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Compressible Multicomponent Media Dynamics

Dmitriy Prokudin !
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Novosibirsk 630090, Russia; prokudin@hydro.nsc.ru

Abstract: An initial-boundary value problem is considered for one-dimensional isothermal equations
of the dynamics of viscous compressible multicomponent media, which are a generalization of the
Navier-Stokes equations. We prove the stabilization of the solution to the initial-boundary value
problem while the time tends to infinity, without simplifying assumptions for the structure of the
viscosity matrix, except for the standard physical requirements of symmetry and positive definitenes.
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1. Statement of the initial-boundary value problem and formulation of the main result

Modeling the motion of multicomponent media, and hence the solution of the resulting
mathematical problems, is an interesting and relatively little-studied problem of both physics and
mathematics. Until now, a unified approach to this problem has not been developed, and there is
no advanced mathematical theory about the existence, uniqueness, and properties of solutions to
initial-boundary value problems that arise in this modeling. The purpose of this article does not
include a detailed review of this problem as a whole; to a certain extent, an idea of it can be obtained
from monographs [1,2], as well as from the reviews given in the articles [3,4]. The aim of the article
is a mathematical study of the asymptotic behavior of the solution at ¢t — +oo of the following
initial-boundary value problem for one-dimensional isothermal equations of viscous compressible
multicomponent media:

% , 9pv) _ 0,

ot ox (1)

ou; ou; P .
pat +p a +K sz]a l—l,...,N, (2)
pli—o = po(x), uils—o = ugi(x), i=1,...,N, )
ui‘x:O:”i|x:1:0, i=1,...,N. (4)

Here p, u;,i =1,..., N are respectively the density and velocity of the medium components, which
are sought functions of time t € [0,T], 0 < T < 400, and of the point x of the flow domain ) =

1Y . . .
{xeR|0<x<1},0= N ) u; is and average velocity of the medium, N > 2 is the number of
i=1
components, K = const > 0, and constant viscosity coefficients Vij, i,j =1,...,N from a symmetric
matrix N > 0.
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As can be seen, equations (1), (2) are a generalization of the one-dimensional isothermal
Navier—Stokes equations for the multicomponent case. Equations (2) contain higher order derivatives
of the velocities of all components, since, unlike the Navier—Stokes equations, in which viscosity
is a scalar, in the multicomponent case, due to the composite structure of viscous stress tensors, the
viscosities form a matrix whose entries are responsible for viscous friction. Diagonal elements are
responsible for viscous friction within each component, while off-diagonal elements are responsible
for friction between components. This does not allow us to automatically extend the known results for
the Navier—Stokes equations to the multicomponent case. In the case of a diagonal viscosity matrix,
the equations are connected possibly via the lower order terms only. In this paper, we consider a
more complex case of an off-diagonal viscosity matrix. Stabilization of solutions to one-dimensional
Navier—Stokes equations is studied in [5-9]. Unique solvability and asymptotic behavior (as t — +o0)
of the solution to the considered one-dimensional equations of viscous compressible multicomponent
media in the polytropic case is studied in [10-12]. Similar questions for related one-dimensional
models of multicomponent media are discussed in [13-20].

It will be useful to use mass Lagrangian coordinates in the study of the equations (1), (2). Let us
X

consider t and y(x,t) = / p(s,t) ds as new independent variables. Then the system (1), (2) takes the

0
form
dp  ,0v 1 Y '
TPy =0 U—N;u], ®)
duj | 0p X9/ ou .
S = Zvlfay<"ay)’ i=1...,N. ©)

j=1

After that, the flow domain Q) transforms to the domain Q) = {y e R|0 <y < d}, whered =
1

/ po(x) dx > 0, and the initial and boundary conditions arrive at the form
0

pli=o = po(v), uili=o = tigi(y), i=1,...,N, ()

ui|y:0:ui|y:d:01 121,,N (8)
The main result of the article is the following assertion.
Theorem 1. Assume that pg € Wzl(O,l), o > 0, ug; € Wzl(O,l), i=1,...,N. Thenp — d, u; — 0,
i=1,...,N,ast — +oo, in the norm of the space Wz1 (0,1).

Proof. Let us obtain a priori estimates for the solution to the problem (1)—-(4), which would be uniform
in t, and from which the stabilization of the solution follows.

2. A priori estimates

Let us multiply the equations (2) by u;, summarize in i and integrate in y, thus, using (1), we
obtain

1d
2t

I1=

1 N 1 E)u 8u N 1 %
/pu dx—f—Zvl]/ — ] XZ—KZ/Mi(a)dX )
0 ! 0 0

,j=1 i=1
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Since N > 0, the second summand in the left-hand side of (9) satisfies the inequality 1

N ! ou: aM] N f aui 2

1

. bt N B § > e} .
.Z””/(ax)(ax)dx/cl(N);/<ax)dx {10
0 =0

Multiplying (1) by Inp — Ind and integrating in x, we obtain for the right-hand side of (9)

1 1
—Ki/u'(ap —KN%/p dx = —KNZ /plnp (Ind +1)p + d) dx (11)
= ! E)x ) dt '

Thus, using (10) and (11), from (9) we derive

1

Eﬁz/pui dx + KN /plnp (Ind +1)p + d) dx—i—ClZ/(a) dx < 0. (12)
=17 0 0

=

In the Lagrangian coordinates (¢, y) the formula (12) looks like

14 &, ¢ P N 2
d—Z/u%dy—i—K d—/fplnp (Ind +1)p + d) dy—i—ClZ/p( Ny <. (13)
=19 0 0

N =

p =1

From (13), after integration in f, we obtain the estimate

d

N Tolnp—(Ind+1)o+d , & |
Z/u%dy+/p P d dy+2/
! 0 0

=1j p i=1

aui 2
p<@) dydt < Cy, (14)

S~

where C; = C,(Cy,K, N, d, (ior}if) Po,sup po, { l|ioi|1,(0,4) })- Note that all terms in the left-hand side of
’ (0.d)

(14) are nonnegative.
Let us rewrite the equations (6) as

N au] K N - ap - 10 ou; .
NZ =2 + (jzui]) @ _ N@QO—), i=1,...,N, (15)

where 171-]-, i,j =1,...,N are the entries of the matrix N=N1L Summarizing (15) in i, we obtain

1 & _ouj _—9p 9/
= Vii=+ K= = —(p= ), (16)
N 1,521 it Ty T oy (” ay)
. K[ X
whereK == | '} vjj | > 0. The equations (5) imply that
N \;=
dv _ dlnp
Poy = ot (17)

1 Everywhere, Ci, k € N stand for various positive constants depending on the values given in brackets, but independent of .
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Substituting pg; from (17) into the equality (16), we arrive at the relation
?%Inp 2% _
sy Ty T N Z Vi at (18)
. dlnp . . . .
Let us multiply (18) by 3y and integrate in y, then we obtain the equality
1d | dlnp\?2 7 dlnp\?2 1 X ;i au alnp
v g F 1% el _ ]
2dt0/< oy ) dy—i-KO/p( ay ) dy = Nljglvljo/ dy. (19)

_|_

_1%17,4‘*(%)(3111,))[1_ d 1%~,_d.a1np .
N A ”0/ at )\ oy )Y T T "”/“J( ay)y

z,]:l 0

d

;,i 7 p(%)(a—v)dy. 20)
d=4 0
d

ey L2 (Y iy e
0

0

i((gr;))zd]/"‘/t/dp(ag;p)zdydr < G, (22)
0 00

where C3 = C3 (CZ, N,K, N, (iondf) 0o, ”ﬁOHWZl(O,d) ’ {”ﬁOiHLz(O,d)})-
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Let note that the equation (5) implies, for every t € [0, T|, the existence of a point y(t) € [0,d]
such that

oL, 5(1)) = d. 23)

Since

7 d(Inp(t,s))
Inp(t,y) = Inp(t, y(t) +/ p s,

y(t)

then by the Holder inequality, taking into account (22) and (23), we deduce that

dln
inpy, )] < [nd VA |22 <cilcan,
Ly(0,d)
and we immediately conclude that
0< 2 <plLy) < Cs < +oo, C5=C5(Cy) (24)
5
Hence, from (14), (22) and (24) we obtain the estimate
d d
Nt p t 8
2// d dT+/ eT +// (a dydr C6(Ca,C3,Cs). (25)
=19 0 00

2

2u.
In order to derive the next group of estimates, we multiply (6) by ayL;Z and integrate in y, thus we
obtain

d d ' 2 d ' ]
v [ (o) e Lo [o(58) (5= —iVifo/<§§><%1%><%”;>dy+

ok [ ()G o

Let us summarize the equation (26) over i and integrate over ¢, then we obtain

N ;o 9\ [ 0%u;\ [ OU; N 90\ /9%u;
B (@) () G T (%) (i 2
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Due to (25) and the inequalities (i =1, ..., N)
112 . 2.
156 <25 [5E] 9)
oy clod) Y L0,d) | 9% 111, (0.)
the second summand in the right-hand side of (27) satisfies the estimate
N t d N i d 5
a ul au] C7 o0-u
-Y v // dydt < =~ Z// dydt + Cg, (30)
= ”00 83/) 41.:100 (By )
where Cg = Cg(Cq, C7,N, N). The third summand in the right-hand side of (27) can be estimated as
follows:
N L4 2 N L4 oo
ap d Uu; C7 o“u
it Y i < =L
KZ%// (ay)(ay2>dydr\ : ;//(ayz) dyd + Co(Cg, C7, K, N). (31)
=10 0 =00

Thus, from (27), due to (28), (30) and (31), the estimate

N4 oo NoLd o,
£ ] Cyae k][ G ccu(@ne{mlgal)
0 00

follows. Finally, integrating (26) in ¢, we arrive at the inequalities

2
y dT<C11 (C5,C6,C10,N,K,N), 121,,N (33)

3. Stabilization of the solution with an unlimited increase in time

From (25) and (33), the following convergence follow

‘a”i —~0, i=1,...,N (34)
Y Ly (0,d)
as t — +oo. Differentiating (5) with respect to y and multiplying by g;, using (29), we arrive at the
estimate

fla fa

[l ] (5) dy | dt < Cpy (Cs,C, Cio, N) . (35)

0 0
Hence, as t — +0c0, we have

(36)
H Y |1, (0,4)

Thus, it is proved that (see (23)) in the norm of W1 (0, d)
uj—0, i=1,...,N, p—d (37)

as t — +oo. It is easy to verify now that the same convergence takes place in the Euler variables in the
norm of the space W} (0,1). The theorem is proved. [
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4. Conclusions

For the system of differential equations of isothermal viscous compressible multicomponent
media with an non-diagonal, symmetric, and positive-definite viscosity matrix, an analysis is made
of the asymptotic behavior (as t — +o0) of the solution to the initial-boundary value problem in the
case of one spatial variable. The main difficulty was to obtain a priori estimates. To overcome it, the
mass Lagrangian coordinates have been used. As a result, new a priori estimates are obtained and
stabilization of the solution of the initial-boundary value problem is proved.
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