanics. .... It would be futile to try to search for a physical
explanation of some difficult point if the difficulty in question is in reality purely mathematical. .......
Spinors occur in the representation SU(2) of the three dimensional rotation group in R®. As it uses
spinors, which seem particularly difficult to understand, SU(2) appears to be a mystery representation
of the three-dimensional rotation group. Now here is the question: How on Earth can it be that there
is something mysterious about the three-dimensional rotation group? Is it not mere Euclidean
geometry? This seems to suggest that there might be something simple that we have overlooked and
that has escaped our attention.”[5].

It is indeed true that we have missed a crucial point as discussed hitherto. However, Gerrit
Coddens states that spinors do not build a vector space but a curved manifold and tries to demystify
spinors using group theory. However, we have proved that spinor is indeed in vector space.

Gerrit Coddens has highlighted 0 = 1 paradox in quantum mechanics. The Dirac equation can be
derived from a reasoning based on the isotropic vector (X, Y, Z), but afterwards, in the calculations, one
identifies this isotropic vector with a position vector (x, y, z)[4]. Considering our findings in Section 5,
we can safely say that spinors are in spatial vector space. Spinors are not isotropic vectors in Hilbert space. If
two spinors have an overall phase equal to imaginary number i, then they can be treated like vectors in a real
vector space. Therefore, the geometry of such spinors can be easily depicted in a three-dimensional space like
vectors in a real vector space. Plotting the spin-numbers in a unit sphere is explained in detail in Section

11 and 16.
Z
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— =]
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Figure 1. Spinor Geometry.
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7. Projection of Complex Numbers

7.1: In linear algebra, dot product is the magnitude of one vector that is parallel to the other vector.
The dot product is a measure of similarity of two vectors. If the vectors are perpendicular, the dot
product will be zero. The cross product measures how different two vectors are, rather than how
similar they are.

We will try to do the projection of one complex number over another. We will consider only unit
complex numbers for the projections. Let A and B be unit complex numbers.

A=(a1+a2i) B=(b1+b2i)
Projection of B over A will give us a dot product. It can be found by using vector rules by
multiplying the real numbers of matching terms.
A-B =a1b1 + azbz
We know that cross product involves the amount of a vector that is perpendicular to the other
vector. We will apply the same rule to complex numbers. We will find the perpendicular complex

number ( B,) of B.
By multiplying B with imaginary number i will turn B into its perpendicular position.

Blz(bl‘l'bzi)*i:(_bz‘l'bli)

Now, we will get dot product {A- B, }.
A'BL = (al +a2i)' (_b2+b1i)

A-B, = (azb; — a1by)

This can be termed as ‘Orthogonal dot product’. To get cross product, we have to multiply the
same by imaginary number i.

~AxB = (AB))i [7.1]
AXB = (azbl_albz)i

With the above results in hand, we will divide the 4 by B and find the relationship between dot
product and division.

A+ B = (aq + ayi)+ (by + byi)
= (a; + a,i) * (by — byi)
A+ B = (a;b; + ayb,) + (ayb;—a,b,)i
Let C Dbe the quotient of the division of A by B.
~A+B=C=(A-B)+ (AXB) [7.2]
If A+ B=C then AB"'=C and A =CB.

~ A=[(A-B)*B]+[(AXB) * B ] [7.3]

It can be seen that scalar term of € is dot product {4 - B} and second term is cross product {AXB}.
Therefore, dot product and cross product method is an alternative to division.

Theorem 7: The sum of dot product and cross product of complex numbers is equivalent to the quotient
of the division of first complex number with the second complex number.
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Theorem 8: Dot product of complex numbers is a scalar part of the quotient of the division of first
complex number with the second complex number.

7.2: The dot products {A- B} and {A-B,} are real numbers. These two real numbers can be
multiplied to B and B, to arrive at A. Let us see whether it is true.

A={(A-B)*B}+{(AB)*B,} [7.4]
A-B B = (a,b, +a,b,)*(b; + byi)

= (a1b1b1 + a2b2b1 + alblbzi + azbzbzi)

A-B, *B, = (—a;b; + azb; ) * (—b, + byi)

= (albzbz - azblbz - albzbli + azblbli)
A = (alblbl + a2b1b2 + alblbzi + azbzbzi) + (albzbz - a2b1b2 - alblbzi + azblbli)
A= (blbl + bzbz)al + (blbl + bzbz)azi

As dot product of a unit vector with itself is just 1, - by by + b,b, = 1

A =a, + ayi

Thus the two dot products {4 - B} and {A-B,} are magnitudes of B and B, in A. Therefore,
[7.4] is true.

Theorem 9:If A and B are two complex numbersand B, is perpendicular complex number of B, then
the dot products { A - B} and {A- B,} arereal numbers. These two real numbers can be multiplied to
B and B, to arrive at A. The dot products {A- B} and {4 -B,} are magnitudes of B and B, in A.

8. Multiplication of Vectors is a Division in disguise

8.1: While finding the probability in Section 5, we encountered a strange phenomenon. Spin-
numbers were treated as vectors and we arrived at a probability that is equal to the probability under
the spinor method. However, spinors and spin-numbers are constructed using the complex numbers.
Further, while converting a spin-number to a vector, we had treated the imaginary number i as basis vector i.
By re-converting the sum of dot product and vector term having basis vector i of cross product as a complex
number, we were able to arrive at probability as that of a spin-number. Therefore, we must admit that basis
vector i and imaginary number i are one and the same. However, we know that i-i =1 for basis
vector i. We need to find an explanation for the same.

In Section 7, it has been shown that projection of complex numbers is an alternative method of the
division of complex numbers. We need to consider whether projection of vectors is also an alternative
method of division of vectors.

Let us consider the vectors in [5.1] and [5.2].

@ = (a,i+ ayj + azk) and b = (byi + b,j + bsk)

We will simply multiply the two vectors term by term.
(_l) * B = (albliz + azszz + a3b3k2) + {(a2b3 - a3b2)jk + (a3b1 - a1b3)ki
+ (arb; — azby)ij }

Applying the vector productrules, i-i=jj=kk=1and ixj=k jxk=1i kxi=j

—

d+b= {a1by + azb, + azbs} + {(azbs — azb,)i+ (azhy — a1b3)j + (ayb, — azby)k }
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We know that a dot product is {@ - b= (arby + azb, + azhy)}
and cross product is @ X b= {(aybs — azby)i + (asb, — a;b3)j + (a b, — ayb)k}

Therefore, it looks like {@*b = d@-b +d x b}. However, as per equation [7.2] and theorem 7 of
complex numbers,

A=B = (A-B)+ (AXB)

Therefore, there is a contradiction. As per theorem 7, it should be the division of two complex
numbers, whereas in vectors, we have treated it as the multiplication. If we treat it as a division of
vectors, this contradiction can be avoided.

~d+b=d-b+dxbh [8.1]

An interesting point to be noted here is that the term-by-term product is equal to the sum of dot product
and cross product. Therefore, a dot product can be added to a cross product which means that a real number can
be added to a vector.

Other important points to be considered here are;

a) Weknow that {i-i=j-j=k-k=1}. If we divide any number by itself then we get unity. On the
other hand if we multiply any number with itself, then the result is the square of the number.
Therefore, projection of vectors must be division of vectors. As a consequence, dot product of basis
vectors must be a division of basis vectors.

b) In Section 5, we have proved that basis vector i behaves exactly like an imaginary number.

c)  While taking the inner product under the spinor method, we have to change the complex number term, if
any, of the output state spinor to its conjugate. Complex numbers are conjugated only in a division
operation. Therefore, inner product of two spinors is a projection as well as a division. Here, the
output state spinor is the numerator and the input state spinor is the denominator of the division.
It must be noted that the output spinor is conjugated, instead of input spinor being the
denominator. The reason is the impact of j on these complex numbers as can be seen from the
vector complex dot product in Section 5.

d) Vectors are not part of the number system but vector dot product results in real numbers. This
creates difficulty in defining the relationship between a real number and a vector. If we treat dot
product as a part of division, then the relationship between a real number and a vector will be
clear.

e) When vector productis defined, vector division is treated as undefined and does not exist. Division
is the inverse of multiplication. If multiplication is possible, then division should also be possible.

f) In Sections 8.2 to 8.4, we will show that multiplication of vectors can be done by treating vector
projection as division and it is shown that, i * i = —1 for multiplication of vectors.

g) In the case of complex numbers, in [7.2] and [7.3], we have proved that

A=B = (A-B)+ (AxB)
A =[(A-B)*B]+[(AXB) * B]

Therefore, the sum of dot product and cross product is the quotient of the division. In Section
8.3, for vectors, we will prove that {Ei = [(& . l_;) «b+ (& X l_;) * E]} Therefore, projection of vectors is
division of vectors.

h) In Section 8.8, we will show that the multiplication of dot and cross product of two vectors to the
second vector will give us the components of the first vector that are parallel and orthogonal to
second vector. Therefore, dot product should be part of the quotient of the division of two vectors.

Therefore, vector projection is nothing but division.
8.2: The rules of vector multiplication can be found by treating the rules of dot product and cross
product as properties of division.

a) Dot product:

We know that basis vector dot products and cross products are:
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ixj=k jxk=1i kxi=jand jxi=-k; kxj=-i; ixk=-j
If vector dot and cross products are part of division, then
i+i=j+j=k+k=1
i+j=k j+k=i k+i=j j+i=-k; k+j=-i; i+k=-j [8.2]
To convert it to multiplication, we have to multiply the inverse:
i*xj 1=k j*k =i kxit=j jxit=—-k; k*xjl=—i;ixk™l=—j [8.3]
jril=—k; kxjl=—i; irk!=—j [8.4]
Using the first equation of [8.3] and [8.4],
o= (e
Multiplying both sides with j~*
ix* ]'—1]'—1 — _] * i—lj—l
Using {j xi™* = —k} in [8.4]
ix* j—lj—l =k j—l
Using {k *j~' = —i} in[8.4]
ixj7lsjl=—i
et =1
1= —1xjx]
Similarly, i*i=-1, kxk=-1
Therefore, dot product on multiplication is:
ii=-1,jj=—1, kk=-1 [8.5]
b) Cross product:
Using [8.3], i*j ' =k j*xk™1=i kxi"t=j
Shifting the j~! to the other side,
i=kj j=ik k=ji
ji=k; ki=i; ik=j [8.6]
Using {j *i~! = —k} in[8.4] and using {ji = k} in[8.6],
il =—iji
i~' = —i, similarly for j, k
aitl=—i; j7l=—j; k1=-k [8.7]
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We have arrived at  {ji = k} in [8.6] on the multiplication of basis vectors. In Section 5.1, while
converting spin-numbers to vectors, we have assumed that {ji = k}. Ina spin-number, ji means {j *
i}. Therefore, our assumption that {ji = k} was correct.

8.3: Let us consider the vectors in [5.1] and [5.2],

@ = (ayi+ayj+ask) and b = (byi+ byj + bsk)

Applying dot product rule of vectors,

—

a- B = (a1b1 + azbz + a3b3)

Applying cross product rule of vectors,

dxb= {(azbs — azby)i + (azb; — a;bs3)j + (ab, — ayb, )k }

In equation [8.1], we have already proved that

Ql

+b=¢=(d-b)+(daxbh)

¢ = {(ayby + azb, + asbs) + (azbs — azb,)i + (asby — a;b3)j + (arb, — azby )k} [8.8]
Asd+b=¢ da=_¢b.
We will use the multiplication rules stated in Section 8.2 to find {¢ b}.

¢b= [(a;by + ayb, + agbs) * (b + byj + bsk)] + {[(ay,bs — agb,)i
+ (asby — a1b3)j + (a b, — azby)k] = (byi + byj + b3k)}
= {[(ayby + azb; + azbs)byi + (a1by + azb; + azbs)byj
+ (a1b1 + azb; + asbs) bsk] + [(a,b; — azby)byi — (azhy — aybs)bsi
+ (aybs — asb,)bsj — (a;b, — ayby)b,j + (azhy — a;b3)b,k
— (azb3 — asb,)bykl}

= {a, b, by i4ezbrbri+azbrbzi+arbrbsf + a,b, b, j+azhbsj+erbrbsh+—azbrbk +
azbsbsk} + {a, by byi-—ezhrbri—azbrhsi + a,b3bsi + aybybsj—azbrbsj—arhbrbsf +
ayb1byj + azb, b k—exbrbsk—eazbbsk + asb, b, k}

a,bsbsj}

= {b;b,(a,i + a,j + ask) + byb,(a,i + aj + ask) + bybs(ai+ a,j + azk)}

= {a,i + a,j + azk}(bib; + byb, + b3bs)

€b = {ayi + ayj + azk}(b,® + by* + b3%)
As b2+ b2+ b2 =1,
2 €b = (ayi+ayj+ak)=d
~d=(@+Db)*h [8.9]

As {& =7 5} is true,

d+b)=(d-b)+(dixbh) [8.10]
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and d={(d-b)*b+(dxb)x*b} [8.11]

In Geometric Algebra, dot product and wedge product are summed up to get geometric product.
In Section 15.2, we will show that the wedge product is similar to cross product. Therefore, adding a
scalar to cross product is correct.

Theorem 10: Dot product of vectors, {d - B}, is nothing but dot product part of the quotient, {d + E}
In other words, it is a scalar part of the quotient of the division of one vector by another. Cross product
of two vectors, {d@ X B}, is cross product part of the quotient, {&+I_5}.

Theorem 11: The sum of dot product and cross product of two vectors is equivalent to the quotient of
a the division of one vector by another.

-

Theorem 12: Vector d is equivalent to the quotient of the division of vector d by vector b {d@ + b}
multiplied by vector b. In other words, {d@ = (d + b) * b}.

Theorem 13: Vector d is equivalent to the sum of dot product and cross product of vector A and vector
b multiplied by vector b. In other words, {d= [(@b) *b+ (& x b) *b]}.

8.4: As per vector rules, {i-i = 1}. We know that dot product is part of division. Therefore,
{i + i =1}, which means, {i *i~! = 1}. Similarly, {j *j~* = 1}, {k * k™! = 1}. This leads us to assume
that the inverse of {E = (byi + byj + b3k)} is

b=t = (=byi — b,j — bsk) [8.12]

If @ = (ayi+ayj+ask), then G+b=dxb!

G* b1 = (ai + agj + azk) * (—byi — b,j — bs3k)
d* bt = (ayi + ayj + ask) * (=byi — b,j — b3k)
C_i * B_l = {(albl + a2b2 + a3b3) + (a2b3 - a3b2)i + (a3b1 - a1b3)j + (albz - azbl)k} [813]

{d B_l} is equal to {d + B} in [8.8] and therefore, equal to the sum of dot product and cross product
of two vectors.
Therefore, {5‘1 = (—=byi —Dbyj — bs k)} is correct.

Theorem 14: If {B = (byi + b,j + bsk)} then it’s inverse {E‘l = (=byi — byj — b3k)} and {d * 5_1} is
equal to {d + b}.

8.5: As per the modified rules of vector multiplication and division given in equations [8.1], [8.5]
and [8.7], {ii=-1}, {i'=-i}, {i+i=1}. These rules exactly match the rules of imaginary
number i. Therefore, basis vector i is nothing but imaginary number i.

8.6: A vector can be split into two terms. Let us split vector in equation [5.1].

(_i = (ali + azj + a3k)
In equation [8.6], we have proved that {ji = k}.
o a = [ali +j(a2 + a3i)]

The first term is an imaginary number and the second term consists of two factors, j and
{a, + a3i}. Therefore,

+k=j1+1)} [8.14]
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A vector is also made up of complex numbers like a spinor. Therefore, the vector must be equal to
the spinor.
Converting the vector to a spin number;

A = [ai+j(a, + azi)] or A = [a i+ ayj+asjil.

8.7: We can take the complex dot product of vectors like spinors. We will restate the vectors in equations
[5.1] and [5.2] by separating the complex numbers as described in Section 8.6.

G = (a,i+ ayj + azk) and b = (byi + byj + bsk) [8.15]
@ = [ayi+ j(a, + azi)] and b = [byi + j(b, + bsi)]

We will take the complex dot product of the two vectors using the same approach as that of spinors
described in Section 4.1.

dob = [ai+j(a +as)] o [byl +j(by + bsD)]
Gob =[-ai+ja; — asDl[bii +j(b; + bsD)]
dob = (a;b; + ayb, + ashs) + (a,bs—ash,)i [8.16]
In equation [5.3], which is given below, we have found the complex dot product using the vector
product method which is equal to equation [8.16].
AoB = (albl + azbz + a3b3) + (a2b3_a3b2)i
In Section 5, we have converted the spin-numbers in equations [4.5] and [4.6] to vector form and

arrived at vectors in equations [5.1] and [5.2]. The spin numbers in equations [4.5] and [4.6] are
reproduced below.

|+)4 = cosai + sinacosfj + sinasinfk
|+)g = cosBi + sinfcospj + sinfsinpk

Converting the equation [8.16] into trigonometric form,

A o B= (cosacos + sinacosfsinfcose + sinasinfsinfsing) + (sinacosfsinfsing—sinasinfisinfcos)i

A o B=cosacos8 + sinasinf(cosfcose + sinfsing + cosfsingi—sinficosoi)
A o B=cosacosb + sinasinf(cosp — sinfi)(cosg + singi)
A o B=cosacosf + sinasinfe~Fel® [8.17]

The complex dot product of spin-numbers as arrived at in equation [4.7] is given below.

A(+]|+)g = cosacosd + sinasinfe Fel®

The result in equation [8.17] exactly matches the result in equation [4.7].

8.8: In vector algebra, if we resolve @ into components parallel and orthogonal to b, then the sum
of the component parallel to b and component orthogonal to b will be equal to d@ [26]. Further, the
componentof @ parallel to b is givenby {(a- 5) * B} [27]. The component of @ orthogonal to b is
given by @ minus component of @ parallel to b [28].

In Section 8.1, we have proved that {d= [(55) b+ (ax 5) *E]} If component of a parallel to b
is given by {(@ x b) b} as stated in the previous paragraph, the component of & orthogonal to b
should be equal to {(d x b) *b}.
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Theorem 15: The component of @ orthogonal to b is equal to {(@ x b) * b}

9. Vector and Probability in Quantum Mechanics

9.1: We can use the vector algebra stated in Section 8 to find the probability in quantum mechanics.
Let |+), be the output state spin-number and |+); be the input state spin-number.

2n.  2m_m

[+)4 = cos?l + sm?]e 18 [9.1]
51 ; i 5m B i7_T[

[+)s = COS%l + sm%]e 36 [9.2]

We can convert the above two spin-numbers into vectors using the method described in Section 5.
a = (0.76604i + 0.21985j + 0.60402k)
b = (0.90631i + 0.34619j + 0.24240k)

3+ b = (0.76604i + 0.21985j + 0.60402k ) + (0.90631i + 0.34619j + 0.2424k)
d+b= (09168 — 0.15581i + 0.36174j + 0.06595k) [9.3]

We will multiply each term of (a + b) to b one by one using the multiplication rules of vectors
stated in Section 8.2.

0.91680 * (0.90631i + 0.34619j + 0.2424k) = (0.00000 + 0.83090i + 0.31739j + 0.22223k)  [9.4]
—0.15581i * (0.90631i + 0.34619j + 0.2424k) = (0.14122 + 0.00000i — 0.03777j + 0.05394k) [9.5]
Sum of [9.4] and [9.5] = (0.14122 + 0.83090i + 0.27962j + 0.27617k) [9.6]
0.36174;j  (0.90631i + 0.34619j + 0.2424k) = (—0.12523 — 0.08769i + 0.00000j + 0.32785k) [9.7]
0.06595k * (0.90631i + 0.34619j + 0.2424k) = (—0.01599 + 0.02283i — 0.05977j + 0.00000k) [9.8]
Sum of [9.7] and [9.8] = (—0.14122 — 0.06486i — 0.05977j + 0.32785k) [9.9]

a = sum of [9.6]& [9.9] = ( 0.00000 + 0.76604i + 0.21985j + 0.60402k) [9.10]

The sum of equations in [9.4], [9.5], [9.7] and [9.8] is equal to vector @ in[9.10]. The reason is that
{a=(E~+ B) * B} which has already been proved in [8.9]. The sum of probabilities of equations in
[9.4], [9.5], [9.7] and [9.8] is equal to 1 being the square of the magnitude of vector @ (Table 1).

Table 1.

Equation Magnitude Probability Projection direction
[9.4] 0.9168 84.05% real number
[9.5] 0.1558 02.43% i
[9.6] 0.9299 86.48% real number + i
[9.7] 0.3617 13.09% J
[9.8] 0.0659 0.43% k
[9.9] 0.3677 13.52% jtk
[9.10] 1.0000 100%

The magnitude of the number in [9.6] is 0.9299 and the probability is 86.48%. The sum of the
probabilities of equations in [9.4] and [9.5] is equal to the probability of equation in [9.6] (Table 1). A
simple summation of the probabilities of the real number case and the imaginary number case will yield the
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probability of the complex number case [9.6]. This is for the reason that in the case of a complex number
{a + bi}, the square of the magnitude is {a® + b?}.

As stated in Section 8.8, if we resolve @ into components parallel and orthogonal to b, then the
sum of component parallel to b and component orthogonal to b will be equalto d. Inthe example
above, [9.4] is a component of @ which is parallel to b. The component of @ which is orthogonal to
b is given below;

sum of [9.5],[9.7] & [9.8] = —0.06486i — 0.09754j + 0.38179k [9.11]

Therefore, a is the sum of [9.4] and [9.11].
a= 0.76604i + 0.21985j + 0.60402k [9.12]

In vector algebra, dot product of two vectors is the magnitude of the component of vector a that
is parallel to the vector b. On multiplication of dot product in {3 + B} to vector b, we get vector in
[9.4].

The co-efficient of i term of cross product of two vectors is the magnitude of the component of
vector a thatis perpendicular in the i direction to the vector b. On multiplication of said i term in
{5’ + B} to vector b, we get vectorin [9.5].  The equation in [9.5] is reframed below.

—0.15581i * (0.90631i + 0.34619j + 0.2424k) = 0.15581 * (—i) * (0.90631i + 0.34619j + 0.2424k)
—0.15581i * B = —0.15581 % i * B
ib= (—0.90631 + 0.2424k — 0.34619k) [9.13]
—0.15581ib = —0.15581 * (—0.90631 + 0.2424k — 0.34619k) [9.14]

Here, 0.15581 is the magnitude. The minus sign indicates that the projection is in the opposite
direction of the vector in [9.13].

Similarly, the co-efficient of j or k term of cross product of two vectors is the magnitude of the
component of vector d that is perpendicular in the j or k direction to the vector b. On
multiplication of said j or k termin {3+ b} to vector b, we get vector in [9.7] or [9.8].

It is pertinent to note that even though a real number is not a term in vector d, real numbers are
terms of equations in [9.5], [9.7] & [9.8]. However, their net sum is zero. We have already proved
that the real number being a dot product has to be added to arrive at {d + B}

To conclude, vector multiplication will help us to decompose a vector in terms of another vector
and real numbers are essential for vector algebra.

9.2: Let us find |—)p using |+)p at [9.2].

5t .7m

— of 5“- ini3g
|)B—sm36l cos36]e

Converting the above spin-number into vectors using the method described in Section 5,

—

b, =0.42262i — 0.74241j — 0.51984k

a-+ Bl = (0.76604i + 0.21985j + 0.60402k ) + (0.42262i — 0.74241j — 0.51984k)

a-+ Bl = (—0.15346 + 0.33414i + 0.65349j — 0.66163k)
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Table 2.
Projection direction Magnitude Probability Spinor notation
real number + i 0.3677 13.52% P 4195
jtk 0.9299 86.48%
1.0000 100%

9.3: Similarly, we can find the probabilities of different permutations of a and b.

Table 3.
Spinor notation Magnitude Probability
P (4125 OF P 4 11), OT P y(4), OT P p(j1), 0.3677 13.52%
P10 OF P 4o OF P iy, OP Py, 0.9299 86.48%
The reason for the probabilities being equal for different products is already given in theorems 3

and 4.

9.4 Significance of complex numbers in computing probability: In Section 9.1, we have
demonstrated that vector division and multiplication can be used to compute the probability in
quantum mechanics. The probability of { 4(+|—)p} computed using the spinor inner product method
will be equal to the probability computed in Section 9.1. In [9.5], we are multiplying the magnitude of
the component of vector d that is orthogonal in the i direction of b. In[9.6], we are summing up
[9.4] and [9.5] and finding the component of vector a that is parallel to the vector b and perpendicular
in the i direction to the vector b. Therefore, the sum of the probabilities of [9.4] and [9.5] as shown in Table
1 is the probability we are seeking in quantum mechanics.

The reason for summing up of probabilities of [9.4] and [9.5] is to ignore the overall phase in contrast to the
phase difference. As stated earlier, the overall phase of a quantum state spinor is not physically relevant
and only the relative phase between different components of the spinor is physically measurable [2,6].
The Stern-Gerlach analyzer of quantum mechanics is not equipped to measure the overall phase. It is
only measuring the angle between kets |+) and |—) and angle resulting in a phase difference. If vector
a is the output state and vector b is the input state, particles in the parallel direction to vector b and
particles in the perpendicular direction of i to the vector b will go in the spin-up direction of the
analyser. Therefore, the sum of the probabilities of [9.4] and [9.5] as shown in Table 1 is the probability
of getting particles in the spin-up direction of the analyser. Particles in the perpendicular direction of
j and k to the vector b will go in the spin-down direction of the analyser. As the sum of the
probabilities of [9.4] and [9.5] is required, the quantum mechanics requires the probability of a complex number.
This is misconstrued as complex vector space in quantum mechanics. Therefore, treating spinors as elements
of a complex vector space in contrast to a real vector space is wrong. This assumption was made due
to a lack of understanding of the reasons for the presence of complex numbers in probability
computation.

As the Stern-Gerlach analyzer of quantum mechanics is not able to account for the overall phase, the
underlying mathematics should also ignore the phase. Therefore, in spinor mathematics, we multiply the
complex numbers ignoring the effect of |—) ket. In vector product, the impact of j is also considered
along with the complex number. Therefore, when two vectors do not have the same overall phase, we
have to convert vectors to have equal overall phases. Otherwise, when two vectors do not have the
same overall phase, the probability result will be different as normal vector division or multiplication
will cover the effect of phase. Alternatively, we have to ignore the impact of j like in spinor
mathematics by splitting the basis vector k by treating k as ji, and separating complex number in
{j + k}.

9.5: Probability is not essential in quantum mechanics: In quantum mechanics, we are
describing the probability of an ensemble of particles and not individual particles. Instead of finding
probability, we can find the magnitude and describe the results of the Stern-Gerlach experiment. In Table 4,
the magnitudes of equations [9.6] and [9.9] are reproduced from Table 1.
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Table 4.

Equation Magnitude Probability Projection direction
[9.6] 0.9299 86.48% real number + i
[9.9] 0.3677 13.52% jtk
[9.10] 1.0000 100%

In the case of a vector, dot product itself is the magnitude of the component of vector a that is
parallel to the vector b whichis given in equation [9.4]. The same is used in physics without converting
it to probability. Similarly, the magnitude, instead of probability, of the equation [9.6], which is the sum
of the two components of vector @ given in equations [9.4] and [9.5], can be used in quantum
mechanics.

9.6: In vector algebra, a real term is not one of the basis vectors and is not part of a vector. We
restrict the complex numbers to their imaginary number positions only. However, we have shown that
spatial vectors are part of the number system. We can have one division which will give us both dot
product and cross product.

We have seen that in vector algebra, a real number is not part of the vector. This results in severe
restrictions on its operations and use. For example;

*  Vector division is not defined.

= Results of dot and cross product cannot be added together.
= Dot product of a non-unit vector is not defined.

= A vector cannot be used when first term is a real number.

* A real number cannot be added to a vector.

However, a real number pops up in dot product. In vector algebra, reasons as to why it should be kept aside
are not given. Again, the same dot product is used to revert back and arrive at the original vector as shown in
Sections 8.3 and 9.1.

In Section 8.8, we have shown that multiplication of dot and cross product of two vectors to the second
vector will give us the components of the first vector that are parallel and orthogonal to second vector.
Therefore, dot product should be part of the quotient of the division of two vectors.

We need to note that
a)  the basis vector i behaves exactly like an imaginary number as proved in Section 8.5.

b)  toarrive at probability, we have to add basis vector i to dot product.
c) the vector is equal to spinor when overall phase is ei("/2),

Therefore, the basis vector i should be the imaginary number i. In Section 8.6, it is shown that a

vector is also made up of complex numbers like spinor. Therefore, the vector must be a spinor.

Theorem 16: The basis vector i and the imaginary number i are one and the same. Vectors are spinors
with an overall phase of imaginary number i.

Restricting the first term to basis vector i and not allowing a real number as part of vector has led
to the development of alternative mathematical models like the Jones vector which is used in optics
and the spinor which is used in quantum mechanics. Even though vector algebra is suitable to represent
oriented objects, it cannot account for the rotation of an oriented object due to the exclusion of the real
number as a term in a vector. Euler angles and Rodrigues' rotation formula, which encodes rotation in
three dimensional space, do not have good algebraic properties. Therefore, they are not equipped to
handle even basic arithmetical operations like multiplication.

10. Basic properties of 3-D numbers

Spin-number which is nothing but a spinor with new notation is an extension of vector algebra.
It can have a real number as a term in addition to the terms in a vector being i, j and k. In all other
respects, it is a vector. Therefore, it is more appropriate to refer it as 3 dimensional number or ‘3-D
number’. All spatial vectors are 3-D numbers but not vice versa. The sum of the complex dot product
and cross product of two vectors is a 3-D number.
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The rules of multiplication of terms of 3-D numbers are the same as those of multiplication of
vectors as described in Section 8.2.  The basic properties of terms of 3-D numbers are the same as those
of basis vectors. However, ji is kept as it is without being replaced by k. This is useful while
decomposing the 3-D number into trigonometric form and understanding the geometry of the 3-D
number.

a) Four basis numbers in a 3-D number - real number, i, j and ji.
b) i is animaginary number.
c) j will obey the exponential rules of i.

d) ji isthe productof j&i and its square is a unity
(i) =-1
e) The numbers i &j will satisfy the commutative and associative laws of addition, the associative
law of multiplication and the distributive laws of multiplication over addition.

f)  Anti-commutative law of multiplication is applicable when numbers i & j are factors of a term in
a 3-D number.

ji= =i j=—ji; = jij = i

g) A 3-D number can be represented in trigonometric form.

h) In trigonometric form, when j number and complex number are factors, when changing the
order of the operands, we have to change the complex number to its conjugate. In such cases, the
commutative law of multiplication is subject to conjugation. Proof of the same is given in Section

14.6.

11. 3-D number in Three-dimensional space

11.1: The complex plane is the plane formed by the complex numbers, with a Cartesian coordinate
system. In the said system, X-axis is formed by the real numbers and the Y-axis is formed by the
imaginary numbers. Geometrically, 3-D numbers extend the concept of the two-dimensional complex
plane into three-dimensional space.

7 - axis
YZ - circle
ﬁ /‘\
X7 - circle

Figure 2. Three-dimensional space.
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11.2: We know that a unit circle can be considered as a circle formed by the complex numbers of
radius one centered at the origin in the Cartesian coordinate system in the Euclidean plane. The unit
circle is the set of complex numbers whose magnitude is one. Similarly, a unit sphere is the sphere
formed by 3-D numbers of radius one centered at the origin in the three-dimensional Cartesian
coordinate system in Euclidean space. In the said sphere, there are three unit circles.

a) The first circle joins X and Y axes and is in a horizontal state and the same can be named as XY
circle. This is a normal unit circle formed by complex numbers with the imaginary number i.

b) The second circlejoins X and Z axes and the same can be named as XZ circle. Itisin a vertical
state and is perpendicular to first circle. A complex number in this circle will behave like a
complex number in a normal unit circle.

c) Thethird circlejoins Y and Z axesand the same canbenamedas YZ circle. Itisa vertical circle
that binds the other two circles. It is perpendicular to other two circles. It is formed by a number
like a complex number but its imaginary number is j which may be referred to as ‘j-complex
number’.

Thus there are two normal complex numbers in a unit sphere and one j-complex number. Each
circle is formed by the numbers having a radius of unity centred at the origin.
General spin % superposition state spinors are represented through spin-numbers [3.1] and [3.2],

|+), = cosfe'® + sinfjei?e'd
|—)n = sinfe'® — cosfje'?e'd
Replacing e'?e'® with e!(@+9
|[+), = cosfe's + sinfje' @+
| =), = sinfe'® — coshjel @+

Where,

6 is the angle formed between axes X and Y or the angle of the complex number in XY circle.

@ + 6 is the angle formed between axes X and Z or the angle of the complex number in XZ
circle.

0 is the angle formed between axes Y and Z or the angle of the j-complex numberin YZ circle.

¢ is the phase difference between the complex number in XY circle and the complex number in
XZ circle.

r is the magnitude or modulus or amplitude of a 3-D number.

A 3-D number may have once term each of a real number, an imaginary number i, new numbers
Jj and ji, which is a product of the two imaginary numbers and new number j. The new number j has
all the properties of i except thatitisin YZ circle.

There are two complex numbers in a 3-D number with ® angle and {¢ + 8} angle. The third
number, i.e., j-complex number, has 0 angle and is formed with number j. This number is similar to
a complex number but has number j in place of imaginary number i. A 3-D number is the sum of
two complex numbers bound by a j-complex number.

Note: References to an angle of the circle in this article shall be construed as central angles of the
circle.

3-D number|+),, can be decomposed into the following three numbers:

1) Complex number e of XY circle
2)  Product of two complex numbers e*?e’® which is the complex number of XZ circle
3) j-complex number {cos6 + sin6j} of YZ circle

Algebraic form of the 3-D number is [refer to Section 3]:
S = x(a+bi) +yj(c+di) or S = ax + bxi + cyj + dyji

3-D number S can be decomposed into the following three numbers:

1) Complex number {a + bi} of XY circle
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2) complex number {c + di} of XZ circle
3) j-complex number {x + yj} of YZ circle

The magnitude (r) of a 3-D number:

= (@) +(bx)? + (cy)*+(dy)?

11.3 Unit 3-D number: The unit circle is the set of complex numbers i whose magnitude is one.
Similarly, a unit sphere is a set of 3-D numbers whose magnitude is one and such numbers may be
referred to as unit 3-D numbers. The XY unit circle of a sphere is formed by the imaginary number i
and its exponentiation. This is a horizontal circle. In XZ unit circle is made up of the imaginary

number i and its exponentiation and it will be a vertical circle. The two will be perpendicular to each
other and both will have the same origin. In between these two unit circles there will be several unit
circles formed by the addition of these two circles. We will denote these circles as XN circles. All
unit 3-D numbers will fall in one of these circles. Thus each unit 3-D number represents a point in the
unit sphere. Unit 3-D numbers falling in one unit circle will have the same 6. The complex number
fallingina XN circle may be denoted by {m + ni}.

11.4 Length of axes of 3-D number having equal phase: Length of axes of X,Y and Z dimensions
of a unit 3-D number without phase difference, which is in a XN circle, can be found using the
formulae given below.

(1) 3-D numbers with equal phases in factorised and expanded forms given in Section 3 are

S ={(x+y)(a+bi)}
S = {ax + bxi + ayj + byji}
We will find the values of m and n in complex number {m + ni} in XN circle:
m = (ax)? + (ay)?
m= T 7

As 'S’ is a unit 3-D number, {x + yj} is a j-complex number similar to a unit complex number.
The j-complex number {x + yj} is equal to {cos8 + sinfj} (refer to Section 11.2).

~x?4+y?t=0
sm=a
Similarly,
n==>b

Therefore, complex number in XN circle is {a + bi} which is equal the complex number in XY
circle and XZ circle also.

XN circle is in between XY circle and XZ circle. Therefore, the length of Y & Z axes can be
found by splitting the n value using x and y values in {x + yj}. The length of axes of X,Y and Z
dimensions is given below:

X=m=a
Y =nx =bx
Z =ny = by
(2) 3-D number with equal phase in trigonometric form given in Section 3 is reproduced below.
|+),, = cosfe’® + sinfje’d
|[+), = {cosBcosd + cosOsindi + sinfcosdj + sinfsindji}
m = cosé

n = sind
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X =m = cosé
Y = ncos@ = sindcos0O

Z = nsinf = sindsinb

Z

YZ - circle

|+),, = cosOe'® + sin@je'®

X7 - circle

Figure 3. A 3-D number with equal phase in a unit sphere.

11.5 Length of axes of a 3-D number with phase difference: Length of axes of X,Y andZ
dimensions of a unit 3-D number with phase difference, which is in a XN circle, can be found using
the formulae given below. A 3-D number in trigonometric form is as follows:

|[+), = cos@e® + sinhjel @+
3-D number with phase difference in factorised form given in Section 3 is reproduced below:
S = x(a + bi) + yj(c + di)
S = ax + bxi + cyj + dyji
We will find the values of m and n of complex number {m + ni} in XN circle:

(1) If ax and cy have the same sign:

m = ,/(ax)? + (cy)? (The square root will have the sign of ax or cy)

n=./(bx)? + (dy)? (The square root will have the sign of bx or dy)
(2) If ax and cy have opposite signs:

In the case of a 3-D number with phase difference, the real term of complex number may be the
positive number and that of j-complex number may be the negative number or vice versa. In such
cases, the two complex numbers in XY circle and XZ circle are not on the same side of the YZ circle
in the sphere. Therefore, the position of the number will be in the middle of these two complex numbers.
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o If ax| > |eyl,
(ax)? — (cy)?> (The square root will have the sign of ax)

As we have deducted (cy)? instead of adding it to the square of magnitude of m, we have to add
{2(cy)?} to the square of magnitude of n in order to preserve magnitude.

n=(bx)? + (dy)? + 2(cy)?

o If |ax| < eyl
m=./(cy)? — (ax)?> (The square root will have the sign of cy)
n= \/(bx)z + (dy)? + 2(ax)?

XN circle is in between XY circle and XZ circle. Therefore, the length of ¥ & Z axes can be
found by splitting the n value using x and y values in {x + yj}. The length of axes of X,Y and Z
dimensions is given below:

{\7 E ._-iru]c

Figure 4. A 3-D number with phase difference in a unit sphere.

11.6: 3-D numbers are part of the number system like real numbers and complex numbers. If the
real number is a one dimensional number, the complex number is a two-dimensional number and the 3-D number
is a three-dimensional number. Note that the real number is part of the complex number and the complex number
is part of the 3-D number. We know that a real number x can be regarded as a complex
number {x + 0i}, whose imaginary part is 0. Similarly, the real number x can be regarded as a 3-D
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number {x + 0i + 0j + 0ji} and the complex number can be regarded as a 3-D number {x + yi + 0j +
0ji}. A vector can be converted into trigonometric form which will result in a better understanding of
the geometry of vector.

11.7: Spin-up number and spin-down number relationship: The general state spinor in spin-
number notation is [2.1] and [2.2],

|+), = cos@ + sinBje'?
|=),, = sinf — cos@je'?

We know that {sin@ = cos (9 - g)} and {cos@ = sin (0 + g)}

| =), = cos (9 —g) + sin (9 —g)jei"’

Therefore, if we rotate j-complex number of yz circle of a spin-up number by % in the reverse

direction, then we will get a spin-down number.

12. Operations on 3-D numbers

12.1. Arithmetic operations of addition, subtraction, multiplication, division and exponentiation
on 3-D numbers are fairly simple and are similar to those of quaternion.
3-D numbers share the same axioms as complex numbers apart from multiplication, where they
do not commute. The basic axioms are stated below with the help of three 3-D numbers A4, B and C.
Axioms of addition:
Commutative A +B = B + A
Associative (A +B)+C = A + (B +0).
Axioms of multiplication:
Associative (AB)C = A(BC)
Non-commutative AB # BA
The operations on 3-D numbers are explained in detail hereinafter:
12.2. Addition and Subtraction:
Addition or subtraction has to be made term wise (Illustrations 1 & 2)
(a; + ayi + asj + a,ji) + (by + byi + bzj + b,ji)
= (a;+by) + (az + by)i + (as+bs)j + (as + by)ji
12.3. Multiplication:
Multiplication can be done by multiplying each term of the first complex number with each term
of the second complex number. Commutative law does not apply to the multiplication of 3-D
numbers. (Illustration 3)

(aq + ayi + azj + auji) * (by + byi + bsj + byji) =
= (+a,by+ayb i +aszb,j +aubyji) +
(—ayby+aibyi —aub,j +aszb,ji) +
(—azbz+aubzi +a bsj —a,bsji) +
(—agbs—azb,i +a,bsj +a,b,ji)

12.4. Conjugation:
The conjugate of a 3-D number A is denoted by A. If A is a unit 3-D number,

AA=AA=1
i) If we change the signs of each term of a 3-D number except the real number term, we will get the conjugate
of that 3-D number.
ii) If the 3-D number is in trigonometric form, then the complex number of XY circle and j-

complex number of YZ circle should be conjugated. If the complex number and the number j are
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factors of a term, conjugation of the complex number is not required and conjugation of the number j alone
is sufficient as that itself will result in conjugation of the entire number.

Examples of conjugates are given below:

A ={ax + bxi + cyj + dyji}, A= {ax— bxi— cyj— dyji}

B = {2 +3i+4j +5ji}, B =1{2-3i-4j - 5ji}

C =je, C=—je'

C =jei9ei(p, C_‘ — _jeieeiqo
B = cosfe'® + sinfje'?e', B = cosfe ™ —sinfjei?ei®

12.5. Multiplicative inverse:
If we divide conjugate with square of the magnitude, we get the multiplicative inverse.
If A is 3-D number, the multiplicative inverse is A™*
AAAT = AT1AA=A
Multiplicative inverse 471 = 2=
- AA
AA is the square of magnitude.
When A is a unit 3-D number, 44 =1
fAT =4
12.6. Multiplication and commutative law
i) The commutative law of multiplication will not be applicable for 3-D numbers. However, the following
identities will be applicable when changing the order of operands.
* If A BandC are unit 3-D numbers and AB = C, using AA=AA=1
= AB=¢, AAC=C -~B=AC
= AB=0¢, CBB=C ~A=CB
= B=AC, BCC=B ~A=BC
*  Similarly, C=BA B=CA
The above identities will be useful in division too.

ii) If A, B and C are non-unit 3-D numbers, then replace conjugate with multiplicative inverse in the
above identities.

If {AB=C}, then {B=A"1C} and soon.

iii) The anti-commutative law of multiplication is applicable when number i andj are factors of a
term in a 3-D number. However, if complex number and number j are factors of a term in a 3-D
number, then, on changing the order of operands (factors), the conjugate of complex number has
to be multiplied and not the opposite number. The opposite and conjugate of an imaginary
number are equal but those of a complex number are different.

When number i or complex numbers are factors along with number j, then while changing the order of operands,
i or complex numbers shall be conjugated. Therefore, the commutative law of multiplication is subject to
conjugation when the term has number j as its factor.

Illustration 1: je®?jei® = —e~ei®
Proof:
jelfjel® = (cosBj + sinbji) * (cosaj + sinaji)
jeje* = (cosBjcosaj + sinbjicosaj) + (cosbjsinaji + sinbjisinaji)
je¥je® = (cosBcosajj + sinfcosajij) + (cosOsinajji + sinfsinajiji)
jelfjel® = (—cosBcosa + sinBcosai) + (—sinbBsina — cosbsinai)
jeiejeia = _e pla
Ilustration 2: If X = je®®e!? and Y = je'%e’f

XY = jelfel®jeieif


https://doi.org/10.20944/preprints202308.1564.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 23 August 2023 do0i:10.20944/preprints202308.1564.v1

XY = —e"We—ivpiapih

12.7. Division:

The division of a 3-D number is similar to that of a complex number. We have to multiply both the
numerator and denominator by the multiplicative inverse of the denominator. By doing so, the denominator
will result in a real number (Illustration 4). Commutative law does not apply to the division of 3-D
numbers.

e  Where Aand B are 3-D numbers,

A
—=AB™
B

If A and B are unit 3-D numbers, then as BB =1, % =AB

e If A BandC are unit3-D numbersand A+ B = AB = C, using AA=A4A=1 and
. AB =C, AAC=C +~B=AC

a

. AB =C, CBB = ~A=CB
= B =AC, BCC=B ~A=BC
*  Similarly, BA=C, BC=A4, CA=B

12.8. Rotation of a 3-D number from one position to another:
To rotate a 3-D number from one position to another, first multiply the multiplicative inverse and
then multiply the 3-D number of the new position. This rule may be referred to as the rotation rule.

1) If A, Band C are unit 3-D numbers, to rotate from position B to position A.
Let BC = A. Wehave to find C.
BBA=A “BB=1
~ C = BA.
(Mlustration 6 in Appendix VII)
2)  Where A,Band C are unit 3-D numbers, if {A + C = B} and A and B is known, then to find C,
A+-C=B +~ A=BC.
Therefore, this problem is the same as the previous one.
~ C=BA
12.9. Conversion to trigonometric form:
Steps to convert a 3-D number to trigonometric form:
1)  Separate the magnitude of the 3-D number
2) Separate the magnitude of complex numbers in XY circle and XZ circle
3) Convert the complex numbers in XY circle and XZ circle into trigonometric form
4)  Convert the j-complex number in YZ circle into trigonometric form
(Mlustration 5 in Appendix VII)
[lustrations of different operations on 3-D numbers are given in Appendix VII.

13. Projection of 3-D numbers

13.1: In the complex number system, a dot product is a projection of one complex number over
another. We will try to project one 3-D number over another. We will use a star (*) for normal
multiplication and the symbol “x” for cross product to avoid confusion. We will consider only unit 3-
D numbers for the projections. Consider the 3-D numbers in trigonometric form with real number as
first term as given in equations [4.1] and [4.2].

A = cosa + sinaje'’
B = cos@ + sinBje'?

In the case of a complex number, there are only two dimensions with one angle between them.
Projection requires a perpendicular number and as there is only one angle, there is only one
perpendicular number. Therefore, there is only one projection possibility.

We have already proved that dot and cross product method of the complex numbers is nothing
but an alternative method of division. In the case of dot and cross product of a complex number, real
numbers are multiplied with each other to get the result. While taking the product of the 3-D numbers,
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we will encounter complex numbers. In such cases, we will use the traditional complex number
division method under which we will multiply complex conjugates.
Complex dot product:

Ao B = (cosa + sinaje'f) o (cos + sinfje'?)
Ao B = (cosa — sinajef)(cosd + sinfje')

(3-D number A4 is conjugated on changing the sign to multiplication while taking a complex dot
product)

Term-to-term multiplication excluding cross multiplication is done by applying the multiplication
rules of the 3-D numbers;

Ao B = cosacosf — sinaje'fsinfje'®
Ao B = cosacosf — sinasinfjefje’? (- sin@ is a real number)
Ao B = cosacos + sinasinfe~Fel® [14.1]
(vefj=je# and jj=-1)
Ao B = cosacosf + sinasinfe!®F) [14.2]

The equation in [14.2] is equal to the equation in [4.3]. The input and output spinors of equation
in [4.3] are equal to input and output 3-D numbers used to arrive at equation in [14.2]. Therefore,
{4(+]+)5 =40B)

Conjugation of the denominator is the correct approach: In spinor algebra, output spin number
has to be conjugated before taking the complex dot product. In the division operation of complex
numbers, the denominator has to be conjugated for multiplication. However, even if we conjugate input
spin number being the denominator, the complex dot product result will not change. When conjugation
operation is done on a unit complex number, it will result in an inverse. Therefore, in a division operation
of two numbers, the denominator has to be conjugated on multiplication. Therefore, hereafter we will
conjugate the denominator.

Cross product: To get cross product, perpendicular 3-D number of B is required. A 3-D number
has three dimensions and three complex numbers with three angles. Cross product can be taken from
all angles or from any angle. For the time being, we will consider cross product only in the angle 0 of
3-D number B. To find the perpendicular number of B in 8 angle being B,, we will take assistance
from spinor theory. In spinor theory, for every |+), [3.3] there exists a |—), [3.4].

|+),, = cos@ + sinfje'?
| =), = sinf — cosBje'®

Here, |+), = B. Letus assume that |—), =B,. The proof of this assumption is given in Section
14.2.

B, = sinf — cos@je'? [14.3]

If we multiply sinfje® with {—je'?}, we will get sinf. {—je'#} is conjugate of je¥. By
multiplying B with {—je'?} , we will get B, .
Now, we will try to get the complex dot product of 3-D numbers A and B

Ao B, = (cosa + sinaje'f) o (sind — cosfje’?)
Ao B, = (cosa + sinaje’)(sind + cosfje'®)
Ao B, = (cosasing — sinacosfe~#Fei®) [14.4]

It is an orthogonal complex dot product. To get vector cross product, we have to multiply{ 4. B, }
with [14.4] with {—je?}. This is similar to the multiplication done in the case of complex number
projection in [7.1].
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AXB =(cosasin9 - sinacosee‘iﬁeitp) « —jei®)
A XB =(sinacosfje’* — cosasinfje'?) [14.5]

With the above result in hand, we will find a shortcut to arrive at complex dot product and cross

product.
Let {A + B = C}, then {C = AB} (identity in 13.7)

B = cosf — sinBje'?®
C = (cosa + sinaje’) x (cosd — sinfje'?)

C = (cosacos + sinasinfe~#Fei®) + (sinacosfje’ — cosasinfje'?)
C is the sum of [14.1] and [14.5]
C=(A°B)+(AxB)

A+B=(AB)+ (AXB)

Therefore, C is truly the quotient of the division. It can be seen that first part of C is the
complex dot product {A o B} and second part is cross product {4 x B}.

Theorem 17: The sum of the complex dot product and cross product of two 3-D numbers, applying the
formula of inner product and cross product of a spinor, is equivalent to the quotient of a division. The
complex dot product and cross product method is an alternative method of division of 3-D numbers.

Theorem 18: The complex dot product {4 ¢ B} of 3-D numbers is nothing but the complex dot product
part of the quotient of the division of 3-D numbers.

13.2: The complex dot products {4 o B} and {4 o B, } are the complex numbers. These numbers
can be multiplied with B and By to arrive at A.

A={(A°B)*B}+{(A°B,) * B, }
(Ao B) * B = (cosacos@ + sinasinfe~#e?) x (cosd + sinfje'?)
(A B) * B = (cosacosfcosf + cosacosOsinfje'® + sinacosfsinfe~Fe'® + sinasinfsindje'f)
Ao B, xB, = (cosasind — sinacosfe~#Fe'? ) « (sind — cosOje'?)
Ao B, xB, = (cosasinfsinf — cosacosfsinfje'? — sinacosfsinfe~#e'? + sinacosOcosbje'r)
A={(A°B)*B}+{(A°B,) *B,}
A = (cosacosOcos8 + cosacosfsinfje'® + sinacosfsinfe~Fe'® + sinasinfsinfje'f)
+ (cosasin@sind — cosacosBsinfje'? — sinacosOsinfe~Fe'® + sinacosfcosfje'f)
A = cosacosfcosh + sinasin@sinbje’f + cosasin@sing + sinacoscosfje'f
A = cosa(cosOcosh + sinfsind) + sinaje’ (cosOcosh + sinbsind)
A = cosa + sinaje'f

In Section 14.1, we have assumed that {|—)z =B,}. Wehave proved that A = {(4 o B) * B} + {(4e
B,) *B,}. Therefore, |=)p =B, is proved.

If Aand B are two 3-D numbers, B, is the perpendicular number of B in yz circle and A, is
perpendicular number of A in yz circle, then the complex dot products {A° B}, {A°B,}, {A, °B,}
and {A, o B} are complex numbers. Now, the following theorems emerge.

Theorem 19: Complex numbers {A o B} and {A o B,} canbe multiplied with B and B, to arrive at A.
The complex numbers {4 ¢ B} and {A > B,} are magnitudes of B and B, in A.
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Theorem 20: The state spinor in the spin down direction is the perpendicular 3-D number B of a state
spinor B which is in the spin up direction.

Theorem 21: If the input state to the Stern-Gerlach analyser is B and the output state is 4, then the
complex dot products {4 o B} and {A o B,} are magnitudes of B and B, in 4.

Theorem 22: ,(+|+)p is the bra-ket notation of the complex dot product of two spinors 4 and B,
when B is in the input state.
a{t|+)p =AcB
| a(++)51 2 =140 B 2

|A o B|? is the probability of finding input state B in output state A.

Theorem 23: ,(+|—)p is the bra-ket notation of the complex dot productof A and B ,when B, is the
input state.

a{*|=)p =A°B,
| a{+1—)sl > =|A B, |?

|A°B,|? is the probability of input state B, in output state A.
As a corollary, we can add the following two theorems.

Theorem 24: ,(—|—)p is the bra-ket notation of the complex dot product of A, and B,,when B, is
the input state.

a{—|—)p =A,°B,
| 4(=1-)sl z =|A, o B, | z

|A, o B, |? isthe probability of finding input state B, in output state 4.

Theorem 25: ,(—|+)p is the bra-ket notation of the complex dot product of A, and B,when B is the
input state.

a{—|+)g =A,°B
| a{—=I+)pl 2 =|AL o B|?

|A, o B| ? is the probability of input state B in output state 4, .

We have found the probability of a 3-D number with an imaginary number i as the overall phase
of both input and output 3-D numbers. Projection of 3-D numbers having an overall phase, which is
a complex number, and the computation of probability of such numbers is given in Appendix VI.
Ilustrations on computing probabilities using 3-D numbers are given in Appendix V. If two 3-D
numbers do not have the same overall phase, then we have to convert them to get an equal overall
phase which is similar to the case of vectors as discussed in Section 9.3.

13.3: We will find the probability considering that spinor B is the input state and spinor A is the
output state.

21 L 2w
[+)4 = cos?+sm?}e 4

VA

1+) 2t sinzje's
= C0S — Sin—je
B 3 31

|[+)4 = —0.5+ 0.866025j(0.707107 + 0.7071071)
|[+)4 =—0.5+0.612372j + 0.612372ji

T

|+)g = cos4

+si m, i%
Ssin—je
4]
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|+)p = 0.5+ 0.866025j(0.382683 + 0.9238801)
[+)s = 0.5+ 0.331413j + 0.800103ji
Considering the above two spinors as spin numbers or 3-D numbers,
AoB = (-0.5+0.612372j + 0.612372ji) o (0.5 + 0.331413j + 0.800103;ji)
Ao B =(-05+0.612372j + 0.612372ji)(0.5 — 0.331413j — 0.800103ji)

(3-D number B is conjugated on changing the sign to multiplication while taking a complex dot
product)

= {[-0.5 * 0.5] 4 [0.612372j * (—0.331413j)] + (0.612372ji) * (—0.800103ji)]}
+{[0.612372j * (—0.800103ji)] + [(0.612372ji) * (—0.331413))]}

(While taking the complex dot product, we will find only terms having real number and i as a
factor)

= {—0.25 + 0.202948 + 0.489961} + {0.489961i — 0.202948i}
AoB =0.442909 + 0.287013i
P +1+)p = 27.854%
We will find the result of A + B.
A+ B ={-0.5+0.612372j + 0.612372ji} + {0.5 + 0.331413j + 0.800103ji}
A+ B ={-05+0.612372j + 0.612372ji} » {0.5 — 0.331413j — 0.800103ji}

14. Quaternions and 3-D numbers

14.1: Quaternions form a 4-dimensional vector space over the reals. There are just four
independent ‘basis” quantities {1,i,j,k} that span the entire space of quaternions.
Quaternion form:

q=a+ bi + ¢j + dk,
2=j2=k*=ijk=-1
j=k jk=i ki=j
where g, b,candd are real numbers, defines the general quaternion.

These quantities satisfy all the normal laws of algebra except the commutative law of

multiplication. Hamilton found that
ij=—ji, jk=—kj, ki=—ik

Quaternion satisfies the commutative and associative laws of addition, the associative law of
multiplication and the distributive laws of multiplication over addition.

14.2: A 3-D number is similar to a quaternion except for the following differences.

(a) In quaternion, last basis quantity is k which is equal to ij. Whereas, in a 3-D number, last basis
quantity is ji.

(b) A quaternion has four dimensions whereas 3-D number has only three dimensions.

(c) A 3-Dnumber can be factorised and represented in trigonometric form.

(d) Inmathematics and physics, the role of quaternion is undefined [7].

Note that in quaternion rules, {ij =k} whereas we have arrived at {ji =k} in vector
multiplication in Section 8. In other respects, vector multiplication rules are equal to quaternion
multiplication rules.

14.4: Both quaternion and vector were discovered around the middle of the 19t century. By the
end of the 19th century, vectors have gained prominence over quaternions. According to W. Thompson
(1892), “Quaternions came from Hamilton after his really good work had been done; and, though


https://doi.org/10.20944/preprints202308.1564.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 23 August 2023 do0i:10.20944/preprints202308.1564.v1

beautifully ingenious, have been an unmixed evil to those who have touched them in any way,
including Clerk Maxwell.”[16]. Oliver Heaviside (1893) has summed up as follows: “...the quaternion
was not only not required, but was a positive evil of no inconsiderable magnitude; and that by its
avoidance the establishment of vector analysis was made quite simple and its working also simplified,
and that it could be conveniently harmonised with ordinary Cartesian work.” [25]. Quaternion was
discarded by physicists because it was mysterious.

15. Geometric Algebra and 3-D numbers

15.1: Geometric Algebra
Let us consider the vectors in [5.1] and [5.2]

A = (a,i+ ayj + azk) and B = (byi + b,j + bsk)
Now, let us compute the cross product.
A x B = {(azbs — azhy)i + (azhy — arby)j + (arb, — azby )k }
If we take their wedge product (A) in geometric algebra,
AAB = {(aybs — azh,)(j AK) + (azhy — arbs)(k A D) + (ayb, — azhy) (i A J)}

We know that {i X j =k; jxk =1i; kXxi=j} in vector algebra. If the same is true in geometric
algebra too, then {Z A ﬁ} will be equal to {Z X §} However, in geometric algebra {i Aj # k}. {i Aj}
is treated as a bi-vector. The wedge product of two basis vectors is not equal to a basis vector that is
perpendicular to the first two basis vectors. This is the fundamental difference between vector algebra and
geometric algebra.

15.2: In geometric algebra, we may write the geometric product of any two vectors as the sum of a
dot product and a wedge product:

AB=A4-B+ANE [15.1]

In equation [ 8.10], we have already found that

(A+B)= (A -B)+(ixB)

Equations [15.1] and [8.10] will be equal if a bi-vector is treated as a vector and a vector product
is a division of vectors.

In geometric algebra, an expression may comprise of scalars, basis vectors and bi-vectors. In 3-D
numbers, an expression may comprise of scalars and basis vectors. The foundation of geometric algebra
is based on the assumption that basis vector product is multiplication. In geometric algebra, basis vectors
and bi-vectors are different as square of a basis vector is 1 whereas square of a bi-vector is —1. We have proved
that a vector product is a division of vectors (Section 8). Multiplication or division of two basis vectors results in
another basis vector. There is no need of bi-vector at all. Further, the square of basis vector is —1 and not 1.
Therefore, geometric algebra is incorrect.

16. Geometry of 3-D number

16.1: One would wonder how a number with four terms in it would fit into a three-dimensional
sphere. Quaternion, which has four terms, was considered by default as having four dimensions. The
geometrical meaning of spinor, which is also having four terms in it, is obscure and no one fully
understands spinors [17,18]. The vector dot product was treated as an operation separate from the
vector cross product precisely due to the fear of fourth dimension and the difficulty of comprehension
in the fourth dimension. The key here is to break the assumption that each term corresponds to a distinct
dimension. A 3-D number overcomes this difficulty by splitting the four terms into two complex
numbers which are tied by the third j-complex number. Now we are able to understand the geometry
of the number in a sphere. In the Argand plane, we are positioning a complex number in between the real
number term and the imaginary number term. Similarly, the position of 3-D number is in between the positions
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of two complex numbers. The positioning of 3-D numbers with equal phases is relatively easy. Length
of axes of a 3-D number without phase difference can be found using the formulae in Section 11.5. The
position of a 3-D number in a sphere is depicted in the figure given below:

Z

YZ - cirele |[+)n = cosBe® + sinfje!®+o)

X7 - circle

Figure 5. A 3-D number with a phase difference in a unit sphere.

We have already noted that a unit sphere is a set of 3-D numbers whose magnitude is one and
such numbers may be referred to as unit 3-D numbers. A unit sphere can be divided into two parts: the
right and left hemispheres. The positive 3-D numbers lie in the right hemisphere and the negative 3-D
numbers lie in the left hemisphere.

16.2: Relation to the geometry of quantum mechanics: In the Stern-Gerlach device, we can
measure the spin component of particles along the Z-axis, X-axis or Y-axis. The spinors forthe X,Y & Z

dimensions in quantum mechanics are given below.

=21 e=ald]
=] y=al

R

The general state spinors in spin-number notation are given in equations [2.1] and [2.2]. They are;
|+), = cos@ + sinBje'®
|—=),, = sinf — cos@je'?

If the overall phase is the imaginary number i,

=il ] =il ]
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y=%i[ 1] =g ]
=i o] =i )]
#n =G5 sraeto | 1P =5 coepeto |

The X,Y & Z dimensions in quantum mechanics do not match with dimensions of a 3-D number
as the 4t rotation is required in the Bloch sphere of quantum mechanics for rotation to bring it to its
original position whereas the same is 27t in the case of 3-D number. We will address this issue in Section
17.

L

YZ - circle =)o = | t; I

L
|+)x=ﬁl[ i ]

XY i |+}z _Ll g-)
1
=y =i 1]

XZ - cirele

Figure 6. Spinors in 3-D number geometry.

17. Is 47t of rotation required to bring the state spinor to its original position?

In spinor mathematics, basis kets |+) and |-) are orthogonal. Therefore, (+|—) =0 and {(—|+) =
0.If so, basis kets |+) and |-) are apartby 90° and not 180°.
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XZ - uil's.‘it“
Figure 7. Bloch sphere.

The Bloch sphere is a geometrical representation of pure state space. The north and south poles
of the Bloch sphere correspond to the standard basis kets |[+) and |—) respectively, which in turn
correspond to the spin-up and spin-down states of an electron. Now, both states are on the same line
and not orthogonal. One explanation offered is that they are spatially parallel but in Hilbert space
they are orthogonal. According to Roger Penrose, orthogonal in Hilbert space does not correspond to
‘at right angles’ in space but ‘opposite’ [8]. However, geometry of Hilbert space is unknown [20] [21].
It is really surprising that the mathematical orthogonality of the kets is simply ignored in quantum mechanics.
In Section 6, we have shown that spinors are in spatial vector space and Hilbert space construction is
not required for spinors. According to Roger Penrose, the complex numbers that appear in quantum-
state formalism are not completely abstract things; they are intimately related to geometrical and
dynamical behaviour [8]. However, in Section 8.6, we have shown that complex numbers are hidden
in spatial vectors as well. Therefore, Hilbert space is unnecessary for spinors.

In optics, The Poincaré sphere represents different types of polarisations. Wharton et al,[9] have
given a classical analogy for the electron spin state. According to them, 27 rotation around the
Poincaré sphere merely corresponds to a 7 rotation of the electromagnetic polarisation in physical
space. And this is equivalent to a 7 phase shift in the resulting wave; it would now interfere
destructively with an identical unrotated wave. Of course, this is also the observed effect for a 27
rotation of a quantum spin state around the Bloch sphere, although in the latter case the net geometric
phase shift is generally thought to be inexplicable from a classical perspective. The classical
polarisation analogy demonstrates that such behaviour does indeed have a straightforward classical
interpretation, because the geometrical phase of the spin state is directly analogous to the overall phase
of the physical electromagnetic wave. The key is that the Poincaré sphere does not map to physical space, so
a 27t rotation need not return the electromagnetic wave to its original state. The Classical polarisation analogy
therefore advocates the viewpoint that the Bloch sphere should not map to physical space, even for an electron spin
state.

The general spin 5 superposition state vector in spin up direction [2.1]:

0 .0 .
[+ = Cos§|+) + smie"pl—)
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The Poincare mapping involves twice the geometrical angle between the planes of polarisation i.e., plane of
horizontally polarised light and plane of vertically polarised light [11]. Therefore, in the state spinor of quantum
mechanics, 0 is divided by 2 to cover up the doubling of angle in the Bloch sphere. This is done precisely for the
reason that a hemisphere in space is projected onto a sphere by doubling the angle 0. It is interesting to note that
phase angle ¢ is not doubled in both optics and quantum mechanics. This confirms the projection of a
hemisphere onto a sphere. If the reason for doubling was mathematical, both 0 and ¢ should have been doubled.
Therefore, 27t rotation is required to bring the state spinor to its original position and not 47t rotation. A 4m
rotation is required to bring the state spinor to its original position when 0 is divided by 2 in the state
spinor. Thus, it is clear that the Bloch sphere is a geometrical representation of the hemisphere of space
rather than the sphere.

18. Polarisation of Light and Spinors

Despite the conventional view of quantum spin as being an inherently non-classical phenomenon,
there is a rich history of exploring classical analogy for spin-1/2 systems in particular [10]. The
connection between the coherency matrix, the Stokes parameters, and the Pauli spin matrices was
pointed out by U. Fano in 1954 [12,29]. The connection between Jones vectors and the Poincar’e sphere
on the one hand and spinors is derived by Gori at al [13].

The state of polarisation of a wave is usually specified using the Stokes parameters or the Jones
vector. The Stokes parameters can be expressed in terms of the two-component spinor and the Jones
vector is essentially this spinor. The identification of the Jones vector with a spinor will facilitate the
representation of the Jones vector by a tangent vector to the Poincaré sphere, in terms of which, among
other things, the Pancharatnam phase can be visualised. The Jones vector is a two-component spinor
on which the rotations on the Poincaré sphere act through the spin-1/2 representation [14].

The polarisation of a beam of light is exactly the same kind of thing as the spin of a beam of electrons, the
differences in terminology reflecting only the accidents of the historical order of discovery [15].

As polarisation and spin are one and the same, we can straight away apply the mathematics of 3-
D numbers to polarisation of light. Such an application will save us from the complications involved
in the use of Jones vectors and matrices in optics. Further, the 3-D number will simplify the study of
optics.

19. Conclusion

The 3-D number helps us to present the spinor in geometry. This will in turn lead to greater
clarity in quantum mechanics and resolve many outstanding issues. A 3-D number is in a three-
dimensional space. It can be applied to optics, quantum mechanics and other areas of physics. It can
replace vectors, quaternions, spinors, geometric algebra, Jones vectors & matrices, etc. 3-D numbers
will greatly simplify the study of areas of science where three-dimensional space is involved.

Appendix I. Introduction to the Spinors

David H. McIntyre has given a lucid introduction to the spinors. The description given in Section
1.2 of his book[1] is summarised below. McIntyre has used the term quantum state vector or simply
vector (it is not a spatial vector) instead of spinor. A similar approach can also be found in the book
by John S. Townsend [30].

In vector space of a spin-1/2 system, kets |+) and |—) form basis. General quantum state vector

|[W) is a linear combination of the two basis kets:
ly) = al+) + b|+)

where a and b are complex numbers. This addition of two kets yields another ket in the same
abstract space. On taking the inner product of one vector with another, the complex numbers of first

vector are conjugated and that vector is called bra.
(W] = a(+| + b(~|
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where @ and @ are complex conjugates. Quantum mechanics stipulates that kets are to be used for
a mathematical description of a quantum mechanical system. These kets are abstract entities that obey
many of the rules you know about ordinary spatial vectors. Hence they are called quantum state
vectors. These vectors must employ complex numbers in order to properly describe quantum
mechanical systems. Quantum state vectors are part of a vector space called Hilbert space. Because
the quantum state vectors are abstract, it is hard to say much about what they are, other than how they
behave mathematically and how they lead to physical predictions.

For the spin basis kets |+) and |—), there is no spatial geometry involved. Rather, the spin basis
kets |+) and |—) are orthogonal in the mathematical sense and the inner product (+|—) =0. Itis
assumed that a well-behaved basis set obeys orthogonality. Though there is no geometry in this
property for quantum mechanical basis vectors, the fundamental idea of orthogonality is the same and
if a general vector “points” in the direction of a basis vector, then there is no component in the
“direction” of the other unit vectors. In quantum mechanics, all vectors are normalised: {(+[+) = 1}
and {{—|-) =1}. Further, the orthogonal product {{(+|-) =0} and {(—|+) = 0}.

In a Stern-Gerlach experiment, if the input state vector is |[{);,) and output state vector (vector of
the direction in which output is aligned) is [Woy¢) then, (YoyelWiy) is the inner product of two vectors
and the probability of the outcome is given by [(WouclPin)|?. This is the crucial element of spinor
mathematics in quantum mechanics.

Appendix II. Mysteries of Spinors

1. The geometrical significance of spinors is mysterious
Michael Atiyah, mathematician specialising in geometry, winner of the Fields Medal in 1966 and
the Abel Prize in 2004:
“No one fully understands spinors.  Their algebra is formally understood but their general
significance is mysterious. In some sense they describe the ‘square root’ of geometry and, just as
understanding the square root of -1 took centuries, the same might be true of spinors”.

“The reason is that the geometrical significance of spinors is still very mysterious. Unlike differential

forms, which are related to areas and volumes, spinors have no such simple explanation.  They appear
out of some slick algebra, but the geometrical meaning is obscure as is illustrated by the global
obstruction referred to earlier.” [18].

2. Nobody understands quantum mechanics

Richard Feynman, recipient of the Nobel Prize of Physics in 1965:

“I think that I can safely say that nobody understands quantum mechanics.” [17].
3. Even Physicists Don’t Understand Quantum Mechanics.

“Even Physicists Don’t Understand Quantum Mechanics. Worse, they don’t seem to want to
understand it.” Dr. Sean Carroll [19].

4. Paradox: Does quantum mechanics tacitly imply that 0 = 1?[4]

“... to define a spinor in the rotation group one uses isotropic vectors (X, Y, Z) € C3, for which X* + Y? +

Z? =0. These spinors code rotations, i.e. group elements. Of course, these complex quantities cannot be

particle coordinates (x, y, z) € R3, since for particle coordinates one has x* + y* + z* = r?2 # 0,V(x,y,2) #
(0,0,0). A position vector of a particle is something very different from a rotation or a group element. To

follow a particle under rotations we could take v = 1. Following a particle with r = 1 this way can be done
with 3 x 3 rotation matrices in R3.  But in SU(2) things are not that way; the paradigm is completely different.
When Cartan says physicists use spinors like vectors, he pinpoints the fact that they act as though (X, Y,Z) = (x,
¥, 2z). Now (X, Y,Z)| =0, while |(x, y, z)| =1. The Dirac equation can be derived from a reasoning based on
the isotropic vector (X, Y,Z), but afterwards, in the calculations, one identifies this isotropic vector with a position
vector (x, y, z). This happens in the solution of the wave equation for the hydrogen atom, when one introduces
spherical coordinates and harmonic polynomials. —In other words, physicists are acting all the time as though 0
= 1, which is, admittedly, a well-known fact of elementary mathematics. This is only one example of a
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mathematical paradox; there are scores of others. ......... There is also really nothing to be sarcastic about.
Because, miraculously, these calculations, despite all the confusion about the 1 =0 issue and other paradoxes, turn
out the right physical answers with amazing precision.”

5. Mysterious Hilbert space

“...the (pure) state of a quantum system is represented by a vector in a Hilbert space, a formalism that
has proved high successful at the empirical level. ~Basically, Hilbert space is a complex vector space
on which an inner product is defined (Wallace-Garden 1984, 7). .... However, the Hilbert space
representation is very different from the way that the state of a physical system is characterised in
classical mechanics where the system’s state may be represented by a point in a phase space. Why
have a physical theory that uses abstract (Hilbert) vector spaces?” Peter Riggs [20]

“The erection of the Hilbert space edifice and the subsequent development of operator algebras
(extending now into non-commutative (NC) geometry) has an air of magic. It works but exactly why
it works and what it really represents remain shrouded in ambiguity.” Robert Carroll [21]

6. What is spin?
“Spin ... differs from what we usually ... mean by spin. ~ Spin is really something very queer ...” Karl
Popper [22]
“Pauli’s theory does not explain the origin of the spin, nor does it give any reason for its magnitude.
It merely provides a method for incorporating it into quantum mechanics.” Lindsay and Margenau
[23]

7. Shut up and calculate

“If I were forced to sum up in one sentence what copenhegan interpretation says to me it would be ‘shut
up and calculate!”.  But [ wont shutup. 1 would rather celebrate the strangeness of quantum theory
than deny it....... ” N D Mermin [24]

8. Abstract mathematics

“Because the quantum state vectors are abstract, it is hard to say much about what they are, other than
how they behave mathematically and how they lead to physical predictions...... For the spin basis kets
|+) and |=), there is no spatial geometry involved.” David H. McIntyre [3]

Appendix III. Vectors

Vectors are geometrical entities that have magnitude and direction.
1. Basic properties of vectors
Dot product:
iri=jj=kk=1 ij=jk=ki=0
As i,j and k are mutually orthogonal, the dot product of each basis vector with other basis vector
is zero.
Cross Product:
ixi=jxj=kxk=0,
iXxj=k jxk=1i kxi=j
jxi=-k; kxj=-i; ixk=-j
2. Projection of Vectors
Scalar Product or dot product: Projection of one vector onto another or the amount of a given vector
that points along the other vector. Dot product of a vector with itself is the square of the magnitude
of that vector. Mutually orthogonal, so dot products with each other are zero. The vectors used here
are normalised and therefore are unit vectors.
G- b = (a,i + agj + azk). (byi + b,j + bsk)
= (a1b; + azb; + azbs)

It is a real number.
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Cross product or Vector product: If dot product involves the amount of one vector that is parallel to
the other vector, then cross product involves the amount of a vector that is perpendicular to the other
vector.

G X b = (a4i + a,j + ask) X (byi + b,j + b3k)

-

dxb= {(azb; — azby)i + (azb, — a;b3)j + (a;b, — ayb, )k}

Dot product is a measure of similarity of two vectors. If the vectors are perpendicular, dot
product will be zero. Cross product is a sort of dual to dot product. It measures how different two
vectors are, rather than how similar they are. Cross product provides a way to measure orthogonality.
{@ x b} is orthogonal to both @and b.

Appendix IV. Illustrations on computing probabilities using different methods

a) Let us compute the probability considering the spin-numbers as vectors. Let output and input

state spin-number as
L T
[+)4 = cos§i + singjel 3

|+) ‘r[.+ . ‘r[.
=cos—i+sin—je
B 2 41

l
3

Now applying the vector method,
[+)a = 0.5i + 0.866025j(0.5 — 0.8660251)

@ = 0.5i + 0.433013j — 0.75k
|+)5 = 0.707107i + 0.707107j(0.5 + 0.866025i)

-

b =0.707107i + 0.3535535j + 0.612372k

Dot product of two vectors:
. B = {0.5i + 0.433013j — 0.75k} - {0.707107i + 0.3535535j + 0.612372k}

Qu

-

-b = {[0.5i * 0.707107i] + [0.433013j  (0.3535535j)] + (—0.75k) * (0.612372k)]}
d-b=0.04737

Q

Cross product of two vectors:
@ x b = {0.5i + 0.433013j — 0.75k} x {0.707107i + 0.3535535j + 0.612372k}

d x b = {[0.433013j x (0.612372k)] + [(—0.75k) x (0.3535535j)]} + {[0.5i x 0.612372k] +
[(=0.75k) x 0.707107i]} + {[0.5i x 0.3535535j] + [0.433013j x 0.707107i]}

-

d x b = {[0.265165i + 0.265165i] + [—0.30619j — 0.53033j] + [0.17678k — 0.30619k]}

-

@ x b = {+0.53033i — 0.89052j — 0.12941k}
(@-b) + (@ x b) = {0.047367 + 0.53033i — 0.83652j — 0.12941k}

To get a complex dot product, we have to take the sum of (a - b) and cross product term which is

a factor of imaginary number i which is denoted by Ao B.
Ao B =0.047367 + 0.53033i

P, (s1s= (0.047367 + 0.530331)  (0.047367 — 0.530331)
PA(+|+>B = 28349%

b) We will compute the probability as per the traditional spinor method using new notation of spin-

number.
s T, 5m
[+)4 = cos§i + sin§je 3

|+) ‘r[.+ . ‘r[-
=cos—i+ sin—je
B 2 4]

i
3
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A(+|+)5 = cosacosd + sinasinfe~Fel®

(+1+) ( i+ si “"'ST“) (cos7i+singje's)
=(cos—=i+sin=je3 )o (cos—i+ sin—je

A B 3 31 2 4_]

(+|+)p = (cosEcosE [—i] * i) + (sinEsinEe_isTneig)
4 B 3774 3774

AT
A+ 4)5 = (0.35355) + (0.61237e'lT)

a{+|+)5 = (0.04736 + 0.530331)
P 411y = (0.04736 + 0.53033i) * (0.04736 — 0.53033i)

PA(+|+>B = 28349%

The probability found using spin-numbers is the same as the probability found using vectors.
¢) Letusapply a shortcut to compute the probability by using the formula in [4.4] found in Section
4.1.

|4), = 0.5i + 0.866025j(0.5 — 0.866025()
|+)5 = 0.707107i + 0.707107j(0.5 + 0.866025()
P (4145 = cos?acos?0 + (2cosacosBsinasinb cos[p — B]) + sin*asin®6

P (s14yy = (0.5 % 0.707107)% + [2 * 0.5 % 0.707107  0.866025 * 0.707107 * —0.5]

+ (0.866025 * 0.707107)2
PA<+|+>B = 28349%

We are getting the same probability as that of other two methods. Thus the formula in [4.4] is
correct.
d) We will find out the probability P_, by using vector method
[=)a = singi - cosgjeiST1T
|-)4 = 0.866025i — 0.25j + 0.433013k

s m, T

|+)p = coszi + sinzjels’
|[+)p = 0.707107i + 0.3535535j + 0.612372k
a; - b= {0.866025i — 0.25j 4+ 0.433013k} - {0.707107i + 0.3535535j + 0.612372k}
a@; - b = {[0.866025i * 0.707107i] + [—0.25j * (0.3535535})] + 0.433013k * (0.612372k)]}
a; b ={0.612372 — 0.088388 + 0.265165}
@, -b =0.789149
@; x b = {0.866025i — 0.25j + 0.433013k} x {0.707107i + 0.3535535j + 0.612372k}
a; x b = {[-0.25j  0.612372k] + [0.433013k * 0.3535535}]} + {[0.866025i  0.612372k] +
[(0.433013k) * 0.707107i]} + {[0.866025i * 0.3535535j] + [(—0.25j) * 0.707107i]}
@; x b = {—0.306186i — 0.224143j + 0.48296k}
(@ - b) + (@, x b) = {0.789149 — 0.306186i — 0.224143j + 0.48296k}

We are interested only in cross product term having imaginary number i as its factor. If a

complex dot product like spinor method is taken,
(A, o B) =0.789149 — 0.306186i

P -i0ys= (0.789149 — 0.306186) * (0.789149 + 0.3061861)

af-

Appendix V. Illustrations on computing probabilities using 3-D numbers

1) The output state in the Stern-Gerlach analyzer is aligned along the direction A defined by the

angles 6 = g and ¢ = 5?“
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T T, ST
|[+)4 = cos 7+ singjel 3

|-)a = sin — cos < je'3
— =Sin—-——cos—je
A 3 4]

The input state to the Stern-Gerlach analyzer is aligned along the direction B defined by the

angles 6 =E and ¢ =g.
LS
|+)B=cosz+smzje 3
LT L
|—)B=st—cosZ]e 3

When A is the output state, 4(+|+)p =A°B and 4(+|—)p =A°B,
|+)s =B and |—)z =B,

.5TC LT
T PN LA T L M. =
AoB = {cos;+ sm;]el 3 } ° {cosz+ SLnZ]eL3}

B is conjugated while taking the complex dot product

5T LT
T LML — T LML —
AoB = {cos§+ SlTl;]el 3 }{cosz— st]elz}

{ T T .ﬂ.iS_ﬂ.ﬂ.iz}
=1cos—cos——sin—je' 3 sin—je'3
3°9°% 3/ 3/

b1 b1 Lo . m, 9m, T , T

= {cos; cos  — sinzsin, je's je's * sin, is a real number
.5TC .TC .5TC .5TC

T T . T, T —[— — — . —[— .

={cos;cosz+sm§smze l3el3} ~e3j becomes je™'3 and jj = —1

= (0.35355) — 0.30619 + 0.53033i
AoB =0.04736 + 0.53033i

AA is the square of magnitude of a 3-D number.
Probability of Bin A, P (4+), = (0.04736 + 0.53033i) = (0.04736— 0.53033i)
PA<+|+)B = 28.349%
2) Now, we will convert 4 and B into expanded form and then find out the probability.
5
[4+)a = cosg + singjelT1T
[+)4a = 0.5 + 0.866025j(0.5 — 0.8660251)
[+)a = 0.5+ 0.433013j — 0.75ji

|+)g = cos—+ sinje'3
B = COS4 Sln4]€
[+)p = 0.707107 + 0.3535535) + 0.612372ji

Considering the above two spinors as spin numbers or 3-D numbers,
Ao°B ={0.5+0.433013j — 0.75ji} {0.707107 + 0.3535535j + 0.612372ji}

AoB ={0.5+0.433013j — 0.75ji}{0.707107 — 0.3535535j — 0.612372ji}

(3-D number B is conjugated on changing the sign to multiplication while taking a complex dot
product)
= {[0.5 * 0.707107] + [0.433013j * (—0.3535535j)] + (—0.75ji) * (—0.612372ji)]}

+{[0.433013j = (=0.612372ji)] + [(—0.75ji) * (—0.3535535j)]}
(While taking the complex dot product like a spinor, we will find only terms having a real
number and i as a factor. We will not find out the results of terms having j and ji as

factors.)
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= {0.3535535 + 0.153093 — 0.459279} + {0.265165i + 0.265165i}
Ao B =0.04736 + 0.53033i
PA<+|+>B = 28349%
3) We will compute the probability of finding |+)g in |—)a, i.e., P_a.
T T, 5m
=) = sin§ - cos§je'T
|-)4 = 0.866025 — 0.25j + 0.433013ji
We know that |—), =4,
+)p = COS~ + sin—je's
[+)5 —cos4 sm4]e
|[4) = 0.707107 + 0.3535535j + 0.612372ji

Considering the above two spinors as 3-D numbers,
A, o B ={0.866025 — 0.25j + 0.433013ji} o {0.707107 + 0.3535535j + 0.612372ji}

A, o B = {0.866025 — 0.25j + 0.433013;i}{0.707107 — 0.3535535j — 0.612372ji}
= {[0.866025 * 0.707107] + [—0.25] * (—0.3535535j)] + [(0.433013ji) *
(—0.612372ji)]} +{[—0.25j * (—0.612372ji)] + [(0.433013ji) * (—0.3535535)]}
= {0.612372 — 0.088388 + 0.265165} + {—0.153093i — 0.153093i}

A, oB =0.789149 + 0.306186i

P 1) = (0.789149 + 0.306186i)* (0.789149 — 0.306186i)
PA(_|+>B = 71651%
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Appendix VI. Projection of a 3-D number with an overall phase

1) Consider the 3-D number trigonometric form with an overall phase of e for 3-D number A and
e'® for 3-D number B.

A = cosae + sinaje'Pe’

B = cosfe® + sinfje'?et®
Ao B = (cosae’ + sinajefel¥ ) o (coshe'® + sinfje'?e'd)
-is

Ao B = (cosae? + sinajefel¥ ) o (coshe % — sinfje?e'd)

(+ B is conjugated before taking the complex dot product)

Ao B = cosacosfe” e — sinasinfje'Pel je?el®

(~ sinf 1is a real number and multiplication obeys the commutative property)
Ao B = cosacosfee™® + sinasinfe~Fe~¥el¥eld
(v eBej=je e~ and jj=-1)
To find the perpendicular number of B being B, in 8 angle, we need to change 8 angle. In
spinor theory, for every |[+), there exists a |—),.
|+), = cosfe’® + sinfje'?eld

|-}, = sinfe'® — cosfje'?e'®

|—)n =B..

B, = sinfe'® — cos@jei?ei®
To get B, 0 angle should be —90°. To change the @ angle by —90°, the j-complex number
in B should be separated.
J-complex number = cosf + sinfj. Now, this number should be multiplied with -j.
(cosB + sinbj) * (—j) = sinB — cosOj

This is the perpendicular number of j-complex number in yz circle of a right handed unit
sphere.
Replacing j-complex number in B with its perpendicular number, i.e., sinf — cosfj, we will get

B,. However, we are not able to do so by simple multiplication as both terms of the j-complex
number are factors of complex numbers. Therefore, we need to find out a number by multiplying

which, we will get B .

To find B,, we have to find a number so that by multiplying it with a number to sinfje*?e’®
which is second term of B, we will get sinfe'® which is first term of B, .

Using the identity given in Section 13, if AB = C, then B = A™C

. if DE =F, then E = D™'F

sinfje'®e!d x ? = sinfe'®

Here D = sinfje'?e!d,F = sinfe'® and we have to find E = DF

1 ] s A
- * sinfe’ v ATl = —
sin26 AA

E = (—sinfje?e'®)
E = —(jei®eideis)
Therefore, if we multiply  sinfje?e®® with —(je?e®e®d), we will get sinfe®®. Now,
multiplying B with —(je!?e®eid),

B, = (cosfe® + singje@eid ) x [—(jel¥eded)]
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B, = (—cosfe®je¥eideld — sinfjei?eldjeieifeid)
B, = (—sinfjje e Bei¥eidei® — cosheidePjeiveld)
B, = sinfe'® — cosBje?ei®

Ao B, = (cosae? + sinajefe® ) o (sinfe’® — cosje'?e’®)

Ao B, = (cosae” + sinajefe’ )(sinfe~ + cosfjei?e'd)

Ao B, = (cosasinfe e~ — sinacosfe e ¥elveld)

This is cross product in true sense. It is an orthogonal complex dot product. To get vector
cross product, we have to multiply A.B, with e e je’® which is the conjugate of
_(e—itpe—iSjeid).

AxB =(cosasinfe?e~% — sinacosfe Fe~Vel?ei® ) x(e~¥ e ¥jeld)
-is

~ A xB =(sinacosfjefeYe~% — cosasinfje Ve'?e'®)

With the above result in hand, we will find a shortcut to arrive at the result. Let A~ B=C

C=AB
B = cosfe~% — sinfje'e'®
C = (cosae + sinajefe’)  (cosfe™® — sinfje'?e’®)

C = (cosacosfe e~ + sinasinfe~#Fe~Vel¥e®) + (sinacosfjefer e~i

— cosasinfje 7 e®eid)
Therefore, € is truly the quotient of the division. It can be seen that first part of C is the

complex dot product (A4 o B) and second part is cross product (4 X B).
~ A+B=(A°B)+ (AXB)

2)If A~B=C then A=CB
The complex dot products Ao B and A B, are the complex numbers. These numbers can be

multiplied with B and B, to arrive at A.

A={(A°B)*B}+{(A°B,) *B,}

(Ao B) * B = (cosacosfe” e + sinasinfe Fe~Vel¥eld) x (cosfe'd + sinfjei®e'd)

(Ao B) * B = (cosacosOcosfe’ + cosacosOsinfje " e®e?e® + sinacosOsinfe Fe ¥elveideld
+ sinasinfsinfje'Pe’)

-is

Ao B, * B, = (cosasinfe” e~ — sinacosfe Fe ¥ e¥eld ) « (sinfe's — cosfje’?e'd)

Ao B, B, = (cosasinfsinfe’ — cosacosfsinfje~Ve®ei?eid — sinacosfsinfe FeVei?eifeld
+ sinacos@cosfjetfeir)

A={(A°B)*B}+{(A°B,) *B,}

A = (cosacosfcosfe + cosacosOsinfje~Velde?e'd + sinacosOsinfeFe~el¥eideld
+ sinasinfsinfje'P e )+ (cosasinfsinfe” — cosacosOsinfje~Vele'veld
— sinacosfsinfe"F e~V el®eibeld + sinacosOcosbjefel?)

A = cosacosBcosBe’ + sinasinfsinbjef e’ + cosasinfsinfe’ + sinacosbcosbjeif ey

A = cosae' (cosfcosh + sinfsind) + sinajef e’ (cosOcosO + sinfsind)

A = cosae + sinaje'Pe’”

In the beginning, we have assumed that |—); =B,. We have proved that

A={(A°B)*B}+{(A°B,) *B,}

Therefore, |—)p =B, is proved.
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Appendix VIL Illustrations of operations on 3-D numbers

[lustrations of the different operations on 3-D numbers are given below.
1) Addition:
Mlustration 1:
(2 + 30 + 4j + 5ji}
+ {6+ 7i +8j +9ji}
=(8 + 10i + 12 + 14ji}
2) Subtraction:

Ilustration 2:
{6 +7i +8j + 9ji}

—{2 4 3i + 4 + 5ji}
={4 + 4i + 4] + 4ji}
3) Multiplication:

Illustration 3:
{0.70 + 0.51i + 0.40j + 0.29ji} = {0.48 + 0.82i + 0.15j + 0.27ji}

= ({0.70 + 0.51i + 0.40j + 0.29ji} * 0.48) +
(£0.70 + 0.51i + 0.40j + 0.29ji} = 0.82i) +
(£0.70 + 0.51i + 0.40j + 0.29ji} = 0.15)) +
(£0.70 + 0.51i + 0.40/ + 0.29ji} * 0.27ji)

= (+0.3360 + 0.2448i + 0.1920j + 0.1392ji) +
(—0.4182 + 0.5740i — 0.2378; + 0.328]i) +
(—0.0600 + 0.0435i + 0.1050; — 0.0765ji) +
(—0.0783 — 0.108i + 0.1377j + 0.1890j)

= {—2205 + 0.7543i + 0.1969j + 0.5797ji}

4) Division:
Ilustration 4:
{4 — 44i — 22j + 100/i} (2 —3i — 4j — 5ji}
= {4 —44i —22j + 100ji
Z+3itaro - M- 22+ 100j 54

{144 —305i + 230/ + 35/i}
N 27

5) Conversion to trigonometric form:
[lustration 5:

s={(V3 + 1) +j1++V3i)}

Find the magnitude, r = \/ (ax)?+(bx)? + (cy)?+(dy)?
r={3+ i+j++V3ji}

r= J(\/§)2+(1)2 + (1)2+(\/§)2

r=2v2
Taking out the magnitude,

S=2\/§{(\/§g +£i>+j(£+£\/§i)} =

B
*|S

4 44

=

arts separately

o

Find out the magnitude of (ﬁg + gi) and (\/Tij + gﬁji )
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4

Magnitude of (V3 2 +£i as well as £+ﬁﬁi is V2. Taking this magnitude outside
gn 4 4 4 4 g gn

the respective terms,
O E(INE i L VE .
S = 2\/5{7(? + 05l) +?] (05 + 71 )}
Converting the same into trigonometric form s = r{cosae? + sinajefe’}

Then, a¢ = 45°, y =30°, B+y =60° f=30°

6) Rotation:
Illustration 6:

Za+o}er{Zja+n}
Conjugate of {\/2—7 a1+ i)} is {é—i 1- i)}
Multiplying the conjugate and further multiplying with {g JICE ) }
(Zavo)-{a-o}(Zas0)=(Za o)

(Fo-of (oo (-2} (35}

(- 2)(2-)
=ji

AZa+ )i 250 +0 )

Appendix VIII. Table of Notations and Symbols

[+), |-) Basis kets of complex vector space. '+ denotes spin-up and ‘- denotes spin-down
direction

[y) General quantum state vector which is a linear combination of two basis kets

(+, (-l ‘Bra’ is a conjugate of ket. To get a conjugate, change the complex number factor of

bra to its conjugate
(Wl General quantum state vector which is a linear combination of two basis bras

) |- L1 .. . . . . L
[+)ns |=n General spin > superposition state vector in spin-up direction and spin-down
direction

Angle between |+) ketand |—) ket

¢ Angle of phase difference of a spinor or 3-D number. The difference between angles
of |+) ketand |—) ket

) Angle of overall phase of a spinor or 3-D number

r Magnitude of spinor or 3-D number

j Alternative notation to |-) ket. If j is used for |-) ket, |+) ket identification is
skipped

[+)a Spinor A in the spin-up direction

)5 Spinor B in the spin-down direction

a{+1+)5 Inner product of spinor A (output spinor) and spinor B (input spinor) under spinor
method

Pias Probability of getting input spinor B in the direction of output spinor A.
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| a(=I+)5| > The square of magnitude of inner product under spinor method which is equivalent
to Pia+p

Vector a, Vector b

al
ol

Qu

Inverse of vector a

>
S

3-D number A and 3-D number B. 3-D number is new notation for representing
spinor as a number. Alternative name for 3-D number is spin-number.

B, 3-D number which is perpendicular in the direction of 6 angle to 3-D number B
The star symbol for multiplication
Dot symbol for dot product of two vectors

° The small Circle symbol is for

* taking the dot product of complex numbers in two spinors by conjugating
the first spinor

* taking the sum of dot product of two vectors and i term in cross product
of two vectors

* taking the sum of the real number term and i term in the result of
division of two 3-D numbers

The final result is named as complex dot product.

x Cross symbol for taking cross product of two vectors
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