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Abstract: We study the influence of high-order twisting phases on polarization states and optical
angular momentum of a vector light field with locally linear polarization and a hybrid state of
polarization (SoP). The initial SoP of a twisted vector optical field (TVOF) modulated by the high-
order twisting phase possesses various symmetric distributions. The propagating properties of a
high-order TVOF with locally linear polarization and hybrid SoP are explored, including the
intensity compression, expansion, and conversion between the linear and circular polarization
components. In particular, orbital angular momentum (OAM) appears in a high-order TVOF during
propagation where no OAM exists in the initial field. The variation of OAM distribution in cross-
section becomes more frequent with the increase of the twisting phase order. In addition, a non-
symmetric OAM distribution appears in an anisotropic TVOF, leading to the rotation of the beam
around the propagation axis during propagation. These results provide a new approach for optical
field manipulation in a high-order TVOF.

Keywords: high-order twisting phases; state of polarization; vector optical fields; orbital angular
momentum

1. Introduction

In recent years, vector optical fields have attracted significant attention due to their unique
properties and wide-ranging applications in various fields, including optical communications [1],
imaging [2], and beam manipulation. These vector fields can possess characteristics such as complex
spatial structures [3], nonuniform polarization distribution [4,5], and novel phase distributions [6],
providing a new way to manipulate light precisely [7]. The concept of phase modulation in vector
optical fields originates from the study of wave optics and optical phase engineering. Early
investigations focused on controlling the spatial phase distribution [8,9] of light waves, leading to the
development of techniques such as spatial light modulators (SLMs) [10] and holography [11,12].
These methods allowed for the precise manipulation of phase profiles, enabling the generation of
structured light beams with tailored phase distributions [13]. Building upon these foundational
works, researchers began to explore the effect of spatial phase modulation on the scalar beam and the
vector optical fields. Many novel properties have been demonstrated with the effect of different phase
distributions on a vector optical field [14-18].

In 1993, Simon and Mukunda discovered an inseparable quadratic phase [19], termed the twist
phase, while searching for rotationally invariant partially coherent light fields. This twist phase can
induce beam rotation during transmission [20]. Research indicated that the twist phase can only exist
in partially coherent light fields due to constraints imposed by non-negative-definiteness conditions
[21]. In 2019, a new separable twisting phase was proposed [22], introducing the twist phase into fully
coherent beams. This provided a new method for generating and measuring scalar vortex beams. In
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2021, a high-order twisting phase (cross-phase) was introduced into Bessel-Gaussian beams [23],
offering a novel approach to shaping perfect optical vortices. Recently, we introduced the twisting
phase into vector beams, revealing that vector vortex beams can be dynamically manipulated using
the twisting phase [24]. Nevertheless, to date, the investigation of the effect of high-order twisting
phases on a vector light field still needs to be explored.

In this study, we investigated the properties of vector optical fields with high-order twisting
phases. The effect of a high-order twisting phase on the initial polarization distribution of vector
beams was analyzed. In particular, the evolution of polarization and orbital angular momentum in
vector optical fields with high-order twisting phases during propagation is demonstrated. The results
also contribute to the deeper understanding and utilization of twisted vector optical fields and shed
light on the origin and development of the corresponding research area, such as optical trapping,
high-capacity optical communications, and the generation of structured light for advanced imaging
and manipulation techniques.

2. Evolution of polarization state in a high-order twisted vector optical field

The form of the general twisting phase d(x, y) in Cartesian coordinates (x, y) is

6(x,y) = uxPy1 (1)

where u is the twisted strength of the twisting phase. The exponents p and g are both positive integers.
The sum p+q is referred to as the order of the twisted phase. When both exponents are equal to 1
(resulting in a sum of 2), it is termed a low-order twisting phase. Conversely, when the sum is greater
than 2 (i.e., p+¢>2), it is referred to as a high-order twisting phase. The twisted vector optical field at
the source plane with a twisting phase can be expressed as follows

E(x,y) = exp(—x?/a2) exp(—y?/a2) - [exp(i8) - 1 + exp(—ib) - €;] (2)

where o0, and o, is the waist radius of the beam in x- and y- directions, respectively. e; =
(ex —exp (iA0)ey), e, = (ex + exp (iAO)ey). e, and e, are the unit vectors in the x- and y-directions,
respectively. When 46 = 0, different spatial positions on the cross-section exhibit various states of
polarization (SoP), including linear, circular and elliptical polarization. If 40 =m /2, different
polarization directions of locally linear polarization can be observed at different positions on the
initial wavefront. The initial SoP for high-order twisted vector beams with locally linear polarization
(46 = m / 2) and hybrid polarization (46 = 0) are depicted in Figure 1, represented by the Stokes
parameters So (total intensity), Si(the linear polarization components in the horizontal and vertical
direction), Sz(the linear polarization components of 45°and 135°), and Ss (the left and right circular
polarization components). By comparing the differences of SoP between locally linear polarization
(as shown in Figure 1a) and hybrid SoP (as shown in Figure 1b), it can be observed that their S2 and
Ss parameters are mutually interchangeable, i.e., the Sz (or Ss) of a high-order twisted vector beam
with locally linear polarization is similar to the Ss (or S2) of the high-order twisted vector beam with
locally linear polarization. The SoP distributions of the initial fields are modulated by the twisting
phases, as shown in Figure 1. As recognized from Eq. (1), E (x, y) = exp(-x*/0x2) exp(-y3/0y?) - [exp(i0)
e1+ exp(-id) ez] = exp(-x¥/0x?) exp(-y2/oy?) - [cosO-ex+ exp(iAD)sind - ey]. As the position approaches the
origin (the values of x and y tend to be zero), the y-direction polarization component goes to zero to
form a x- polarized linear polarization. With the increase of the twisting phase orders, the region with
x- linear polarization in the beam center becomes broader, as evident from the distribution of Si in
Figure 1. If A=0, when the order of twisting phase p (or g) is odd, it results in a symmetrical
amplitude modulation to the SoP about the x-axis but an antisymmetrical amplitude modulation
about the y-axis. For A0 = 1/2, the odd order of twisting phase p (or q) leads to a symmetrical phase
modulation to the SoP about the x-axis but an antisymmetrical phase modulation about the y-axis.
However, if the order of twisting phase p (or g) is even, the modulations of the high-order twisting
phase to the SoP in the initial cross-section are symmetrical about the x (or y) axis either AG=0 or /2,
as shown in the first column in Figure 1.
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Figure 1. The Stokes parameters of twisted vector beams under different modulation parameters. The

parameters in the figure from columns 1 to 4 are, sequentially: p=1, g=1, u=12x10°; p=1, g=2, u=12x10%
p=2, q=4, u=12x10'8; p=1, q=2, u=12x10°. Plots in columns 1-3 represent isotropic beams with ox= oy =
0.9mm, while column 4 represents an anisotropic beam with 20x= oy = 1.8mm. Here the size of each
plot is 8500Ax8500A. (a) Locally linear polarized light field; (b) hybrid polarized light field.

For the twisted vector optical field with a high-order twisting phase, the distributions of SoP
(represented by the Stokes parameters) exhibit the following properties. The distributions of So and
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S1 always appear symmetric about the x or y-axis, denoting the symmetric distributions of total
intensity, x or y component intensity, as shown in Figure 1. In the case of locally linear polarized
optical fields (see Figure 1(a)), when both p and g are odd, the S: distributions show symmetric about
the origin but antisymmetric about the x and y-axis, representing the directions of polarization are
symmetric about the origin but antisymmetric about x and y axis, as shown in the first column in
Figure 1(a) for p=1 and g=1. If p (or g) is odd but g (or p) is even, the Sz is symmetric about y (or x) axis
but antisymmetric about the x (or y) axis. This corresponds to the directions of polarization that are
symmetric about the x (or y) axis but antisymmetric about the y (or x) axis, as shown in the second
and fourth columns in Figure 1(a) for p=1 and g=2. For the hybrid SoP (A0=0), the variation of initial
SoP distributions with the high-order twisting phase modulations are represented by Ss (replaced
with S2 for locally linear polarization in Figure 1(a)), as shown in Figure 1(b), denoting the
polarization direction changes of circular polarizations resulted from the modulation of high-order
twisting phases. It is seen that the fundamental physical properties resulting from the twisted phase
are similar to that of the locally linear polarization described above.

Under the paraxial approximation conditions, the vector twisted optical beam propagating in
free space can be expressed in the following form using the Rayleigh-Sommerfeld diffraction integral

formula,
izelkz [ x> y? X+ i —2xx) — 2y,
E,(x,y,2z) = — TR f f Eyo-exp (— 0—3() exp <— CT%) exp (lk > ) dxy dyy,
ikz 2 2 2 4 42 ©)
ize'™? X y L Xp+ Yy — 2xx9 — 2yY)
Ey(x,y,z) = — T j J Eyo - exp (— 0—3() exp (— 0—§> exp (lk > dx, dyy.

Similar to scalar twisted light fields [25,26], the vector light fields carrying a twisting phase experience
gradual compression and expansion during propagation in free space. Conversions between linear
and circular polarizations in a twisted vector light field occur during propagation. When the initial
light field is locally linearly polarized, the conversion to circular polarization from linear polarization
during propagation leads to S3 no longer being entirely zero as shown in Figure 2(a). The 45° and 135°
linear polarization components appear for the hybrid polarized twisted vector beam as the variation
of Sz values in Figure 2(b). All polarization components and the whole field perform gradual
compression and expansion during propagation. For the anisotropic beams with gx7 0y [22,23], the
influence of the high-order twisting phase on the SoP is similar to that of isotropic beams with ox=0y.
However, the intensity distribution of anisotropic beams is elliptical, unlike the circular shape of
isotropic beams. Moreover, the anisotropic twisted vector beam experience rotation during
propagation, as depicted in Figure 2(c).
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Figure 2. The Stokes parameters of various TVOF during transmission: (a) isotropic (ox=0y=0.9mm)
locally linearly polarized twisted vector optical beam, p=1, g=1, u=12x10¢; (b) isotropic (6x=0y=0.9mm)
hybrid-polarized twisted vector optical beam, p=1, g=2, u=12x10% (c) anisotropic (20~=0y=1.8mm)
locally linearly polarized twisted vector optical beam, p=2, =2, u=12x10'2,

3. Effect of a high-order twisting phase on the optical angular momentum

Polarization conversions between linear and circular, and the manipulation of optical angular
momentum in structured light fields are important topics in optical field manipulation, with
significant fundamental research interest and practical applications. The spin angular momentum
(SAM) relies on circular polarization (referred to the Ss in Figure 2), while the OAM is related to the
gradient phase distribution [27]. The SAM and OAM dentsities of structured beams in the focal region
can be calculated as follows:

S < Im[E *X E]
4)
L < Im[r x (E = (V)E)]

where Im[.] denotes the imaginary part, and the asterisk represents complex conjugation. S and L
describe the SAM and OAM densities, respectively. The linear-circular polarization conversion
during propagation leads to the SAM appearance even if there is no SAM in the initial field for the
locally linear twisted vector optical field, represented by Ss as shown in Figure 2(a). The evolutions
of SAM in a twisted vector optical field (TVOF) and conversions between linear and circular
polarizations for both locally linear polarized and hybrid SoP during propagation are sensitively
dependent to the twisting phase orders p and g as shown in Figure 2.

Distinct from the spin angular momentum associated with circular polarization, the OAM
characteristics are related to the gradient phase distribution. There are no OAM distributions in the
initial TVOF. However, different (positive and negative) OAM distributions in the cross-section will
appear because of the twisting phase during propagation, as shown in Figure 3. The effect of a low-
order twisting phase is similar to that of cylindrical lenses [28], leading to the generation of OAM [29].
With the increase of the twisting phase order, the variation of OAM distribution becomes more
frequent, leading to more (positive or negative) extreme values of OAM distribution in the cross-
section. In particular, a nonsymmetric OAM distribution appears due to the unequal field
distributions in x and y directions for an anisotropic TVOF, leading to the beam rotation during
propagation, as shown in Figure 3(c) for 20x=0y=1.8mm. These results offer a new approach to
manipulate the SoP and optical angular momentum in a high-order TVOF.
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Figure 3. The OAM evolution of TVOF under different parameters: (a) isotropic (ox=0y=0.9mm),
locally linearly polarized; (b) isotropic(ox=0y=0.9mm), hybrid-polarized; (c) anisotropic (20x= oy =
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1.8mm), locally linearly polarized. The first, second and third rows are sequentially: p=1, =1, p =1, g
=2andp=2,¢q=2.

4. Discussion

As a novel phase, the effect of a high-order twisting phase on TVOF with locally linear
polarization and a hybrid SoP results in novel SoP distributions and propagation dynamics. Similar
to the low-order twisting phase with p=1 and g=1, the TVOF with high-order twisting phases also
performs the intensity compression and expansion, conversion between the linear and circular
polarizations and the appearance of OAM during propagation. However, with the order increase of
the high-order twisting phase, these phenomena occur earlier and the variation of OAM distribution
becomes more frequent during propagation. Nonsymmetric OAM distributions appear in anisotropic
TVOF (o, # g,) which are closely related to the orders of twisting phases, leading to the rotation of
the beam around the propagation axis. The findings presented in this study offer valuable insights
into the properties and behavior of vector optical fields with high-order twisting phase modulation,
providing a foundation for further advancements in optical field manipulation and potential
applications in optical communications, imaging, and micro-particle manipulation.

5. Conclusion

In summary, the influence of the high-order twisting phase on polarization states and the optical
angular momentum of a vector light field is investigated in this work. The initial SoP of a TVOF is
modulated by the high-order twisting phases, leading to novel SoP distributions with various
symmetries. The propagating properties of high-order TVOF with locally linear polarization and
hybrid SoP are explored including the intensity compression and expansion, conversion between the
linear and circular polarization components, and appearance of OAM during propagation. These
phenomena occur earlier with the increasing order of the twisting phase. In addition, a nonsymmetric
OAM distribution appears in an anisotropic TVOF, leading to beam rotation around the propagation
axis during propagation. These findings offer a new approach to optical field manipulation and may
find potential applications in the corresponding field.
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