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Abstract: Recently, there has been growing interest in alternative measures of uncertainty, including
cumulative residual entropy. In this paper, we consider a mixed system consisting of 7 components,
assuming that all components are operational at time t. We use the system signature to calculate
the cumulative residual entropy of the mixed system’s remaining lifetime. This measure is a useful
criterion for assessing the predictability of a system’s lifetime. We study several results related to the
cumulative residual entropy of mixed systems, including expressions, limits, and order properties.
These results shed light on the behavior of the measure and provide insights into the predictability
of mixed systems. In addition, we propose a criterion for selecting a preferred system based on
the relative residual cumulative entropy. This criterion is closely related to the parallel system and
provides a practical way to choose the best system configuration. Overall, the present study of
cumulative residual entropy and the proposed selection criterion provide valuable insights into the
predictability of mixed systems and can be applied in various fields.
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1. Introduction

The analysis of distribution functions based on partial information involves several relevant
activities, such as model selection, estimation, hypothesis testing, inequality /poverty assessment, and
portfolio analysis. The entropy measure of a probability distribution has found diverse applications in
various fields, including information science, physics, probability, statistics, communication theory,
and economics. Its comprehensive introduction dates back to Shannon’s extensive article [1]. If X is an
absolutely continuous, non-negative random variable with probability density function (pdf) f(x),
Shannon differential entropy can be defined as H(X) = H(f) = —E[log f(X)], provided the expected
value exists. This measure is used in many areas of research due to its versatility and usefulness.

Despite the many advantages of differential entropy, Rao et al. [2] proposed an alternative
measure, cumulative residual entropy (CRE). This measure is obtained by replacing the pdf f(x) with
the survival function S(x) = 1 — F(x), and is defined as follows:

£(X) = — /Ooo 5(x)log S(x)dx. (1)

The CRE is particularly useful for describing information dispersion in problems related to the aging
properties of reliability theory. This measure has been used in several studies, including by Asadi and
Zohrevand [3], Baratpour [4], Baratpour and Habibi Rad [5], Navarro et al. [6], Rao [7], and Toomaj et
al. [8] and many others cited therein. For example, Asadi and Zohrevand [3] have shown that the CRE
is the expected value of the mean residual life (MRL) function m(x) = E(X — x|X > x), which can be
expressed as E(m(X)) = £(X).

It is critical for engineers to identify and quantify uncertainty during the life of a system. This is
because system reliability decreases as uncertainty increases, and systems with longer lives and lower
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uncertainty are considered better systems. This concept has been studied extensively, as shown by
Ebrahimi and Pellery [9]. In situations where operators have some knowledge of the current age of the
system, measuring the uncertainty in the remaining life of the system may be of interest. In such cases,
the dynamic cumulative residual entropy (DCRE) is a more appropriate measure than £(X), where X
denotes the lifetime of a new system. The DCRE is defined as follows:

X)) = - / S¢(x) log S¢ (x)dx
0
© /S(x+1) S(x+1)
) s (™ ) ®
1
= [, @)
Jo fi(Sy " (u))
where S¢(x) = %, x,t > 0, is the survival function of X;, and S;l(u) = inf{x; S¢(x) > u} is the
quantile function of S¢(x), x,t > 0. The function (1) = —ulogu, 0 < u < 1, is used to define the

DCRE. In this paper, we assume a mixed system consisting of n components having the property that,
at time ¢, all components of the system are alive. We then apply the system signature to determine the
CRE of a coherent system’s residual lifetime.

Therefore, the result of this paper is structured as follows: In Section 2, we derive an expression
for the CRE lifetime of a mixed system, assuming that all components of the system have survived to
time ¢. We introduce the concept of system signature and use it when the lifetimes of the components
in a mixed system are independent and identically distributed. We also show that the dynamic CRE
can be ordered based on some ordering properties of system signatures without requiring extensive
computations. In Section 3, we introduce some useful bounds for CRE. These bounds provide insights
into the behavior of CRE and can be used to assess the predictability of mixed systems. Moreover, in
Section 4, we propose a new criterion for selecting a preferred mixed system based on the relative CRE.
This criterion considers the ordering properties of system signatures and can be applied in practice
to choose the best system configuration. We conclude the paper in Section 5 with some concluding
remarks and suggestions for future research.

Throughout the paper, “<q;" and “<;" stand for stochastic and dispersive orders, respectively;
for more details on these orderings, we refer the reader to Shaked and Shanthikumar [10].

2. CRE of the residual lifetime

In this section, we introduce the concept of system signature to define the CRE of the remaining
lifetime of a mixed system with any system-level structure, assuming that all components of the
system are operational at time t. A mixed system is a stochastic mixture of coherent systems, while a
coherent system is a system that has no irrelevant components and has a monotonic structure function.
The signature of such a system is represented by an n-dimensional vector p = (py,..., pn), where
pi = P(T = X;y) fori =1,2,...,n, as defined in [11]. Consider a mixed system with independent
and identically distributed (i.i.d.) component lifetimes Xj, ..., X, and a known signature vector
p=(p1,...,pn). Let Ttl’" = [T — t|Xy.;, > t] denote the remaining lifetime of the system under the
condition that all components are operational at time ¢. From the results of [12], the survival function
of Ttl'” can be expressed as follows:

n
ST},n (x) = Z PiSTtl,i,n (x), 4)
=1
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where S_1n(x) = P(Xjy —t > x[Xyy > t) fori = 1,2,---,n. This function denotes the survival
t

function of the residual lifetime of an i-out-of-n system under the condition that all components are

operational at time f. The survival function of Ttl’l’” can be written as follows:

Spain(x) = f (’;) (1= Sp(x) (S ()", x,t > 0.

k=0

In what follows, we focus on the study of the CRE of the random variable Ttl’”, which measures the
degree of uncertainty contained in the density of [T — t|Xj., > t] regarding the predictability of the
remaining lifetime of the system. For this purpose, we use the probability integral transformation
V = S¢(T}"), which plays a crucial role in our analysis. It is clear that the transform Uj,, = S;(T,}""")
follows a beta distribution with parameters n —i + 1 and i, and its distribution function can be
expressed as follows

i—1
Gi(u) =Y (?)(1—14)"14”—’2 O<u<l,i=1,---,n (5)
k=0

In the following theorem, we provide an expression for the CRE of Ttl’" using the probability integral
transformation and the beta distribution.

Theorem 2.1. The CRE of T;'"* can be expressed as follows:

1y = [ #(Gr(©)
2T = [ S Ty ©
where (x) = —ulogu,0 < u < 1, forall t > 0and
Gu() = Y. piGilu), 0< u <1, )
i=1

is the distribution function of V.= S;(T}") denotes the lifetime of the system with i.i.d. uniform distribution.
Proof. Using the change of variables u = S;(x), we can rewrite (1) and (4) as follows:
l, . [e9)
(T = — /0 10 (x)10g S 1 (1)
[eS] n n
- / Y piSpin(x) | log | Y piSpuin(x) | dx
0 i=1 t i=1 t

o /1 (Lilq piGi(u)) log (Liq piGi(u)) |
0 JAC))

u,

where G;(u) is the distribution function of U;.,, = St(Ttl’i’”) given in (5). Upon using Eq. (7), we obtain
the relation (6) which completes the proof. [J

In the special case where we consider an i-out-of-n system with the system signature p =
(,...,0,1,,0,...,0) fori =1,2,...,n, then (6) reduces to

oy [ $(Gilw)
= o s ™ ®
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for all t > 0. The next theorem follows immediately from Theorem 2.1 and is expressed in terms of the
aging properties of the components. Recall that a random variable X has increasing failure rate (IFR)
(decreasing failure rate (DFR)) if its survival function S(x) is decreasing (increasing) in x for all t > 0.

Theorem 2.2. If X is IFR (DFR), then £ (T;'") is decreasing (increasing) in t.

Proof. From the definition of the hazard function, we have f;(S; (1)) = uA¢(S;*(u)) for 0 < u < 1.
By substituting this expression into (6), we obtain the following alternative expression for the CRE of
"

ay_ [t _9(Gy(u))
E(T) = | uAt(Sfl(u))du, )

for all t > 0. One can show that A(S; (1)) = A(S71(uS(t))) for 0 < u < 1. If t; < tp, then
S~1(uS(t;)) < S™1(uS(t3)) and so when X is IFR(DFR), we have

U 9(Gy(u)) _ YoyGvw)
0 u)»tl(st_ll(”))du B /0 ”A(S_l(us(fl))d
U y(Gy(w)
2 (=) /0 uA(s—lv(uS(tz))d“d”
U 9(Gy(w)

0 Uy, (St_z1 (u))
Using (9), we conclude that £(Ty, ") > (<)E(Ty, ") for all t < t,, which completes the proof. [

The following example demonstrates how Theorems 2.1 and 2.2 can be applied in practice to
analyze the CRE a coherent system at the system level and the aging properties of a system.

Example 2.1. We consider a coherent system with the system signature p = (1/3,2/3,0), as shown in
Figure 1.

(2)
2

(1)
U

(3)
&)

Figure 1. A coherent system with signature p = (1/3,2/3,0).

Assume that the component lifetimes are i.i.d. having the common Weibull distribution with the
survival function given by

Sty =et, kt>0. (10)
After some manipulation, we can express the cumulative residual entropy of Ttl’3 as

13y _ ! (G (v))
e = /0 ku (k —logu)l_%du’

for t > 0. Unfortunately, an explicit expression for this relation is not available, and numerical methods
must be used to evaluate it. We plotted the CRE of T;'"* as a function of time t for various values of k
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in Figure 2. It is well-known that X is DFR when 0 < k < 1 and IFR when k > 1. As expected from
Theorem 2.2, we observe that £ (Ttl’?’) is increasing in ¢ for 0 < k < 1 and decreasing for k > 1.

0.4

0.3
75

5.0

Dynamic CRE
Dynamic CRE
o
o
’

25 .. ~

0.0
0.0

— k=0.9 — k=05 — k=03 — k=3 — k=2 k=1

Figure 2. The exact values of £ (Ttl’e’) with respect to ¢ for the Weibull distribution for various values of
k>o0.

The following theorem shows that the cumulative residual entropy of a mixed system lifetime,
assuming that all components of the system are in operation at time ¢, is dominated by the cumulative
residual entropy of a new system lifetime.

Theorem 2.3. Consider a mixed system with i.i.d. IFR(DFR) component lifetimes. Then, for all t > 0, we have
E(T) < (2)E(T).

Proof. Since X is IFR(DFR), it follows from Theorem 3.B.25 of Shaked and Shanthikumar [10] that
X > (<)4X¢, which implies

fi(S7 () = (2)f(SHu)), 0<u <1,

for all £ > 0. Therefore, we have

L (G (u)) ' y(Gv(w)
b s ™ = By s> .

since (Gy (u)) > 0 forall 0 < u < 1. Using (6) and (11), we conclude that £(T;"*) < (>)&(T), which
completes the proof. [

In engineering reliability, the concept of duality is useful for reducing the computations of
signatures of all coherent systems of a given size by about half (see, e.g., Kochar et al. [13]). Specifically,
if p = (p1,---,pn) is the signature of a given mixed system with lifetime T;'", then the signature of its
dual system with lifetime T;P4" is pP = (py,, - - -, p1). In the following theorem, we use the concept of
duality to reduce the computation of the residual CRE of mixed systems.

Theorem 2.4. Let T;'" be the lifetime of a mixed system with signature p consisting of n i.i.d. components. If
£(S7N(0) = £i(S71(1 —v)) forall 0 < v < 1 and t, then E(T}") = E(TyP) for all p and n.
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Proof. Note that G;(1 —v) = G,_;1(u) foralli = 1,...,nand 0 < v < 1. Assuming f(S; *(v)) =
ft(S;1(1—0)) forall 0 < v < 1 and using (6), we have

g(T,PAmy = _/1 (Eis1 Pn—i1Gi(u)) log (L, Pn7i+lGi(”))du
0 f1(S7H(w))
_ /1 (Zr=1 PrGur1(u)) log (X7 1 prGu—r+1(u)) du
0 fi(57H(w))

_ /1 (Zro1 prGr(1 = w)) log (Lyy prGr(1 = w))
0 fi(S7H (1 —w))

_ 7/1 (Zr1 PrGr(0))log (5 PG (0))
0 fi(S7 ()

= g (Ttl'n).
This completes the proof. [

Next, we study the partial order of the conditional lifetimes of two mixed systems, taking into
account their uncertainties. We study the CRE order of the residual lifetimes of the two systems
based on different existing orders between the component lifetimes and their signature vectors. The
following theorem compares the CREs of the residual lifetimes of two mixed systems.

Theorem 2.5. Consider two mixed systems with the same signatures and n i.i.d component lifetimes X, . .., Xy
and Y1,.. ., Yy, with residual lifetimes denoted as T}'" = [T — t| Xy, > t] and T,V = [T — t|Y1., > t],
respectively. If X <g Y and X or Y is IFR, then we have € (T}™) < £(T)™) for all t.

Proof. Using the relation (6), we can show that X; <; Y}, which is sufficient to establish the desired
inequality between the cumulative residual entropies. Since we assume that either X or Y is IFR
and X <; Y, Theorem 5 of Ebrahimi and Kirmani [14] implies that X; <; Y;. Thus, the proof is
complete. O

The next example gives an application of Theorem 2.5.

Example 2.2. Consider two coherent systems characterized by their residual lifetimes, denoted by
TtX'l'4 and TtY ’1'4, respectively, which share the common signature p = (%, 411' }I' ). Let X and Y
follow the Weibull distributions with shape and scale parameters (3,1) and (2,1), respectively. It
is noteworthy that X <; Y, and both distributions belong to the class of increasing failure rate
distributions. Consequently, invoking Theorem 2.5 leads to the conclusion that £ (Ttx'l’4) <& (TtY &S

for all t > 0. The associated dynamic CRE measure for these systems are depicted in Figure 3.

d0i:10.20944/preprints202306.0597.v1
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Figure 3. The exact values of £ (TtX’lA) (blue color) and £ (TtY LAy (green color) with respect to .

3. Bounds for CRE of the residual lifetime

When dealing with highly complex systems with a large number of components, calculating
the cumulative residual entropy & (Ttl’") of a mixed system can be challenging. This is a common
practical problem that arises in many applications. To address this challenge, researchers have recently
developed bounds on the uncertainty of the lifetimes of mixed systems, as discussed in studies such
as [15] and the related references. In the following theorem, we provide bounds on the cumulative
residual entropy of the lifetime of a mixed system in terms of the residual entropy of the parent
distribution £ (X}). These bounds can be useful for estimating the lifetime of a mixed system, especially
in cases where the exact computation of the cumulative residual entropy is difficult.

Proposition 3.1. Consider a mixed system with the same signature p = (p1, ..., pn) and n i.i.d component
lifetimes X, . .., X, with residual lifetime denoted as Ttl’" = [T — t|X1., > t]. Then

B1E(Xy) < E(T}™) < BrE(Xy)

$(Gy (u) P$(Gy (

where By = inf,e(01) =55y B2 = sUP,e (o) W)”)) and P(u) = —ulog(u).

Proof. We can obtain an upper bound for £ (Ttl'”) of a mixed system with 7 i.i.d. component lifetimes
by using (6). Specifically, we have
1
5(Tt1,n) _ lrb(GYl(u)) du
0 fi(Sy (u))
[HCm) v,
-1
o ¥ fi(S7(w)
1
sup lp(GE/Ll()u)) / lp_(?) du
we(n) ¥ 0 fi(S; (u))
= By&(Xy),

IN

where B; is a constant that depends on the distribution of V. Similarly, we can obtain a lower bound
for £ (Ttl’”) using the same approach. [

In the above theorem, the lower bound B, is determined by the minimum value of the ratio
P(Gy(u))/p(u), evaluated at u € (0,1). The upper bound B; is determined by the maximum value
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of the same ratio, evaluated at u € (0,1). These bounds provide a useful tool for estimating the
residual cumulative residual entropy of a mixed system based on the cumulative residual entropy of
its component lifetimes.

Remark 3.1. We remark that the lower bound B; in Proposition 3.1 is zero for all the mixed systems
with i.i.d. components and signature (p, ..., pn) satisfying s; = 0 or s, = 0. In particular, it is zero for
all the coherent systems with n > 1i.i.d. components; (see [8]).

Now, we obtain a general lower bound for the CRE of Ttl’" which can be obtained from the system
signature and CRE of k-out-of-n systems.

Proposition 3.2. If Ttl'” denotes the lifetime of a mixed system with signature (p1, ..., pn) based on n i.i.d.
components, then
E(TY") = E(Ti"), (12)

where EL (T} = Y| pi€(TH™).

Proof. Using Samaniego’s representation, we can express the distortion function Gy (v) associated
with the signature vector p = (p1,..., pn) and the component lifetimes X3, X, ..., X, as Gy (v) =
Y1 PiGin(v), where G, () is the distortion function associated with the ith order statistic X;.,,. By

applying (6) and the concavity of the distortion function ¢(u) = —ulog(u), we obtain the lower
bound:

e 1 p(Gy(w))
e = |t )™
1 erl: Pi#’(@‘:n(”))
> [ ™
= ; piE(TH),

where £(T}""") is the cumulative residual entropy of T/""". O

This bound shows that the cumulative residual entropy of the mixed system is bounded
downward by a linear combination of the cumulative residual entropies of the component lifetimes,
whose weights are given by the signature vector. This result can be particularly useful when the
signature vector is known and the component lifetimes have a monotonic hazard rate function, as it
provides a direct estimate of the cumulative residual entropy of the mixed system without requiring
complex calculations. Note that the equality in (12) holds for i-out-of-n systems in the sense that we
have p; = 0 for j # i, and p; = 1 for j = i and then E(TM™) = E(T}™). If the lower bounds in both
parts of the theorems 3.1 and 3.2 can be computed, one can use the maximum of the two lower bounds.

Example 3.1. Consider a coherent system with the signature p = (0, %, %, 12—0, 0), consisting of n = 5

ii.d. component lifetimes with a uniform distribution in the interval [0, 1]. Let Ttl’5 denote the residual
lifetime of this system, defined as Ttl’5 = [T — t|Xy.5 > t]. Remarkably, due to Remark 3.1, we have
By = 0, while B, = 1821 and £(X;) = (1 —t), 0 < t < 1. Utilizing Theorem 3.1, we conclude that
the conditional residual entropy of Ttl’5 is bounded as follows:

0<E(T}?) <455(1—1t), 0<t<l (13)
In addition, since }_}' ; p;€(U;.,) = 0.16, the lower bound given in (12) can be expressed as:

E(T}?) > 0.16(1 1), (14)
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forall 0 < t < 1. By combining the lower bound in (14) and the upper bound in (13), we obtain the
following inequality for the conditional CRE of Ttl’5:

0.16(1 —t) < E(T}”) < 455(1 — 1),

for all 0 < t < 1. This provides a tight bound on the conditional CRE of T}’S for all values of t in the
interval (0,1).

4. Preferable system

In pairwise comparisons, the physical nature of certain system structures often makes it impossible
to use the usual stochastic arrangement. There are many pairs of systems that are not comparable under
any of the usual stochastic indices. We explore several metrics for comparing system performance with
respect to this type of constraint. In what follows, we present an innovative approach to comparing
information measures. In general, engineers agree that a system that performs over time is best.
It is important that the characteristics of the competing systems be similar. Thus, given the same
characteristics, it can be seen that the parallel system design is more suitable because it has better
performance and longer remaining life among all the systems. As for reliability, from (4) we have the
following property:

P(T" > x) < P(T}" > x) < P(TV"" > x), x > 0,

for all t > 0. So instead of comparing systems pairwise, we can find a system whose structure or
distribution is more similar to that of the parallel system. In other words, we are looking for an answer
to the following question: which of these systems is more similar (or closer) to the configuration of the
parallel system and more distant from the configuration of the serial system? To answer this question,
we use relative CRE discrimination. To proceed with our results, we use the following measure of the
distance between two distributions considered by Toomaj et al. [8].

Definition 4.1. If X and Y are two nonnegative RVs with a common support and CDFs F and G, respectively,
then SCKL is defined as follows:

seexy) = " [F(x) — C(x)] log (I’;((’;))dx. (15)

The measure (15) proposed is nonnegative, symmetric, and satisfies SCE(X,Y) = 0 if and only if
the survival functions F(x) and G(x) are almost everywhere equal. This result is due to [8], and it is
summarized in Lemma 1.

Lemma 4.1. Let X, Y and Z be random variables with CDFs F, G and H, respectively. If X <Y <4 Z, then
SCE(X,Y) < SCE(X,Z)and SCE(Y,Z) < SCE(X, Z).

Using the stochastic order relation T} <y T!" < T}, which holds for any system T;"
based on Xj, ..., X, we can establish the following result.

Proposition 4.1. If Ttl’” is the lifetime of a mixed system based on X, ..., Xy component lifetimes with
signature p, then SC&'(T}'”, Ttl’l'") < SCE(Ttl’l'”, Ttl’”'"),fori =1,n

We now introduce the dynamic distance symmetric measure (DDSM) for Ttl’", denoted by
DDSM(T}M™).

SCE(TM", Ty — SCE(TH", TH™)

1, _ t 7t t 7t

DDSM(T,™") = SCS(T“'” TLM) )
t 7t
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From Proposition 4.1, we have —1 < DDSM(T}") < 1. One can see that DDSM(T}!") = 1 if and
only if T =g T} and DDSM(T}") = —1if and only if T;}"" = T;""". In other words, one can
say that if DDSM (Ttl’”) is closer to 1, the distribution of Ttl’" is closer to the distribution of the parallel
system, and if DDSM (Ttl’") is closer to —1, the distribution of Ttl'” is closer to the distribution of the
series system. Now, we propose the following definition.

Definition 4.2. Let Tllt’1 and Tzlt” be residual lifetimes of two mixed systems with n i.i.d. component lifetimes
and dynamic signatures p, and p,, respectively. We say that Tzlt” is more preferable than Tllt” in terms of the
Dynamic Distance Symmetric Measure, denoted by Tllt" <ppsSMm Tzlt" , at time t, denoted by Tllt" <ppsMm Tzlt" ,
ifand only if DDSM(T}}') < DDSM(T,}') forall t > 0.

We should note here that DDS M (Tllt”) = DDSM (Tzlt" ) does not imply Tlltn =gt Tzlt” . Under the
conditions of Definition 4.2, we define DDS(T) = SCE(T, T}") — SCE(T, T}™™). If the components
are i.d., expression (15) and the above transformations imply that

1o atiny _ [P PGy () = 9(Gin ()], P(Gy(u))
SCe(T, Thimy = /0 T log 1 eyl (16)
fori = 1,n. Then, from (16), we get
1y (P 9(Gv(w) —9(Gru(w)],  $(Gy(u))
oS = [ £(S () 18 (Gron (1)) ™
[ ) Gl o (G,
0 fe(87H () P(Gun ()

and

L gy _ 1 (G () = 9(Gra ()] | (Grin(u)) 5
SCET T, )_/0 fi(S;7 1 (w)) logw(Glzn(u))d'

If the components are i.i.d., then Gy.,(u) = u" and Gy.,(#) =1 — (1 — u)". As an application of the
proposed measure, consider the following example.

Example 4.1. Consider two systems with signatures p; = (0,2/3,1/3,0) and p, = (1/4,1/4,1/2,0),
denoted Tllf and Tzlf, respectively. Suppose that the component lifetimes follow an i.i.d. standard
exponential distribution with a survival function S(x) = e™* for x > 0. Although the two systems
are not comparable in the usual stochastic order when all components are in operation, we can use
the symmetric measure of dynamical distance to compare which of these systems is more similar (or
closer) to the configuration of the parallel system and which is more distant from the configuration
of the series system. We find that DDS M (Tll,'t4 ) = —0.1918 and DDSM (Tzlf) = —0.1505, indicating

that Tzl’t4 is more predictable than Tll’f. Based on the DDSM, we conclude that Tzl’t4 is closer to the

parallel system than Tll,’f and therefore is the preferable system.

5. Conclusion

In recent years, there has been increasing interest in measuring the uncertainty associated with the
lifetime of engineering systems. An assessment of predictability over the lifetime of a system can be
determined by this criterion. The measure CRE as an extension of Shannon entropy is very attractive
in such situations. In this work, we have found an expression for the CRE of the system lifetime under
the condition that all system components are functioning at time ¢. Various properties of the proposed
measure were also investigated. Some limits have been obtained and partial orderings between the
remaining lifetimes of two mixed systems have been studied in terms of their CRE uncertainties using
the concept of system signature. Several examples are also given to illustrate the results. Finally, based
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on the relative CRE, we introduced a criterion for selecting a preferred system that is closely related to
the parallel system.
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