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Abstract: Let ({ fj}]r.‘zl, {T]’};‘:l) and ({gx};_q, {wi}{_,) be two p-orthonormal bases for a finite
dimensional Banach space X'. If x € X'\ {0} is such that 6/x is e-supported on M C {1,...,n}
w.rt. p-norm and 6,x is d-supported on N C {1,...,n} wrt. p-norm, then we show that (1)
1 1 1 1
o(M)?o(N)1 > max{l —e—4,0}, 2) o(M)70(N)? >

max 1, |f (wi)] max, ng( i)l

6,0}, where 6 : X > x (f](x))le € (P([n]); 04 : X > x— (g(x))f_; € €°([n]) and q is the
conjugate index of p. We call Inequalities (1) and (2) as Functional Donoho-Stark Approximate
Support Uncertainty Principle. Inequalities (1) and (2) improve the finite approximate support
uncertainty principle obtained by Donoho and Stark [SIAM . Appl. Math., 1989].

max{1l —¢
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1. Introduction

Let 0 < & < 1. Recall that a function f € £2(R) is said to be e-supported on a measurable
subset E C R? (also known as e-approximately supported as well as e-essentially supported) [1,9] if

L/v )2 dx ZSS(R/If(x)Izdx

Letd € Nand : £2(R?) — £2(R%) be the unitary Fourier transform obtained by extending uniquely
the bounded linear operator

~LYRYNL2RY) 5 fs FeG®RY); F:RIsco f(E /f )e~ 28 4y e C.
R4

In 1989, Donoho and Stark derived the following uncertainty principle on approximate supports of
function and its Fourier transform [1].

Theorem 1.1. [1] (Donoho-Stark Approximate Support Uncertainty Principle) If f € L2(RY) \ {0} is
e-supported on a measurable subset E C R? and f is 6-supported on a measurable subset F C R, then

m(E)m(F) > (1 —e—0)%

Ultimate result in [1] is the finite dimensional Heisenberg uncertainty principle known today
as Donoho-Stark uncertainty principle. It is then natural to seek a finite dimensional version of
Theorem 1.1. For this, first one needs the notion of approximate support in finite dimensions. Donoho
and Stark defined this notion as follows. For i € C¢, let ||1||o be the number of nonzero entries in h.

et™: C4 — C? be the Fourier transform. Given a subset M C {1,...,n}, the number of elements in M
is denoted by o(M).

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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Definition 1.2. [1] Let 0 < & < 1. A vector (aj)d € C4 is said to be e-supported on a subset M C

(1,...d}if =

boosa
jeMe j=1

Finite dimensional version of Theorem 1.1 then reads as follows.

Theorem 1.3. [1] (Finite Donoho-Stark Approximate Support Uncertainty Principle) If h € C%\ {0}
is e-supported on M C {1,...,d} and h is 5-supported on N C {1, ...,d}, then

o(M)o(N) >d(1—¢e—6)2

In 1990, Smith [8] generalized Theorem 1.3 to Fourier transforms defined on locally compact
abelian groups. Recently, Banach space version of finite Donoho-Stark uncertainty principle has been
derived in [2]. Therefore we seek a Banach space version of Theorem 1.3. This we obtain in this paper.

2. Functional Donoho-Stark Approximate Support Uncertainty Principle

In the paper, K denotes C or R and X’ denotes a finite dimensional Banach space over K. Identity
operator on X is denoted by Iy. Dual of X is denoted by X'*. Whenever 1 < p < oo, q denotes the
conjugate index of p. For d € N, the standard finite dimensional Banach space K? over K equipped
with standard || - ||, norm is denoted by ¢#([d]). Canonical basis for K? is denoted by {ej}}i:l and

{C j};‘i:l be the coordinate functionals associated with {ej}?zl.

Definition 2.1. [3] Let X' be a finite dimensional Banach space over K. Let {T; ;-1:1 be a basis for X and
let {f; ;?:1 be the coordinate functionals associated with {T; ;?:1. The pair ({ fj}]f,l:l, {Tj};?:l) is said to be a
p-orthonormal basis (1 < p < o) for X if the following conditions hold.

@ Nl =gl =1forali1 <j<n

(ii)  For every (aj);?zl e K",

= (}é |‘1j|p>;'

Given a p-orthonormal basis ({ fj}]’-‘:l,{‘g}?:l) for X, we get the following two invertible

n
Y4
j=1

isometries:
n
O : X > x— (f](x));i:1 e (P([n]), 60r:4F([n])> (aj);lzl — Zajrj c k.
j=1
Then we have the following proposition.

Proposition 2.2. Let ({f; =1 {'L'j};?zl) be a p-orthonormal basis for X. Then

(i) O is an invertible isometry.
(ii) O is an invertible isometry.
(iii) 00f = Ly.

It is natural to guess the following version of Definition 1.2 for ¢7([n]).
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Definition 2.3. Let 0 < ¢ < 1. A vector (a )] 1

{1....,n} wr.t. p-norm if

( ¥ ol
jeMe

With the above definition we have following theorem.

Theorem 2.4. (Functional Donoho-Stark Approximate
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€ (P([n]) is said to be e-supported on a subset M C

VPN
<e( ) Il
j=1

Support Uncertainty Principle) Let

(fi 1 {7 ;’:1) and ({gx}p_q, {wk}}_,) be two p-orthonormal bases for a finite dimensional Banach space

X. Ifx € X\ {0} is such that 0 ¢x is e-supported on M C {1, ...

,n} w.r.t. p-norm and Ogx is 5-supported on

N C{1,...,n} wrt. p-norm, then
(M) o(N) 1 {1-e-5,0) ®
o(M)?o(N)1 > ——————max{1l —e— 6,0},
“max [f (@)
<jk<n
1 1 1
o(M)To(N)? > ——_max{1—¢—4,0). @)
(o)} > e max] )
1<jk<n
Proof. For § € {1,...,n}, define Ps : (P([n]) 3 (4j)l_; — Yjesaje; € (¥([n]) be the canonical

projection onto the coordinates indexed by S. Now define V' := Py070, Py : £P([n]) — £P([n]). Then

for z € (P ([n]),

[Vz||P = [|PpO b Pnz]|” =

-

p

Y Gk(z)

keN

Pr66 <

Y k(=

keN

Y Gk(z

keN

<)X

jEM

PMwak

p

) Z fj(wk)e]

jeEM

(kg e

(max, i)

)po(M)

>po(M
)po(M)

= max w,
<l<] k<n |f]( k
= (| max [fiwr)

Therefore

4
w < max w
f] k ) - <1<]k< |f]( k

n P n 4
PMQfGWPN (Z gk(z)ek> PM9f9 (Z pNek>
k=1
p p p
PMf)f (Z w€k> PMGf (Z >
N N
n p n P
=X &z (Z ) Y Gz Z (wi) Prme;
keN =1 keN j=1
p P
=) (Z Ck(z)fj(wk)> el =) (z) fi(wy)
jEM \keN jEM [keN

)3

jEM

"

P
|§k<z>|> < (| max Ifiw

P
(Z ICk(z)|>
keN

14
>|) o(M) (z ()P
keN

==

(=

) (Z |ak<z>|f’> o00F < (max 15(w01) o) (2 |ak<z>|f’> o)
keN JR=SH k=1

JzlPo()s.
V1< (max, (el ) o) Fo(n) . ©)
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We now wish to find a lower bound on the operator norm of V. For x € X, we find

[0rx — VOgxl|| < [10px — PpOx|| + [|Pmbrx — VOgx|| < e][0rx]| + [[Ppbfx — VOox||
ell0px|| + [[PmOrx — PrmO b PNOgx|| = l|0px|| + || Pabs(x — 0 PnOgx)||
ell0fx|| + [|x — B PnOgx|| = el|05x|| + ||6wbyx — O PnOgx||

el + 8. (B x — PrBx)| = ellopx] + 0 — Pry]

l|px[| + 0[|0gx]| = ellx[| + o[|x]| = (e + &)[|x]-

IN

IN

Using triangle inequality, we then get
el = VOl = 18] — IVOgx]l < 105x — Voux| < (e +0)llxll, ¥x € X.
Since 0y is an invertible isometry,
(1—e=d)|lxll < [Vogxl|, VxeX = (1—e=0)lyll=1—e=)lo yll < [Vyl, Vyer(n),
ie.,
max{l —e—4,0} < ||V]. (6)

Using Inequalities (5) and (6) we get

max{l —e—4,0} < (12’22(” |f](wk)|> o(M)%o(N)%.

To prove second inequality, define W := Pn0g60: Py : £ ([n]) — £P([n]). Then for z € £F([n]),

p
IWz||P = || PnOgbc Pmz|]P =

PnOg6 Py (i Cj(z)€j>

PnOgbr (i Cj(Z)PM€j>

j=1 j=1
P 14 P
= PNGgGT (2 §](z)e]> PNGg (Z €](Z)9~L—€> = PNBg ( Q(Z)’l})
jeM jeM jeEM
p P
= || Y Gi(2)PnbeTi|| = ) Cj(2)Pn (Z Sk(Tj)e ) Y. gi(=) ng ;) Pney
jeEM jeEM jeM
P P
=11Y%i(2) Y s(Tex ). <Z Zi(z) 8k ( ) =Y 1) Zi(z)sk(T)
jeM keN keN \jeM keN |jeM

P P
<) (Z |§j(z)gk(fj)|> < <1g12><< |8k (Tj > Y (Z |Zi(z )
keN \jeM ] keN \jeM
= ’ N p< ’ N b % 11 5
— (max [s(5)1) o ><j€zM |Cj<z>|> < ((max lse()l) o ><]€2M |@j<z>|) <j§M )

<1g1%§ ()1 o (z () ) om)f < (| max lgn(x)l) o(N) (}iléj(z)l”>p0(M)

==

jEM

P
q

14
max_|g() ) o(N) z][Po(M)’.

1<j,k<n
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Therefore
1 1
Wi < j T0(N)?. 7
Wi < (max lse(r)l ) ol fo(n) 7)
Now for x € X,
|0gx — WOrx|| < [[0gx — PnOgx|| + [[PnOgx — WOrx|| < 6[|0gx|| + [|PnOgx — WOpx||
= 0|05 x| + || PNOgx — PnOgO: P x| = 6]|6gx|| + || PnBg(x — 6z Pp6x)]|
< 5||ng|| + ||X — QTPMQfo = (5||9gX|| + ||979fx — QTPMOfo
= (5||6gx|| + ||6T(0fx — PMGfx)H = (5||9gx|| + ||9fx - PMGfo
< 0||6gx|| +ell6px]| = Sllx[| +ellx[| = (6 +e) [ x]]-
Using triangle inequality and the fact that 6 is an invertible isometry we then get
max{l —¢e—4,0} < ||W]|. 8)

Using Inequalities (7) and (8) we get

=

max(1 — ¢~ 6,0} < (| max [g:(5)] ) oM o(N)?.

O

Corollary 2.5. Let {7;}7; and {w;}_; be two orthonormal bases for a finite dimensional Hilbert space H.
Set

Oc:Hoh—= ((h7))ie €C" o :H 2 he ((hw)))i, €C"
Ifh € H\ {0} is such that 6-h is e-supported on M C {1,...,n} and 0,,h is 6-supportedon N C {1,...,n},
then

1
o(M)o(N) > S(1—e—6)%
max |(Tj, wg)|

1<j,k<n

In particular, Theorem 1.3 follows from Theorem 2.4.

Proof. Define
fitHohe (b7 €K, g :H3hw (hw) €K, VI<j<n

Then p = g = 2and |fj(wi)| = [{wy, 7j)| forall 1 < j,k < n. Theorem 1.3 follows by taking {7;}}_, as
the standard basis and {w; };7:1 as the Fourier basis for C". O

Corollary 2.6. Let ({f; 7:1,{17 ;7:1) and ({gk}p_1 {wi}{_,) be two p-orthonormal bases for a finite
dimensional Banach space X. Let x € X'\ {0} is such that 0¢x is e-supported on M C {1,...,n} wrt.
p-norm and Ogx is 6-supported on N C {1,...,n} wr.t. p-norm. Ife + 5 < 1, then

1 1 1
M)Po(N)T > ——— (1—¢—4),
o(M)70o(N) >1£nj,%)<(n|fj(wk)|( )

1<), k<n
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Corollary 2.7. Let ({f; ;7:1,{7.7 ;7:1) and ({gk}p_1 {wi}{_,) be two p-orthonormal bases for a finite
dimensional Banach space X. If x € X \ {0} is such that 0;x is O-supported on M C {1,...,n} wr.t.
p-norm and 8gx is O-supported on N C {1,...,n} w.r.t. p-norm (saying differently, 0x is supported on M
and O¢x is supported on N), then

1 1

1 1
- o(M)io(N)P > ———
i(w T
| max | fi(w)| \max 18k ()]

o(M)Fo(N)7 >

Corollary 2.7 is not the Theorem 2.3 in [2] (it is a particular case) because Theorem 2.3 in [2] is
derived for p-Schauder frames which is general than p-orthonormal bases. Theorem 2.4 promotes the
following question.

Question 2.8. Given p and a Banach space X of dimension n, for which pairs of p-orthonormal bases
({fj};?:l, {Tj}?:l), ({8x}Foqy {wrtiy) for X, subsets M, N and €,5, we have equality in Inequalities (3)
and (4)?

Observe that we used 1 < p < oo in the proof of Theorem 2.4. Therefore we have the following
problem.

Question 2.9. Whether there are Functional Donoho-Stark Approximate Support Uncertainty Principle
(versions of Theorem 2.4) for 1-orthonormal bases and oo-orthonormal bases?

Keeping ¢P-spaces for 0 < p < 1 as a model space equipped with
n
Ia)izillp =) lajl?,  ¥(aj)jy €K,
j=1

we set following definitions.

Definition 2.10. Let X' be a vector space over K. We say that X is a disc-Banach space if there exists a map
called as disc-norm || - || : X — [0, c0) satisfying the following conditions.

(i) Ifx € X issuch that ||x|| = 0, then x = 0.

(i) lx+yll < ||x[| + [y forall x,y € X.

(iii) |[Ax|| < |Al||x|| forall x € X and for all A € K with |A] > 1.

(iv) |[Ax]| > |Al||x|| forall x € X and for all A € K with |A] < 1.

(v) X is complete w.r.t. the metric d(x,y) := ||x —y|| forall x,y € X.

Definition 2.11. Let X be a finite dimensional disc-Banach space over K. Let {T]-};.Ll be a basis for X and
let { f; }}1:1 be the coordinate functionals associated with {T]-};?:l. The pair ({ f]-}]’-‘:l, {Tj}]r-’:l) is said to be a
p-orthonormal basis (1 < p < oo) for X if the following conditions hold.

@ fil =7l =1forall1 < j<n.
(i) For every (a;)i_; € K",

n n
Lo = L ol
j=1 =1

Then we also have the following question.
Question 2.12. Whether there are versions of Theorem 2.4 for p-orthonormal bases 0 < p < 1?2

We wish to mention that in [2] the functional uncertainty principle was derived for p-Schauder
frames which is general than p-orthonormal bases. Thus it is desirable to derive Theorem 2.4 or a
variation of it for p-Schauder frames, which we can’t.
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We end by asking the following curious question whose motivation is the recently proved
Balian-Low theorem (which is also an uncertainty principle) for Gabor systems in finite dimensional
Hilbert spaces [5-7].

Question 2.13. Whether there is a Functional Balian-Low Theorem (which we like to call
Functional Balian-Low-Lammers-Stampe-Nitzan-Olsen Theorem) for Gabor-Schauder systems in
finite dimensional Banach spaces (Gabor-Schauder system is as defined in [4])?
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