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Abstract: A closed form solution for the common and differential modal currents induced on a pair
of infinitely long parallel conductors by a voltage source was derived. For lossy conductors the
current consists of a continuous spectrum of radiation modes and (for the common mode) a
modified low loss Sommerfeld-Goubau mode and (for the differential mode) a quasi-TEM mode.
This model is used to investigate the influence of a parallel conductor on microwave power line
communication systems. For typical parameters, it is shown that the performance of these systems
can be enhanced.
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1. Background

In a recent publication, an investigation of propagation on an open wire as related to microwave
communication systems on power lies was reported [1,2]. More specifically, the use of the low loss
Sommerfeld-Goubau (SG) mode on the lossy bare wires of power lines has been proposed the
foundation for high bandwidth communications [3-5]. [1] was written in order to clarify the
relationship between the discrete SG modal current and total current since it is the total current that
is relevant to the performance of these systems. There is significant history to this subject beginning
with the work of Sommerfeld [6]. However, it is not repeated here since it is outlined in [1].

In [1], a closed form solution for the current induced on an isolated infinitely long lossy
conductor by a voltage source in series with it or an electric dipole in close proximity to it was found.
This model included contributions from the continuous spectrum of radiation modes as well as the
low loss discrete SG mode. While the relative magnitudes of these two components was shown to be
sensitive to frequency and wire conductivity, the total current on a lossy conductor is nearly the same
as for a perfect conductor over distances comparable to power line communication repeater spacing.
Hence, it was shown possible to use a simple expression for the total current from antenna theory to
evaluate the performance of these power line communication systems. Further, for observation points
not near the source, the current induced by the voltage and dipole sources differs only by a known
constant. Dipole sources were considered since voltage sources cannot be inserted into power line
conductors. Finally, the advantage of a single conductor communication channel over a wireless
channel using high gain antennas was quantified.

However, it was also noted in [1] that power line conductors are not isolated and, given the fact
that SG mode fields decay slowly in the transverse plane, the influence of parallel conductors could
be important. Some recent work has appeared on the topic of the SG mode on a pair of wires, but it
did not incorporate the full expression for current which would include the continuous spectrum [7].
Hence, the impact of a parallel conductor is investigated in this paper. More specifically, a single
additional conductor will be assumed parallel to the one that is discussed in [1]. The two conductor
case is considered since its solution can be decomposed into simple common and differential modes
leading to additional insight into the solution.
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2. Problem Definition and Exact Solution

The problem is illustrated in Figure 1. Here, two infinitely long parallel lossy (conductivity o,,)

conductors each of radius a and spaced a distance d apart are placed in the z direction. A voltage
source of amplitude V volts at z =0 and/or a y oriented elementary electric dipole of length dl at a
distance h from the origin along the y axis are used to excite currents on both conductors.
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Figure 1. Geometry of the Problem.

The approach here is to solve for the currents excited by the voltage source and then (later) to
use the fixed relation between dipole and voltage sources derived in [1] to calculate those due to the
dipole source.

Mirroring the solution in [1], an exact expression for the currents can be developed in the
following way. Two coupled inhomogeneous Fredholm integral equations of the second kind are set
up for the induced currents. These equations are Fourier transformed into the spatial transform
domain using the convolution theorem. While details of this process are given in [1], the primary
difference is the inclusion of a term that accounts for the influence of each wire on the other. The
resulting transformed equations are solved by expanding the currents in the system eigenvectors (i.e.,
the common and differential modes) and pre-multiplying by the inverse of the eigenvector matrix.
The resulting exact currents (expressed in the Fourier transform domain) induced on the two wires
by the voltage source (V) are

vV
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for the common (superscript c and/or + sign) and differential (d superscript and/or - sign) modes.
The denominator of (1) can be written as
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where 11 (CI) is the Hankel function of second kind, order zero and argument q, ¢ = (ko -y ) ,

Im({)<0 (in order to satisfy the radiation condition) where k, = oy s, y is the spatial Fourier
transform variable, & is the permittivity of free space and @ is the radian frequency. The other

variable in (2) is 0,, = 4we,z,, where the intrinsic impedance per unit length of the wire at microwave

iw
frequencies is
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and g is the permeability of free space. For (1), the thin wire boundary condition EE'?(G,Z ) =z,,1(2)

was applied at the inside surface of each conductor radius. The caret notation, #, indicates a phasor
quantity while the tilde notation “~” indicates the Fourier transform.

The formal solution to the integral equations for modal currents in the space domain can be
written using the inverse Fourier transform as
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where
b= [HY (Ca)t HY (¢d)]+8, 5)
Finally the individual currents in each wire can be written as
()= I (2)+1!(2) ©)
and
L) =L@+ ()= 1 () -1/ (2) @)

3. The Spectral Solution

Solving (4) involves deforming the integration along the real y axis into the complex y plane as
shown in Figures 2 and 3. To accomplish this, it is first necessary to discuss the singularities of the
integrand of (4) in this plane. Given the multivalued square root function, branch point pairs can be
identified at y» =+k,,F joo with branch cuts connecting them defined as shown in Figure 2. As a
further comment, the “proper” Riemann sheet is defined as Im({)<0. Since the branch cuts in
Figures 2 and 3 are defined so that Im(¢) =0, the visible (i.e., top) portion of the complex plane is the
proper sheet where Im({)<0. In addition to the branch points and cuts, there is a pole y, which
occurs on the proper sheet at D, (y,)=0 which is different for the common and differential modes.

First, (4) for the common mode will be evaluated. In this case (i.e., Figure 2), the solution will be
the branch cut integration plus the residue of a pole y,,; that corresponds to the SG pole described

in [1] modified by the presence of the second wire.

The result will be quite similar to the case discussed in [1] except that the details of the branch
cut integration and the mSG mode are different. Note also that if the conductivity becomes infinite,
the mSG pole will disappear into the branch cut at k,. One consequence is the more complicated

branch cut integration due to the additional term containing the distance d.
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Figure 2. Contour deformation for evaluating (4) for the common mode along with a definition of the
relevant branch cut integration and the generalized mSG pole.
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Figure 3. Contour deformation for evaluating (4) for the differential mode along with a definition of
the relevant branch cut integration and the quasi-TEM pole.

The case for the differential mode is somewhat different as illustrated in Figure 3. Here there is
no pole that corresponds to the SG pole in the case for a single wire. This can be illustrated through
an examination of the denominator of (4). In the single wire case, there is only a single Hankel
function and the SG pole occurs because this function has a logarithmic singularity near k,. In the
case for the two wire differential mode, the second Hankel function cancels this singularity and there
is no mSG pole. However, there is another pole that corresponds to the well-known quasi-TEM mode
for a pair of parallel wires.

3.1. Calculation of Pole Locations

The zero of (5) (i.e., either the mSG or quasi-TEM pole of the integrand of (4) here given as y;
and known to be near ko) can be found using Newton’s iterative method. In this case, an initial guess
for the zero is selected as yp(©) and successive approximations are found as

51 (7;;("71))

}/ n = 7/ n-1) & (8)
p(n) p(n-1) Di '(7;;(;171))
where Di (7 ) is given as (7) and its derivative with respect to v, Di '(7) , can be shown to be [8]
D,(y)=-r[-2H (¢a)F2H (¢d) o

+¢at? (¢a)x ¢dn? (¢d) ]

It has been found that the sequence (8) converges quickly if the initial value yp@ is selected to be
near ko.
A good approximation for the quasi-TEM mode propagation constant (using small argument
expansions for the Hankel function in (5) with the minus sign) is
J75,,

Rt 10
* 4k, In(d / a) (10)

Vorem =

3.2. Evaluation of the Current

Given the singularities of bi (7 ) , (4) can now be evaluated by deforming the original contour
around the lower branch cut entirely on the proper Riemann sheet as illustrated in Figures 2 and3.
Given the factor €’ in the integrand of (4), the integrations along the lower infinite semicircle are
zero. Hence the original integrations reduce to integrations along both sides of the branch cut as
shown. However, because the pole at yp is enclosed by the original and new contours, its residue
must be added to each integration.

Equation (4) is integrated around the branch cut using the identities [8]

(-2)=-Hy'(z),

H(z)

0 (11
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H(¢a)=J,(Sa)+ %, (¢a) (12)
HY (¢a)=J,(¢a)- Y, (Sa) (13)

where H(()]) (61), Jy(q) and Y,(q) are respectively the Hankel function of the first kind and Bessel

functions of the first and second kind or order zero and argument q. After multiplying the numerator
and denominator by ¢? to avoid an infinity in the denominator at y =k,, the horizontal portion of

the branch cut integral between 0 and ko is

. _ sk F2(J T (DN

[{"(z)= 4‘:’[801/](5 ( o(é”a);;ho((f) )e 7] ”
where
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The vertical portion of the branch cut integral from y = -jeo to y = 0 can be written (after using the

substitutions Y =—ju , dy =—jdu)and defining¢, = (k(f +u’ )1/2 as

jerd (5 —j4a)5017 m( é,iz (Jo (§a)xJ, (gid))eiuzdu ] 16
,(2) . '([ e (16)

where
M) =¢H (LG £ 1 GDY +(Y(Ga) £ Y, 6d))) .

+ j(2§iw§i2)(y()(§ia) * Yo(é/;d)) - 5‘1\24/

The subscripts “h” and “v” in (14) and (16) indicate the contribution from the horizontal and
vertical portions of the branch cut integration rfespectively. If 0,, is finite, (14) and (16) are relatively

w

straightforward to integrate numerically.

As noted earlier in Figures 2 and 3, there is a pole on the proper Riemann sheet in the common
mode case (i.e., the mSG pole) and in the differential mode case (i.e., the Quasi-TEM pole) located
between the original contour and integration contour used in this work. Hence, the appropriate
residue must be added to the branch cut integral in each case. This residue can be found directly from

(5) by expanding [)i ( Y ) as a Taylor series around y,. The result is

() -2 e (1)

~

D, (}/ 14 )
where D, (7/ p) can be found in (9).
The total induced modal currents then are

[(2) = I (2)+ I (2) + 1" (2) (19)

res

for the common mode and

I'(2) =1 () + 1% (2)+ 1
for the differential mode.

o (2) (20)
3.3. The Special Case for Perfectly Conducting Conductors

In the case &, =0 the term 1/¢” in the denominator of (14) and (16) grows without bound
near k, (due to the fact that the pole has been absorbed into ko). However, in the common mode case,
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(13) is still integrable since the sum of Neumann functions in the denominator limit this growth.
However, more care must be used to evaluate the integral. Note that this does not happen in the
differential mode case because the difference in Neumann functions does not grow near ko. Given
this difficulty, (14) is separated into two parts.

Ii) =)+ 1,(2) (21)
where the first is

A —4ae,V
I (z) = TO

o (Jo(a)+Jy(¢d))e " dy
& (o€ €y +(HCa+TEa) )

(22)

and the second (following the method of [1]) is

. B In(e” k2adA /2
P ()2 Lo {tan1 {w}rn/z}. (23)

o T

T =+H /& is the impedance of free space, Y. is the Euler constant, A is small enough that
;= (ké - }/2) = 2ky(k, —7) and small argument approximations can be used for the Bessel functions

[8]. In this solution, the substitutions u=(k,—y) and v=ln(e27"k0a2u) have been used. Note that
(23) accounts for the mSG pole residue which (for ¢,, =0) has been absorbed into k. Finally, (16)

along the vertical portion of the branch cut (but with ¢,, =0) can be evaluated numerically as earlier.
Since the pole at 7, is absorbed into ko, there is no separate residue term. Given these results,

the current induced on a perfect conductor by the voltage source is
Ii@) =T, )+ I, () + 11(2) (24)

3.4. Relationship to Dipole Excitation

It was shown in [1] that there is a simple relationship between the current excited by a voltage
source and that by a dipole in the immediate proximity of the conductor. To convert from the voltage
source solution to that for a dipole with current /,(w) and length 4/ with its center at a distance
d¢ /2 from the outer surface of the conductor, one must multiply the voltage solution by the factor

I, (@, |V 7) (25)

Since the dipole is assumed to be very close to the conductor, its influence is limited to that of
that conductor in its proximity. Hence, this factor can also be used to convert the two wire case for a
voltage source on one conductor only to the dipole solution for the two wire case.

3.5. A Simple Solution

Shen, Wu and King [9] have developed a simplified solution for the total current in the single
conductor perfectly conducting case that is valid for z / (k,a’) >> 1. Itis

iz = 2 1+ 27
M (In2z/ (kya®)—y, - j37/2)

e (26)

It was shown in [1] that (26) is a very good approximation for the total current (i.e., continuous
spectrum plus the SG mode) induced on a conductor with typical conductivity. Hence it was used as
an simple approximation for the total current on a lossy wire. It will be shown in the next section that

“" 1

it is reasonable to use (26) for the common mode current in the two wire case if the wire radius “a” is

replaced by the geometric mean radius of the two wires, ad . That this is reasonable can be shown
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by examining (23) and noting that a major contribution to the common mode current is the same as
that for the single wire case in [1} but with “a” replaced by Jad .

It will also be demonstrated shortly that the quasi-TEM mode contribution to the differential
mode is the dominant contribution away from the immediate vicinity of the source. Its residue (using
small argument expansions for the Hankel functions in (9) is
2V

idA 7) = e—j}’QTEMZ 27
2) 1, In(d / a) @7
Hence, a reasonable approximation for the total current on the two wires is
L) =1 (@) £ 1 (2) (28)

where the plus (minus) sign is for the current on wire one (two).
4. Results

4.1. Pole Locations

The first result (shown inn Table 1) is a set of propagation constants for the SG (single wire)
mode discussed in [1], and the mSG (two wire common) and quasi-TEM (differential) modes for 1
and 10 GHz. The SG and mSG modes were found using a numerical solution of (5) set to zero without
(for the SG mode) and with (for the mSG mode assuming the + sign) the second Hankel function. The
quasi-TEM pole location has been determined using (5) set to zero with a minus sign or (10).

It is clear that the mSG mode has slightly less loss than the SG mode. This is due to the fact that
the current is spread out over a larger area of wire surface. However, the Quasi-TEM mode has a
significantly larger loss factor. Hence, for communication systems, it is important to examine the
excitation of each mode in the single and two wire cases.

4.2. Common vs Differential Mode Solutions

In Figure 4, results are shown for the magnitude of the current distributions at 1 GHz for the
common and differential modes. Two methods are used for calculating the differential mode current;
the perfect conducting method of (21) and the lossy conductor case in (19). There is little difference
between these two methods over typical communication ranges as was the case in [1]. Hence, perfect
conductor theory can be used. Second, both the continuous spectrum and the mSG modal component
are important for typical communication distances. There is no important condition (for
communications) for which the mSG mode dominates the continuous spectrum (at least for the
source studied here). Note however, that for the differential mode, the quasi-TEM mode dominates
even at very short distances away from the source.

Table 1. Modal propagation constants for a=1 cm, ow = 3.5 x 107 S/m, d (for mSG and Quasi-TEM) =

0.5 m.
Frequency (GHz) Type of Pole (7, —ko) ! ko X 10-¢
1 SG 9.1§10.3
1 mSG 5.9-j7.0
1 Quasi-TEM 17.2-j17.2
10 SG 3.8-j4.5
10 mSG 2.8-3.7

10 Quasi-TEM 5.5-j5.6
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Figure 4. Plot of common and differential mode currents for Table 1 parameters and f =1 GHz.

Figure 5 illustrates that (26) is a reasonable approximation for the total common mode current,

(18), with a — Jad especially at lower microwave frequencies. When this substitution is made, the
branch cut integration of (13) — (15) can be avoided.

Current (mA)

Figure 5. Comparison of the full spectral solution to the approximate solution of (26) when the
geometric mean radius of the two wires ua is substituted for the individual wire radius a. The
parameters are given in Table 1.

Figures 6 and 7 are plots of the individual wire currents excited by a voltage generator at z =0
on wires 1 and 2 as well as the single wire current from [1] for frequencies of 1 and 10 GHz
respectively. As expected, the current on wire 1 exceeds that on wire 2 in the two wire case. Also of
interest is the fact that the current on wire 1 at 100 meters for the two wire case is significantly higher
than that on the single wire. This indicates that the performance of a microwave power line
communication system can be enhanced by the existence of parallel wires. This conclusion is
consistent with that reported in [7]. Also, when approximations of (25) — (27) can be used, very simple
expressions for the currents result. This is more commonly true for /,(z) which has smaller error

and is also more important for evaluating communication systems.
45
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Figure 6. Comparison of the individual wire currents in the two wire case and the single wire case. f
=1 GHz. All other parameters are given in Table 1.
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Figure 7. Comparison of the individual wire currents in the two wire case and the single wire case. f
=10 GHz. All other parameters are given in Table 1.

5. Conclusions

e Closed form solutions for the common and differential mode currents excited on a pair of
parallel wires by a voltage source on one wire have been derived. Spectral solutions using a
continuous spectrum of currents and the modified Sommerfeld-Goubau (mSG) and quasi-TEM
modes in the common and differential mode cases respectively are given.

e A simple formula for total current on the driven wire may often be used to approximate the total
induced current in the two wire case.

e  For distances comparable to microwave power line communication system repeater spacing, the
second wire can enhance system performance.
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