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Abstract: In this paper, we demonstrate a useful interaction between the theory of clique partitions,
edge clique covers of a graph, and the spectra of graphs. Using a clique partition and an edge
clique cover of a graph we introduce the notion of a vertex-clique incidence matrix for a graph and
produce new lower bounds for the negative eigenvalues and negative inertia of a graph. Moreover,
utilizing these vertex-clique incidence matrices, we generalize several notions such as the signless
Laplacian matrix, and develop bounds on the incidence energy and the signless Laplacian energy
of the graph. More generally, we also consider the set S(G) of all real-valued symmetric matrices
whose off-diagonal entries are nonzero precisely when the corresponding vertices of the graph are
adjacent. An important parameter in this setting is q(G), and is defined to be the minimum number
of distinct eigenvalues over all matrices in S(G). For a given graph G the concept of a vertex-clique
incidence matrix associated with an edge clique cover is applied to establish several classes of graphs
with g(G) = 2.
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1. Introduction

Let G = (V,E) be a simple undirected graph with n vertices and m edges. A cligue in G is a
subset C C V such that all vertices in C are adjacent. An edge clique cover F of G is a set of cliques
F = {Cy,Cy,...,Cy} that together contain each edge of G at least once. The smallest size of an edge
clique cover of G is called the edge clique cover number of G and is denoted by cc(G). An edge clique
cover of G with size cc(G) is referred to as a minimum edge clique cover of G. A special case of an edge
clique cover in which every edge belongs to exactly one clique is called a clique partition of G. The size
of the smallest clique partition of G is called the clique partition number of G, and is denoted by cp(G).
A clique partition of G with size cp(G) is referred to as a minimum clique partition of G. It is clear that
both cc(G) and cp(G) exist as E forms a clique partition (and hence an edge clique cover) of G. Further
note that any minimum clique partition does not contain any cliques of size one, and, by convention,
the clique partition number of the empty graph is defined to be zero. Information concerning clique
partitions and edge clique covers of a graph can be found in the works [8,14,27,30].

Before defining the various matrices associated with a graph, we make note of the standard matrix
notations: I, to denote the n x n identity matrix; O to denote the zero matrix (size determined by
context); | to denote the all ones matrix (size determined by context); and II to denote the all ones
vector (size determined by context).

Givenagraph Gwith V = {1,2,...,n} and E = {ey, es,...,em}, the (vertex-edge) incidence matrix
M of G is the n x m matrix defined as follows: the rows and the columns of M are indexed by V
and E, respectively; and the (i, j)-entry of M is 0 if i ¢ ¢; and 1 otherwise. Similarly, the adjacency
matrix A = A(G) = (a;) is a (0,1)-matrix of G such that a;; = 1if ij € E(G) and 0 otherwise. It is
well-known that [18]

MMT' = Q(G), and M™M= A(Lg) + 21, (1)

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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where D(G) is the diagonal matrix of vertex degrees (d; = deg(i), i = 1,2,...,n) and the matrix
Q(G) = D(G) + A(G) is known as the signless Laplacian matrix of the graph G; the line graph, Lg, of
the graph G is the graph whose vertex set is in one-to-one correspondence with the set of edges of
G, where two vertices of L are adjacent if and only if the corresponding edges in G have a vertex in
common [22]. Finally, the equations in (1) imply an important spectral relation between the signless
Laplacian matrix Q(G) and A (L), see Lemma 6.

As we are also interested in studying more general symmetric matrices associated to a graph on
n vertices, we let S(G) denote the collection of real symmetric matrices A = (a;;) such that for i # j,
a;j # 0if and only if ij € E(G). The main diagonal entries of any such A in S(G) are not constrained.
Observe that for any graph G, both Q(G) and A(G) belong to S(G).

We denote the spectrum of A, i.e., the multiset of eigenvalues of A, by Spec(A). In particular,

Spec(A) = {Alm], Alml Ay

where the distinct eigenvalues of A are givenby A1 < A < -+ < A, with corresponding multiplicities
of these eigenvalues are my,mj, ..., m, respectively. Further we consider the ordered multiplicity list
of A as the sequence m(A) = (my,my, ..., mg). For brevity, a simple eigenvalue /\,[cl] is simply denoted
by /\k.

Given a graph G, the spectral invariant q(G) is defined as follows:
7(G) =min{q(A) : A€ S(G)},

where g(A) is the number of distinct eigenvalues of A (see [2,25]). The spectral invariant g(G) is
called the minimum number of distinct eigenvalues of the graph G. The class of matrices S(G) has been of
interest to many researchers recently (see [15,16,16,17] and the references therein), and there has been
considerable development on the inverse eigenvalue problem for graphs (see [23]) which continues
to receive considerable and deserved attention, as it remains one of the most interesting unresolved
issues in combinatorial matrix theory. Recently, J. Ahn et al. [3] offered a complete solution to the
ordered multiplicity inverse eigenvalue problem for graphs on six vertices.

Using the notions of clique partitions and edge clique covers of a graph we generalize the
conventional vertex-edge incidence matrix M by considering a new incidence matrix called the
vertex-clique incidence matrix of a graph. Suppose F = {C1,Cy,...,Ci} is an edge clique cover of a
graph G with V.= {1,2,...,n}. The vertex-clique incidence matrix Mf of G associated with the
edge clique cover F is defined as follows: the (i, j)-entry of Mr is real and nonzero if and only if
the vertex i belongs to the clique C; € F. In the particular case when F is actually a clique partition,
the vertex-clique incidence matrix, in this case, is denoted by Mp, and the (i, j)-entry of Mp is
equal to one if and only if the vertex i belongs to the clique C; € F. We observe that for any graph
G the vertex-clique incidence matrix corresponding to a clique partition F, preserves several main
properties of its vertex-edge incidence matrix. For instance, in Section 3, MM ; = Dr + A, where
Dy = diug(ifllE , tg S, t£ ) with tf < d;, where both sequences tf and d; are in non-increasing order.
This fact enables us to determine new lower bounds for the negative eigenvalues of the graph.

The paper is organized as follows. In Section 2, we provide the necessary notions, notations,
and known results that are needed in the sections containing our main observations. In Section 3,
using the notion of a clique partition F of a graph G, we define signless Laplacian matrix of the
graph G associated with the clique partition F. A new graph P; is introduced as a generalization
for the line graph of G. In Subsection 3.1, applying this new theory of a vertex-clique incidence
matrix, we produce lower bounds for the negative eigenvalues of the graph. Moreover, we present
lower bounds for the negative inertia v~ (G) of a graph G in terms of its order # and the rank of its
vertex-clique incidence matrix. We also provide a sufficient condition under which the well-known
inequality v~ (G) < n — a(G) holds with equality, where a(G) is the independence number of G. In
Subsection 3.2, we introduce new graph energies associated with a clique partition F of the graph G
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and study several associated properties. Moreover, new upper bounds for the energies of the graph G
and its clique partition graph and line graph are determined. In Section 4, studies on the vertex-clique
incidence matrix of a graph associated with an edge clique cover lead to a derivation of some new
classes of graphs with q(G) = 2 (see also Subsection 4.1).

2. Notations and preliminaries

In this section, we list some known notions, notations, and results that are needed in the remaining
sections.

We start this section by introducing the notion of the eigenvalues of a graph. The eigenvalues
A1, Ag, ..., Ay of the adjacency matrix A(G) (or shortened to A when reference to the graph G is clear
from context) of the graph G are also called the eigenvalues of G. The number of positive (negative)
eigenvalues in the spectrum of the graph G is called the positive (negative) inertia of the graph G, and is
denoted by v (G) (v~ (G)). The energy of the graph G is defined as

E(G) =) Al @
i=1

Further details on various properties of graph energy can be found in [19,20,24,28,29]. Suppose
q1, G2, - - -, Gn be the eigenvalues of the matrix Q(G). Then the signless Laplacian energy of the graph G
is defined as [1]

n
2
LE+:LE+(G):Z]qi—7m\. €)
i=1

More information on properties of the signless Laplacian energy can be found in [1], and the energy of
a line graph and its relations with other graph energies are studied in [12,21].

A subgraph H of a graph G is a graph whose vertex set and edge set are subsets of those of G. If
H is a subgraph of G, then G is said to be a supergraph of H. The subgraph of G obtained by deleting
either a vertex v of G or an edge ¢ of G is denoted by G — v and G — ¢, respectively. Suppose H is a
graph on n vertices. Then we let K,,\ H denote the graph obtained from the complete graph, K;;, by
removing the edges from H. An independent set in the graph G is a set of vertices in G, no two of which
are adjacent. The independence number a(G) of G is the number of vertices in a largest independent set
of G. A matching in a graph G, is simply a collection of independent edges from G (i.e., no two edges
in a matching share a common vertex from G). Additionally, a matching is referred to as perfect if each
vertex from G is incident with one edge from the matching.

An n x n symmetric real matrix B is a positive semi-definite matrix if all of its eigenvalues are
nonnegative. In this case, we denote B > 0. For real symmetric matrices B and C, if B — C > 0, then
we write B > C.

Lemma 1. [7] Let A and B be Hermitian matrices of order n, and assume that A < B. Then for all
i=12,...,n,
Ai(A) < Ai(B),

where A;(M) is the ith largest eigenvalue of a square matrix M.

The following result was obtained in [18].

Lemma 2. [18] If B and C are matrices such that BC and CB are both defined, then BC and CB have the same
nonzero eigenvalues with the same multiplicity.

Let o denote the Schur (also known as the Hadamard or entry-wise) product. The n X n symmetric
matrix A has the Strong Spectral Property (or A has the SSP for short) if the only symmetric matrix X
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satisfying Ao X =0,Io X =0Oand [A, X] = AX — XA = Ois X = O (see [4]). The following result
is given in [4, Thm. 10].

Lemma 3. [4] If A € S(G) has the SSP, then every supergraph of G with the same vertex set has a matrix
realization that has the same spectrum as A and has the SSP.

Given two graphs G and H, the join of G and H, denoted by G V H, is the graph obtained from
G U H, by adding all possible edges between G and H. Suppose G is a graph with q(G) = 2. Then
among all matrix realizations A in S(G) with two distinct eigenvalues, we define the multiplicity
bi-partition [n — k, k] associated to A if the two eigenvalues of A has respective multiplicities n — k and
k. Further we define the minimal multiplicity bi-partition MB(G) to be the least integer k < [ 5] such
that G achieves the multiplicity bi-partition [n — k, k]. We close this section with two useful results
concerning specific classes of graphs realizing two distinct eigenvalues with respect to the set S(G).

Lemma 4. [6,9] Let G be a connected graph on n vertices. Then
(1) MB(G) = 1 ifand only if G is the complete graph, K,,.
(2) MB(G) = 2 if and only if

G = (Kp, UKy,) V (Kp, UKy,) V... (Kp, UKy, )

for non-negative integers p1, ..., Px, q1, - - -, Gk with k > 1, and G is not isomorphic to either one of a complete
graphor G = (Kp, UKy, ) V Ky.

Lemma 5. [26] If G is a connected graph of order n € {I,14+ 1,142} and ny,...,n; € N, then q(G V
YjelnKny) =2

3. Matrices associated with a clique partition

In this section, we use of the vertex-clique incidence matrix associated with a clique partition of a
graph G. Recall that for a graph G = (V, E) with the vertex set V = [n] = {1,2,...,n} and m = |E|
edges, and for a given clique partition F = {Cy1,Cy, ..., Ci} of G, consider the matrix M with rows
and columns indexed by the vertices in V and the cliques in F, respectively, such that the (i, j)-entry of
ME is equal to one if and only if the vertex i belongs to the clique C; € F. Observe that when F = E,
MF as simply the conventional incidence matrix of the graph G. For each vertex i € [n] of the graph G,
we define a new parameter tf = tf(G) to be the number of cliques in F containing the vertex i, that is,

tf =|{jelkl:CeF icC}.

We call tf(G) the clique-degree of the vertex i in graph G associated with F, and, without loss of
generality, we assume that tlf > tg > ... > tﬁ . Given clique partition F = {Cy,Cy, ..., Ci} of G, we
consider different possible classes of graphs as follows:

(i) The graph G is t clique-reqular if t} = - .. = th =t
(ii) The graph G is s cliqgue-uniform if |Cq| = - -- = |G| =,
(iii) The graph G is (s, t) reqularif tf = --- =t = tand |G| = --- = |G| =s.

Any graph is 2 clique-uniform and any d-regular graph is also d clique-regular using the trivial
clique partition F = E.

Let Dr be the n x n diagonal matrix with row and column indexed by the vertex set V with
(i,i)-entry equal to !, that is, D = diag(t!,...,t5). The inner product of any two distinct rows of
M indexed by vertices i and j is equal to the number of cliques in F containing the vertices i and j. By
definition of the clique partition F, if i and j are adjacent, then this number is equal to 1 and otherwise
0. This leads to the following result:
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Theorem 1. Let M be the vertex-clique incidence matrix of G associated with a given clique partition F. Then
MeME = Dp + A, where Dp = diag(tf, ..., th) and Ais the adjacency matrix of G.

As mentioned above, in the case of F = E, the matrix M is the incidence matrix M of G and
consequently, MrMI = MMT is the signless Laplacian matrix of G, where we assume that the
sequence of vertex degrees is ordered as d; > dy > --- > d,. Notice that in this case, tf = d; for
1 < i < n. Motivated by this observation, for any clique partition F we call QF = MpMF the signless
Laplacian matrix of the graph G associated with the clique partition F. Since we always have D > Dy, it
follows Q = D+ A > Dr+ A = Qr > 0. Now define the clique partition graph Pg with k vertices,
where each vertex i corresponds to each clique C; in F such that each pair of vertices of P are adjacent
if and only if the corresponding cliques in F have a vertex in common. If F = E, then P; = Lg,
that is, the line graph of G. The inner product of two columns of MF is nonzero if and only if the
corresponding cliques have a common vertex. From the definition of a clique partition, this nonzero
value must be 1. These facts immediately yield the following result:

Theorem 2. Let Mp be the incidence matrix of G associated with a clique partition F. Then MEMp =
Sr + A(Pg), where Sp = diag(st, ..., sf) and st = |Cj| and A(Pg) stands for the adjacency matrix of the
graph Pg.

For the case of F = E, we have MfMp = MTM = 21I,, 4+ A(Lg), and Pz = Lg so s = 2 for
1<i<k=m.

3.1. Applications of the vertex-clique incidence matrix to graph spectrum

In this section, we develop several results on the spectrum of the graph G and its clique partition
graph Pg by the vertex-clique incidence matrix of a graph. Considering Rp = MEMf with Lemma 2
we conclude that the nonzero eigenvalues of matrices Qr and R are the same. This fact leads to the
following basic results.

Theorem 3. We have the following.

(Z) Ifl <i< min{n,k}, then )LZ‘(QP) = /\Z‘(RF).

(ii) If min{n, k} = nthen A;(Rg) =0forn+1<i<k.
(iii) If min{n, k} =k then A;(Qp) =0fork+1<i<n.

Recall that if F = E, then Qr = Q and Rr = 2, + A(Lg). Combining these equations with
Theorem 3 leads to the following well-known result [11,12]:

Lemma 6. Let G be a graph of order n with m edges. Then
q:(G) =2+ Ai(Lg) for1 <i < min{n,m}.
In particular if m > n then A;j(Lg) = —2 for i > n, and if n > m then q;(G) = 0 for i > m.

The following result is obtained by applying Theorem 3 for a (s, t) regular graph G with the clique
partition F.

Theorem 4. Let G be a (s, t) reqular graph of order n with a clique partition F of size k.
(i) If1 <i < min{n, k} then A;(G) — A;{(Pg) =s —t.

(ii) If min{n, k} = n then A;(Pg) = —sforn+1<i<k.

(iii) If min{n, k} =k then A;(G) = —tfork+1<i <mn.

do0i:10.20944/preprints202307.1338.v1
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Proof. (i) By Theorem 3 (i), if 1 <i < min{n, k}, then A;(QF) = A;(RE), thatis, A;(Dr + A(G)) =
/\i(SF + .A(PG)>, that is, /\i(tln + .A(G)) = /\i(SIk + .A(PG)), thatis, t + /\I(G) =S5+ /\I(PG)

(ii) By Theorem 3 (ii), if min{n,k} = nthen A;(Rr) = 0forn+1 <i < k, thatis, A;(sIy +.A(Pg)) =0
forn+1<i<kthatis, Aj(Pg) = —sforn+1<i<k.

(iii) By Theorem 3 (iii), if min{n, k} = kthen A;(QF) = 0fork+1 < i < n, thatis, A;(tI, + A(G)) =0
fork+1<i<mn,thatis, A;(G) = —tfork+1<i<n O

Example 5. (i) Considering the complete graph K, and its minimum clique partition F with only one
clique, we have M = 1,, MpMTL = ], and MIMp = [n]. Applying Theorem 4 here we have tf =1
for1 <i<mn,k=1andsl =n, thatis, K, isa (n,1) regular graph. From this with Theorem 4 (i) we
arrive at 1 + Aq(K,) = n+ A1(Ky), thatis, A1(K,,) = n — 1, and by Theorem 4 (iii), A;(K,) = —1 for
2<i<n.

(ii) Considering the clique partition

F= {c1 = {1,2,6},C, = {2,3,4},C3 = {1,3,5},Cy = {4,5,6}}

for G isomorphic to the complete tripartite graph Ky, (or G = Ky 5 ) in Figure 1, we have st = 3 for
i € 4] and tf =2 for j € [6]. Then G is a (3,2) regular graph. Moreover,

101 0 211011
1100 121101 311 1
0110 112110 1311
Me=1 o101 "% o1 1211 " 1131
001 1 101121 111 3
100 1 110112

and by Theorem 4, we have A;(G) =1+ A;(Pg) for 1 <i < 4and A;(G) = —2 for i = 5,6. From these
facts with Pg = Ky, we arrive at Spec(G) = {4,0,0,0, -2, —2}.

4

6\2/
/\
1 — 3

Y

Figure 1. The graph G = Kj 5.

Now applying theory of clique partitions and vertex-clique incidence matrices, we obtain a new
lower bound for the smallest eigenvalue of a graph.

Theorem 6. Let G be a graph of order n and let t1 be the largest clique-degree of G with a given clique partition
F. Then

A(G) > —tE, (4)

Moreover, if equality holds in (4), then rank(Mp) < n and if rank(Mp) < n and G is clique-regular, then
equality holds in (4).

do0i:10.20944/preprints202307.1338.v1
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Proof. Since Qr = Dr + A is a positive semi-definite matrix, we have Dy > —.A and by Lemma 1 we
arrive at
Ai(Dp) > Ai(—A) for1 <i<n. (5)

Considering i = 1 we arrive at —1,(G) = A1(—A) < A1(Dg) = ], which gives the required result in
).

For the second part of the proof, suppose that A,(G) = —t!. Then A, (£ 1+ A) = 0. This with
the relation 0 < Qp = Dr + A < tH 1+ A, gives A,(Qf) = 0, that is, rank(Mf) = rank(Qf) < n.
Now we assume that tf = - = tE. If rank(Mp) < n then rank(QF) < n, thatis, A;(Qp) = 0 for
14k <i<n,thatis, t{ +1;(G) = 0as Qp = t{ 1 + A, thatis, A,(G) = —#] with the multiplicity at
leastn — k. O

Corollary 7. All regular bipartite graphs and all clique-regular graphs with n > |F| satisfy the equality in (4).

Proof. First we assume that G is a regular bipartite graph. Since G is bipartite, we have tf = d; for
i € [n] and g, = A,(Q) = 0. On the other hand, since G is regular, we have t/ = - .. = tf. These facts
with Theorem 6 gives the fact that all regular bipartite graphs satisfies the equality in (4).

Next assume that G is a clique-regular graph with n > k = |F|. Since rank(Mp) < min{n, k} <
k < n, the desired result is obtained by Theorem 6. [J

Theorem 6 holds for any clique partition F of G, which leads to the following result:

Corollary 8. Let G be a graph of order n and let t§ be the largest clique-degree of G with a given clique partition
F. Then
A(G) > — min t,

where the minimum is over all clique partitions F of G.

The following example shows that for the equality A,(G) = —t] the graph G does not need to be
clique-regular.

Example 9. For the graph G given in Figure 2, we have

F= {{1,2}, (2,3),{1,3,4,6,7}, {4,5}, {5,6}}.

This gives t = 2 fori € [6] and t; = 1. The graph is the line graph of the graph H = K1 V (2K, UKy) of
order 6 with 7 edges. Then the smallest eigenvalue of G is A7(G) = A7(Ly) = —2 = —tf while t¥ # t5.

AR

080

Figure 2. The Graph G.

In the following we provide a lower bound for the negative inertia of a graph G of order n.

do0i:10.20944/preprints202307.1338.v1
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Theorem 10. Let G be a graph of order n. Then

v (G)>n-— mFin rank(Mp), (6)

where minimum is over all clique partitions F of G. Moreover, if ming rank(Mg) < n, then —tf < A;(G) <
—th for 1+ mFinmnk(/\/lp) <i<n.

Proof. If mFin rank(Mpg) = n, then the result in (6) is obvious. Assume that F; is a clique partition of G
with rank(Mp,) = mFin rank(Mr) < n. In this case, since rank(Qr, ) = rank(MF, ) and QF, is positive
semi-definite matrix, we have A;(QF, ) = 0 for 1+ rank(Mp,) < i < n. From this and the fact that
th +1i(G) < Mi(QR) <t +1i(G), wehave —t! < A;(G) < —t; < 0for 1+ rank(Mp) <i <n,
which gives the desired results. [

The following result is obtained by Theorem 10 and the fact rank(Mp) < |F|.

Corollary 11. Let G be a graph of the order n and a clique partition F such that n > |F|. Then
(i) —t§ <X(G) < —th for |[F|+1<i<n.
(i) v (G) = n—|F|.

Considering F as a minimum clique partition of G, we arrive at the following result:

Corollary 12. Let G be a graph of the order n and clique partition number cp(G). If cp(G) < n, then
(i) —t§ <Xi(G) < —tE forep(G)+1<i<mn.
(ii) v~ (G) > n—cp(G).

For any graph G of order n we have [11]
a(G) <min{n —v (G), n—v*(G)}, )

where v~ and v are the negative and positive parts of the inertia, respectively of the graph G. This
implies that
v (G) <n—a(G). 8)

In the following we give a sufficient condition under which the equality in (8) holds.

Theorem 13. Let G be a graph of order n with the independence number «(G) and the clique partition
number cp(G). If F is a clique partition with rank(Mp) = a(G), then v~ (G) = n — a(G). In particular, if
cp(G) = a(G), thenv—(G) = n — a(G).

Proof. By Theorem 10 we have
v~ (G) > n—rank(Mp) = n —rank(Qr) = n(QF).

This fact along with (8) gives
1(Qr) <v(G) <n—a(G). ©)

The assumption that rank(Mg) = a(G) is equivalent to 7(Qp) = n — a(G). This with (9) gives the
first required result.

Without loss of generality, we may assume that the vertex set [¢] is a maximum independent set
in G and C; is a clique of a minimum clique partition F,, containing the vertex i € [«]. Now in Mp,
we consider the submatrix induced by the rows and columns corresponding to the vertex set [«] and
the clique set {C; : i € [a]}, respectively. Obviously, this square principal submatrix is equivalent
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to the identity matrix of size « and hence rank(Qp, ) > rank(ly) = a. Since rank(Qf,) < cp(G)
and using the assumption cp(G) = a(G) we arrive at rank(Qf, ) = a = rank(Mp, ) and therefore
v~ (G) = n — a(G) by the first part of the theorem. [

The following result is obtained from (5).

Theorem 14. Let G be a graph of order n and the negative inertia v Let tf be the ith largest clique-degree of
G with a clique partition F. Then for 1 <i <v~, we have

Aiis1(G) > —tf. (10)
Equality holds in (10) if G is a clique-reqular graph withv— = n — |F|.

Since R is a positive semi-definite matrix, by a similar manner used in the proof of Theorem 6,
we obtain the following result.

Theorem 15. Let G be a graph of order n with a clique partition F = {Cy,...,Ci} and let |C;| = st for
1<i< ksuchthatsiE > sg > ... > sf. Then

A(Pg) > —si. (11)
Equality holds in (11) if G is a st clique-uniform graph with k > n.

Proof. Since Rp = Sr + A(DPg) is a positive semi-definite matrix, we have S > —A(P;) and by
Lemma 1, it follows that
)\i(Sp) > )Ll'(—.A(PG)) for 1 <i< k. (12)

Considering i = 1 we have —Ay(P5) = A1(—A(Pg)) < A1(Sg) = st, which gives the required result
in (11).

Now assume that G is a si clique-uniform graph with k > n. By Theorem 3 (ii) with k > n,
we arrive at A;(Rp) = Oforn+1 < i < k. On the other hand, since sf = ... = s]f we have
Re = sty + A(P;), and consequently A;(Rf) = si + A;(Pg) = 0. Thatis, A;(Pg) = —s! for
n+1<i<k,thatis, At(Pg) = fsf with multiplicity at leastk —n. O

Theorem 15 holds for any clique partition F of G, which gives the following result:

Corollary 16. Let G be a graph of order n with a clique partition F = {Cy,...,Cy} and let |C;| = st for
1<i< ksuchthats{T > sg >0 > s,f. Then

Ak(Pg) > —minsf, (13)
where minimum is over all clique partitions F of G.

In the case of k > n, we have A;(Rf) = 0 for 1+ n < i < k by Theorem 3. Since sf + A;(P5) <
Ai(RE) < st +Ai(Pg), we get —st < A;(Pg) < —st < 0. We summarize this in the next result.

Theorem 17. Let G be a graph of order n and a clique partition F with |F| = k > n. Then
(i) —st <Aj(Pg) < —sf for1+n<i<k
(ii) v=(Pg) > k —n.

The following result follows from (12).
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Theorem 18. Let G be a graph of order n with a clique partition F = {Cy,...,Cy} and let |C;| = sf for
1 <i < ksuch that st > s§ > ... > sf. If Pg is the corresponding clique partition graph of G, then for
1<i<vy™ (PG)/

Ak-iv1(Pe) > =5’ (14)

Equality in (14) holds if G is a st clique-uniform graph with v—(Pg) = k — n.

The following concerns the signless Laplacian eigenvalues of a graph.

Theorem 19. Let G be a graph of order n and having a clique partition F with |F| = k and assume 1 < i <
min{n, k}.

(i) If G is a t clique-reqular graph, then q;(G) — A;(G) > t

(ii) If G is a s clique-uniform graph, then q;(G) — A;(Pg) > s.

Proof. From Section 3, the signless Laplacian matrix Q of G satisfies Q > Qp. This fact with Lemma
1 gives ;(G) > A;(QF), where g;(G) and A;(QF) are respectively, the ith largest signless Laplacian
eigenvalue of G and the the ith largest eigenvalue of matrix Q. Using the above analysis combined
with Theorem 3 and facts A;(QF) =t + A;(G) and A;(RE) = s + A;(Pg) implies the desired results in
(i) and (ii). O

3.2. Applications to energy of graphs and matrices

In this section, using the theory of vertex-clique incidence matrices of a graph, we introduce a
new notion of graph energies, as a generalization of the incidence energy and the signless Laplacian
energy of the graph. Finally, we present new upper bounds on energies of a graph, its clique partition
graph and line graph.

The energy £(G) of the graph G defined in (2) has the equivalent expressions as follows [12]:

vt
EG)=2Y A=2Y A, i1 =2 A=2 —A 15
Z; l; noi+] = 2 MAX Z 1rglg<xnz n-i+l (15)

where vt and v~ are respectively the positive and the negative inertia of G. Nikiforov [31-33] proposed
a significant extension and generalization of the graph energy concept. The energy of an r x s matrix B
is the summation of its singular values, that is,

B) = ia,-(B). (16)

Consonni and Todeschini [10] introduced an entire class of matrix-based quantities, defined as
n
Y |xi —x, (17)
i=1

where x1, xp, ..., x, are the eigenvalues of the respective matrix, and ¥ is their arithmetic mean.

According to (16) and (17), two types of energies can then be defined for any matrix B. The
incidence energy IE(G) of a graph G is defined to be the energy of the incidence matrix of G of the
type (16), i.e.,

IE(G) = E(M) = iai(M) = i VA(MTM) =) \/Ai(MMT) = f\@

i=1 i=1 i=1 i=1

do0i:10.20944/preprints202307.1338.v1
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Similarly, the vertex-clique incidence energy IEp(G) of G associated with the clique partition F is defined as
the energy of the vertex-clique incidence matrix Mg, i.e.,

k k
IEF(G) = EME) = Y ai(Mp) =Y \/Ai(MEME)
i=1 i=1
= Z \/ )\1 MFMT Z \/ )\z
i=1 i=1

Observe
Q- Qr=(D+A) — (Dr+ A) = D —Df = diag(dy — t£,dy —t5,...,d, — th) > 0.

From the above and using Lemma 1 we have q; = A;(Q) > A;(Qp) and, consequently, we have

1E:(G) = Y-\ /A Q) < - v = 1K)

with equality if and only if F = E.

Moreover,
Y A(QF) =Y th, Y ANQF) = E((tf)z +1).
= 4 4 4

Applying the fact that the diagonal entries are majorized by the eigenvalues of Qr and by a similar
method given in [13] it can be shown that

n n
Y A(QE) <) \/E
i=1 i=1
Considering the energy of the matrix Qr of the type (17) gives

Q) = i |Ai(QF) — 1,
i=1

(18)

_ n tF
where t = E’:Tltl The energy £(QF) can be viewed as a generalization of the signless Laplacian energy

LE'(G) of G which is defined as follows [1]:

LE*(G) = Z g —

Due to the similarity of the definitions for signless Laplacian energy LE™ (G) and £(QF) it follows that
in most cases, results derived about LE™ (G) can be generalized to £(QF). For example, from Lemma
2.12in [12] for LE™ (G), we obtain the following:

1<j<n

E(QF) = max{ Z/\ (QF) th} i Ai(QF) —2tT, (19)

where 7 is the largest positive integer such that A (Qf) > t.
Using a method similar to the proof of Corollary 5 in [35] for QF — [ = Dp — tI + A, we have

E(QrF) — th — .
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In the next result, we show that for a clique-regular graph G associated with a clique partition F,

E(Qr) = £(G).
Theorem 20. If G is a clique-regular graph associated with a clique partition F, then £(Qr) = £(G).

Proof. Suppose that G is t clique-regular. Then

n +F n
E(Qr) =) |Ai(Qr) — Lk ZI?\z (QrF) — ¢

i=1 i=1
n n

=) Wi(Dr+ AG)) =t = }_ INi(t + A(G)) — ¢]
i=1 i=1

=) IMi(G)| = £(G)
i=1

O
Note that for any t clique-regular graph G, we have IEp( 1 VA(QF) = XL VE+ A

Next we show that for a clique-uniform graph G we have £ (RF) & (PG).
Theorem 21. If G is a clique-uniform graph with the clique partition graph Pg, then £(Rr) = E(Pg).

Proof. Suppose that G is a s clique-uniform graph. Then

k
l

k
=) )Ai(RP) - 1
i-1

Sk
SELL = Y A(RE) — s
=

k k
= |Ai(Se+ A(Pg)) —s| = ) |Ai(sI + A(Pg)) — |
i1

i=1

= ; [Ai(Pg)| = E(Pg)-

O
Note that for any s clique-uniform graph G with the clique partition graph Pg, we have

k

n k
IEF(G) = ) \/Ai(Qr) = ) \/Ai(RE) = ) \/s + Ai(Po).
i=1

i=1 i=1

In [12] Theorem 3.3, a relation between the energy of the line graph £(Lg) and the signless
Laplacian energy LE™(G) of G is given. In the following, we generalize this result by using the notion
of clique partition of a graph and we provide a comparison between the energy of the clique partition
graph &(Pg) of Pg and £(QpF). For this we need the following lemma, which is obtained from Theorem
3 and is a generalization of Lemma 6.

Lemma 7. Let G be an s clique-uniform graph of order n associated with a clique partition F where |F| = k.
Then
)Ll‘(Qp) = )\i(PG) +35, fOT i€ {1, e ,min{n,k}}.

Theorem 22. Let G be an s clique-uniform graph of order n associated with a clique partition F where |F| = k.
(i) Ifk < n, then £(Pg) < £(QF) + & — 2.

(if) Ifk > n, then E(Pg) > £(Qp) + 2 — 2s.

(iii) Ifk = n, then E(Pg) = £(QF).
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Proof. (i)Letvt = v"(Pg) < k < n. By Lemma 7 we have
vt vt vt
Y Ai(Pe) =) (Ai(QF) —s) = ) Ai(Qp) —sv™.
i=1 i=1 i=1
On the other hand, from (15) we have
v+ v+ Z Z
g(PG):ZZAZ(PG) = ZZAi(Qp)—ZSVJr + =1 l +2v + an l
i=1 =
< &(9r) —251/*—1—21/+§ as (19) itf = ks
f— n 7 ‘:l 1
+ (ks +
= &(QF)+2v o TS asv >1,k<n
2ks
< E(QF)+— —2s.
(ii) Recall that T is the largest positive integer such that A(Qf) > ¢ S andlett < n < k.

Again by Lemma 7 we have
T

Y A(QF) = Y (Ai(Po)) + 7.

i=1 i=1
On the other hand, by (19) and Lemma 7 we have

T
£(Qr) —22/\ Qr) —LkST 2y Ai(Pg) +2sr—72’;”
i=1

From (15) with the above equation we have

£(P) 221 M(Pe) = £(@5) 427 (7 =) 2 £(0p) + 57 -

(iii) If k # n, then £(Pg) # £(QF) by (i) and (ii), i.e., if £(Pg) = £(QF), then k = n. It suffices
to show that if k = n, then £(Pg) = £(Qr). Indeed, if k = n, then

ﬁ=iw%)’1W—DA%—

From the fact k = n with Lemma 7 we have £(QF) = Y/ ; [Ai(Pg)| = E(Pg). O

In the following, we present a new upper bound for the energy of a graph G.

Theorem 23. Let G be a graph of order n and the negative inertia v— = v~ (G) and let t be the i" largest
clique degree associated with the clique partition F, for 1 <i < n. Then

.
< 2mi F
E(G) < ZmFmi;tl,

where the minimum is given over all clique partitions F of G. Equality holds if G is a clique-reqular graph
associated with a minimum clique partition of size cp(G) =n —v~.
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Proof. From (15) and (10) we have
v v r
EG)=2) —Ay_ip1 <2) 1,
i=1 i=1

where tf is i" largest clique-degree of G associated with a clique partition F. Since this upper bound is
valid for any clique partition of G, we select the optimal value, namely, n}inZ Y/, tF. The second part

of the proof follows directly from Theorem 14. [

Theorem 24. Let G be a graph of order n with the vertex degrees dy > dy > - -+ > dy,. Then

where h = min{v", v~ }.

Proof. Considering the fact t{ < d; for i € [n] along with Theorem 23 gives
.
E(G) <2) d. (20)
i=1

On the other hand, the Laplacian matrix L = D — A of G is a positive semi-definite matrix, so A < D.
From this with Lemma 1 we obtain A; < d; for 1 <i < n. Then £(G) =2 ZIV; A <2 ZZ-V; d;. Using
the previous inequality with (20) completes the proof. [J

From Theorem 23 with (7) we obtain the following upper bound for the energy of G:
n—u n—u
EG) <2y th<2y a,
i=1 i=1

where « is the independence number of the graph G. By (15) and (14) and applying a similar method
done for the proof of Theorem 23, we obtain the next result.

Theorem 25. Let G be a graph of order n with a clique partition F = {Cy,...,Cy} and let |C;| = sf for
1 <i < ksuch that sf > sg > > s,f. For the clique partition graph Pg of G, we have

v (Fo) ;
g(PG)§2ml_}n ; S; .

Equality holds if G is a clique-uniform graph associated with a minimum clique partition of size cp(G) =
n+v- (PG)-

Next, we present an upper bound for the energy £(Lg) of the line graph Lg with a full
characterization of the corresponding extreme graphs.

Theorem 26. Let G be a graph with the line graph L. Then
&(Lg) <4v™(Lg)- (21)

Equality holds if and only if G is a graph with connected components G; = (V;, E;) for i > 1 with n; = |V;| and
|E;| > 2, and possibly some isolated vertices or single edges. Further, each non-bipartite connected component

do0i:10.20944/preprints202307.1338.v1
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G; satisfies |E;| > |Vi| and g, > 2, and each bipartite connected component G; is either a 4-cycle or satisfies
Bl > Vil and g, 1 > 2.

Proof. As previously noted, if the clique partition F of G is as same as the edge set E of G, then si' =2
fori € [n] and Pg = L. This using Theorem 25, we have

V_(LG) V_(LG)
E(Lg)=2 Y, —Amin(Pc) <2 ), 2=4"(Lg), (22)
i=1 i=1

which gives the desired result in (21).

To characterize these extreme graphs in (21), we assume equality holds in (22). Then all negative
eigenvalues of P; must be —2 by (22). We then consider the following two cases:

Case 1) G is connected. First, assume that m > n. If G is non-bipartite, then by Lemma 6,
Ai(Lg) = —2forn+1 < i <mand Ay(Lg) = g —2 # —2 as q, # 0. Since A,(Lg) must be
nonnegative, we have g, > 2. Otherwise G is bipartite and by Lemma 6 along with the fact 4,(G) = 0,
Ai(Lg) = —2forn <i<mand Ay,_1(Lg) = gn—1 —2 # —2as g,_1 # 0. Since A,,_1(Lg) must be
nonnegative, it follows that q,,_; > 2. Next, assume that m = n. Since all negative eigenvalues of Lg
are equal to —2, we have Ay, (Lg) = An(Lg) = —2. If v~ =1, then Spec(Lg) = {2,0,0, —2} and then
L is the cycle graph Cy4 of order 4. Otherwise v~ > 2, and A,,_1 = —2, thatis, 4,1 = 0, which is a
contradiction as G is connected. Finally, assume that m < n. Since G is connected it must be a tree and
hence m = n — 1. In this case we have A, (Lg) = A,—1(Lg) = —2, thatis, g,—1 = 0, which again leads
to a contradiction.

Case 2) Assume G is disconnected. Since isolated vertices and single edges do not affect the
negative inertia of L, we may assume that G has connected components along with the possibility of
some isolated vertices and single edges. Now each connected component of G can be characterized by
the first case, and the proof is complete. [J

4. Vertex-clique incidence matrix of a graph associated with an edge clique cover

In this section, we consider a slightly more general object of the vertex-clique incidence matrix,
denoted by M, associated with an edge clique cover F of a graph G. Recall that the (i, j)-entry of Mg
is real and nonzero if and only if the vertex i belongs to the clique C; € F. To ensure MF ML € 5(G),
we arrange the entries of M such that the inner product of row i and column j (when 7 # j) in MF is
nonzero if and only if ij € E(G).

As noted in the introduction studying the graph parameter q(G) represents a critical step in the
much more general investigation of the inverse eigenvalue problem for graphs. One strategy for
minimizing the number of distinct eigenvalues of M ML, we instead consider minimizing the number
of distinct eigenvalues of ML M. Consequently achieving an upper bound on the parameter g(G).
The key technique used here is to generalize the vertex-clique incidence matrix obtained from an edge
clique cover by considering arbitrary positive real entries for Mr or any negative real entries for Mr
but paying careful attention to preserving the condition that Mr ML € S(G).

4.1. Applications to the minimum distinct eigenvalues of a graph

In this section, applying the tool of the vertex-clique incidence matrix of a graph associated with
its edge clique cover, we characterize a few new classes of graphs with g(G) = 2.

If G and H are graphs then the Cartesian product of G and H denoted by GLIH, is the graph on
the vertex set V(G) x V(H) with {g1,h} and {g2, h2} adjacent if and only if either ¢ = g, and I
and hy are adjacent in H or g1 and ¢, are adjacent in G and h; = hy. The first statement in the next
theorem can also be found in [2], however, we include a proof here to aid in establishing the second
claim in the result below.
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Theorem 27. Let G = K;UK; with s > 3. Then q(G) = 2 and G has an SSP matrix realization with two
distinct eigenvalues.

Proof. Let M = <ﬁ1> ,where M1 = J; — (s — 1) and M, = J; — I;. Then we have
2

M; mMI | My Ay | (s=1)I
A=MM" = MIMT) = L 2| = , 23
<M2> ( 1 2) <M2M1T | MoMT (s—1IL | A @3

where
Ay =MM =Mz =(s—1)2 s+ (2—5)]s, Ay=MMI =M =1L+ (s—2),
MM = MM, = (s — 1)1,
From the structure of A, we have A € 5(G). On the other hand,

M
MTM = (MlTMZT) (MD = MIM; + MIM, = (2—8)Js + (s — 1)L + s + (s — 2)Js = cl,

where ¢ = 52 — 25 4 2. Hence Spec(MMT) = {cl, 015/} and 4(G) = 2.
Now, we show that the matrix A has SSP. We need to prove that the only symmetric matrix
satisfying Ao X =0,[oX =0,and [A, X] = AX-XA=0is X =0.

O | X
From the two equations Ao X = O, I o X = O, X must have the following form: X = (X—T‘—Ol> ,
1
0 X12 ... Xis
x21 0 X2s , ] T
where X; = L ] . . The equality AX = XA gives X; = X;. Also, we have
Xs1 X2 - 0

A1 Xy = X14y,ie., [(s —1)%I; + (2 —5)Js) X1 = X1[Is + (s — 2)Js]. Hence sX; = XjJs + JsX1. Then
(sX1)ij = (X1Js + JsX1)ij for i,j € [s]. Consideringi = j = 1, we have (sX;)11 = 0 and (X1]s +
I:X1)i = 22;;1 x1j, and then Z;Zl x1j = 0. Considering (i,j) = (k,k) for 2 < k < s we arrive at
Z?:1 Xkj = 0 for 2 < k < s. This means that the row and column sums in X; are equal to zero. Now,
consider i,j € [s] where i # j. We have

S S
sxij = (sX1)ij = (X1Js + JsX1)ij = (X1Js)ij + (JsX1)ij = Y Xk + ) xjx = 0.
k=1 k=1
Thus X; = Os and consequently, X = O. Hence the proof is complete. [

Corollary 28. For even n, we have q(C,) = 2.

Proof. Let G = K, \H and let H be the graph obtained from the complete bipartite graph K, 5 ,,/2
by removing a perfect matching. Then by Theorem 27 and Lemma 3, for H or any subgraph of H,
g(G) = 2. Considering this with the fact that C,, is a subgraph of H, the result is obtained. [

Theorem 29. Let G be a graph obtained from (KsOKjy) V sKq by removing a perfect matching between sKq
and a copy of Ks. Then q(G) = 2 and G has an SSP matrix realization with two distinct eigenvalues.
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My
Proof. Let M = | M, |, where M; = | — (s — 1)Is and My = J; — I;. Considering the fact that M;
Is
and M, are symmetric, we have
M; MM | MyMI | My Ay (s—1I | My
A=MM" = | My | (M{M] L) = | MoMI [ MoMI [ Mo | = | G=DL | A | Mo |,
L M M, L My M, I
where
_ T _ a2 _ 2 _ T _ a2
Ay =MM] = M2 = (s —1)2L+ (2—5)]s, Ay =MyM} =M =TI+ (s—2),
MME = MM, = (s — 1) .
From the structure of A, we have A € S(G). On the other hand,
M
MTM = (MlTMZTIs) My | = MIMy + MIMy + 12 = 2= 8)Js+ (s — 1)L+ I+ (s — 2) Js + Is = cl,
I

where ¢ = s2 — 25 4 3. This gives Spec(MMT) = {cl¥l, 015}, which proves q(G) = 2.
Now, we show that the matrix A has SSP. We need to prove that the only symmetric matrix
satisfying Ao X =0,IoX =0,and [A, X] = AX-XA=0is X =0.

From the two equations AoX = O, IoX = O, X must have the following form:
0 x 0 0 X12 ... Xis
- 1 x1 0 X2s ,
X =|X{| O |X,|, where X; = L ) . , Xo = diag(y1,...,ys) and X3 =
O | X | X3 : - - :
Xs1 Xs2 ... 0
0 Z12 ... Z1s
zip 0 22

. The matrix equation
Z1s 225 ... O
AX = XA (24)
gives X1 = Xir. From (24) we also have M Xy + X3 = Xo My + X3, ie., (Js — L) X2 = Xa(Js — I5), i.e.,
JsXo = XoJs. This gives y1 =y = - - - = ys, 1.e,, Xo = y1 ;.

Again from (24), we have A1X; + M1 X, = XAy, thatis, M1 X, = X34, — A1 X, that s, (Js —
(s —=1)Is)(y1Ls) = X1(Is + (s = 2)Js) — ((s = 1)%Ls + (2 — 8)]5) X1, i.e.,

N2 =9)k+yi)s = (25 = )X + (s = 2)X1Js + (s = 2) X

Considering a main diagonal entry, say (i, i), in the above matrix equation, we obtain

S
1
Z xl-]- = — y? (25)
j=1
Considering the (i, j)-entry in the above matrix equation, we obtain x;; = —y; % From the above

and (25), y; = 0, thatis, X, = O. Using the equation A1 X; + M1 Xy = X; Ay, we arrive at the matrix
equation A1X; = XjA;. Following a similar argument as in the proof of Theorem 27 we obtain
X; =0.
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Again from (24), we have M1 X; + X = Xp Ay + X3Mj. Since X; = Xo = O, we get XzM;p = O,
i.e. X3 = X3Js. Considering both the (i,i) and (i, ) entries from the matrix equation, we arrive at
Yj—1zik =0and z;; = Y3 _; z = 0, thatis, X3 = O, which gives X = 0. 0O

Corollary 30. Consider the complete bipartite graph K s by removing a perfect matching. Define a new graph
H by adding a copy of K; to this graph such that each vertex in K, is adjacent to the corresponding vertex in a
copy of sKy. Then q(H) = 2. Moreover, the result holds for any subgraph of H on the same vertex set.

In [34], the authors studied the problem of graphs requiring property p(r,s). A graph G has p(r,s)
if it contains a path of length r and every path of length r is contained in a cycle of length s. They prove
that the smallest integer m so that every graph on n vertices with m edges has p(2,4) (or each path of
length 2 is contained either in a 3-cycle, or a 4-cycle) is (3) — (n — 4) for all n > 5. Using this, it was
noted in [5] that the above equation from [34] implies that the fewest number of edges required to
guarantee that all graphs G on 1 vertices satisfy q(G) = 2 is at least (3) — (n — 3). For small values
of n, it is known that in fact, equality holds in the previous claim. Namely, if at most #n — 3 edges are
removed from the complete graph K;, with n < 7, then the resulting graph has a matrix realization
with two distinct eigenvalues. Along these lines and based on [5] the following is a natural conjecture:

Conjecture 31. Removing up to n — 3 edges from K,, does not change the number of distinct eigenvalues of K.
That is, for any subgraph H of K, with |[E(H)| <n —3

q(Kn\H> =2

We confirm Conjecture 31 for n = 7,8 and note that our analysis of the case n = 7 differs slightly
from [5]. For this, we need the next few lemmas.

Lemma 8. Let Ty be the tree given in Figure 3. We have q(Ty) = 2 and Ty has an SSP matrix realization with
two distinct eigenvalues.

Figure 3. Tree T7.

Proof. Consider the 7 x 4 matrix M; as follows:

1 -2 2 1
2 -1 -2 2
2 2 1 2
Mi=| 1 2 2 0
2 -1 2 0
2 -2 1 0
1 0 0 0

Using the Gram-Schmidt method we can arrive at a column orthonormal matrix M. In this case
we have A = MyMJ € S(T;). Also MIM, = Iy and then Spec(A) = {14, 0P}. This proves that
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q(Ty) = 2. Furthermore, A has SSP (this can be confirmed using SageMath), and by Lemma 3, the
complement of any subgraph of T; on the same vertex set also has a matrix realization with two
distinct eigenvalues. [

Lemma 9. Let G = K3 UK3. Then q(G) = 2 and G has an SSP matrix realization with two distinct
eigenvalues.

Proof. Consider the 7 x 3 matrix M; corresponding to the labeled graph G given in Figure 4 as follows:

1 2
2 1 -2
2 -2 1
M; = 1 1 1
1 -1 1
V2 0 V2
0 V2 0

A= MMI € S(G). Also M M; = 1313 and then Spec(A) = {138/, 04}, This proves that g(G) = 2.
Furthermore, A has SSP (a computation that can be verified by SageMath), and by Lemma 3, the
complement of any subgraph of G on the same vertex set also has a matrix realization with two distinct
eigenvalues. [

Figure 4. The graph G.

We now verify that Conjecture 31 holds for n = 7.

Theorem 32. Removing up to 4 edges from Ky does not change the number of distinct eigenvalues of Ky, i.e.,
for any subgraph H of Ky on 7 vertices, with |E(H)| < 4 we have

q(K7\H) = 2.

Proof. It suffices to show H for any graph H in Figure 5 has a matrix realization with two distinct
eigenvalues. Suppose that the graphs in Figure 5 are denoted by H; for i € [10] from left to right
in each row. Then the graphs H; fori = 1,3,7, 8,10 are the union of complete bipartite graphs with
some isolated vertices. By Lemma 4 (2), the complements of these graphs and any subgraph of these
graphs have a matrix realization with two distinct eigenvalues. Also q(H;) = 2 for i = 4,5,9 and
for any subgraph H! of H;, q(H!) = 2 by Lemma 8. Moreover, q(Hs) = 2 and for any subgraph H,
of He, q(H{) = 2 by Lemma 9. Additionally, from Lemmas 8 and 9 such realizations exists with the
SSP. Hence any subgraph of these graphs have a matrix realization with two distinct eigenvalues. To
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complete the proof, we only need to show the complement graph of H; has a matrix realization with
two distinct eigenvalues with the SSP. To this end, consider the 7 x 3 matrix M; as follows:

1 -2 1
2 -1 2
2 2 2
M, = 1 2 0
-2 -1 0
2 =20
1 0 0

Using the Gram-Schmidt method we can arrive at a column orthonormal matrix M,. We have A =
MoMJ € S(Hy). Also M} My = I3 and then Spec(A) = {18, 0l4/}. Hence q(H,) = 2. Furthermore, A
has SSP (a computation that van be verified by SageMath), and by Lemma 3, the complement of any
subgraph of H, on the same vertex set also has a matrix realization with two distinct.

6] o] O @]

o (@] (@] (@]
o o

@] O @] @]

ol | # >

N L

Figure 5. All graphs with 7 vertices and 4 edges.

O

We require the following results to confirm Conjecture 31 for n = 8.

Lemma 10. Let G & Hy U 2Ky, where Hy is the graph on the left given in Figure 6. Then q(G) = 2 and G has
an SSP matrix realization with two distinct eigenvalues.

Proof. Given G as assumed it can be shown without too much difficulty that G = (H, V K3) — e, where
H, is the graph on the right given in Figure 6 minus an edge ¢ with one endpoint in K3 and the other
endpoint in H, with degree three.
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Figure 6. The graphs H; (left) and H; (right).

Suppose M = <ﬁ1> ,is a vertex-clique incidence matrix of G, where the blocks M; and M, are
2

vertex-clique incidence matrices corresponding to graphs H, and K3, that is, MMT € S(G). From (23)
we have MyM! € S(Hy) and MaM] € S(K3). On the other hand, we have

MTM = MIM; + MIM,. (26)

Consider a vertex-clique incidence matrix M; as follows:

1 0 0
1 0 1

Mi=]1 1 0
0 v2 0
0 0 V2
3

11
Then we have MlMlT € S(Hp) and MlT Miy=1| 1 3 0 |.Given M; above, the remainder of the
10 3
proof is devoted to constructing a matrix M, so that following (26) we have MTM = cI3, for some
scalar c¢. Consider a matrix M5 so that

a -1 -1
MiMy=| -1 a 0 |, 27)
-1 0 a
X1 1oz
where 4 is a constant. Suppose the matrix Mo = | xp y» z» | .Thiswith (27) leads to the following
X3 Y3 23

equations:
M+ +x =i+t =1+5+23=a

X1y1 + Xy + x3y3 = —1, X121 + X222 + X323 = —1, Y121 + Y220 + Y323 = 0.
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Solving this system of non-linear equations, we have a candidate matrix My: M, = | -1 2 z, |,
2 1 Z3

where z; = 1(2v/51 — 1), z, = 32(6v/51 + 4), and z3 = 32 (2v/51 + 13). Thus

1 0 0
1 0 1
1 1 0
0 V2 0

M= 0 0 V2
1 -1 Z1
-1 2 27
2 1 Z3

It is obvious that MMT € S(G) and MT M = 9I3. Then by the fact that matrices AB and BA have same
nonzero eigenvalues, we have Spec(MMT) = {913, 0!}, and then q(G) = 2. Moreover, applying a
basic computation from SageMath, we can confirm that MM has SSP and this completes the proof. [J

By Lemma 10, G has an SSP realization A = MM with two distinct eigenvalues. Then by Lemma
3, any supergraph on the same vertex set as G has a realization with the same spectrum as A. In
particular, q(Hz V K3) = 2. This is stated in the following corollary.

Corollary 33. Let G = Hy U 3Ky, where Hy is the right graph given in Figure 6. Then q(G) = 2 and G has
an SSP matrix realization with two distinct eigenvalues.

Lemma 11. Let G = H3 U 3Ky, where H3 is obtained from Cs by joining a vertex to any vertex in Cs. Then
q(G) = 2 and G has an SSP matrix realization with two distinct eigenvalues.

Proof. We know that G 2 (Cs V K3) — e, where e is an edge with one endpoint in K3 and the other
My
M,
vertex-clique incidence matrices corresponding to graphs Cs and K3, that is, MMT € S(G). From (23)
we have MyM[ € S(Cs) and MoMI € S(K3). On the other hand, we also have the equations in (26).
Now, we consider a vertex-clique incidence matrix M; as follows:

in Cs. Suppose M = , is a vertex-clique incidence matrix of G, where blocks M; and M, are

1 0 0

1 1 0

Mi=] -1 1 1

0o -1 1

0o 0 1
3 0 -1

Then M, MlT € S(Cs) and MlT M; = 0 3 0 . Given M; above, the remainder of the proof is

-1 0 3

devoted to constructing a matrix M, so that following (26) we have MTM = cI3, for some scalar c. We
need to create a matrix M, so that

1
M3 M, = 0|, (28)
a

_= O Y
o X O
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where a is a constant. Suppose Mo = | xp y» zp | .This with (28) leads to the following equations:
X3 Y3 z3

Pt =r A =255 =a

xX1y1 + x2y2 + x3ys = 0, x121 +x222 +x323 = 1, Y121 + Y222 + Y323 = 0.

1 1
VR
Solving these non-linear equations we have M = % % % . Thus we have
1T -1 1
Vi V2 3
1 0 0
1 1 0
-1 1 1
0 -1 1
M=1f 0 o 1
1 o0 1
V3 V3
U U O
V3 V2 3
1 =1 1
V3 V2 V3B

It is clear that MMT € S(G) and MM = 413. Then by the fact that matrices AB and BA have same
nonzero eigenvalues, we have Spec(MMT) = {48, 05/}, and ¢(G) = 2. Moreover, applying a basic
computation from SageMath, it follows that MM has SSP and this completes the proof. [

By Lemma 11, G has an SSP realization A = MM with two distinct eigenvalues. By Lemma 3,
any supergraph on the same set of vertices as G has a matrix realization with same spectrum as A.
Thus q(Cs V K3) = 2. This is stated in the following corollary.

Corollary 34. Let G = C5 U3K;y. Then q(G) = 2 and G has an SSP matrix realization with two distinct
eigenvalues.

Proposition 35. Let G = K3 U Ky 4, where n > 7. Then q(G) = 2 and G has an SSP matrix realization
with two distinct eigenvalues.

Proof. We show that the complement of G has a matrix realization with two distinct eigenvalues with
the SSP. Consider n x 3 matrix M; with rows labeled as given in Figure 7 for n = 8:

1 2 2
2 1 -2
2 -2 1
-2 0 V2
M; = 5
0 2.0
0 2.0

We have A = M{M[ € S(G). Also M M; = 11I; and then Spec(A) = {118, 01"=3]}. This proves
that g(G) = 2. To verify that A has SSP, suppose X is a symmetric matrix such that Ao X = O,
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IoX =0,and [A, X] = AX — XA = O. Note to verify [A, X] = AX — XA = O itis equivalent to
prove that AX is symmetric. Now assume that X has the form:

0|0 |7 0 a b
X=|10|X;|O|,whereXy=1| a 0 ¢ |,
x| OO b ¢ 0

and x is a (possibly) nonzero vector of size n — 4. Since AX is symmetric, comparing the (1,3) and (3,1)
blocks of AX we note that aJx = 4x. So if we set § = 1" x, then x = %B1. Comparing the (1,2) and (2,1)
blocks of AX gives

2vap = —4v2a — V2b = —/2b + 4v/2¢c, and vap = v2a — V/2c.

Hence it follows that a = —cand § = % Finally, comparing the (2,3) and (3,2) blocks of AX, we
have

2 2
ava — 2by/a = 2ay/x — 2c/a = 2b\/a + o/a = (%5) — ng
From the above equations we deduce that b = —%a. Substituting the equations a = —c, p = 2\\/%1,

and b = — %a into the equation 2\/af = —/2b + 4v/2¢, yields 44/24 = %a —44/2a. Assuming a # 0,
implies an immediate contradiction. Thus a = 0, and it follows, based on the analysis above that X = 0.
Hence A has the SSP. Using the fact that this matrix realization has the SSP together with Lemma
3, it follows that the complement of any subgraph of G on the same vertex set also realizes distinct
eigenvalues. O

Figure 7. The graph G.

Lemma 12. Let G be the graph given in Figure 8. Then q(G) = 2 and G has an SSP matrix realization with
two distinct eigenvalues.

Figure 8. The graph G.
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Proof. We show that the complement graph of G has a matrix realization with two distinct eigenvalues
with the SSP. To do this, first we consider 8 x 3 matrix M as follows:

15
L o o0
0 1 1
0 1 1
0 1 2
M =
0 -2 1
1 -1 0
1 0 1
2 V2 -2

We have A = MMT € S(G). Also MTM = 10 I3 so Spec(A) = {108, 0%}, This proves that q(G) = 2.
Furthermore, A has SSP (observed using SageMath) and by Lemma 3, the complement of any subgraph
of G on the same vertex has a matrix realization having two distinct eigenvalues. O

Now we are in a position to establish that Conjecture 31 holds for n = 8.

Theorem 36. Removing up to 5 edges from Kg does not change the number of distinct eigenvalues of Kg, i.e.,
for any subgraph H on 8 vertices of Kg with |[E(H)| <5,

q(Kg\H) = 2.

Proof. It suffices to show H for any graph H in Figure 9 has a matrix realization with two distinct
eigenvalues. Suppose that the graphs in Figure 9 are denoted by H; for i € [24] from left to right
in each row. The graphs H; fori = 1,2,9,10,15,22,23 are the union of complete bipartite graphs
with some isolated vertices. By Lemma 4 (2), the complements of these graphs and any subgraph
of these graphs have a matrix realization with two distinct eigenvalues. Also q(H;) = 2 fori =
5,11,12,16,17,18,19,20,24 and for any subgraph Hj of H;, q(ﬁl’) = 2 by Theorem 27. Fori =
3,7,8,13,14, we have q(H;) = 2 and for any subgraph H] of H;, q(H!) = 2 by Lemma 12. Additionally,
from Theorem 27 and Lemma 12 such realizations exists with the SSP. Hence any subgraph of these
graphs have a matrix realization with two distinct eigenvalues.

Further gq(Hy1) = q((2K; UK;)UK3) = q(GV3K;) = 2 by Lemma 5, where the graph
G = 2K, UK; = Kyp V Kj is connected. If we remove any edges in Hp; from the triangle, then
the complement of the result graph has at least two distinct eigenvalues by Lemma 4 (2), and if we
remove any edges in Hp; from out of the triangle, again by 5 we can see that the complement of
the result graph has at least two distinct eigenvalues. We have g(H;) = 2 and the complement of
any subgraph of this graph has a matrix realization with two distinct eigenvalues, by Corollary 33.
Moreover, §(Hs) = 2, and the complement of any subgraph of this graph also has a matrix realization
with two distinct eigenvalues, by Corollary 34. This completes the proof of the theorem. [
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Figure 9. All graphs with 8 vertices and 5 edges.

5. Concluding remarks and open problems

In this work, we utilized the notions of a clique partition and an edge clique cover of a graph to
introduce and explore the various properties of a vertex-clique incidence matrix of the graph, which
can be viewed as a generalization of the vertex-edge incidence matrix. Using these new incidence
matrices, we obtained sharp interesting lower bounds concerning the negative eigenvalues and thus
the negative inertia of a graph, and we generalize the notion of the line graph of a graph by introducing
the clique partition graph of the given graph. Additionally, we determined the relations between the
spectrum of a graph and its clique partition graph. Further, we generalized the notion of incidence
energy and signless Laplacian energy of a graph and provided some novel upper bounds for the
energies of a graph, its clique partition graph, and the line graph. Finally, applying a general version
of a vertex-clique incidence matrix of a graph associated with its edge clique cover, we were able to
characterize a few classes of graphs with q(G) = 2. To close we list two important and unresolved
issues related to some of the content of the current work.

Problem 1: Characterize the corresponding extreme graphs for which the inequalities given in (4), (6),
(10), (13), and (14) hold with equality.

Problem 2: Prove that Conjecture 31 is valid for any graph G of order at least 9.
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