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Abstract: Let G be a connected Lie group with Lie algebra g. This review is devoted to studying
the fundamental dynamic properties of elements in the normalizer 91 of G. Through an algebraic
characterization of 91, we analyze the different dynamics inside the normalizer. N contains the
well-known left-invariant vector fields and the linear and affine vector fields on G. In any case, we
show the shape of the solutions of these ordinary differential equations on G. We give examples in
low-dimensional Lie groups. It is worth saying that these dynamics generate the linear and bilinear
control systems on Euclidean spaces and the invariant and linear control systems on Lie groups.
Moreover, the Jouan Equivalence Theorem shows how to extend this theory to control systems on
manifolds.
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1. Introduction

Let G be a connected Lie group with Lie algebra g, and denotes by X (G) the Lie algebra of all
C* (smooth) vector fields on G. By definition, the normalizer 91; of g is the Lie sub-algebra of X* (G),
which leaves invariant g under the Lie brackets. Precisely,

N ={XeX¥G)|[X Y] eg forallY € g}.

In this review, we start to show a characterization of the normalizer of G, both, when the group is just
connected and when G is connected and simply connected. We also mention the relationship between
the group with its universal covering group through their corresponding normalizers.

Our first goal is to give basic properties of elements inside 91, i.e., the different classes of vector
fields in the normalizer, the corresponding associated differential equations, and their solutions.
Elements in the normalizer generate well known classes of control systems on Lie groups. As a second
goal, we invite the readers to research this area through a challenge and a list of specific related open
problems for a general class of control systems in 9.

Here, we follows [11]. Assume that group G is connected and simply connected. The normalizer
is isomorphic to the semi-direct product of g with the Lie algebra of all g-derivations, i.e.,

Nc = g Qs 08. 1)

There are three kinds of dynamics in the normalizer. At the first place, we consider g as the set of
left-invariant vector fields on G.

On the other hand, a vector field &X' is called linear vector field if its flow { X} : t € R} isa 1-parameter
group of Aut(G), the group of G-automorphisms. Associated to X, there exists a g-derivation D :
g — g, i.e,, a linear transformation which respects the Leibniz rule. Thus, the linear vector field &’ is
associated to 91 through the derivation D.

Finally, a general element in 91 reads

Y+X,Yegand X = XP,D c og. )

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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These general members of 91 are called affine vector fields.

Our approach to studying the normalizer came from a generalization of the notion of Linear
Control Systems on Euclidean spaces, from R”, [27], to a connected Lie group G ,[11]. Moreover, it
is worth mentioning that the normalizer contains the dynamic of every control system with some
algebraic structure-property. It includes the class of linear and bilinear control systems on Euclidean
spaces, [15,27] respectively. The class of invariant [16], and linear control systems on Lie groups [11],
see also [22]. The first three of them deeply developed from the earlies 60. The linear ones on G was
introduced in 1999. Moreover, all these classes are models for real applications [16,17,21,23,28].

Furthermore, the Jouan Equivalence Theorem [19], shows that for any non-linear affine control
system on a differential manifold, such that the Lie algebra generated by its vector fields is
finite-dimensional, it is equivalent to a linear control system on a Lie group or a homogeneous
space.

Equivalent systems share their main properties. Therefore, the knowledge of control systems
inside the normalizer can be applied to any non-linear equivalent control system. And mainly analyzed
just through numerical analysis or other techniques. Therefore, it is relevant to classify linear control
systems on Lie groups for any relevant property of control systems, such as controllability, control sets,
and optimality, [4,6-8].

We also mention that 91 is related with the notion of Almost Riemannian Structures, [1,2,9].

In Section 2, we describe the tangent bundle to introduce the definition of normalizer. We start
with the Euclidean Abelian group R". Then, we proceed with a general n-dimensional connected Lie
group. Section 3 explains why we decided to introduce 9. Then, we show the normalizer’s algebraic
characterization, which allows us to understand the dynamics inside of this algebraic structure, its
vector fields, and the shape of their solutions. Section 4 contains examples of the dynamics of elements
in 91 on low-dimension nilpotent, solvable, and semi-simple Lie groups. Section 5 recalls some classes
of control systems with dynamics inside of 9ts. We establish the Jouan Equivalence Theorem, and
concludes with a challenge to start studying the affine control systems generated by general affine
vector fields.

For facts on Lie theory and control systems, see [3,16,18,25,26].

2. Preliminaires

Roughly speaking, a vector field on a domain M is defined by the selection of a tangent vector at
any state of M. To define this notion we need to introduce the concept of tangent bundle TM of the
domain, [13]. At first place, consider the Euclidian space G = R", and x € R". The tangent space of
R" at the state x is defined by the n-dimensional vector space

T,R" = Span{(aixi)x | i= 1,2,...,71}.

Where, ¢; = (%)0 € ToR = R", denotes the canonical vector. And, for any i = 1,2, .., 1, the vector

(aixi)x initializing at the point x € R", denotes the canonical vector translated to the state x.

The tangent bundle TR" of R" is given by TR" = U, g TxR". Since the translation of R" by x
generate the full space TyR", it follows that TR" is isomorphic to the direct product R" x R”.

A vector field X on R" is determined by the map X : R” — TR" through the selection X(x),
x € R™.

X% (R") and C (R"), the vector space of all smooth applications from R” to R", are isomorphics.
Any f : R" — R" induce the vector field

Xf(x) = Zfl(x)(a%)x € T,R", x € R"


https://doi.org/10.20944/preprints202306.1425.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 June 2023

30f15

where f = (f1, f2, ..., fu), and reciprocally. Geometrically, f — X/ is determined by translation of the
vector f(x) at the point x, x € R".
In a more general set up, let G be a n-dimensional connected Lie group with Lie algebra

g = Span {Yl,Yz,..., Y”} , (3)

generated by the basis Y/, j=1,2,..,n,as a vector space.
The group G is a differential manifold, actually, an analytical manifold,[26]. The tangent space of
G at the point g, is given by

ToG = Span {Y" (3),Y*(3), X" (3)} - 4)

The tangent bundle TG, which is the disjoint union of T,G with ¢ € G, is also well defined.
Actually, TG = G x g is a special model for conservative mechanics, involving the parameters
(position, momentum) .

The triaviallity of TG is essentialy a property of Lie groups. For instance, the tangent bundle of
the sphere S?, i.e., the homogeneous space of the rotational group SO3 (R), is not trivial, since any
continuous vector field on the sphere has a singularity. This happens because the Euler characteristic
of S? is two and non zero. Thus, TS? can non be written as a global direct product. However, this
property is always locally true.

The notion of Lie algebra depends on the existence of a vector space g with a Lie bracket bilinear
map [,] : g X g — g, which must satisfy the following properties. It is skew symmetric, i.e., for any
X,Y € g [X, Y] =—[Y, X]. And, also satisfy the Jacobi identity, i.e., for each triple X, Y, Z € g,

[X/ [Y, Z]] + [Zr [X, Y” + [Y/ [Z, XH = 0. (5)

Recall that for a matrix group, the Lie brackets is nothing more than the usual conmutator, i.e.,
[A,B] = AB — BA.

Finally, we introduce some special Lie algebras, [25].

- g is said to be Abelian, if

ad! = [g,g] =0,ie,X,Ycg=— [X, Y] =0. (6)
- g is called nilpotent, if
F>1:ad' =[g,g| D...D>ad" = [adk,g] =0. (7)
- g is say to be solvable, if
Fk>1:ad >...0adk = [adU‘*U,ad(k*l)} —0. ®)

- g is said to be semi-simple if the only solvable ideal is trivial

A vector space V C gisanidealif [V, g] C g.

Any Abelian Lie algebra is nilpotent and solvable. Each nilpotent Lie algebra is solvable. And,
semi-simple Lie algebras goes in a complementary direction.

A Lie group is called Abelian, nilpotent, solvable or semi-simple, if its Lie algebra has the
corresponding property, respectively.

For instance, a general Abelian Lie group has the form G = T" x R”, m,n € N, where T" =
St x S! x ... x S! is the m-dimensional torus. The 3-dimensional Heisenberg Lie group is nilpotent.
The affine group Aff (2) of plane movements is a solvable non nilpotent Lie group. On the other

doi:10.20944/preprints202306.1425.v1
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hand, the orthogonal group SO, (R), and SL; (R), the matrix group of order n and determinant 1, are
semi-simples.

3. The normalizer

In this section we start to show the reason why we decided to introduce the definition of
normalizer for any connected Lie group G.
The classical linear control systems on the Euclidean group R”, reads

Yge: %(t) = Ax(t) + Bu,u € U,

where U is the class of admissible piecewise constant control functions, with values in a closed set
Q) C R™. Here, A and B are matrices of order n and n x m respectively, [27].

Ais a linear vector field with flow {e'4 : t € R} C Aut(R"). And, for any constant control u € U,

m .
the vector Bu € R" determines a left-invariant vector field. Just observe that Bu = ,Zlujb] , where
]:

bl,...,b™, are the column vectors of B, and u = (U1, ooy ).

According to this notion, in [11], the authors introduce the following generalization, see also
Markus [22].

Definition 1. A linear control system X is determined by the family of differential equations,

Xg: g(t) = X(g(h)) +jgluj(t)Yf(g(t)),g(f) €Guel,

parametrized by u € U, as before.

Here, X is a linear vector field with flow inside of Aut(G). And, for any j = 1,...,m, the control
vector Y/ € g is a left invariant vector field.

Therefore, it is clear that X is a perfect extension of Xr«. We introduce,

Definition 2. Let G be a connected Lie group with Lie algebra g. The normalizer Mg of g is given by
N ={XeX®G)|[X Y] g forallY € g}.

In the sequel, we show a characterization of Mg, both, when the group G is connected and also when G is
connected and simply connected. We also show the relationship between the group with its universal covering
group through their corresponding normalizers.

In [11] the authors prove that the algebraic structure of 91, reads

Theorem 3. If G is just connected, then Mg = g X, aut(G).
If G is also simply connected, then Mg = g Qs 0g.

Here, aut(G) C 9g, denotes the Lie algebra of Aut(G), the Lie group of G-automorphism; dg is
the Lie algebra of all g-derivation, and ®; is the semi-direct product between algebras.

Through these isomorphisms any vector field in 91 is associated to an element Y + D, with Y € g,
and D € aut(G). In particular, if D = 0, we get Y € g is a left-invariant vector field. Moreover, if Y = 0,
we obtain a linear vector field X = XP determined by the derivation D. It turns out that, [20],

X islinear & X € Ng, and A, = 0. 9)
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If G is simply connected, the homomorphism Aut(G) — Aut(g), which send @ into its differential
map at the identity element (d®),, is an isomorphism. And, it is well known that the Lie algebra of
Aut(g) is dg. Thus, it is possible to identify dg with the Lie algebra of the group Aut(G), [26]. Precisely,

D € ag < P € Aut(g) < exp(e'?) € Aut(G).

In this case, D induces the vector field X? with flow,

AP (exp(Y)) = exp(ePY),foreach Y € g.

Next, we follow [12]. Let us denote by G the universal covering of G. By the standard classification
of Lie groups, we know that G is isomorphic to a homogeneous space of G by a discrete central
subgroup T of G. Therefore, Aut(G) identifies with a subgroup of Aut(G), which leaves invariant I'. It
turns out that,

aut(G) = {D eag: aP(g) =0,g €T} C dg,

is a subalgebra. Recall that,

- (5) P, 10)

Since I'is discrete, any g € I' is a connected component of G, X (¢) = e, and XP is a continuous map.
Thus, g is a fixed point of (X),cg. So, any D € aut(G) determines a vector field X” on G, which is
projected to the homogeneous space G 2 G /T. However, the converse is not always true.

We end this section giving a naive idea of the size of the normalizer.

Remark 4. Depending of the structure of the Lie group G, the algebra of the derivation 0g can be small,
og = Inng, when the Lie algebra is semisimple, or big, 0g = Endg, for instance when g is Abelian. Thus, the
dimension of dg goes from n up to n>.

3.1. The vector fields in the normalizer

In this section, we show the shape of the dynamics inside the normalizer, i.e., the left-invariant,
linear and affine vector fields. We start with the group G = R". Any left invariant (or right-invariant)
vector field Y), is just determined by a constant function f(x) = b € R", as follows,

X

Yb(x) = ib, (ai> € T,R". (17)
i=1 !

In fact, the vector fields determined by constant functions are invariant by the group (R", +) . For
each x € R", the Jacobian matrix DLy corresponding to the translation L, : R" — R”, and defined
by Ly(z) = x + z, is the identity matrix at any zp € R". Geometricaly, DLy(zg) : To,R" — Tyy5,R",
transform a basis from T,,R" to a corresponding basis of Ty, R". In particular, DLy (0) : ToyR" — TyR"
determines the left-invariant vector field, X?(x) = DLy(0)(b).

Any linear vector field is defined by a linear map A : R” — R". In other words, linear vector
fields on R" are in correspondence with the vector space gl (R ), of all real matrix of order .

Since the Lie algebra of R” is the own R"”, and R" is an Abelian group, it turns out that any linear
transformation A : R" — R" is a derivation. Therefore,

Nr = R" ®; gly(R). (12)

Thus, tipically an affine element of ng has the shape b + A.
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When G is a Lie group, each Y € g determines a left-invariant vector field Y as follows. For
each ¢ € G consider the automorphism Ly : G — G, defined by Lo(h) = gh, and its derivative
(ang),2 : T.G — T4 G. By definition, the value of the left-invariant vector field Y on g € G reads

We denote the vector field Y just by Y, and Y, by Y. In particular,

ToG = Span { (Y1>g, <Y2>g,..., (Y”)g} (13)

Furthermore, T, G is a Lie algebra isomorphic to g, [26]. In fact, as a vector fields on the group G, we
have
XYeg— [X,Y] cg (14)

It follows that X, Y, € g = [X,, Y] € g. Which gives to the tangent space at the identity element
T, G, a structure of Lie algebra isomorphic to g.

In the sequel we follow [11]. A vector field X' is called a linear vector field if its flow { X} : t € R} is
a 1-parameter group of Aut(G), the group of G-automorphisms, [11]. Precisely,

Xi(gh) = Xi(g)Xk(h), forall teR,g,heC. (15)

Associate to X' there exists a g-derivation, i.e., a linear transformation D : g — g which respects the
Leibniz rule, i.e.,
DX, Y] = [DX, Y]+ [X,DY], forall X, Yeg,

The relationship between X and D is given by the following identity, see [26],
Xi(expY) = exp(e'PY), forall Y eg. (16)

Where the exponential map exp : g — G is the usual one, as we explain ahead.
Therefore, an affine element in 91 has the shape

Y+X,Ycg and X = AP, D € og, (17)

3.2. The solutions of elements in the normalizer

In this section, we show the solutions of the ordinary differential equations associated to the
different classes of vector fields in the normalizer.

The following analysis is globally valid in Euclidean spaces, and locally true on Lie groups.

Let X € X*(R") be a vector field in R" determined by the function f = (f1, f2, ..., fu) as follows

n
X(x) = Z fi(x) a%x. The differential equation induced by X, reads
i=1

n
F() = X(x(0) = LA, € TR,
i=1
on R". From that we obtain a system of differential equation of first order

% () = fi(x() eRi=1,2,...,m.
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By the usual existence and uniqueness of solutions of ordinary differential equations, [13], for any
initial condition xy € R", there exists a maximal real interval I(x() containing xp, and an unique
solution given by y(xo, -) : I(xo) — R", with

v(x0,t) = (71(x0,t), v2(x0,t),- .-, vu(x0,t)), such that

i (x0,t) = fi(y(x0,1)),i =1,2,...,mn,t € I(xp), and 7(x0,0) = xo.

For instance, for Y, ( Zbl o, € TxR", the solution y(xp, ) : R — R" reads as y(xg,t) =

xg + tb. Geometrically, the lmes generated by the value of Y, (x), x € R, are parallels.
Any matrix A in gl,(R) defines in R" a linear vector field determing the differential equation
XAx (t) = Ax (t). The solution with initial condition xg € R", reads

v (t) = exot € R. (18)
Which can be computed directly through the exponential map of matrices
e:gly (R) —» GL, (R), (19)

given by the well-known series

Z‘Ak Id+ A+ A2+ 4=
k>0k

o Ak ..., with A = I4. (20)

Finally, the affine element b + A € ng = R" ®; gl,(R), determines the differential equation
x(t) = Ax(t) +b.

The solution with initial condition x read as follows
t
v(x0,t) = X{* (x0) = exp(tA)(xo + [ exp(—sA) b ds) € R". (21)
0

On the other hand, for a connected Lie group G, we show the solution of the differential equations
associated to the any element in the normalizer. First, consider Y € g. As we saw, the value of the
left-invariant vector field Y on g € G, is given by

Yo = (dLg).(Ye) € TG.

Therefore, the solution with an arbitrary initial condition ¢ € G, is computed through the solution
starting at the identity element, [18]. Precisely,

Yi(g) =exp (tY) gt €R. (22)

To be more clear, the mapexp: g — G,expY,Y € g, is defined as the solution v (t) of the differential
equation induced by Y on G, with initial condition e and evaluated at the time t = 1,i.e.,expY = 7 (1).

Recall, a vector field X on G is said to be linear if its flow (X});cg is a 1-parameter subgroup of
Aut(G). Associated to X there is a derivation D of g defined by the formula

DY = [X,Y](e), forall Y € g.

doi:10.20944/preprints202306.1425.v1
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The relation between X} and D is given by the formula
(dX;), = e'P, forallt € R. (23)
From a very well known commutative diagram, [26], we obtain,
Xi(expY) = exp(e'PY), forallt e R, Y € g.

The solution of a linear vector field X can be computed directly through the exponential map. Since,
we consider just connected groups, any element g of G can be described as a product of exponentials.
Precisely, there are real numbers t1,t; _t;,, and Y, Y>,..Y;, € g, such that

g =exp(t1Y1) exp(t1Y2)...exp(t1Ym)- (24)

Then, we apply the homomorphims property of A} and the formula in (23), for any element of the
product.

When the derivation is inner, which means that there exits Y € g, such that D = —ad(Y). Or
more general, when the Lie algebra of G is semi-simple, then any derivation is inner. It follows that the
solution comes from conjugation,

X (g) = exp(tY)gexp(—tY),t € R,g € G. (25)

We end this section, by introducing an analytical formula appears in reference [11], which gives the
shape of the solution of any arbitrary affine vector field X = Y + X in the normalizer 9N, of a
connected arbitrary Lie group G.

Theorem 5. The analytical solution associated to X = Y + XP € N, reads

X¢(g) = XP (g) exp( Y (—1)"*1¢"d, (Y, D).

n>1

Here, for any natural number
n>1,themapd, : gRs0g — g (26)

is an homogeneous polynomial of degree n, defined by the recurrence formula
1
(14 1)1 (Y, D) = 5[V, da(Y, D)] + du(Y, D)

+ Y Ky Y [di, (Y, D), [ - - di,, (Y, D), Y] -+ -].
2<2p<n kl,...,k2p>0, k1+-~+k2p:n
The coefficients Ky are rational numbers. Furthermore, the vector field X is complete, which means the associated

interval 1 (), forany g € G, is R.

Remark 6. We describe the first polynomials in Theorem 5.
d1(Y,D) = Y,dy(Y, D) = %D(Y) 27)

d3(Y,D) = %[Y,D(Y)] + %DZ(Y),d4(Y,D) = i[y, D?(Y)] + §D3(Y). (28)

doi:10.20944/preprints202306.1425.v1
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3.3. The matrix group case

In this chapter, we analyze the case when G is a matrix Lie group. Let us consider first GL,(R),
the set of all invertible real matrices of order 1. Since GL,(R) = (det~1(0))¢ is an open set, it turns out
that the tangent space T.GL,(R) = gl,,(R), is the vector space of all real matrices of order n.

In fact, for any P € GL,(R), the curve y(t) = ¢ € GL,(R) for any real time ¢, satisfy: 7(0) = e
and, (4)i=07(t) = P.

Moreover, take P € GL,(R) and A € gl,,(R). The differential curve

vp(t) =P, (29)

satisfy yp(0) = P, and (%)t:(yyp(t) = AP.
Therefore, for any P € GL,(R), the tangent space of GL, (R) at the point P, is given by

TpGLu(R) = gln(R)P. (30)

Thus, any left-invariant vector field on GL,(R), is determined by a matrix in gl, (R). Precisely,
any matrix A € gl,(R) induces the matricial differential equation

P (t) = AP(t),P(t) € GLy(R),t € R. (31)

According with our previous analysis, the solution with initial condition matricial Py € GL,(R), is
given by exp(tA)P,.
So, this solution is obtained by the left-translation of Py by the solution of

P (t) = AP(t), (32)

through the identity element. On the other hand, the flow {&} : t € R} of a linear vector field X is a
1-parameter group of Aut(G), which is a subgroup of GL,(R). Furthermore, X is computed through
the following identities,

Xy = (i) Xi(8), Xi(expY) = ePY,and X;(gh) = Xi(g)Xi(h). (33)
t=0

Remark 7. The same analysis can be done for any matricial Lie subgroup G contained in GL,(R). In this
situation, the Lie algebra will be a Lie subalgebra of gl (R). And, everything works out as before.

If the Lie algebra g is semi-simple, any derivation D is inner. It turns out that there exists a matrix
Y =Y(D) € gly(R),such that D = [, Y].
Therefore, D is easily computed by matrix multiplication,

D= —ad(Y) = X; =¢gY -Yg,g€G.

Finally, we mention that for the Torus T, Aut(T™) = SL(m, Z) is a discrete group of determinant 1.
Any linear vector field X on the Torus is trivial, i.e., Xy = 0. In fact, the 1-parameter group of
automorphisms {X; : t € R} is discrete. Because of that, when a linear vector field is involved we
never consider T™.
We end this section by considering two classes of semi-simply Lie groups, where dg coincided
with g.

Example 8. The compact case. The Lie algebra of the rotational group of R,

SO4(R) = {P € O,(R) | det(P) = 1} (34)
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is defined by
s0,(R) = {A € gl,(R) | A+ AT =0}.
Here, AT denotes the transpost of A.
Example 9. The non compact case. The Lie algebra of the group
SL,(R) = {P € GL,(R) | det(P) =1} (35)

is given by
sl,(R) = {A € gl,(R) | tr(A) = 0}.

In fact, it is well know that the derivative of the determinant function at the identity element is the trace.
Thus, in both examples the corresponding normalizer is given by

NG ZgRs g (36)

4. Examples on low dimensional Lie groups

In this section we give examples of the dynamic inside of the normalizer of Lie groups of
dimension 2 and 3. We establish the group, its Lie algebra, the Lie algebra of derivations, the
invariant and linear vector fields, the corresponding differential equations and its solutions. Finally,
through Theorem 5, we compute the solution of a ordinary differential equation on the 3-dimensional
Heisenberg Lie group.

Example 10. Here, we follow [4]. Consider the 2-dimensional connected and simply connected solvable Lie
group G = R X, R, where p, = e*. Under this semi-direct structure, the product in the simply connected Lie
group G reads

(x1,y1) * (x2,¥2) = (x1 + x2,y1 + €*1y).

The Lie algebra of G is given by the semi-direct product g = R xg R, where 0 = ey is the identity. It follows
that the bracket in g reads as

[(a1, B1), (a2, B2)] = (0,182 — @2pB1). (37)

The exponential map is explicitily given by,

0,b), if a=0
exp(a,b)Z{ (a,%(e“—l)b) if a0

The structures Aut(g) and Aut(G) are in bijection with the direct product between R and R*, as follows

P(a, B) = (a a0 +bp), p(x,y) = (x, (" = )a+by),

respectively. Here, (a,b) € R x R*.
In particular, the algebra of derivations og has dimension 2..
For the parameters a, B € R?, the left-invariant vector field reads

Y(xy) = (a,e'p).
On the other hand, any linear vector field on G is determined by
X(x,y) = (0,by + (e* —1)a). (38)

And, the corresponding 1-parameter group of automorphisms of X is given by
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o were-n b0
o y) = { (x,e”’y—k et —1)(er — 1)“) if b#0.

It is worth saying that on a homogeneous space of G we obtain a concrete model to analyze a time
optimal problem in a 2-dimensional cylinder, [4].

Example 11. We follow [7]. On R3 let us consider the canonical basis .

{Yi:ei:i:1,2,3}. (39)

The semi-direct product g = R ® 4 R? induced by the matrix A = ( 00 >, give rises through the general

0 1
rule
[(z1,v1), (z2,v2)] = (0,21 Avy — 20 A0y), (40)

a structure of a solvable non nilpotent 3-dimensional Lie algebra. In fact, a short computation shows that
YL, Y3 = Y3, and [Yl, Yﬂ =0. (41)
The associated connected and simply connected Lie group has the shape,
G =Rg,R% (42)

Let Y = (a,w) an arbitrary element of the Lie algebra g. It turns out that, the left-invariant vector fields
induced by Y is given by the formula

Y(t,0) = (a,prw), (t,v) € G. (43)

where p; = e'?.

On the other hand, any linear vector field on G, reads as
X (t,0) = (0,D*v + AsQ), (44)

where, D* is defined by the formula D(0,v) = (0, D*v), and

At:(é et(il> ()

Example 12. Here, we follow [11]. Through Theorem 5, we compute the solution of a vector field on the
3-dimensional nilpotent Heisenberg Lie group G.
Let us consider the Lie algebra
g = RY! + RY? + RY3, (46)

with the rules: all the Lie brackets vaniches except [Y',Y?] = Y3. In particular, g is nilpotent.
The corresponding connected lie group is G = R®, with the product

(x1,x2,%3) * (Y1,Y2,¥3) = (1 + Y1, X2 + Y2, X3 + Y3 + X1¥2).
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The Lie algebra of derivation reads

dip dip 0
g = dyy dx 0 tdij €R
dz1 dzp din+dxn

In this case, the dimension of dg is 6 and Ng = g @, dg is (18). We select a left-invariant vector field Y? and a
linear vector field X7 with derivation D such that dij = 0, except d1p = 1.
To compute the solution we denote

() =3 (=1)""1"du(Y?, D), X, (x) = XP (x) exp(Z (t)). (47)

n>1

It turns out that the 1-parameter group of automorphism is given by
1
AP (x1,x0,%3) = (x1 4 x2t + Ex%t, X2, txp + x3). (48)

Consider an affine vector field X = Y? + X'P in the normalizer Ng.
In coordinates, the differential equation induced by X reads as

. 1 . .
X1 = X2+ Exﬁ +x3;x0 =1,x3 = x2, (49)

Just observe that D is nilpotent since D> = 0. Therefore, the homogeneous polynomial d,, in the series of Theorem
5, are nulls for any n > 4.

The non-null homogeneous polynomial are given by

1 1
— V2 4, — 2(yl 3 =_—Y!
dl—Y,dz—z(Y +Y ),d3 12Y . (50)
Therefore,
(t) = tdy — Pdy + £2d3, (51)
and
exp{ (t) = ex ((—ﬁ — ﬁ)Yl +tY? — ﬁY?’) (52)
Pol =P, 75 2t )

Finally, by applying the exponential rules, the solution of the affine vector field X with initial conition
x = (x1,x2, x3) is obtained as follows

3 2

1 1 t t
Xi(x) = (x1 4+ (x2+ Ex% + x3)t + (x2 — E)t2 — g2t t, txy + x3 — §>' (53)

5. Control systems on groups. A challenge

In this chapter we show that very well known control system on Lie groups, are strictly related to
MNc. Moreover, we explain how to extend the theory on Lie groups to more general set up. After that,
we propose a challenges to research.

According with the algebraic classification of the normalizer 91, the following classes of systems
are generated by elements in the normalizer.

1. A linear control systems on a Euclidean space, [27], is determined by

X(t) = A (x(t) + i u; (b, x(t) e R",u €U, (54)
j=1


https://doi.org/10.20944/preprints202306.1425.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 June 2023 doi:10.20944/preprints202306.1425.v1

13 0f 15
G=R",A€dR" = gl,(R), b/ € g =R". (55)
2. A bilinear control system on a Euclidean space [15], is defined by
m .
x(t) = Ax(t) + ) ui(H) Alx(t),x(t) e R",u € U, (56)
j=1
G=R", A A €dR" = gl,(R). (57)
3. An invariant control systems on a Lie group G, [16], is induced by
m .
() =Y (x(t) + Y ui(t)Y (x(1)),x(t) € Gueld, (58)
j=1
G Y, Y,. Y'cg (59)
4. A linear control systems on a Lie group G, [11], is defined by
m .
X(t) = X (x() + Y uit)Y (x(t)),x(t) € Gu €U, (60)
j=1
G, X cag Y,.,Y"cg. (61)

The following references show that these classes of control systems have been used as a model for
many relevant concrete applications, in aerospace, ingeneering, chemistry, biology, medicine, etc. See,
[3,14-17,21,23,24,28].

To extend the control system theory from groups to control systems on arbitrary finite dimensional
manifolds, we establish the Jouan Equivalence Theorem.

Let M be a smooth finite dimensional differential manifold, and consider an affine control system

2.u of the form
m

() =2z (x(t) + Y ui(t)Z) (x(t)),x(t) € Myu € U, (62)
j=1
where Z, Z1, ..., Z™ are smooth vector fields on M, and U as before.

Theorem 13. An affine control system X.p; on a manifold M is equivalent by diffeomorphism to a linear control
system on a Lie group or a homogeneous space, if and only the vector fields are complete, and

Spanga {Z, AT Z”‘} < 0. (63)

Therefore, through Theorem 13, it is possible to extend the control theory in g, to a more general
control systems set up.

Challenge

Let us consider a general affine control system X 4 s on the normalizer g, as follows
m . .
£(t) = (X +Y) (1) + L) (¥ +Y) (x(),x(t) € Guel, (64)
j=1

with U the piecewise admissible control functions with values in a closed subset (2 in R™. Here,
X+Y, X4y . xm 4 ym belongs to 91,

According to our knowledge, there exists just one published article for the general class X 4¢f,
[10]. In the mentioned paper, the authors work on a very particular case of affine and bilinear control
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systems on a Lie group. However, it is just the beginning. And, we are far from understanding the
complexity of X 45y

As usual, the fundamental problems are:

To characterize the controllability property, i.e., the possibility to connect any two arbitrary elements
in the group by a finite concatenation of solutions of the system in a positive time.

To study the existence, uniqueness, and topological properties of the so-called control sets, which are
special subsets of the group where controllability holds in its interior.

To establish the Pontryagin Maximum Principle and its Hamiltonian equations for time and quadratic
optimal problems for 4.

For the class of linear control systems on Lie groups, the reference section shows some relevant
results of all three problems. So, it is already a starting point.
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